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Foreword

The author, Vasile Cirtoaje, professor at University of Ploiesti-Romania, has become well-
known for his excellent creations in the mathematical inequality field, ever since the time
when he was student in high school (in Breaza city, Prahova Valley). As a student (quite
some time ago, oh yes!), I was already familiar with the name of Vasile Cirtoaje. For me, and
many others of my age, it is the name of someone who helped me to grow in mathematics,
even though I never met him face to face. It is a name synonymous to hard and beautiful
problems involving inequalities. When you say Vasile Cirtoaje (Vasc username on the site
Art of Problem Solving), you say inequalities. I remember how happy I was when I could
manage to solve one of the problems proposed by professor Cirtoaje in Gazeta Matematica
or Revista Matematica Timisoara.

The first three volumes of this book are a great opportunity to see and know many old
and new elementary methods for solving mathematical inequalities: Volume 1 - Symmetric
polynomial inequalities (in real variables and nonnegative real variables), Volume 2 - Sym-
metric rational and nonrational inequalities, Volume 3 - Cyclic and noncyclic inequalities.
As a rule, the inequalities from each section of these volumes are increasingly ordered by the
number of variables: two, three, four, five, six and n-variables.

The last two volumes (Volume 4 - FEztensions and refinements of Jensen’s inequality,
Volume 5 - Other recent methods for creating and solving inequalities) contain beautiful and
efficient original methods for creating and solving inequalities, such as half or partially convex
function method - for Jensen’s type inequalities, Popoviciu’s method for convex function,
equal variables method and arithmetic compensation method - for symmetric inequalities, the
highest coefficient cancellation method - for symmetric homogeneous polynomial inequalities
of degree six, seven and eight, pgr method - for cyclic homogeneous polynomial inequalities
of degree four, et al.

Many problems, the majority I would say, are made up by the author himself. The chapters
and volumes are relatively independent, and you can open the book somewhere to solve an
inequality or only read its solution. If you carefully make a thorough study of the book, then
you will find that your skills in solving inequalities are considerably improved.

The book contains more than 3000 beautiful inequalities, hints, solutions and methods.
Most inequalities and methods are old and recent own creations of the author. Among these,
I would like to point out the following inequalities:

(a* 4+ 0>+ c*)? > 3(a®b + b’c+ *a), a,b,c€R;
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a
>1, 0<k<1, abed>0;
Za+(3—k)b+kc— ’ =i=n Ghef="

(k+2)%(a —b)*(b — ¢)*(c — a)?
2(a®> + 0%+ ¢?) ’

Z(a—kb)(a—kc)(a—b)(a—c)z a,b,c,k € R;!

AP S Pt > a>b> - >e>0, ab+be4 -+ ea=5;

a0 T g7 T > 0<a<]1, bede>1, ab+bec+ -+ ea=D5;

1 1 1
. 4.+ >9
a+3+b+3Jr +f+3— ’

a>b>--->f>0, ab+bc+---+ fa=6;

n n
(a1 +az + -+ an)® > n(a1ag1 + a2api2 + -+ + Qnnsr), 1Sk<g a<--<a
>17 a’vaa"'7an>07 a’a"'anzl;
;1+ai+---+a?_1_ 1, A2 102
1 1 1 n
1—|—a%+1—|—a§+.”+1—|—a%2§’ ar, g, ..., a4y 2 0, Z aiaj:n(n_l)/2;

1<i<j<n

a®® + b? > a4 b, a,b>0, e~ 2.7182818;

a® 4+ b3 < 2, a,b>0, a+b=2.

The book represents a rich source of beautiful, serious and profound mathematics, deal-
ing with classical and new approaches and techniques which help the reader to develop
his inequality-solving skills, intuition and creativity. As a result, it is suitable for a wide
audience: advanced middle school students, high school students, college and university stu-
dents, and teachers. Each problem has a hint, and many problems have multiple solutions,
almost all of which are, not surprisingly, quite ingenious. Almost all inequalities require
careful thought and analysis, making the book a rewarding source for anyone interested in
Olympiad-type problems and in the development of the inequality field. Many problems and
methods can be used as group projects for advanced high school students.

What makes this book so attractive? The answer is simple: the great number of new
and beautiful inequalities, their quality and freshness, as well as the new approaches and
methods for solving mathematical inequalities. Nevertheless, you will find this book to be
delightful, inspired, original and enjoyable. Any interested reader will remark the tenacity,
enthusiasm and ability of the author in creating and solving nice and difficult inequalities.
This book is neither more, nor less than a Work of a Master. I highly recommend it.

Marian Tetiva
National College ” Gheorghe Rosca Codreanu” Brlad, Romania

!Throughout the book, the math symbol 3 means _;

cyc

Zf(a17a27"'aan):f(alaa%"'aan)+f(a2;a3a"'aa1)+"'+f(an>al7"',an—l)-

cyc
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Chapter 1

Some Classic and New Inequalities
and Methods

1. AM-GM (ARITHMETIC MEAN-GEOMETRIC MEAN) INEQUALITY

If ai,as,...,a, are nonnegative real numbers, then
ar +as+ - +a, >n{aias - ay,
with equality if and only if ay = ay = --- = a,,.

2. WEIGHTED AM-GM INEQUALITY
Let p1,po, ..., p, be positive real numbers satisfying
pt+pet--+p,=1
If ai,as,...,a, are nonnegative real numbers, then
p1 P2

p1ray + paag + - 4 ppan > af'ah’ - - -alr,

with equality if and only if ay = ay = -+ = a,,.

3. AM-HM (ARITHMETIC MEAN-HARMONIC MEAN) INEQUALITY

If ay,as,...,a, are positive real numbers, then
1 1 1 9
(a1 +ay+-+a,) | —+—+ - +—) =07,
aq (05} (7%

with equality if and only if ay = ay = --- = a,,.

1
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4. POWER MEAN INEQUALITY

The power mean of order k of positive real numbers aq, as, ..., a,, that is

1
abtak - tak \
( 1 zn n , k 7& 0

Mk: )
Ya1ag - Ay, k=20

is an increasing function with respect to £ € R. For instant, My > M; > My > M_4 is
equivalent to

2 2 ... 2
\/a1+a2—|— Ta ettt : 1n _
aq (05} Qp,
5. BERNOULLI’S INEQUALITY
For any real number z > —1, we have
a) (1+z)" >1+rzforr>1andr <O0;
b) (14+z) <1l4rxfor0<r<1.
If ai,as,...,a, are real numbers such that either aq,as,...,a, > 0 or

-1 Sal,CLQ,...,CLnSO,

then
(I+a)(I4ag) - (14+ay) >1+ar+az+--+ap

6. SCHUR’S INEQUALITY
For any nonnegative real numbers a, b, ¢ and any positive number k, the inequality holds
a*(a —b)(a—c) +b°(b—c)(b—a)+ "(c—a)(c—b) >0,

with equality for a = b = ¢, and for a = 0 and b = ¢ (or any cyclic permutation).
For k = 1, we get the third degree Schur’s inequality, which can be rewritten as follows

a® + b + ¢ + 3abe > ab(a + b) + be(b+ ¢) + ca(c + a),

(a+b+c)® + 9abc > 4(a+ b+ c)(ab + be + ca),
9abe
a+b+c
(b—c)*(b+c—a)+ (c—a)*(c+a—"0b)+ (a—b)*(a+b—rc)>0.

a’+ b+ + > 2(ab + bc + ca),
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For k = 2, we get the fourth degree Schur’s inequality, which holds for any real numbers
a, b, c, and can be rewritten as follows

at + '+ +abe(a + b+ c) > ab(a® + b*) + be(b* + &) + ca(c + a?),
at + bt 4 — b — b ? — 2a® > (ab + be + ca)(a® + b? 4 ¢ — ab — bc — ca),
(b—c)*b+c—a)?+(c—a)*(ct+a—b)?+(a—b)*a+b—c) >0,

6abcp > (p* —q)(4qg — p*), p=a+b+ec, q=ab+bc+ ca.

A generalization of the fourth degree Schur’s inequality for any real numbers a, b, ¢ and
any real number m, is the following (V. Cirtoaje, 2004):

Z(a —mb)(a —mc)(a—b)(a—c) >0,

where the equality holds for a = b = ¢, and for a/m = b = ¢ (or any cyclic permutation).
This inequality is equivalent to

Za4 + m(m + 2) Za2b2 +(1-— m2)acha > (m+1) Zab(a2 + b%),

Z(b —c)*(b+c—a—ma)® > 0.
A more general result is given by the following theorem (V. Cirtoaje, 2008).
Theorem. Let

+(a, b, c) Za +aZa2b2+Bacha—fyZaba + b?),

where a, B, are real constants such that 1+ a4+ = 2vy. Then,
(a) fa(a,b,c) >0 for all a,b,c € R if and only if

1+a > %
(b)  fala,b,¢) >0 for all a,b,c > 0 if and only if

a> (y—1)max{2,v+ 1}.

7. CAUCHY-SCHWARZ INEQUALITY

If ai,as,...,a, and by, by, ..., b, are real numbers, then
(CL% + CL% 4+ 4 ai)(b? + bg -+ b2) (a161 + CLQbQ 4+ -+ CLnbn>2,
with equality for
i _%_ _M
bl B 62 bn

Notice that the equality conditions are also valid for a; = b; = 0, where 1 <17 < n.
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8. HOLDER’S INEQUALITY

If z;; (1 =1,2,--- ,m;j =1,2,---n) are nonnegative real numbers, then

9. REARRANGEMENT INEQUALITY

(1) If ay,as,...,a, and by, by, ..., b, are two increasing (or decreasing) real sequences,
and (i1, - ,i,) is an arbitrary permutation of (1,2,---  n), then

arby 4+ agby + - - - + anb, > arb;, + asby, + - - - 4+ ayb;, .
(2) If ay, as, . .., a, is decreasing and by, bs, ..., b, is increasing, then
arby 4+ agby + - - - + anb, < arb;, + asby, + - -+ ayb;, .
(3) Let by, bs,...,b, and ¢y, ¢a, ..., ¢, be two real sequences such that
by+ - +by>ci+-+ep k=12 n.
Ifa; >ay>--->a, >0, then

a1b1 + a2b2 + -+ anbn Z ai1Cy + GCo + -+ - + AnCy.

10. CHEBYSHEV’S INEQUALITY

Let a1 > ay > - -+ > a, be real numbers.
a) If by > by > -+ - by, then
i3man> (32a) ()
i=1 i=1 i=1
b) If by < by <--- <b,, then

=1
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11. MINKOWSKTI’'S INEQUALITY

For any real number £ > 1 and any positive real numbers aq, as,...,a, and by,b, ..., b,,
the following inequalities hold:

=

n

S (aF +8)F > (;a>k+ (;b>k ;

i=1

|

n n k n k n k| %
Setvitedtz|(Su) +(S0) + (5) |
i=1 i=1 i=1 i=1
12. MACLAURIN’S INEQUALITY and NEWTON’S INEQUALITY
If ay, as, ..., a, are nonnegative real numbers, then
S >85,>-..> 8, (Maclaurin)

and
S,% > Sk_1Sk41, (Newton)

where

§ iy Ay =« Ay,

el 1< <<ip<n

(1)

Sk =

13. CONVEX FUNCTIONS

A function f defined on a real interval I is said to be convex if

flaz + By) < af(z) + Bf(y)

for all x, y € I and any «, § > 0 with a4+ 8 = 1. If the inequality is reversed, then f is said
to be concave.

If f is differentiable on I, then f is (strictly) convex if and only if the derivative f’ is (strictly)
increasing. If f” > 0 on I, then f is convex on I.

Let I be a real interval, s an interior point of I and

I ={ujlue Lu>s},  lIcg={uluelu<s}

A function f : I — R is half convex if there exists an interior point s € I such that f is
convex on I« or Is,.
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A function f : I — R is right partially convex related to an interior point s € I if there exists
an interior point so € I, 59 > s, such that f is convex on [s, so]. Also, a function f: I — R is
left partially convex related to an interior point s € I if there exists an interior point sg € I,
Sp < s, such that f is convex on [sy, s].

Jensen’s inequality. Let pi,po,...,p, be positive real numbers. If f is a convex
function on a real interval 1, then for any aq, as, ..., a, € 1, the inequality holds

pif(ar) + paf(az) + -+ pnflan)
pr+p2t--+Dn

> f

(pm +pzaz+---+pnan)
pr+p+--+py '

For p; = py = --- = p,, Jensen’s inequality becomes

f(a1)+f(a2)_|_...+f(an)an(a1+a2—|—..._|_an>‘

n

We can extend Jensen’s inequality for convex functions to half or partially convex func-
tions (V. Cirtoage, 2004-2013).

Half Convex Function-Theorem. Let f be a real function defined on an interval I
and convex on Iss or I<,, where s € int(I). The inequality

f(a1)+f(a2)+...+f(an>an(a1+a2+...+&n)

n

holds for all ay,as, ..., a, €1 satisfying a; + as + - - - + a, = ns if and only if
f@)+(n=1)f(y) = nf(s)

for all x,y € T such that x + (n — 1)y = ns.

Right Half Convex Function Theorem for Ordered Variables. Let f be a real
function defined on an interval I and conver on Isg, where s € int(I). The inequality

f<a1)+f(a2)+"'+f(an)an<a1+a2+"'+an)

n
holds for all ay,as,...,a, €I satisfying ay + as + -+ + a, = ns and
a<a<---<a,<s, me{l,2,...,n—1}

if and only if
f@)+n-=—m)f(y) 2 (1+n—m)f(s)
for all x,y € T such that

r<s<y, z+Mm—m)y=(14+n—m)s.
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Left Half Convex Function Theorem for Ordered Variables. Let f be a real
function defined on an interval I and conver on I<g, where s € int(I). The inequality

f(a1)+f(a2)+...+f(an>an(a1+a2+...+&n)

n
holds for all ay,as, ..., a, €1 satisfying a1 + as + - - - + a, = ns and
ag>ay>-->ap>s, meq{l,2,...,n—1}

if and only iof
f@)+n—m)f(y) = (L+n—m)f(s)
for all x,y € T such tht

r>s>y, x4+ (n—m)y=(1+n—m)s.

Right Partially Convex Function-Theorem. Let f be a real function defined on
an interval T and convex on [s, so], where s, s € int(I), s < sg. In addition, f is decreasing
on l<s, and f(u) > f(so) for u € Isg,. The inequality

n

f(a1)+f(a2)+...+f(an)an(a1+a2+...+&n)

holds for all ay,as,--- ,a, €1 satisfying a; + as + - - - + a, = ns if and only if
f@)+(n=1)f(y) =nf(s)
for all x,y € I such that x < s <y and z + (n — 1)y = ns.

Left Partially Convex Function-Theorem. Let f be a real function defined on an
interval I and convex on [sg, s], where sg,s € 1, sg < s. In addition, f is increasing on Is,
and f(u) > f(so) for u € I<y,. The inequality

f(a1)—|—f(a2)+...+f(an)an(a1+a2+...+an>

holds for all ay,as,--- ,a, €1 satisfying a; + as + - - - + a, = ns if and only if
f@)+(n=1)f(y) = nf(s)

for all x,y € I such that x > s >y and x + (n — 1)y = ns.

Right Partially Convex Function Theorem for Ordered Variables. Let f be
a real function defined on an interval 1 and convexr on [s, so|, where s,s9 € I, s < sq. In
addition, f is decreasing on l<g, and f(u) > f(so) for u € Isy,. The inequality

f(a1)+f(a2)—|-...+f(an)an(a1+a2—}-...+an>

n
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holds for all ay,as, ..., a, €1 satisfying a; + as + - - - + a, = ns and
ap<ay<---<a,<s, me{l,2,...,n—1},

if and only if
f@)+m—=m)f(y) = (L+n—m)f(s)
for all x,y € I such that x < s <y andz+ (n —m)y = (14+n—m)s.
Left Partially Convex Function Theorem for Ordered Variables. Let f be a real

function defined on an interval 1 and convex on [sg, s|, where sg,s € I, sg < s. In addition,
[ is increasing on Isg, and f(u) > f(so) for u € I<y,. The inequality

a1+a2+---+an
n

Fla) + f(a) + -+ flan) = nf (

holds for all ai,as,--- ,a, € 1 satisfying a1 + as + -+ + a,, = ns and
ag>ay > >ap>s, meq{l,2,...,n—1}
of and only iof

f@)+(n—m)f(y) = (1+n—m)f(s)
for all x,y € T such that v > s >y and x + (n —m)y = (1 +n —m)s.

In all these theorems, we may replace the hypothesis condition

f@)+ (n—=m)f(y) = (L +n—m)f(s),

by the equivalent condition
h(z,y) >0 for all z,y €1 such that z+ (n —m)y = (1 4+n —m),

e (@)~ o) ) = 15
g(x) —g(y u) — f(s
hz,y) = ;o oglu) = :
x—y u—s
The following theorem is also useful to prove some symmetric inequalities.

Left Convex-Right Concave Function Theorem (V. Cirtoaje, 2004). Let a < ¢
be real numbers, let f be a continuous function on I = [a,0), strictly convex on [a,c] and
strictly concave on [c,00), and let

E(ay,as, ... an) = flar) + faz) + - + flan).

If ai, a9, ... ,a, €1 such that
a1+ as +---+a, =S = constant,
then
(a) E is minimum for a; = ag =+ = a1 < Qp;
(b) E is mazximum for either a; =aor a < a; < as=-+-= ay.
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On the other hand, it is known the following result concerning the best upper bound of
Jensen’s difference.

Best Upper Bound of Jensen’s Difference-Theorem (V. Cirtoaje, 1990). Let
P1,P2, ---,Pn be fixed positive real numbers, and let f be a convex function on a closed
interval 1 = [a,b]. If ay,as,...,a, €1, then Jensen’s difference

p - pfla) ¥ paflaz) + -+ puflan) F (pm + paag + - - +pnan)

pr+p2+--+ Dy pr+p2+--+ Dy

1s mazimum when some of a; are equal to a and the others a; are equal to b; that is, when
all a; € {a,b}.

14. KARAMATA’S MAJORIZATION INEQUALITY
Karamata’s inequality is also called the H-L-P inequality (Hardy-Littlewood-Polya inequal-
ity).
Let f be a convex function on a real interval I. If a decreasingly ordered sequence
A:(abag,...,an), aiG]I,

majorizes a decreasingly ordered sequence

B:(bl,bz,...,bn), bZE]I,

then
flar) + flag) + -+ flan) = f(br) + f(b2) + -+ f(bn).
We say that a sequence A = (ay,as,...,a,) with a1 > ay > -+ > a, majorizes a
sequence B = (by, by, ..., b,) with by > by > --- > b, and write it as
A~ B,
if
a; > by,

a1+a22b1+b2,

artag+- tap1 =Zbr+by+ -+ by,
G+ A+ g = by by + by

15. POPOVICIU’S INEQUALITY

Theorem. If f is a convex function on a real interval I and aq,as, ..., a, €1, then

fla) + flaz) + -+ + f(an) + n(n —2)f <“1+a2+~~+an) .

n

> (n = D[f(br) + f(b2) + - -+ f(bn)],
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where

In the same conditions, the following similar inequality holds:

f(a1)+f(a2)+"'+f(an)+n_2

n

2 it a;
> ) f(—“ 2%).

1<i<j<n

16. SQUARE PRODUCT INEQUALITY

Let a, b, ¢ be real numbers, and let

p=a+b+c, q=ab+bc+ca, r=abc,

n f(a1+a2—|—---+an

s =+/p? — 3¢ =Va2 + b+ — ab— bc — ca.

From the identity

)

>

(a — b)2(b — 0)2(0 - a)2 = —27r% + 2(9pq — 2p3)7“ +p*¢® — 44°
~ A(p* = 39)° — (2p° — 9pq + 27r)?

27
it follows that

—2p® + 9pq — 2(p* — 3q)\/p* — 3¢

IN
IA

—2p® + 9pq + 2(p* — 3¢)\/p* — 3¢

27 "

which is equivalent to

p® — 3ps? — 253 p® — 3ps? + 253

IA
IN

97 " 27

?

Therefore, for constant p and ¢, the product r is minimum and maximum when two of a, b, ¢

are equal.

17. SYMMETRIC INEQUALITIES OF DEGREE THREE, FOUR OR

FIVE

Theorem (V. Cirtoaje, 2012). Let f,(a,b,c) be a symmetric homogeneous polynomial

of degree n.

(a) The inequality f4(a,b,c) > 0 holds for all real numbers a, b, ¢ if and only if fy(a,1,1) >

0 for all real a;

(b) Forn € {3,4,5}, the inequality f,(a,b,c) > 0 holds for all a,b,c > 0 if and only if

fula,1,1) >0 and f,(0,b,¢) >0 for all a,b,c > 0.
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18. SYMMETRIC HOMOGENEOUS INEQUALITIES OF DEGREE SIX

Any sixth degree symmetric homogeneous polynomial fs(a, b, c) can be written in the form
fo(a,b,¢) = Ar* + B(p. q)r + C(p, q),
where A is called the highest coefficient of fg, and
p=a+b+c, q=ab+bc+ca, 1 =abc.

Theorem (V. Cirtoaje, 2008). Let fs(a,b,c) be a sixth degree symmetric homogeneous
polynomial having the highest coefficient A < 0.

(a) The inequality fs(a,b,c) > 0 holds for all real numbers a, b, ¢ if and only if fg(a,1,1) >
0 for all real a;

(b) The inequality fe¢(a,b,c) > 0 holds for all a,b,c > 0 if and only if fe(a,1,1) > 0 and
f6(0,b,¢) > 0 for all a,b,c > 0.

This theorem is also valid for the case where B(p,q) and C(p,q) are homogeneous
rational functions.

For A > 0, we can use the highest coefficient cancellation method (V. Cirtoaje, 2008).
This method consists in finding some suitable real numbers B, C' and D such that the
following sharper inequality holds

2\ 2
fe(a,b,c) > A (T+Bp3 + Cpq—i—Dq;) .

Because the function gg defined by

2\ 2
g6<a7 ba C) = fﬁ(av ba C) — A (T + Bp3 + CPQ+ D%)

has the highest coefficient equal to zero, we can prove the inequality gg(a,b,c) > 0 using
Theorem above.

Notice that sometimes it is useful to break the problem into two parts, p? < ¢ and
p? > £q, where ¢ is a suitable real number.

A symmetric homogeneous polynomial of degree six in three variables has the form
fo(a,b,c) = Ay Z a® + Ay Z ab(a* + b*) + A; Z a’b*(a® + b*)

+Ay Z a®b® + Asabe Z a® + Agabe Z ab(a + b) + 3A7a%b*c,

where Ay, ..., A7 are real constants. In order to write this polynomial as a function of p, ¢
and r, the following relations are useful:
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a® = 3r + p* — 3pq,
Z ab(a+b) = —3r + pq,
Z a*b® = 3r® — 3pgr + ¢°,
> atb(a® + %) = =3 = 20" — 2pq)r + ¢ — 2¢°,
> ab(a’ +bY) = =3r — 200" — Tpg)r + p'q — 4% + 2¢°,
a® = 3r* + 6(p* — 2pq)r + p° — 6p*q + 9p*¢* — 24°,
(a—b)2(b—c)*(c—a)® = =27r* + 2(9pq — 2p°)r + p*¢* — 4¢°.

According to these relations, the highest coefficient A of the polynomial fg(a,b,c) is
A:3<A1 —AQ—A3+A4+A5—A6—|—A7).

The polynomials

Pi(a,b,c) = Z(A1a2 + Agbe)(Bia® + Babe)(Chra* + Csbe),

Py(a,b,c) = Z(A1a2 + Agbe)(Bi1b* 4 Baca)(C1c? + Cyab)
and

Ps(a,b,c) = (A1a® + Asbc)(A1b* + Agca)(Aic® + Azab)
has the highest coefficients
P1(1717]-)7 P2(1a]-71)7 P3(17]-7]->7

respectively. The polynomial

Py(a,b,c) = (a® 4+ mab + b*)(b* + mbc + ) (c* + meca + a?)
has the highest coefficient

A= (m—1)>°

19. EQUAL VARIABLES METHOD

The Equal Variables Theorem (EV-Theorem) for nonnegative real variables has the following
statement (V. Cirtoage, 2005).
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EV-Theorem (for nonnegative variables). Let ay,as,...,a, (n > 3) be fivzed nonneg-
ative real numbers, and let x1 < x9 < --- < x, be nonnegative real variables such that

T1+xo+ - +x,=a;+ax+ -+ ay,

k k e e ke e
i txyt+--tx, =a) +ay+ -+ a,,

where k is a real number; for k =0, assume that x1xs -+ -x, = ayas---a, > 0. Let f : 1 — R,
where I = [0,00) when f is continuous at x = 0, and I = (0,00) when f(0;) = +oo. In
addition, f is differentiable on (0,00) and the associated function g : (0,00) — R defined by

g(z) = [ (xﬁ)
is strictly convex on (0,00). Let

S = f(x0) + fx2) + -+ f(n).

(1) Ifk <0, then S, is mazimum for

Ty =Ty =" =2Tp1 < Tp,
and is minimum for
O<a <zo=a3=""=2Ty;
(2) If k > 0 and either f is continuous at x = 0 or f(0;) = —oo, then S, is mazimum
for
Ty =Ty =" =Tp-1 < Tp;

(3) If k > 0 and either f is continuous at x = 0 or f(0,) = oo, then S, is minimum

for

r=--=2;1=0, T ==, je{L,2,...,n}

For f(z) = ™, we get the following corollary.
EV-Corollary (for nonnegative variables). Let aq,as,...,a, (n > 3) be fized nonneg-
ative real numbers, let x4 < x9 < --- < x,, be nonnegative real variables such that

T1+To+--+x,=a1+ax+ -+ ay,

af a4+ ok = vak+ o+ dk
and let
Sp=a"+x5 +--+,.

Case 1: k <0 (for k=0, assume that x1x5-- -z, = a1ag---a, >0).

(a) Ifme (k,0)U(1,00), then S, is mazimum for

T =Ty ="+ =XTp_1 < Ty,
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and is minimum for
1 STy =1T3 =" = Tp;

(b) If m € (—o0,k)U(0,1), then S, is minimum for
Ty =Ty =" =Tp-1 < Tp,

and is mazximum for
TG < X9 =T33 ="+ =1T,.

Case2: 0<k<1.
(a) If m € (0,k)U(1,00), then S, is mazimum for

T =Tyg= " =XTp_1 < Ty,
and is minimum for
= =2, =0, Tjy1=-=2n, J
(b) If m € (—o00,0) U (k, 1), then S, is minimum for
T =Ty ="+ =Tp1 < Ty,
(¢) If m € (k,1), then S, is mazimum for
1= =21 =0, Tjy1=-=2In, J

Case 3: k> 1.
(a) If m € (0,1)U (k,00), then S, is mazimum for

TN =Ty =" =Tp_1 < Tp,

and is minimum for

371:"‘:1']'—120, xj+1:...:xn, ]

(b) If m € (—o00,0) U (1,k), then S, is minimum for

e{1,2,...

0<a =2="-=xp1 < Ty;

(¢) If m € (1,k), then S, is maximum for

1’1:"‘:37]',1:0, Tjy1 = = Tn, j€{1,2,...

,n}.

The Equal Variables Theorem (EV-Theorem) for real variables has the following state-

ment (V. Cirtoage, 2014).
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EV-Theorem (for real variables). Let aj,as,...,a, (n > 3) be fived real numbers, let
1 < 29 < --- <z, be real variables such that

T1+To+--+xTy,=a1+az+ -+ ay,

k k k k k k
$1+x2+...+l’n:a1+a2+...+an’

where k is an even positive integer, and let f be a differentiable function on R such that the
associated function g : R — R defined by

o) = £ (V)
15 strictly convex on R. Then, the sum
Sp= f(x1) + fz2) + -+ flwn)

s minimum for
Ty =1T3="" =Ty,

and is mazximum for
T1 =Ty =+ =Tp-1-

For n = 3, the following results are valid.

Theorem 1. Let a > b > ¢ be real numbers such that
a+b+c=p, ab+bc+ca=yq,
where p and q are fized real numbers satisfying p*> > 3q. The product
r = abc

18 minimum when a = b, and is mazimum when b = c.

Theorem 2. Let a > b > ¢ such that
a+b+c=p, ab + bc + ca = q,

where p and q are fized real numbers satisfying p* > 3q.

(a) If a,b,c are nonnegative real numbers, then the product r = abc is mazximum when
b = c, and is minimum when a = b or ¢ = 0;

(b) If a,b,c are the lengths of the sides of a triangle (non-degenerate or degenerate),
then the product r = abc s maximum when b = ¢ > g or b+ c = a, and is minimum when
a=b>c.

Theorem 3. Let a > b > ¢ be positive real numbers such that

a+b+c=p, abc =,
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where p and r are fived positive numbers satisfying p*> > 27r. Then,
=ab+ bc+ca

18 mintmum when b = ¢, and is mazimum when a = b.

Theorem 4. Leta>1>b>c > 0 such that
a+b+c=3, ab + bc + ca = q,

where q € [0,3] is a fivzed number. The product r = abc is minimum when b =1 or ¢ = 0,
and mazimum when b = c.

Theorem 5. Leta>b>1>c >0 such that
a+b+c=3, ab + bc + ca = q,

where q € [0,3] is a fired number. The product r = abc is minimum when a = b or ¢ = 0,
and mazimum when b = 1.

20. ARITHMETIC COMPENSATION METHOD

The Arithmetic Compensation Theorem (AC-Theorem) has the following statement (V.
Cirtoage, 2005).

AC-Theorem. Let s > 0 and let F' be a symmetric continuous function on the compact
set in R"

S:{(zlaxZ,-..,xn):x1+x2+-.-—|—$n28, 1'2207 i:172’... 7n}‘

If
F(z1,m9,23,...,2,) >
1+ 29 T+
2min{F< 1_5 2 1;— 2,x3,...,a:n),F(O,I1+x2,x3,...,xn)}
for all (x1,x9,...,2,) €S, then F(x1,x9,x3,...,2,) is minimum when
s

TI=Tp = =T = o Tpr = -+ = Ty = 0;

that s,

F(x1,x9,23,...,2,) > min F(%, il 0,--- ,O)

T 1<k<n

for all (x1,x9,...,2,) € S.

Notice that if

T1+To T1+ T2
F(xl,xg,xg,...,a:n)<F( ,xn)

92 ) 2 1 L3y -
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involves
F(z1,m9,23,...,2,) > F(0,21 + 29,23, ..., 2,),

then the hypothesis

F(zy,m9,23,...,2,) >
Zmin{F (m;m,xl—gm,x&...,xn) ,F(O,xl—i-:cg,xg,...,:cn)}

is satisfied.

21. VASC’S CYCLIC INEQUALITY

The following theorem gives Vasc’s cyclic inequality ( Vasile Cirtoaje, 1991).

Theorem 1. If a,b, c are real numbers, then
(a® +b% + *)? > 3(a’b + b’c + c*a),
with equality for a = b = c, and also for

a b c
2

sin?4  sin? % sin z
(or any cyclic permutation).

A generalization of Vasc’s inequality is the following (V. Cirtoaje, 2008).
Theorem 2. Let

fala,b,c) = Za4 + AZasz + Bacha+ CZa3b+ DZab3,
where A, B,C, D are real constants such that
1+A+B+C+D=0.
The inequality fi(a,b,c) > 0 holds for all real numbers a,b, ¢ if and only if
3(14+A) > C*+CD + D%

Notice that

4
gh@a@:w+v+c+m%ﬁ<U—v+

4
+334+34-C?—CD - D),

C —D\?
3

where

S = Z a’b® — Z a’be,
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U— S ath - a’be
g )
ST ab® — > a?be
5 :

For A=B=0,C =-2and D =1, we get the following inequality

V:

a' + b + '+ ab® + be® + ca® > 2(a’b + b + Pa),
with equality for a = b = ¢, and also for

a b c

sin Z sin =& sin 17

(or any cyclic permutation).

22. CYCLIC INEQUALITIES OF DEGREE THREE AND FOUR

Consider the third degree cyclic homogeneous polynomial

s(a,b,c) =Y a®+ Babe+CY a®b+ DY ab’,

where B, C, D are real constants. The following theorem holds.
Theorem 1 (Pham Kim Hung, 2007). The cyclic inequality f3(a,b,c) > 0 holds for all

nonnegative numbers a,b, ¢ if and only if

f3(17]-a]-) Z 0
and

f3(&7170) 2 O
for all a > 0.

Consider now the fourth degree cyclic homogeneous polynomial

1(a, b, c) Za +AZa2b2+Bacha+CZa3b+DZab?’

where A, B, C, D are real constants.
The following theorem states the necessary and sufficient conditions such that f4(a, b, c) >
0 for all real numbers a, b, c.

Theorem 2 (V. Cirtoaje and Y. Zhou, 2011). The inequality fi(a,b,c) > 0 holds for
all real numbers a,b, c if and only if g4(t) > 0 for all t > 0, where

gut)=32+A—-C—-D)t* —Ft* +34—-B+C+D)t* +1+A+B+C+ D,

F =+/27(C — D)2 + E2,
E=8—-4A+2B—-C - D.
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The following theorem states some strong sufficient conditions such that fy(a,b,c) > 0
for all real numbers a, b, c.

Theorem 3 (V. Cirtoaje and Y. Zhou, 2011). The inequality fi(a,b,c) > 0 holds for
all real numbers a, b, c if the following two conditions are satisfied:

(@) 1+ A+B+C+D>0;

(b) there exists a real number t € (—\/5, \/5) such that f(t) > 0, where

f(t) =2Gt* — (6 +2A+ B+ 3C +3D)t* +2(1 + C + D)Gt + H,

G=V1+A+B+C+D, H=2+2A-B-C-D-C*-CD - D>

The following theorem states the necessary and sufficient conditions that fy(a,b,c) > 0
for all a,b,c > 0.

Theorem 4 (V. Cirtoaje, 2012). Let

E=8—-4A+2B—C - D,

F =+/27(C — D)2 + E2,
gut)=32+A—-C—-D)t* —Ft* +34—-B+C+D)t*+1+A+B+C+ D,
2F

For F =0, the inequality fi(a,b,c) > 0 holds for all a,b,c > 0 if and only if g4(t) > 0
for all t €0, 1].

For F # 0, the inequality fi(a,b,c) > 0 holds for all a,b,c > 0 if and only if the
following two conditions are satisfied:

(a) g4(t) >0 for all t € [0,t,], where t; € [1/2,1] such that g3(t1) = 0;
(b) fa(a,1,0) >0 for all a > 0.

The following theorem states some strong sufficient conditions that fy(a,b,c) > 0 for all
a,b,c > 0.

Theorem 5 (V. Cirtoaje and Y. Zhou, 2012). The inequality fi(a,b,c) > 0 holds for
all a,b,c > 0 if

1+A+B+C+D>0
and one of the following two conditions is satisfied:
(a) 3(14+A)>C*+CD + D?
(b) 3(1+ A) < C?*+ CD + D?, and there exists t > 0 such that

(C+2D)t* + 6t +2C + D > 2/(t* + 2+ 1)(C2 + OD + D? — 3 — 3A).
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23. VASC’S POWER EXPONENTIAL INEQUALITY

Theorem. Let 0 < k < e.
(a) Ifa,b>0, then (Vasile Cirtoaje, 2006)

b 4 b > gy phe.
(b) Ifa,be (0,1], then (Vasile Cirtoaje, 2010)

2V gkapkt > gk 4 e,



Chapter 2

Symmetric Polynomial Inequalities in
Real Variables

2.1 Application

2.1. Let a, b, c,d be real numbers such that
A+ ++d*=0.

Prove that
a+ 03+ E+d®<2r.

2.2. If a, b, c are real numbers such that
a+b+c=0,

then
(2a® + bc)(20* + ca)(2¢* + ab) < 0.

2.3. Let a, b, ¢ be real numbers such that
a+b>0, b+c>0, c+a>0.

Prove that
IYa+b)(b+c)(c+a)>8(a+b+c)(ab+ be+ ca).

21
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2.4. Let a, b, ¢ be real numbers such that
ab + bc+ ca = 3.

Prove that
(3a* 4 1)(3b* +1)(3c* + 1) > 64.

When does equality hold?

2.5. If a and b are real numbers, then

3(1 —a+a®)(1 —b+b?) > 2(1 — ab + d*V?).

2.6. If a, b, c are real numbers, then

31—a+a*)(1—b+b)(1—c+c®) > 1+ abe+ a’b*c.

2.7. If a, b, ¢ are real numbers, then

(a? 4+ 0%+ )P > (a+ b+ c)(ab+ be + ca)(a® + b> + ).

2.8. If a, b, c are real numbers, then

2(a® + b)) (b + ) (c + a*) > [ab(a + b) + be(b + ¢) + calc + a) — 2abc)?.

2.9. If a, b, c are real numbers, then

2(a? + 1)(b* + 1)(c* + 1) > (ab + bc + ca + 1)*.

2.10. If a,b, ¢ are real numbers, then

5
(@®+ 1)V +1)(c®+1) > E(a +b+c+1)4
2.11. If a, b, ¢ are real numbers, then
(a) a® + 05 + & — 3a?b*c® + 2(a® + be) (b? + ca)(c? + ab) > 0;

(b) a® + b5 + 8 — 3a?b*c® > (a® — 2be)(b* — 2ca)(c* — 2ab).
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2.12. If a, b, ¢ are real numbers, then

2
§(a6 + b5+ ) + @b + b’ + Pa® + abe(a® + 0 + ¢*) > 0.

2.13. If a, b, ¢ are real numbers, then

4(a® 4+ ab+ b*)(b* + be + ) (c* + ca + a®) > (a — b)*(b — ¢)*(c — a)’.

2.14. If a, b, ¢ are real numbers, then

(a® + ab+ b?) (b + be + ) (? + ca + a*) > 3(a®b + b?c + 2a)(ab® + bc® + ca?).

2.15. If a, b, ¢ are real numbers such that abc > 0, then
1 1 1
4 (a+—) (b+—> (c+—) >9(a+b+c).
a b c

2.16. If a,b, ¢ are real numbers, then
(a) (a® + 2be)(b® + 2ca)(c® + 2ab) < (a® + b* + c2)(ab + be + ca)?;

(b)  (2a® + bc) (2% + ca)(2¢* + ab) < (a + b+ ¢)*(a®V? + b*c® + ca?).

2.17. If a,b, ¢ are real numbers such that
ab+ bc+ ca > 0,

then
27(a* + 2bc) (b? + 2ca) (¢ + 2ab) < (a+ b+ ¢)°.

2.18. If a, b, ¢ are real numbers such that
a2+ b2+ =2,

then
(a? + 2bc) (b* + 2ca)(c? + 2ab) +2 > 0.
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2.19. If a, b, ¢ are real numbers such that
a+b+c=3,

then
3a* + v+ ) a0+ P+ 6> 6(a® + 0P+ D).

2.20. If a, b, c are real numbers such that
abc =1,

then
3(a®> + 0>+ ) +2(a+ b+ c) > 5(ab + be + ca).

2.21. If a,b, ¢ are real numbers such that
abc =1,
then

3 1 1 1
A+ +E+6>=at+btet+—+-+-).
2 a b ¢

2.22. If a, b, ¢ are real numbers, then

(14 a?)(1+b*)(1+ c?) + Sabc > ;1(1 +a)*(1 +b)*(1 4 ¢)*

2.23. Let a, b, ¢ be real numbers such that
a+b+c=0.

Prove that
a? 112 42 > 20849a4b4c4.

2.24. If a,b, ¢ are real numbers such that abc > 0, then

a4+ b+ 2+ 2abc+4 > 2(a+b+c) + ab+ be + ca.
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2.25. Let a, b, ¢ be real numbers such that
a+b+c=3.
(a) If a,b,c > —3, then

1+1+1>1+1+1
a2 b 2" a b ¢
(b) If a,b,¢ > —7, then
1—a n 1—-0 n 1—c¢ S
(14+a)?2 (140b)?% (1+4¢)?

2.26. If a, b, ¢ are real numbers, then

a® + 0%+ —3a**c? > ~(a — b)*(b— ¢)*(c — a)*.

N | —

2.27. If a, b, ¢ are real numbers, then

(a2+b2—|—02

3
1
3 ) > a*b?c® + E(a —b)%(b—¢)*(c—a).

2.28. If a, b, ¢ are real numbers, then

1
(a® +b* + *)* > %aQbQC2 +2(a — b)*(b — ¢)*(c — a)*.

2.29. If a, b, ¢ are real numbers, then

2(a® +b*)(b* + ) (c® + a®) > (a — b)*(b— ¢)*(c — a)*.

2.30. If a, b, ¢ are real numbers, then

32(a* + be)(b* + ca)(¢® + ab) + 9(a — b)*(b — ¢)*(c — a)* > 0.

2.31. If a, b, ¢ are real numbers, then

a*(b—c)? +b*(c—a)* +c*(a—b)? > %(a —b)2(b—c)*(c—a)*
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2.32. If a, b, ¢ are real numbers, then

a?(b—c)* +b*(c—a)* + (a—b)* > =(a—b)*(b—c)*(c —a)’.

N | =

2.33. If a, b, ¢ are real numbers, then

a?(b® — )+ b (c? —a?)? + A(a* = b*)? > =(a—b)*(b—c)*(c — a)*.

ool w

2.34. If a,b, c are real numbers such that
ab + bc + ca = 3,
then

(a) (a® + ab + b*)(b* + be + ) (* + ca + a?) > 3(a+ b+ ¢)?;

(a® 4+ b* + 2).

DO W

(b) (a® + ab + b*)(b* + be + ) (* + ca + a*) >

2.35. If a, b, ¢ are real numbers, then

(a® + ab + b*)(b* + be + ) (c* + ca + a®) > 3(ab + be + ca)(a®V® + b*c* + 2a?).

2.36. If a,b, c are real numbers, not all of the same sign, then

(a® + ab + b*)(b* + be + 2)(¢* + ca + a®) > 3(ab + be + ca)®.

2.37. If a,b, c are real numbers, then

w

(a® + ab + b*)(b* + be + ) (¢* + ca + a®) > g(a2 +02)(b* + ) (S + a?).

2.38. If a, b, c are real numbers, then

2(a® 4+ b)) (b* + &) (A + a*) > (a® — ab+ b)) (b* — be + ¢*)(c* — ca + a?).



Symmetric Polynomial Inequalities in Real Variables 27

2.39. If a, b, ¢ are real numbers, then

9(1 4+ a*)(1 4+ ") (1 + ¢*) > 8(1 + abe + a?b*c*)2.

2.40. If a, b, c are real numbers, then

2(14+a®)(1+b*)(1+¢®) > (14 a)(1+b)(1 + c)(1 + abe).

2.41. Let a, b, ¢ be real numbers. Prove that

(a* —ab+b*)(b* — be + *)(* —ca+a®) > 1

(a) @B+ + Pa =3;
(b)  a'd* 4+ bict + tat = 3.

2.42. If a,b, ¢ are nonzero real numbers, then

sz—bc+c 22 (Z )(Zé)

2.43. Let a, b, c be real numbers. Prove that
(a) if a,b,c € [0, 1], then

abc— (b+c—a)(c+a—>b)(a+b—rc) <1;
(b) if a,b, ¢ € [—1,1], then

abc— (b+c—a)(ct+a—>b)la+b—c) <4

2.44. Let a, b, c be real numbers. Prove that
(a) if a, b, c € [0, 1], then
ZaZ(a —b)(a—c) <1
(b) if a,b, ¢ € [—1, 1], then

Zcﬂ(a —b)(a—c) < 4.
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2.45. Let a, b, ¢ be real numbers such that
ab + bc + ca = abc + 2.

Prove that
A+ +E-3>2+V3)(a+b+c—3).

2.46. Let a, b, c be real numbers such that
(a+b)(b+c)(c+ a) = 10.

Prove that
(a® + ) (b* + *)(* + a®) + 12a*b*c® > 30.

2.47. Let a, b, ¢ be real numbers such that
(a+b)(b+c)(c+a)=5.

Prove that
(a® 4 ab + b*)(b* + be + ¢*)(¢* + ca + a?) + 12a%b*c* > 15.

2.48. Let a, b, ¢ be real numbers such that
a+b+c=1, dE+¥P+S=k.

Prove that
(a) if k=25, then |a| <1or|b] <1lor|c <1;
(b)if k=—11,thenl <a<2orl<b<2o0rl<c<2.

2.49. Let a, b, ¢ be real numbers such that

a+b+ce=a+b+c=2.

5
Prove that a, b, c ¢ {Z’ 2] .

2.50. If a,b, c and k are real numbers, then

> (a—b)(a—c)(a— kb)(a—ke) > 0.
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2.51. If a, b, ¢ are real numbers, then

—b)*(b—¢)*(c — a)?
20— b — ) > ° .
> ala=b)la=c)z 2+ 02+ 2 +ab+betca

2.52. If a, b, ¢ are real numbers, then

3(a®> +3)(b* +3)(c* +3) > 16(a + b+ c)* + 48.

2.53. Let a > b > ¢ be real numbers. Prove that for fixed
a+b+c=p, ab+bc+ca=yq,

the product
r = abc

has the minimum value only when a = b, and the maximum value only when b = c.

2.54. Let a, b, ¢ be real numbers. Prove that for fixed
a+b+c=p, abc =,

the sum
q=ab+bc+ ca

has the maximum value only when two of a, b, ¢ are equal.

2.55. Let a, b, ¢ be real numbers such that a + b + ¢ = 3. Prove that

(a) (ab + bc + ca)? > 9abc;
(b) (ab+ bc + ca)* +9 > 18abc;
(c) (ab + bc + ca — 3)* > 27(abc — 1).

2.56. Let a, b, c be real numbers such that

ab + be + ca + abe = 4.
Prove that

(a) if abc > 0, then

2(a+b+c)+ab+bc+ca < i;
abc
(b) if abc < 0, then

2(a+b+c)+ab+bc+ ca > i
abe
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2.57. If a,b, ¢ are real numbers such that
a+ b+ c+ abc =4,

then
a? +b* +c +3 > 2(ab + be + ca).

2.58. If a, b, ¢ are real numbers such that
ab + bc + ca = 3abc,

then
4(a®> 4+ b* +c*) + 9 > T(ab + be + ca).

6
2.59. Let a,b,c < = be real numbers such that a? + 0% + ¢ = 4. If

_16(2+15v72)

b 125

~ 2.97,

then
ab + bc + ca + k > abe.

2.60. Let fy(a,b,c) be a symmetric homogeneous polynomial of degree four. Prove that the
inequality f4(a,b,c) > 0 holds for all real numbers a, b, ¢ if and only if fy(a,1,1) > 0 for all
real a.

2.61. If a,b, c are real numbers, then

10(a* + b* + ¢*) + 64(a’” + b°” + ?a®) > 33 ab(a” + b?).

2.62. If a, b, c are real numbers such that
a+b+c=3,

then
3(a* 4+ b+ ct) + 33 > 14(a* + 0> + 2.
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2.63. If a, b, ¢ are real numbers such that
a4+ b+ % =3,

then
a* +b* + ¢* + 3(ab + be + ca) < 12.

2.64. Let «, 8,7 be real numbers such that

l4+a+p=2y.

Za4+a2a2b2+ﬁab02a > VZab(aQ—f—lﬂ)

holds for any real numbers a, b, ¢ if and only if

The inequality

1+a>~%

2.65. If a, b, c are real numbers such that
a+ v+ =2,

then
ab(a® — ab +b* — %) + be(b* — be + ¢* — a*) + ca(c® — ca+a® — ) < 1.
2.66. If a, b, c are real numbers, then

(a+b)*+ (b+e) + (c+a)* > =(a* +b* + ).

|

2.67. Let a, b, ¢ be real numbers. If
p=a+b+c, q=ab+bc+ ca, r=abc,

then y
+ _
B-pr+ 1 >¢
2.68. If a,b, c are real numbers, then

ab(a + b) + be(b+ ¢) + ca(c + a) .3
(a2 +1)(B2+1)(c2+1) — 4
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2.69. If a, b, ¢ are real numbers such that abc > 0, then
1 1 1 1 1 1 1
a+—-—1)(b+-—1)(c+-—1)4+2>-(a+b+c)|—+-+—-].
a b c 3 a b ¢
2.70. If a,b, c are real numbers, then

o)D) o)

2.71. If a,b, c are real numbers such that
a+b+c=3,

then
ala—1) bb—-1) cle—1)

> 0.
8a?+9 82 +9  82*+9 —

2.72. If a,b, ¢ are real numbers such that
a+b+c=3,

then

(a—11)(a—1) (b—11)(b—1) (c—ll)(c—1)>0
202 + 1 202 + 1 2¢2 +1 -

2.73. If a,b, c are real numbers, then

(a® 4+ 2)(b* + 2)(c* +2) > 9(ab + bc + ca).

2.74. If a,b, c are real numbers such that
ab + bc+ ca = 3,

then
4(a* + b* + c*) + 1labc(a + b + ¢) > 45.
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2.75. Any sixth degree symmetric homogeneous polynomial fs(a,b,c) can be written in the
form

fo(a,b,c) = Ar® + B(p, q)r + C(p, q),
where A is called the highest coefficient of fg, and

p=a+b+c, q=ab+bc+ca, 1 =abc.

In the case A < 0, prove that the inequality fs(a,b,c) > 0 holds for all real numbers a, b, ¢
if and only if fs(a,1,1) > 0 for all real a.

2.76. If a,b, c are real numbers such that

ab+ bc + ca = —1,

then
(a) 5(a* + 0?)(V? + A) (2 + a?) > §;
(b) (a* + ab + b?)(b* + bc + ¢*)(c* + ca + a?) > 1.

2.77. If a,b, ¢ are real numbers, then
(a) S~ a?(a—b)(a—c)(a+2b)(a+2c)+ (a—b)*b—c)(c—a)?>0;

(b)  >da*(a—0b)(a—c)(a—4b)(a—4c) + T(a—b)*(b—c)*(c—a)* > 0.

2.78. If a,b, c are real numbers, then

(a® + 2bc)(b* + 2ca)(c® + 2ab) + (a — b)*(b — ¢)*(c — a)* > 0.

2.79. If a, b, ¢ are real numbers, then

(2a* + 5ab + 2b%)(2b* + 5bc + 2¢*)(2¢* + 5ea + 2a*) + (a — b)*(b — ¢)*(c — a)? > 0.

2.80. If a, b, c are real numbers, then

2 2 2 4
(a2 + gab + 62) <62 + gbc + 62) <02 + 360 + az) > 2—7(a2 + be) (b? + ca)(c® + ab).
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2.81. If a, b, ¢ are real numbers, then
2(a —0)*(b — ¢)*(c — a)?
2
Za(a—b)(a—c)z PrN R .
2.82. If a, b, ¢ are real numbers, then
8(a —b)*(b — ¢)*(c — a)?
> (a—b)(a—c)(a—2b)(a—2c) > s .
2.83. If a, b, ¢ are real numbers, no two of which are zero, then
a’>+3bc b+ 3ca -+ 3ab
+ + > 0.
b2+02 CQ+&2 a2+b2
2.84. If a,b, c are real numbers, no two of which are zero, then
a® + 6bc b? + 6ca c? + 6ab >0
b2—bc+c? 2—cat+a? a?—ab+0b2 "
2.85. If a, b, ¢ are real numbers such that
ab+ bc+ ca > 0,
then
4a® 4+ 23bc  4b* + 23ca 4 + 23ab
+ + >
b2+62 02+a2 a2+b2
2.86. If a, b, ¢ are real numbers such that
ab + bc+ ca = 3,
then
20(a® + b° + ®) + 43abc(a® + b + ¢*) > 189.
2.87. If a,b, ¢ are real numbers such that
ab+ bc+ ca > 0,
then

(a® + b + *)(ab + bc + ca)? > abc(4a® + 4b% + 4¢3 + 15abc);

4(a+b+ c)® > 8labe(ba® + bb® + 5 + 21abe).
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2.88. If a, b, ¢ are real numbers, then

42(@2 +bc)(a —b)(a —c)(a—3b)(a —3c) > T(a —b)*(b—c)*(c —a)’.

2.89. Let a, b, ¢ be real numbers such that
ab+ bc+ ca > 0.
For any real k, prove that

Z4bc(a —b)(a—c)(a—kb)(a—kc)+ (a—b)2*(b—c)*(c—a)® >0.

2.90. If a, b, ¢ are real numbers, then

[(a®b+ b°c+ c*a) + (ab® + bc® + caz)}2 > 4(ab + be + ca)(a®b® + b2 + 2a?).

2.91. If a, b, ¢ are real numbers such that
a+b+c=3,

then

(@a—1)(a—25) (b—1)b—-25) (c—1)(c—25)
a? + 23 * b? + 23 * 2+ 23 -

2.92. If a, b, c are real numbers such that abc # 0, then
(b+c)2 (c—l—a)2 (a—l—b)2
+ + > 2.
a b c

2.93. If a, b, ¢ are real numbers, then

E

(a) (@ + D+ 1)(c* +1) > (@ =0)(b—c)(c—a)l;

) = |(a=0)(b—¢)(c —a)l.

w
—_—

(b) (@®>*—a+1)B*=b+1)(*—c+
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2.94. If a,b, ¢ are real numbers such that
a+b+c=3,
then
1—a+a*)(1-b+b)1—c+c?)>1.
2.95. If a, b, ¢ are real numbers such that
a+b+c=0,
then
ala—4) bb—4) clc—4) >0
a’+2 b2+ 2 2+2 — 7
2.96. If a,b, ¢ are real numbers such that
a,b,c<14+V2, a+b+c>0,
then
2abc + a® + b* + ¢ + 1 > 2(ab + be + ca).
2.97. If a,b, c are real numbers such that a + b+ ¢ = 2 and ab + bc + ca > 0, then
(a® + be)(b* + ca)(c* + ab) + abe < 1.
2.98. If a,b, c are real numbers such that
2 12, 2 4
a® 4+ b+ c¢” =3, a > 3
then
3(abc + 1) > 2(ab + be + ca).
8 22 2
2.99. If a, b, ¢ are real numbers such that a > - and a® + b* 4+ ¢~ = 3, then

3—a—-b-—c
1 — abc

49
> .
— 100
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2.100. If a,b,c € [—1,1], then

15 19
S+ +abe < —= b —
a’+b>+c —|—ac_16(a—|— +c)+16

2.101. If a, b, ¢ are real numbers, then

(@® + b + ¢*)? > (a* + b + ') (ab + be + ca).

2.102. Let aq,as,...,a, be real numbers such that

2 2 2
a1+a2+'--+an:n.

Prove that:
(a) forn =3,
5
(b) forn =25,
aj + az + as + ay —l— as + m]n(az . aj)Q S 1
5} i#]
2.103. Let aq,as,...,a7; be real numbers such that
a%+ag+---+a$:n.
Prove that:
(a) \/|a1—|—a2—|—---+a7| + min(a; —a;)* < 1;
7 i#]
19
7 i#j 8

2.104. Let f be a differentiable convex function on a closed interval T = [a, b]. If a1, as, . . .

I, then Jensen’s difference

a1+a2+---+an
n

D:f(@1)+f(a2)+"‘+f<an)_nf(

has the maximum value when all a; € {a, b}.
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2.105. If a, b, ¢ are real numbers, then

2(a®> —a+1)(b* —b+1)(c* — c+ 1) > (abc — 1)*.

2.106. If a, b, c are real numbers, then

(1+V2)(a®>—a+1)(P*—b+1)(P —c+1) > a®b? + 1.

2.107. If a,b, ¢, d are real numbers, then

(a) 41—a+a®)(1 =0+ (1 —c+c?) > 1+ a%? + b2 + Pa?;
1+ abed ) ?
(b) 1-a+a®)(1-b+t®)(1—-c+)(1—d+d) > (%) .

2.108. If a,b, ¢, d are real numbers, then

3a®—a+1)V* —b+1)(* —c+1)(d* —d+1) > a®b*c*d* — abed + 1.

2.109. If a, b, ¢, d are real numbers, then

(@®>—a+2)(b* —b+2)(—c+2)(d*—d+2) > (a+b+c+d)>

2.110. If a,b, ¢, d are real numbers, then

(a* +3)(b* + 3)(c* + 3)(d* + 3) > 16(a + b+ c + d)*.

2.111. Let a,b, c,d be real numbers such that abed > 0. Prove that
1 1 1 1 1 1 1 1
Z Z Z Z) > 42y
(a—i—a) (b+ b) (c+c) (d+d) > (a+b+c+d) <a+ b+c+d)

2.112. Let a,b, ¢, d be real numbers such that
a+b+c+d=4, AP+ +F+dP=T.

Prove that
ad+ b+ S+ d® < 16.
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2.113. Let a,b, ¢, d be real numbers such that
a+b+c+d=0.

Prove that
12(a* +b* + * +d*) < 7(a* + b* + &+ d?)*.

2.114. Let a,b, c,d be real numbers such that
a+b+c+d=0.

Prove that
(a2+b2+02+d2)3 Z 3(a3+b3+c3+d3)2.

2.115. If a,b, ¢, d are real numbers such that
a+b+c+d=0,

then
at + bt + ¢ + d* + 28abed > 0.

2.116. If a, b, ¢, d are real numbers such that
abed = 1,

then
(1+a*)(1+0)1+A)A+d°) > (a+b+c+d)

2.117. Let a, b, c,d be real numbers such that
P+ A+ =4

Prove that
(abe)® + (bed)? + (cda)? + (dab)® < 4.

2.118. Let a, b, ¢, d be real numbers such that
A+ +E+dP=1.

Prove that
I-a)'+(1=-0'"+1 =)'+ (1 —-ad)!'>a" + b+ +dh
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-1
2.119. If a,b,c,d > > such that

a+b+c+d=4,

then
1—a n 1-0 n 1—c n 1—d >0
l—a+a> 1-b+0 1—c+c 1—-d+d>~
2.120. If a,b, ¢, d are real numbers such that a > b > ¢ > d and
A+ b+ A+ d? =4,
then
a’c® + v2d? < 2.
2.121. Let a,b, ¢, d be real numbers such that
A+ b+ +dd =4
Ifa>b>c>d, then
1 — abed < (a — d)?
2.122. If a,b,¢,d, e > —3 such that
a+b+c+d+e=5,
then
1—a 1—0b 1—c 1—d 1—e

>
1+a+a2+1+b+b2+1+c+02+1—|—d+d2+1—|—e+e2 -

2.123. Let a, b, c,d, e be real numbers such that
a+b+c+d+e=0.

Prove that
30(a* +0* +ct +dt ) > T(a® + b+ E + d* + )2

2.124. If a,b, c,d, e are real numbers such that a + b+ c+d+ e =5, then

(@*—a+ 1)V —b+1)(F—c+1)(d*—d+1)(e* —e+1) > 1.
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2.125. If a, b, c,d, e are real numbers, then

4@ —a+ 1) =b+1)(—c+1)(d* —d+1)(e* —e+ 1) > (abede — 1)

2.126. If aq, a9, ..., a5 are real numbers such that

3 3 3 3 3

Z a;aj S 0.

1<J

then

2.127. Let ay, a9, ...,a, > —1 such that
a1+a2—|—-~-—l—an:0.

Prove that
(n—2)(af + a3+~ +al) >a} +aj+-- +a}.

2.128. Let aq,as,...,a, > —1 such that
a1 +ay+---+a, =0.

Prove that
(n—2)(al+a5+---+a2)+(n—1(a3 +ad+---+a)>0.

2.129. Let ay,as,...,a, >n—1—1+/n?> —n+ 1 be nonzero real numbers such that

artas+---+a, =n.

Prove that ] ]
—+ 5+t —=>n
ai a3 az ~

2.130. Let aq,a9,...,a, < LQ be real numbers such that

ay+ag+---+a, =n.
If k is a positive integer, k > 2, then

af + a5+ +al >n.
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2.131. If ay,a9,...,a, > , n >3, then
/rL_
1 1 1 1 1 1
st s+ +t52—+—+-+—

2.132. If aj, as, ..., a, (n > 3) are real numbers such that

—(3n —2)
a1,09,...,0, > ——————, a1+ as+---+a, =n,
n—2
then . . )
— a1 — a2 — Qp
o >0,
(I1+a1)?  (1+a9)? (14 a,)? —
2.133. Let aq,ao,...,a, be real numbers.
(a) If k> n, then
(a1 +ag+ -+ +a, +k—n)? 1

< .
@+hk—1)(@+k—1)(@2+k—1) — k-2’
(b) Ifk> g then

a1+a2+---+an+k—n < 1 )
(a? +2k —1)(a3 +2k —1)--- (a2 + 2k — 1) = 2(2k)»

(a1 +az + -+ ay,)? _ 1
(@4+n—1(a2+n—1)---(a2+n—1) — nn2’

(c)

a1 +ay+---+a, 1

(d)

2.134. Let aq,as,...,a, be real numbers. If k > %, then

<
(@2 +2n—1)(a3+2n—1) - (a2 +2n—1) — 2(2n)"!

(a1 +ag + -+ + a, + 2k — n)? o4
(a) 2 2 (2 = T2
(af —a1+k)(a5—as+k)--- (a2 —a,+k) ~ k
b (a1 +az + -+ a,)? <2
(b) 2 _ Y LAV N ny = g2
(@ —a1+=)(a2 —as+ =) (a2 —a, + =)

2 2 2
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2.135. Let aq,as,...,a, be real numbers. If £ > n, then

(@) (ot taf+nk—n) _ 0
@t h—D(@ k-1 (@+k—1) — k1

(a1 +ax+-+a,)*+n? .
(@+2n—1(a3+2n—1)--- (a2 +2n—1) = (2n)»1

(b)

2.136. If aj, as,...,a, (n > 3) are real numbers such that
ap<ap<---<ay, a+a+--+a,=0,

then
ai +a3+ -+ a +naa, <0.
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2.2 Solutions

P 2.1. Let a,b,c,d be real numbers such that
A+ b0+ +d*=09.
Prove that
a®+0*+ 7+ & <21
Solution. From a® + b + ¢® + d*> = 9, we get
a®><9, a<3, da*(a—3)<0, a <3a’

Similarly,
b <3p%, <3, dF <3d

Therefore, we have
a + 0+ +d < 3(a® + 02+ + dP) = 2T.

The equality holds for a = 3 and b = ¢ = d = 0 (or any cyclic permutation thereof).

P 2.2. Ifa,b,c are real numbers such that
a+b+c=0,
then
(2a* + be) (20 + ca)(2¢* + ab) < 0.

First Solution. Among a,b, ¢ there are two with the same sign; assume that bc > 0. We
need to show that
(20 + ca)(2¢® + ab) < 0.

This is equivalent to
[26% — c(b+ ¢)][2¢* — (b+ ¢)b] <0,
>

(b—¢)*(2b+c)(b+2c) > 0.

Since
(20 + ¢)(b + 2¢) = 2(b* + ¢*) + 5be > 0,

the conclusion follows. The equality holds for %a = b = ¢ (or any cyclic permutation).
Second Solution. We have

2a*> + bc = (a —b)(a —c) +ala+b+c)=(a—b)la—c),
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20 +ca=(b—c)(b—a)+bla+b+c)=(b—rc)(b—a),
2¢ +ab= (c—a)(c—b)+cla+b+c)=(c—a)(c—D).

Therefore,

(2a* + be) (20 + ca)(2¢* 4 ab) = —(a — b)*(b — ¢)*(c — a)* < 0.

P 2.3. Let a,b, c be real numbers such that
a+b>0, b+c>0, c+a>0.

Prove that
9(a+b)(b+c)(c+a) > 8(a+b+ c)(ab+ be+ ca).

(Nguyen Van Huyen, 2014)
Solution. Write the desired inequality in the form
a(b—¢)? +b(c — a)® + c(a — b)* > 0.

For a,b,c > 0, the inequality is clearly true. Otherwise, without loss of generality, assume
that a < b <¢,a<0. From a+ b > 0, it follows that

a<0<b<ec, a+b>0.
Replacing a by —a, we need to show that
O<a<b<ec

involves
—a(c—b)? +blc+a)® + cla+b)* > 0.

This is true since c(a + ) > 0 and
—a(c—0b)* +b(c+a)* > —blc—b)* +blc+a)®> =bla+b)(a—b+2c) > 0.

The equality holds for a =b=c¢ > 0.

P 2.4. Let a,b, c be real numbers such that
ab + bc+ ca = 3.

Prove that
(3a® 4+ 1)(3b* + 1)(3c¢2 + 1) > 64.

When does equality hold?
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Solution. Using the substitution

I I
we need to show that

(> + D+ 1) (22 +1) > 64
for all real x,y, z such that xy + yz + zz = 9.
First Solution. Applying the Cauchy-Schwarz inequality, we have

(@ + D+ (=" +1) = @+ Dy +2)* + (yz — 1)°]
> [z(y +2) + (yz — 1))* = 64.

The equality holds for zy + yz + zx = 9 and yrz_ yz — 1; that is, for
x

y+z=(yz— 1z = (yz _yllfgz_ yz)j

(y+2)° + (yz — D(yz —9) = 0,
(y—2)° + (yz = 3)* =0,
Yy=2z= +/3.
In addition, from xy + yz + zz = 9, we get

T=Yy=z= +/3.
Therefore, the original inequality becomes an equality for
a=b=c==£l.
Second Solution. We have

@+ D@+ 1) +1) —64 =2y’ + ) a’y’+ ) 2° — 63

= 2%y22% + (ny>2 —Qxysz—i- <Z$>2 —223@—63
= 229222 _QxysznL (Zx>2 = (a:yz — Zx>2 > 0.

Third Solution. We have
(3a® + 1)(30” + 1)(3¢* + 1) — 64 = 27a°b’c* + 9> _a’b* +3> a® — 63

—27a%¢ 49 () ab)2 —18abe Y a+3 (Za)2 ~6Y ab—63
= 27a’b*? — 18acha +3 (Z a>2 =3 <3abc — Za)z > 0.
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P 2.5. If a and b are real numbers, then
3(1 —a+a®)(1 —b+b*) > 2(1 — ab + a®V?).
(Titu Andreescu, 20006)

Solution. We write the inequality as follows:

(3—=3b+b%)a® — (3 —5b+3b*)a+1—3b+ 36> > 0.

Since 0 5 op2

3—36+b2>——3b+b2:g20,
4 4

1 — 2b)2
1—3b+3b2>§—3b+3b2:u20,

25 (5 — 6b)?
— b+ 30> —5h 43 = >
3—5b+36 > —5b+3 5 20,

it suffices to consider the case a > 0. By the AM-GM, we have

(3—=3b+b%)a® +1 —3b+ 3b*> > 2a+/(3 — 3b + b2)(1 — 3b + 3b2).

Thus, we only need to show that

24/(3 — 3b + b2)(1 — 3b + 3b%) > 3 — 5b + 3b°.
This is true if
4(3 — 3b+ b*)(1 — 3b+ 3b*) > (3 — 5b + 3b%)%,

which is equivalent to
3(b* —3b+1)* > 0.

The equality occurs for a > 0, (3 — 3b+ b?)a®? = 1 — 3b+ 3b* and b* — 30+ 1 = 0. Since

P 3b43v (0% +3b° 2

0 3-3b+b2  3-3b+(3b—1) ’

the equality occurs for

P 2.6. If a,b,c are real numbers, then
31 —a+a®)(1 —b+b*)(1 —c+c?) > 1+ abe + a®b*c’.

(Vasile Cirtoage and Mircea Lascu, 1989)
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First Solution. From the identity
2(1 —a+a®)(1 —b+b*) =14+ a*b* + (a — b)* + (1 — a)*(1 — b)?,

it follows that
2(1 —a+a*) (1 —b+b*) > 14 a®b?

Thus, it is enough to prove that
3(1 4+ a?b*)(1 — c+ %) > 2(1 + abe + a*b*c?).
This inequality is equivalent to
(3 + a®V*)c® — (3 + 2ab + 3a°b*)c + 1 + 3a*® > 0,
2(3 + a®b*)c — 3 — 2ab — 3a®b*]* + 3(1 — ab)* > 0.

The equality holds for a =b=c=1.

Second Solution. Write the required inequality as
31—a+a®)(1—b+b)(1—c+c®) —abe > 1+ a’b*c.

Replacing a, b, ¢ with |al,|b|, |c|, respectively, the left side of this inequality remains un-
changed or decreases, while the right side remains unchanged. Therefore, it suffices to prove
the inequality only for a,b,c > 0. For a = b = ¢, the inequality is true since

31—a+a*)-(1+a*+a) =(1-a)'(2-a+2d*) >0.
Multiplying the inequalities
V3(1—a+a®) > V1+dd+db,

V31— b+ %) > V1 + b+ 15,
V31 —c+ ) >V1+S+ S,

we get

31—a+ a1 =b+b)(1 —c+ ) > /(14 a3+ ab) (1 + b3+ b5) (1 + 3 + ).

Therefore, it suffices to prove that

V(14 a3+ a®)(1 4 b3+ 05)(1 + 3 + cb) > 1+ abe + a*b*c?,

which follows immediately from Holder’s inequality.
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P 2.7. If a,b, c are real numbers, then
(a®>+b* +)? > (a+b+c)(ab+ be+ ca)(a® + b + ).
(Vasile Cirtoaje, 2007)

Solution. Substituting a, b, c by |al, |b], |c|, respectively, the left side of the inequality re-
mains unchanged, while the right side either remains unchanged or increases. Therefore, it
suffices to prove the inequality only for a,b,c > 0. Let

p=a+b+c, q=ab+bc+ ca.
Since

201 )2 20 N2 20, 132
a*(b c)+b(02a)—|—c(a b)ZO,

q* — 3abcp =

we have
(a+b+c)(a® +b* + ) = p(p® — 3pg + 3abe) < p* = 3p°q+ ¢*.

Thus, it suffices to show that
(r* —29)° 2 q(p* - 3p°q + ¢%),
which is equivalent to the obvious inequality
(p* = 39)*(p* —q) 2 0.

The equality holds for a = b = c.

P 2.8. Ifa,b,c are real numbers, then
2(a® + b)) (b + ) (c + a*) > [ab(a + b) + be(b + ¢) + calc + a) — 2abc)?.
(Vo Quoc Ba Can, 2009)

Solution. Since
(a® 4+ b*)(a® + %) = (a* + bc)* + (ab — ac)?

and
200 +¢*) = (b+¢)* + (b — ),

the required inequality follows by applying the Cauchy-Schwarz inequality as follows

2(a® + b%)(b* + *)(* + a®) > [(a* + be)(b + ¢) + (ab — ac)(b — ¢)]?
= [ab(a + b) + be(b + ¢) + ca(c + a) — 2abc]?.

The equality holds when two of a, b, ¢ are equal.
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P 2.9. Ifa,b,c are real numbers, then

2(a® +1)(0* + 1)(c®* + 1) > (ab+ bc + ca + 1)*.

(Vasile Cirtoaje, 2007)
Solution. By the Cauchy-Schwarz inequality, we have
20 + )P+ 1)+ 1)=(a®> +a*> + 1+ 1)(V? + 2 +* + 1) > (ab+ac+ be + 1)%

The equality occurs fora=b=c=1lora=b=c= —1.

P 2.10. If a,b,c are real numbers, then

5

(@*+ D)+ 1)(* +1) > T

(a+b+c+1)%
(Vasile Cirtoage, 2006)

First Solution. Since the equality holds for

1
g b = = —
a c=3
we replace a, b, ¢ respectively by a/2,b/2,¢/2. Thus, the inequality becomes
(@ +4)(0* +4)(c* +4) > 5(a+ b+ c+2)%

with equality for a = b = ¢ = 1. To prove this, we apply the Cauchy-Schwarz inequality in
the form
(b+c+2>2
L+ (—5—

Therefore, it suffices to prove that

(a® +4) > (a+b+c+2)>

(b +4)(+4)>5

(b+c+2)2
Lt (=5

This inequality is equivalent to
11(b+¢)* — 20(b + ¢) + 4b*c* — 32bc + 24 > 0.

Since
4b%c® — 8bc + 4 = 4(bc — 1)* > 0,
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it suffices to show that
11(b + ¢)* — 20(b + ¢) — 24bc + 20 > 0.
Indeed,

11(b + ¢)* — 20(b + ¢) — 24bc + 20 > 11(b+ ¢)* — 20(b +¢) — 6(b + ¢)* + 20
=50b+c—2)%>0.

. ) 1
Second Solution. Among a?, b?,c? there are two either less than or equal to 1o larger

1
than or equal to 1 Let b? and ¢? be these numbers; that is,

(4b* — 1)(4c* — 1) > 0.

Then, we have

1 40% — 1 4c* — 1
€6(b2+1)(c2+1):5( 5 +1)<65 +1)

4 —1 42 —1
25( - +c5 +1):4b2+4c2+3.

Therefore, it suffices to prove that
(a®> +1)(4b* + 42 +3) > (a+b+c+ 1)~

Writing this inequality as

1 1 1
<a2+1+1+§> (1+4b° +4*+2) > (a+b+c+ 1),

we recognize the Cauchy-Schwarz inequality.

P 2.11. If a,b,c are real numbers, then
(a) a® + 0% + % — 3a*b*c* + 2(a® + be) (b* + ca)(c* + ab) > 0;

(b) a® + 0% + 8 — 3a?b*c? > (a® — 2bc)(b* — 2ca)(c® — 2ab).
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Solution. (a) Since
(a® + be) (b* + ca)(c? + ab) = 2a°b*c* + Z a*b® + abcz a’,
we can write the desired inequality as follows
Z ab+2 Z a’b® + 2abc Z a® + a?h*c? >0,
(Z a®)* + 2abcz a® + a*b’c* > 0,

(Z a® + abc)? > 0.

The equality holds for
a® +b* + ¢ + abe = 0.

(b) Since
(a® — 2bc)(b* — 2ca)(c® — 2ab) = —Ta*b*c* — 2 Z a’b® + 4abcz a’,
we can write the desired inequality as follows
Z ab + 2 Z a’b® — 4@602 a® + 4a*v*? > 0,
(Z a*)? —dabe Y a® + 4a*b*c* > 0,

(Z a® — 2abc)* > 0.

The equality holds for
a® +b* + ¢ — 2abc = 0.

P 2.12. Ifa,b,c are real numbers, then

2
§(a6 + b4+ F) + a®b? + b°cE + Pa® + abe(a® + b + ¢*) > 0.

Solution. Write the inequality as follows

4
g(a6 4+ 0% 4+ ) 4 2(a®? + b3 4 a®) + 2abe(a® + b* + ) > 0,

1
g(a6 + b5+ ) + (a® +b° + ¢*)? + 2abe(a® + b + ) > 0.

By virtue of the AM-GM inequality, we have

1
g(aﬁ + 0%+ ) > a?b? P
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Therefore, it suffices to show that
a’b*c + (a® + 0% + ¢*)? + 2abc(a® 4+ b° + ) > 0,

which is equivalent to
(abc + a® +b* + ¢*)? > 0.

The equality holds for —a = b = ¢ (or any cyclic permutation).

P 2.13. If a,b,c are real numbers, then
4(a® + ab+ b*)(b* + be + ) (c* + ca + a®) > (a — b)*(b — ¢)*(c — a)’.
(Vasile Cirtoaje, 2009)

Solution. Using the identity

Aoy = (z+y)? — (z —y)

we have

4(a® 4+ ab + b*)(a* + ac + ¢*) =[(2a® + ab + ac + 2bc) + (b — ¢)*]?
—(a+b+c)*(b—c)?
=(2a* + ab + ac + 2bc)? + 3a*(b — ¢)*.

From this result and
4(b* + be+ ) = (b—¢)* + 3(b + ¢)?,

we get
16 [ [(a® + ab + %) = [(2a® + ab + ac + 2bc)* + 3a*(b — ¢)*] [(b— ¢)* + 3(b+¢)’] .
Next, the Cauchy-Schwarz inequality gives
16 H(a2 +ab+b*) > [(2a® + ab + ac + 2bc) (b — ¢) + 3a(b — ¢)(b+ c)]2
=4(b—c)*(a—b)*(a —c)*.

The equality holds for
ab(a + b) + be(b+ ¢) + ca(c +a) = 0.

Remark. The inequality is a consequence of the identity

41_[(a2 + ab+b*) = 3[ab(a + b) + be(b+ ¢) + ca(c + a)]* + (a — b)*(b — ¢)*(c — a)*.
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P 2.14. If a,b,c are real numbers, then
(a® + ab + b*)(b* + be + &) (c* + ca + a®) > 3(a*b + b*c + c*a)(ab® + bc® + ca?).
(Gabriel Dospinescu, 2009)
Solution (by Vo Quoc Ba Can). As we have shown in the proof of the preceding P 2.13,
16 H(a2 +ab+b*) = [(2a° + ab + ac + 2bc)* + 3a*(b — ¢)*] [3(b+ ¢)* + (b — ¢)*] .

Thus, by the Cauchy-Schwarz inequality, we get

16 | [(a® + ab+b?) > 3[(b + ¢)(2a” + ab + ac + 2bc) + a(b — ¢)*)?
= 12[(a®*b + b*c + c*a) + (ab® + bc* + ca®))>.
To prove the desired inequality, it suffices to show that
[(a®b + bc + c*a) + (ab?® + bc® + ca®))* > 4(a®b + b*c + c?a)(ab® + bc? + ca?).
Indeed, this is equivalent to
[(a®b+ b%c + c*a) — (ab* + be? + ca®)]* > 0,
(a—b)2(b—c)(c—a)?>0.
The equality holds when two of a, b, ¢ are equal.

Remark. The inequality is a consequence of the identity

H(a2 +ab+ b*) = 3(a’b + b*c + a)(ab® + be® + ca®) + (a — b)*(b — ¢)*(c — a)*.

P 2.15. If a,b,c are real numbers such that abc > 0, then

4(a+%) (b+%> (c+%) > 9(a+b+c).

Solution. 1t suffices to show that
4(a® +1)(0* + 1)(c* 4+ 1) > 9abc(a + b + ¢)

for any real a, b, c.

First Solution. It is easy to check that the equality occurs for a = b = ¢ = /2. Therefore,

using the notation
a=2xv2, b=yV2, c¢=2zV2,
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the inequality can be written as
(227 +1)(2y° + 1)222 + 1) > 9ayz(x +y + 2),
with equality for x =y = 2 = 1. Since
(ey+ 2+ 20— Boyz(a +y +2) = £ 3wy — 2 2 0,
it suffices to prove the stronger inequality
(227 4+ 1)(2y* 4+ 1)(22° + 1) > 3(xy + yz + 22)*.

Let
A=W -1D(=*-1), B=(F-D@E*-1), C=@*-1)—1).

From

ABC = (22 — 1)*(y* — 1)*(2* = 1) > 0,

it follows that at least one of A, B, C' is nonnegative. Due to symmetry, assume that
A= (y*=1)(z*-1)>0.
Applying the Cauchy-Schwarz inequality, we have
(zy +yz + 22)* < (22 + 1+ 2%) (Y +y°2° + 22).
Therefore, it suffices to show that
(207 + 1)(22% + 1) > 3(y* + y*2° + 22),
which reduces to the obvious inequality
(y* = 1)(z* = 1) > 0.
Second Solution. Since
4(6* +1)(* +1) = 3[(b+c)* + b*c®] = (b — ¢)* + (be — 2)* > 0,
it suffices to show that
(a® + D[(b+ c)® + b*c*] > 3abc(a + b+ c).
Applying the Cauchy-Schwarz inequality, we get

(a® + D)[(b+¢)? +b*c*] > [a(b+ ¢) + bc]* > 3abe(a + b+ c).
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P 2.16. If a,b,c are real numbers, then
(a) (a® 4 2bc)(b* + 2ca)(c? + 2ab) < (a® + b* + ¢2)(ab + bc + ca)?;
(b)  (2a* +bc)(20* + ca)(2¢* + ab) < (a + b+ ¢)?(a®b? + b*c* + *a?).
(Vasile Cirtoaje, 2005)
Solution. (a) Let ¢ = ab+ bc + ca. Since
a*+2bc =g+ (a —b)(a—c),
b’ +2ca=q+ (b—rc)(b—a),

¢ +2ab=q+ (c—a)(c—b),

we can rewrite the required inequality as follows
[a+(a—=b)(a—c)llg+ (b—c)(b—a)llg+ (c—a)(c—b] < ¢*(a® +° +¢*),

¢+ Y (@b —c) = (a— b — (e — ) < > + 5 + ),

Since

Z(a—b)(a—c):a2+b2+cz—q,

the inequality reduces to the obvious form
(a—b)2(b—c)*(c—a)?>0.

The equality holds for a = b, or b = ¢, or ¢ = a.
(b) For a = 0, the required inequality reduces to
b’(b—c)* > 0.
Otherwise, for abc # 0, the inequality follows from the inequality in (a) by substituting a, b,

c with 1/a, 1/b, 1/¢, respectively. The equality occurs for a = b, or b = ¢, or ¢ = a.
]

P 2.17. If a,b,c are real numbers such that
ab+ bc+ ca > 0,

then
27(a* + 2bc)(b? + 2ca) (¢ + 2ab) < (a+ b+ ¢)5.
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Solution. In virtue of the AM-GM inequality, we have

(a+b+c)® =[a®+b*++ (ab+ be+ ca) + (ab + be + ca)]?
> 27(a® 4+ b* + ¢*)(ab + be + ca)’.

Thus, the required inequality follows immediately from the inequality (a) in P 2.16. The
equality holds for a = b = c.
O

P 2.18. If a,b,c are real numbers such that
a®+ b+ =2,
then
(a® 4 2bc)(b* + 2ca)(c® + 2ab) + 2 > 0.
(Vasile Cirtoaje, 2011)
Solution (by Vo Quoc Ba Can). If a,b, c have the same sign, then the inequality is trivial.
Otherwise, since the inequality is symmetric and does not change by substituting —a, —b, —c

for a, b, ¢, respectively, it suffices to consider the case where a < 0 and b,c¢ > 0. Replacing
now —a with a, we need to prove the inequality

(a® + 2be) (b* — 2ac)(c* — 2ab) +2 >0 (*)
for all a, b, c > 0 satisfying
A+ +F=2.
If b — 2ac and c¢* — 2ab have the same sign, then the inequality is also trivial. Due to
symmetry in b and ¢, we may assume that

b2 — 2ac > 0> 2 — 2ab.

On the other hand, it is easy to check that (*) becomes an equality for a = b =1 and ¢ = 0,

when
2

a2+2bc:b2—2ac:ab—%.

Then, we rewrite the inequality (*) in the form
2
(a® 4 2bc)(b* — 2ac) (ab — 5) <1.

Using the AM-GM inequality, we have

2

27(a? + 2bc) (b2 — 2ac) (ab - %) < [(a2 + 2be) + (b — 2ac) + <ab - %)} B
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Thus, it suffices to prove that

2
(a® + 2bc) + (b* — 2ac) + (ab — %) <3.

This inequality can be written in the homogeneous form
2(a® + 2bc) + 2(b* — 2ac) + (2ab — ¢*) < 3(a® + b* + ¢?),

which is equivalent to
(a—b+2c)*>0.

The original inequality is an equality for a = —1, b =1 and ¢ = 0 (or any permutation).
Remark. In the same manner, we can prove the following generalization.

o Let a,b,c be real numbers such that a®> +b*> +c* =2. If 0 < k < 2, then

(a® + kbe)(b* + keca)(c® + kab) + k > 0.

P 2.19. If a,b,c are real numbers such that
a+b+c=3,

then
3(a* + v+ )+ a0+ P+ 6> 6(a® + b7+ D).
(Vasile Cirtoaje, 2006)

Solution. Write the inequality as F'(a,b,c) > 0, where
F(a,b,c) = 3(a" + b +c*) + (a® + b* + %) — 6(a® + b* + ¢*) + 6.

Due to symmetry, we may assume that a < b < ¢. To prove the required inequality, we use
the mixing variables method. More precisely, we show that

F(a,b,c) > F(a,z,x) >0,
where x = (b+ ¢)/2, x > 1. We have
F(a,b,c) — F(a,z,x) = 3(b* + b* — 22") + (b* + & — 22%) — 6(b° + ¢* — 22%)

= 3[(b* + *)? — 4a*] + 6(z* — b*°P) + (b* + & — 22%) — 6(b° + &* — 227)
= (b* 4+ ¢ = 22°)[3(b* + & + 22%) + 1] + 6(x* — be)(x® + be) — 12x(b* + ¢ — be — 2?).

Since .
b4 — 2% = 5(() —c)?,
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1
r? —bc= Z(b —c)?,

3 b—c)?

b? Q_b_2:_
+c c—x 4(

we get
1
F(a,b,c) — F(a,z,z) = Q(b —o)’[B(b* + ¢® + 22°) + 1 + 3(2* + be) — 187]
1
= 5(() —¢)?[3(z* — be) + 18z(x — 1) + 1] > 0.

Also,
F(a,z,7) = F(3 —2x,2,7) = 6(x — 1)*(3z — 4)* > 0.

This completes the proof. The equality holds for a = b = ¢ = 1, and for a« = 1/3 and
b= c=4/3 (or any cyclic permutation).
O

P 2.20. If a,b,c are real numbers such that
abc =1,
then
3(a®> + 0>+ ¢®) +2(a+ b+ c) > 5(ab + be + ca).

Solution. Without loss of generality, assume that a > b > ¢. From abc = 1, it follows that
either a,b,c > 0 or a > 0 and b,c < 0.

Case 1: a,b,c > 0. Let
p=a+b+c, q=ab+bc+ ca.

The AM-GM inequality
a+b+c>3Vabe

gives p > 3, while Schur’s inequality
P> + 9abe > 4dpq

gives

Write the required inequality as
3(p* — 2q) +2p > 5q,

3p2 +2p > 11g.
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This is true since

3p° +2p—11q > 3p° + 2p — 11@;; ) _ - 3)(]724; Up 1 33) > 0.
Case 2: a > 0 and b, ¢ < 0. Substituting —b for b and —c for ¢, we need to prove that
3(a® +b* + ¢*) +2a + 5a(b + ¢) > 2(b+ ¢) + 5be
for a, b, c > 0 satisfying abc = 1. It suffices to show that

3(b* 4 ¢*) — 5be > (2 — 5a) (b + ¢).

Since
30" +¢*) —Bbe _ bte Vbe 1
b+c - 4 T 2 2\/a’
we only need to prove that
1
——>2-5
oa = <"
Indeed, by the AM-GM inequality, we get
oa + = da + + ! 3¢5 L L > 2
a+ —— a+—4+ — 4 —— ——
2\/_ 4\/_ 4\/_ 4v/a 4y/a

This completes the proof. The equality holds for a =b=c¢=1.

P 2.21. If a,b,c are real numbers such that
abc =1,

then 5 L1
A+ +E+6>=at+btcet+—+-+-).
2 a b ¢

Solution. Substituting a, b, c by |al, |b], |c|, respectively, the left side of the inequality re-
mains unchanged, while the right side either remains unchanged or increases. Therefore, it
suffices to prove the inequality only for a,b,c > 0.

First Solution. Write the inequality in the form
3(62° — 3x +4) > 7(ab + bc + ca),
where

a+b+c
5 )
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By virtue of the AM-GM inequality, we have x > 1. The third degree Schur’s inequality
states that

(a+b+c)* +9abc > 4(a+ b+ c)(ab+ be + ca),

which is equivalent to

3
1
4x
Therefore, it suffices to show that
21(323 + 1
3(622 — 32 + 4) > %.
x

This inequality reduces to
(x—1)(32* =92 +7) >0,
which is true because

3, 1
3x2—9x+7:3(x—§)2+1>0.

The equality holds for a =b=c=1.

Second Solution. Use the mixing variables technique. Let

1 1 1
F(a,b,c):a2+62+c2+6—§ a+b+c+—+—-+-].
2 a b ¢
Assume that
a = min{a, b, c}
and show that
F(a,b,c¢) > F(a,z,x) >0,
where
Z\/b—c, z>1
We have
3 1 1 2
— — — 2__ — — e —
F(a,b,c) — F(a,z,x) = (b—¢) 2(b—i—c 2\/%+b+c \/b_c)
1 3
— (VB Ve 2B v -3 -
1 3
zi(ﬁ—fcﬁ(s\/b_—s_%)

v

(Vb Ve (8 —3-3) 20
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and

F(a,z, ) :F(%,
2% —62° + 122 — 62® — 327 + 2
N 2x4
(o —1)% (2t — 4a® + 3% 4 4 4 2
2x4
(x —1)2[(2® — 22 — 1) + 22 + 1]

- 214 2 0.

T, T)

P 2.22. Ifa,b,c are real numbers, then

(14 a*)(1+b*)(1+c*) + 8abc > ~(1 +a)*(1+ b)*(1 +¢)*.

1 =

Solution. It is easy to check that
(14 a?)(1+b*)(1+ c*) + 8abc = (1 + abc)? + (a + be)* + (b+ ca)® + (c + ab)*.
Thus, using the Cauchy-Schwarz inequality, we have

[(1 4 abe) + (a +be) + (b + ca) + (¢ + ab))?
4

= 11+ a1+ 8201 + 07

(14 a?®)(1 +b*)(1 4+ ¢*) + 8abc >

The equality holds for b = ¢ = 1 (or any cyclic permutation), and also for a =b=c= —1.
]

P 2.23. Let a, b, ¢ be real numbers such that
a+b+c=0.

Prove that
a? 112 4 2 > 20849a4b4c4.

Solution. Consider only the nontrivial case abc # 0, and rewrite the inequality as follows
2049
a? + 5%+ (a+b)"? > ?a4b4(a +b)*,

2049
(a® + %)% — 2a°0° + (a® + b* + 2ab)° > Ta4b4(a2 + b% + 2ab)?.
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Let us denote 2 | g2
i=2T" 1g >
ab

Since
aﬁ + b6 — (0,2 4 62)3 . 3a2b2(a2 + b2)7

the inequality can be restated as

(d* —3d)> =2+ (d+2)° > %lg(d +2)2,
which is equivalent to
(d —2)(2d + 5)2(4d® + 12d* 4 87d + 154) > 0.
Since this inequality is obvious for d > 2, we only need to show that
4d® + 12d° + 87d + 154 < 0
for d < —2. Indeed,

Ad® + 12d% + 87d + 154 < 4d® + 12d? + 85d + 154
= (d +2)[(2d + 1)* + 76] < 0.

The equality holds for a = b = —¢/2 (or any cyclic permutation).

P 2.24. If a,b,c are real numbers such that abc > 0, then
a® 4+ b+ +2abc+4 > 2(a+b+c) + ab+ be + ca.
(Vasile Cirtoaje, 2012)
Solution. Let us denote
r=alb—1)(c—1), y=blc—1)(a—1), z=cla—1)(b—-1).

Since
xyz = abc(a — 1)*(b — 1)*(c — 1)* > 0,

at least one of x, y, z is nonnegative; let
a(l—=>b)(1—c¢)>0.

Since
abc > a(b+c—1),

it suffices to show that

a?+ b0+ +2ab+c—1)+4>2(a+b+c)+ab+ be+ ca,
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which is equivalent to

a>—(@4—-b—cla+b*+c*—bc—2(b+c)+4>0,

b+c\® 3
-2 Z(b—c)*>0.
(a +— ) +4(b ) >0

The equality holds for a = b = ¢ = 1, and also for a = 0 and b = ¢ = 2 (or any cyclic
permutation).

]

P 2.25. Let a,b, ¢ be real numbers such that
a+b+c=3.
(a) If a,b,c > —3, then

1+1+1>1+1+1
a2 b 2" a b c
(b) If a,b,c > =7, then
l-a  1-b  l-c
(1+a)2 (1+b)2 (1+c¢)?~

(Vasile Cirtoaje, 2012)

Solution. Assume that

a = min{a, b, c},

and denote
t_b+c
=5
1 1 1 1 1 1
E(a,b,c)_—2+b—2+§—a—g—z,
1—a 1—-0 1—c

IR L () R )
(a) From a,b,c > —3 and a + b + ¢ = 3, it follows that

a+b+c_

—3<a<
>ax 3

1.

We will show that
E(a,b,c) > E(a,t,t) > 0.
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We have
1 1 2 1 1 2
E(a’bvc) —E(a,t,t) = b_2+c_2_ lf_2 - (E+E — ;)
=P+ +4be)  (b—c)?
b2c2(b + ¢)? be(b + )
(b= 0?l(b+c)* —belb+c—2)]
B v2c2(b + c)? '
Since
(b+c)> —be(b+c—2) = (b+c)* —be(l —a)
2 —
> (b+c)? (b+ 0)4(1 a)
2
_ (b+¢c)*(3+a) >0,
1 >
we have
E(a,b,c) — E(a,t,t) > 0.
Also,
l—a 2(1—1t) 3(a—1)*(a+3)
(a,8,8) = —5= + = 3= a)? >0

The equality holds for a = b = ¢ = 1, and also for a = —3 and b = ¢ = 3 (or any cyclic
permutation).

(b) From
tsz:17 t:3_a§5’
3 2

it follows that
tel,5].

We will show that
F(a,b,c) > F(a,t,t) > 0.

Write the left inequality as follows:

{(1+b)2 - (1+t)2} + {(1+0)2 - (1_”)2} >0,
b—1t—-b-3 (c—1t—c—3
(b—C)[ (1—|—b)2 - (1—|-C)2 } >0,
(b—C)Q[(S—i‘b—i‘C—bC>t+3(b—|—c)_|_bc] 207

(b —c)*[2t* + 9t + 5 — be(t — 1)] > 0.

The last inequality is true since

20+ 9t +5—be(t—1)> 282+ 9t +5—t*(t —1) = (5 —t)(1 +t)* > 0.
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Also, we have

l—a  2(1—1t)

F(a,t,t) =
@b = M e
o t=1 . 2(1—1t)
22—t (1+41)2
— H2(5 —

_ 3(1—=1t)*(5—1) >0

22 —1t)2(1+t)? —
The proof is completed. The equality occurs for a = b = ¢ = 1, and also for a = —7 and

b= c =75 (or any cyclic permutation).
m
P 2.26. If a,b,c are real numbers, then

a® + b5+ —3a’*c? > ~(a — b)*(b— ¢)*(c — a)*.

N | —

(Sungyoon Kim, 2006)

Solution. Applying the Cauchy-Schwarz inequality, we have

1
a® + 0% + 8 — 3ap*? = é(a2 + 02+ AV — )P+ ( —a*)? + (a* — b*)]
1
> E[a(b2 — ) +b(c? — a?) + c(a® — b))?
1
= §(a —b)2(b—c)*(c—a)*

Thus, the proof is completed. The equality holds for a = b = ¢, and also for a = 0 and
b+ ¢ =0 (or any cyclic permutation).
O

P 2.27. If a,b, c are real numbers, then
2 4 2 2\ 3 1
e > a’b’c® + —(a — b)*(b — ¢)*(c — a)*.
3 16
(Vasile Cirtoaje, 2011)

Solution (by Vo Quoc Ba Can). Without loss of generality, assume that b and ¢ have the
same sign; that is
be > 0.

b2 + 2
T =1/ )
2

Let
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Since

3 3
(—a2 i 1;2 i C2> — a?V’? = (—a2 22362) —d’zt + d®(2 = b*P)

_ (a® - 372);(7@2 + 827) +a?(zt — B2?)
_ (2a% — b* — *)2(a® + 40* + 4c?) N a(b* — 02)27
108 4
the desired inequality can be rewritten as
27

(26> — b* — H)?(a® + 4b* + 4c*) > == (b — ¢)*[(a — b)*(a — ¢)? — 4a*(b + ¢)?].

|

According to the inequalities
2® —y* < 2a(x +y)

and

1
2xy < 5(1’ + y)2,

we have

(a —b)*(a—c)* —4a*(b+c)? <2(a—b)(a—c)[(a—b)(a—c) + 2a(b+c)]

=2(a® = b)) (a® — *) < =(2a® — b* — &*)*.

1
2
Therefore, it suffices to show that
8(a? + 4b* + 4c?) > 27(b — ¢)?,
which is equivalent to the obvious inequality
8a® + 5b% + 5¢® + 54be > 0.

The equality holds for a = b = ¢, and for —a = b = ¢ (or any cyclic permutation).

P 2.28. Ifa,b,c are real numbers, then
2, 2, 23« 108 995 2 2 2
(a® 4+ 0" + ) Z?abc +2(a —b)*(b—c)*(c — a)”.

(Vo Quoc Ba Can and Vasile Cirtoaje, 2011)
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Solution. Write the inequality as f(a,b,c) > 0, where

1
Flab,e) = (@ + 5 + ) — %a2b262 —9%a— )b — ¢)(c — a)

Without loss of generality, assume that b and ¢ have the same sign. Since f(—a, —b, —c) =
f(a,b,c), we may consider b > 0, ¢ > 0. In addition, for a > 0, we have

f(a,b,¢) — f(—=a,b,c) = 8a(b+ c)(a* + bc)(b — c)* > 0.

Therefore, it suffices to prove the desired inequality for a < 0,6 >0, ¢ > 0. For b = ¢ = 0,
the inequality is trivial. Otherwise, due to homogeneity, we may assume that b + ¢ = 1.
Denoting x = bc, we can write the desired inequality as follows:

108
(a> +1—21)° > ?azﬁ +2(1 — 27)(a® — a + )2,

2
5(4@ — 522 + 2(a + 1)(a* — 9a* + 5a — 3)x + (a + 1)*(a* — 2a* + 4a*> —2a + 1) > 0,

This inequality holds if

%(4@ —5)%(a* — 2a® + 4a® — 2a + 1) > (a*® — 9a® + 5a — 3)*.
Since
10(a* —2a® +4a®> —2a +1) = (a + 1)* + (3a® — 4a + 3)* > (3a*® — 4a + 3)?,
it suffices to prove that
(4a — 5)*(3a® — 4a + 3)* > 25(a® — 9a® + 5a — 3)%.
This is true for a < 0 if

(5 — 4a)(3a®> — 4a + 3) > 5(—a® + 9a* — 5a + 3),

which reduces to
ala+1)* <0.

Thus, the proof is completed. The equality holds for a = 0 and b+ ¢ = 0 (or any cyclic
permutation).

[]

P 2.29. If a,b,c are real numbers, then
2(a® +b*) (0> + ) (c® + a®) > (a — b)*(b— ¢)*(c — a)*.

(Vasile Cirtoaje, 2011)
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First Solution. Since
2(a®> +b*) = (a — b)* + (a + b)?

and
(b 4+ &) (A + a?) = (ab+ *)* + (be — ac)?,

by virtue of the Cauchy-Schwarz inequality, we have

2(a® + *)(b* + ) (c* + a®) > [(a — b)(ab + ) + (a + b)(bc — ac))?
= (a®b + b*c + fa — ab® — bc® — ca?)?

= (a—b)*(b—c)*(c—a)*

This completes the proof. The equality holds for (a — b)(bc — ac) = (a + b)(ab + ¢*), which
is equivalent to
(a4 b+ c)(ab+ bec + ca) = babe.

Second Solution. Making the substitution
x = z:ab2 = ab® +bc® +ca®, y= ZaQb = a’b + b%c + ’a,

we have

Z a’b* = (Z ab?)? — Qabcz a’b = x* — 2abey,
Z a*t? = (Z a’b)? — 2abcz ab? = y* — 2abcz,

hence

1_[((12 + V) = Z a’b* + Z a*b? + 2a*b*c?

= 2 +y* — 2abc(x + y) + 2a*b*c’.
Then, the desired inequality is equivalent to
2[2* + y* — 2abe(x + y) + 2a°6*c?] > (z — y)?,

(z +y)? — dabe(z + y) + 4a*b*c > 0,
(z +y — 2abc)* > 0.

P 2.30. If a,b,c are real numbers, then
32(a® + be) (b* + ca)(c* + ab) + 9(a — b)*(b — ¢)*(c — a)* > 0.

(Vasile Cirtoaje, 2011)
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Solution (by Vo Quoc Ba Can). For a,b,c > 0, the inequality is trivial. Otherwise, since
the inequality is symmetric and does not change by substituting —a, —b, —c for a, b, ¢, we
may assume that a < 0 and b, ¢ > 0. Substituting —a for a, we need to prove that

32(a® + be)(b* — ac)(c® — ab) + 9(a + b)*(a + ¢)*(b—¢)* > 0
for all a,b,c > 0. By the AM-GM inequality, we have
(a+0b)*(a+c)* =[a(b+c) + (a* + be)]* > 4a(b + c)(a® + be).
Thus, it suffices to prove that
32(a® + be)(b* — ac)(c® — ab) + 36a(b+ c)(a® + be) (b — ¢)? > 0,

which is true if
8(b* — ac)(c* — ab) + 9a(b+ c)(b — ¢)* > 0.

Since

(b? — ac)(c* — ab) = be(be + a®) — a(b* + )
> 2abeVbe — a(b® + ) = —a(bVb — ¢y/c)?,

it is enough to show that
9(b+ c)(b— ) — 8(bVb — cv/c)? > 0.

Using the notation

Vb=, =y,
this inequality can be rewritten as
(= y)*[9(® + y*) (= +y)* = 8(z* + 2y +y°)°] = 0,
It is true because, by the Cauchy-Schwarz inequality, we have

9(x® +y*)(z +y)* = 9(z — y)* + 2zy[(z — y)* + 4y

2v/2
> 9[(z —y)? + 2v2xy]? > 9 %_(x — )2+ 2V 2y
= 8(x* + zy + y°)* > 0.
The equality occurs when two of a,b,c are zero, and when —a = b = ¢ (or any cyclic

permutation).

]
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P 2.31. If a,b,c are real numbers, then

a'(b—c)? +b*(c—a)* +c*(a—b)* > =(a—b)*(b— c)*(c — a)*.

N | —

(Vasile Cirtoaje, 2011)

Solution. Since

b'(c —a)® + c*(a—b)*

IV
N =N

[b*(c — a) + c*(a — b)]?

(b—¢)*(bc — ca — ab)?,

it suffices to prove that
2a* + (ab — bc + ca)?® > (a — b)*(a — ¢)?,

which is equivalent to
a’(a® — 2bc + 2ca + 2ab) > 0.

Therefore, the desired inequality is true if
a? — 2bc + 2ca + 2ab > 0.

Indeed, from
Z(a2 — 2bc + 2ca + 2ab) = (a+b+c)* > 0,

due to symmetry, we may assume that a® —2bc+2ca+2ab > 0. Thus, the proof is completed.
The equality occurs when a = b = ¢, when two of a, b, ¢ are equal to zero, and when a = 0
and b+ ¢ = 0 (or any cyclic permutation).

O

P 2.32. Ifa,b,c are real numbers, then

a?(b—c)* + v*(c — a)* + *(a — b)* >

1 2 2 2
é(a—b) (b—c)(c—a).

(Vasile Cirtoaje, 2011)

Solution. Let us denote
T = Zab2 = ab® 4+ bc* +ca®, y= ZaQb = a’b + b’c + Pa.

Since

Z a’bt = (Z ab?)? — 2abcz a’b = x* — 2abey,
Z a*t? = (Z a®b)? — 2abcz ab® = y* — 2abcz,



Symmetric Polynomial Inequalities in Real Variables 73

Z a’b*(a® + b*) = 2% + y* — 2abe(z +y),
we have
Z a’(b—c)t = Z a?(b* — 4b%c + 6b°c* — 4bc® + )

= Z a’b*(a* + b*) — 4@60(2 ab® + Z a’b) + 18a°b*c?
= 22 +y* — 6abe(x +y) + 18a*b*c2.

Therefore, we can write the desired inequality as

(z —y)?,

N | —

2%+ y* — 6abe(z + y) + 18a*b*c? >
which is equivalent to the obvious inequality
(z +y — 6abc)* > 0.

The equality holds for
a(b—c)*+b(c—a)*+ c(a—b)* = 0.

P 2.33. If a,b,c are real numbers, then

a?(b® — )P+ b —a®)? + A(a* =) > Z(a—b)*(b—c)*(c—a)*.

ol W

(Vasile Cirtoaje, 2011)

Solution. We see that the inequality remains unchanged and the product
(a+b)(b+c)(c+a)

changes its sign by replacing a,b,c with —a, —b, —c, respectively. Thus, without loss of
generality, we may assume that

(a+b)(b+c)(c+a) > 0.

According to this condition, at least one of a, b, ¢ is nonnegative. So, we may consider a > 0,
and hence
a(a+b)(b+c)(c+a) > 0.

Since

1 1
V(c? —a*)? + A(a® — bV*)* > 5 [b(c® — a®) + c(a® - bQ)}2 = 5(() —¢)*(a® + be)?,

it suffices to show that

2a°(b+ ¢)* + (a® + be)* > —(a — 0)*(a — ¢)?,

1w
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which is equivalent to
(a+b)(a+c)a®+ 5a(b+ c) + bc] >0,

(a+b)(a+c)[(a+b)(atc)+4dalb+c)] >0,
(a+b)*(a+c)* +4a(a+b)(b+c)(c+a) > 0.

Since the last inequality is clearly true, the proof is completed. The equality holds for
a=10b=c¢, for —a =0 = c (or any cyclic permutation), and for b = ¢ = 0 (or any cyclic
permutation).

O

P 2.34. If a,b,c are real numbers such that
ab + bc + ca = 3,
then

(a) (a® + ab+ b?)(b* + be + ) (* + ca+ a*) > 3(a+ b+ )%

N o

(b) (a® 4+ ab+ b*)(b* + be + ¢*)(¢* 4 ca + a*) > —(a* + b* + 2).

(Vasile Cirtoaje, 1995)

Solution. Let
p=a+b+c, q=ab+bc+ca, 1 =abc.

We have

[I®* + b+ =i+ c)* - be]
= H(b +c)? — Z be(a + b)?(a + c)? + abcz a(b+ c)? — a®b*c?.

Since
[0+ )= (pg—r)*> =r*—2pqr + p°¢,
Zbca+b a+c)? Zbca +q) —TZa3+2pqr—|—q2
= r(3r+p° = 3pq) + 2pgr + ¢* = 37 + (p* — pg)r + ¢
and
abcz a(b+c)? = r(3r + pq) = 3r* + pqr,
we get

[[®* +be+ ) = (0 — 96 —p'r.
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(a) Write the inequality as follows
3T + b+ ) > (a+ b+ c)*(ab+ be + ca)?,
(2p* — 3¢q)¢*> — 3p°r > 0,
¢*(p* = 3q) +p*(¢* = 3pr) > 0,

> (b—c)’+p*> a’(b—c)* > 0.

Clearly, the last inequality holds for all real a, b, c. The equality holds when a = b = ¢ = +1.

(b) Write the inequality in the homogeneous forms
2 H(62 +be+c?) > (a® + b + ) (ab + be + ca)?,

2(0° — q)¢* — 2p°r — (p* — 2¢)¢* > 0,
p*(q> —2pr) >0,
(a+0b+c)*(a®b® + b + c*a®) > 0

The equality holds when a + b+ ¢ = 0 and ab + bc + ca = 3.

P 2.35. If a,b,c are real numbers, then
a4 ab + b?) (6% 4 be + ) (? + ca + a®) > 3(ab + be + ca)(a®b? + b2 + 2a?).
(

(Vasile Cirtoaje, 2011)

Solution. As we have shown in the proof of the preceding P 2.34,
[ +bc+ ) = 0 — 98 - p'r,

where
p=a+b+c, q=ab+bc+ca, 1 =abc.

Thus, we can write the desired inequality as
(»* — a)¢® = p’r > 3q(¢* — 2pr),

¢*(p* — 4q) + p(6q — p*)r > 0.
Consider further two cases: 6 — p* > 0 and 6 — p* < 0.
Case 1: 6 — p* > 0. By Schur’s inequality of degree four, we have

1
pr> 6(1)2 —q)(4qg — p*).
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Therefore, it suffices to show that

¢*(p* — 4q) + %(GQ —p°)(p* — q)(4qg — p*) > 0,

which is equivalent to the obvious inequality

(p* —49)*(p* — 3¢) > 0.
Case 2: 6¢ — p* < 0. Since

r < —q°,
p_3q

it suffices to show that 1

3
which is equivalent to the obvious inequality

¢’ (p* — 49) + =(6¢g — p*)¢* > 0,

¢*(p* — 3q) > 0.

This completes the proof. The inequality is an equality for a = b = ¢, fora = 0 and b = ¢
(or any cyclic permutation), and for b = ¢ = 0 (or any cyclic permutation).
]

P 2.36. If a,b,c are real numbers, not all of the same sign, then
(a® + ab + b*)(b* + be + ¢*) (¢ + ca + a*) > 3(ab + be + ca)®.
(Vasile Cirtoaje, 2011)

Solution. Since the inequality is symmetric and does not change by substituting —a, —b, —c
for a, b, ¢, we may assume that a < 0 and b, ¢ > 0. Substituting —a for a, we need to prove
that

(a® — ab + b*)(b* + be + ) (¢* — ca + a®) > 3(bc — ab — ac)®

for a,b,c > 0. Since the left hand side of this inequality is nonnegative, consider further the
nontrivial case
bc — ab — ac > 0.

Since
b +bc+c® —3(bc —ab—ac) = (b—c)* + 3a(b+c) >0,

it suffices to show that
(a* — ab + b*)(a® — ac + ¢*) > (bc — ab — ac)?.
First Solution. From bc — ab — ac > 0, it follows that ¢ = min{a, b, c}. Since

a>—ab+0*>(b—a)? a®*—ac+c>(c—a)
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it suffices to show that
(b—a)*(c—a)* > (bc — ab — ac)?.

This is true if (b — a)(c — a) > be — ab — ac; indeed,
(b—a)(c—a)— (bc —ab—ac) = a* > 0.

The original inequality is an equality when two of a, b, ¢ are zero, and when ¢ =0 and b = ¢
(or any cyclic permutation).

Second Solution. Since
4(a®> —ab+b*) = (a +b)* + 3(a — b)?,

4(a® —ac+c*) = (a+¢)* +3(a — c)?,

we can apply the Cauchy-Schwarz inequality as follows
16(a® — ab + b*)(b* + be + ¢*) > [(a + b)(a + ¢) + 3(a — b)(a — ¢)]*.
Thus, we only need to show that
(a+b)(a+c)+3(a—0b)(a—-c)>4(bc—ab— ac),

which is equivalent to the obvious inequality a(2a + b+ ¢) > 0.

P 2.37. If a,b,c are real numbers, then

(a® + ab+ b*)(b* + be + ) (A + ca + a*) > =(a* + b*)(b* + *)(* + a°).

ol w

(Vasile Cirtoaje, 2011)
Solution. If a,b, c have the same sign, then the inequality follows from
aA+ab+0?>a+b, VP4be+E > +E A4ca+a>AE+d
Consider now that a, b, ¢ have not the same sign. Since the inequality is symmetric and does
not change by substituting —a, —b, —c for a, b, ¢, we may assume that a < 0 and b,c¢ > 0.
Substituting —a for a, we need to prove that

(a* — ab+ b%)(a* — ac+ (B> + be + ) > =(a® + b)) (b* + 2)(¢* + @)

ol w

for a,b,c > 0. Write this inequality in the form
[(a® +b*) + (a — b)[(a® + &) + (a — ¢)?][2(b* + ¢*) + 2bc] >

> 3(a® + b*)(b* + ) (S + a?).
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It suffices to show that
2(6% + A [(a — b)*(a® + ) + (a — ¢)*(a® + b*)] + 2bc(a® + b*)(a® + %) >
> (a® + 0%)(b* + ) (? + a?),
which is equivalent to
2(b% + *)[(a — b)*(a® + ) + (a — ¢)*(a® + b*)] > (b — c)*(a® + b*)(a® + ).
For the nontrivial case where
A+ 040, PP+ #0, F+a*#0,
we rewrite the inequality in the form

(a=b?*  (a=0?) _ (b=c)
a? + b? a?+c2 T 22+ 2)

Consider further two cases.
Case 1: 2a*> < b? + 2. By the Cauchy-Schwarz inequality, we have

(@a=b)? (a=0) _ [b-—a)+(a=c) _ (b=0¢
a? + b2 a?+c2 T (a4 + (a2 +32) 2a2+ 02+ 2

Thus, it suffices to show that

1 1
>
262+ 02+ 7 202+ )’

which reduces to b + ¢ > 2a>.
Case 2: 2a%> > b? + 2. By the Cauchy-Schwarz inequality, we have

(a—b)* (a—c)? - [c(b—a)+bla—c)]* a’(b—c)?
a2 +02 a2+ T c2(a? +02) +02(a2 + ) a?(b? 4 ) + 2b2c2°

Therefore, it suffices to prove that

a? S 1
a?(b? 4 ) + 2022 — 2(b2 + 2)

This reduces to
a®(b* + c*) > 2%,
which is true because

2% (0> + c2) — 4b*c® > (b* + *)? — 4b*c® = (b* — *)* > 0.

Thus, the proof is completed. The equality holds when two of a,b,c are zero, and when
—a =b = ¢ (or any cyclic permutation).
O
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P 2.38. Ifa,b,c are real numbers, then
2(a® + b)) (b + &) (2 + a*) > (a® — ab+ b)) (b* — be + *)(¢* — ca + a?).
(Vasile Cirtoaje, 2014)
Solution. If a, b, c have the same sign, then the inequality follows from
A+ >a?—ab+ b, BP+E>V —be+E, AH+a®>cE —ca+dd

Consider now that a, b, ¢ have not the same sign. Since the inequality is symmetric and does
not change by substituting —a, —b, —c for a, b, ¢, we may assume that a < 0 and b,c¢ > 0.
Substituting —a for a, we need to prove that

2(a® + b*)(0* + A)(c* 4+ a®) > (b — be + ) (¢* + ca + a*)(a® + ab + b?)
for a,b,c > 0. Using the notation
A=+ B=c+ad*, C=ad+1°
we can write the inequality as follows:
2ABC > (A —bc)(B + ca)(C + ab),
ABC + a*b*c® > ab(AB — ¢*C) + ac(AC — b>B) — be(BC — a*A),

ABC + a*b*c® > ab(c* + a®b*) + ac(b* + a®c?) — be(a* + b*c?).
It suffices to show that

ABC + a*b*c® > ab(c* 4 a®b?) + ac(b* 4 a®c?) + be(a* + b*c?).

Moreover, since
20b < a®> +b?, 2ac<a*+ 2, 2bc < b+

it is enough to prove that
2ABC + 2a*b*c® > (a® + b?)(c* 4 a®b?) + (a® + &) (b* + a*c®) + (b + 2)(a* + b*c?).
Indeed, this inequality reduces to the obvious inequality
6a’b*c® > 0.

The equality holds when two of a, b, ¢ are zero.

P 2.39. If a,b,c are real numbers, then
9(1 4+ a*)(1 + ") (1 + ¢*) > 8(1 + abe + a?b?c?)2.

(Vasile Cirtoage, 2004)
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Solution. Substituting a,b,c by |a|, |b], |c|, respectively, the left side of the inequality re-
mains unchanged, while the right side either remains unchanged or increases. Therefore, it
suffices to prove the inequality only for a,b,c¢ > 0. If a = b = ¢, then the inequality reduces
to

9(1 4+ a*)® > 8(1 + a® + a°)?,
1
9(a* + =)* > 8(a® + — + 1)~
(a +a2) > 8(a + )
Setting
r=a++ —,
a
this inequality can be written as follows
9(2* —2)% > 8(z* — 3 + 1),
2% — 62" — 1623 + 362% + 48z — 80 > 0,
(z — 2)?[x(z® — 8) + 4(2® — 5) + 627] > 0.
Since z > 2, the last inequality is clearly true. Multiplying now the inequalities
9(1 +a*)® > 8(1 + a* + a®)?,
9(1 +b*)? > 8(1 + b* + b°)?,
9(1+¢*)? > 8(1 + ¢ + )2,
we get
91+ a*)(1 + ") (1 +cH]? > 83 (1 +a® + a®)?*(1 + b° + ) (1 + & + )2
From this inequality and Holder’s inequality
(14 a® 4+ a®) (1 4% + %) (1 + & + c5) > (1 + abe + a®b*c?)?,

the conclusion follows. The equality holds for a =b=c = 1.

P 2.40. If a,b, c are real numbers, then
2(14+a®)(1+b6*)(1+¢®) > (14 a)(1+b)(1 + c)(1 + abe).

(Vasile Cirtoaje, 2001)
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Solution. Substituting a,b,c by |a|, |b], |c|, respectively, the left side of the inequality re-
mains unchanged, while the right side either remains unchanged or increases. Therefore, it
suffices to prove the inequality only for a,b,c > 0.

First Solution. For a = b = ¢, the inequality reduces to

2(1+a*)?* > (1 +a)*(1 +d?).
This is true since

2(14+a*)* — (1 +a)*(1+a*) = (1 —a)*(1 +a+a®) >0.

Multiplying the inequalities

2(14a*)?® > (1 +a)*(1 +d?),

2(1+0%)° > (1+0b)*(1+b°),

21+ > (1+c)*(1+c%),
we get

8(1+a?)* (1 + ) (1+ ) > (14+a)* (1 +b)*(1+¢)*(1 +a®)(1+b°)(1 + %).
Using this result, we still have to show that
(1+a*)(1+b%)(1+ ) > (1 + abe)?,

which is just Holder’s inequality. We can also prove this inequality by adding the inequalities

v+ 03 + a® > 3ah P,

a® + b+ & > 3abe.

The equality holds for a =b=c = 1.

Second Solution. We use the substitution
11—z 1—y 1—=z
CcC =
1+y 1+2’

where x,y,z € (—1, 1]. Since
1+a*> 1422 140 1+y° 14+ 1+42°
l+a 14z 14b 14y 1l4c 1+2

and
2(1 4 zy + yz + 2x)

1+ abe= (1+2)1+y)(1+2)

the required inequality becomes
1+ 231+ ") (1 +2%) > 1+ 2y +yz + 27,
Y 4yt + et 4yt + 2 >y +yz o2,

1(y — 2%+ 1(z —)*>0.

1
v P At (v —y)P 5 5

2
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P 2.41. Let a,b, c be real numbers. Prove that
(a®> —ab+b*)(b* — be + *)(* — ca+a®) > 1

for
(a) a*b® + b3 + fa® = 3; (Titu Andreescu, 2006)

(b)  a'v* +bict + ctat = 3.

Solution. (a) Substituting a,b,c by |al, ||, |c|, respectively, the left side of the inequality
remains unchanged or decreases, while the right side remains unchanged or increases. There-
fore, it suffices to prove the inequality for a,b,c > 0. If a = 0, then the inequality reduces
to b2c?(b — ¢)? > 0. Consider further then a,b,c > 0. We first show that

3(a® — ab+ b*)* > a® + a’b* + b°.

Indeed, setting

we can write this inequality as

Using this result, we have

27(a* — ab +b*)*(b* — be + *)?(* — ca + a*)® >
> (a® + a’b® 4+ %) (0° + b3 4 ) (° + Pa® + a®).

Therefore, it suffices to show that
(a® + a*b® + b%)(b° + b3 + ) (° + *a® + a®) > 27.
Writing this inequality in the form
(@®b® +8° + a®) (V% + 0°c + ) (a® + ° + Pa®) > (P +b° + Pa?),
we see that it is just Holder’s inequality. The equality holds when a = b =c¢ = 1.

(b) Since
2(a® — ab+ b*)* — (a" + b*) = (a — b)* > 0,

it suffices to show that
(a4 + b4)(b4 + 04)(04 + a4) > K.

In addition, since

9(a* + M) (b* + ) (c* +a*) > 8(a* + b + ) (a’* + bt + ctat) = 24(at + b + ),
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we only need to show that
at + bt 4 ¢t > 3.
This is true because

(a4—|—b4+c4)2—9:(a4+b4+c4)2—3(a4b4+b4c4+c4a4)

[(a2 = 02)2 + (B — )2 + (2 — a®)?] > 0.

=b=c=1.

@ DO | —

The equality holds when

P 2.42. If a,b,c are nonzero real numbers, then

Zb—bc+c 22 (Z )(Zé)
(Vasile Cirtoaje, 2010)

Solution. We have

b2 —bc+c b>—bc+c* b A2
+9 v overce
SRRy oy (Pt B )

B Z (b — be + 02)(ab + be + ca)
B a?be

b+
:a—l—c—i-cazb B bc+c)

a2b?c?

Then, we can write the inequality as
(ab + be + ca) [Z be(b — be + *) — abe Y a] >0,
Since
> be(v? —be+ ) —abe D a= (D be) (o a?) = Dot~ 2abe Y a
= (S2) () - ()’
= (Y0e) (- Yte).
the inequality is equivalent to
(ab + be + ca)*(a* + b* + ¢ — ab — be — ca) > 0,

which is true. The equality holds for a = b = ¢, and also for ab + bc 4 ca = 0.
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P 2.43. Let a,b, c be real numbers. Prove that
(a) if a,b,c € [0,1], then

abc— (b+c—a)(c+a—>b)(a+b—rc) <1;
(b) if a,b,c € [-1,1], then
abc— (b+c—a)(c+a—>b)(a+b—rc) <4
(Vasile Cirtoaje, 2011)
Solution. We will show that if a,b,c € [m, M|, where M > 0, then
abc — (b+c—a)(c+a—b)a+b—c) < MM —m).
Without loss of generality, assume that
M>a>b>c>m.

We have two cases to consider.

Case 1: a < 0. The required inequality is true, since
abc— (b+c—a)(ic+a—b)a+b—c) <0< M(M—m)
Indeed, substituting —a, —b, —c for a, b, ¢, respectively, the left inequality can be restated as
abc > (b+c—a)(c+a—>b)la+b—rc),

where a,b,c > 0. This is just the well-known Schur’s inequality of degree three.

Case 2: a > 0. Since (M —m)? > (a — ¢)* and M > a, we have

M(M —m)*>a(a —c)*
Therefore, it suffices to show that
abc— (b+c—a)(c+a—"b)(a+b—c)<ala——c),

which is equivalent to
(b—c)[a* + (b —2c)a — b* +c*] > 0.

This is true since b — ¢ > 0 and
a’>+(b—2c)a—b*+c* = (a—b)(a+2b—2c)+ (b—c)?
>2(a—b)(b—c)+ (b—c)>>0.
Thus, the proof is completed. The equality holds for a = M and b = ¢ = m (or any cyclic

permutation).
0
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P 2.44. Let a,b,c be real numbers. Prove that
(a) if a,b,c € [0,1], then
Zaz(a —b)(a—c) < 1;
(b) if a,b,c € [—1,1], then
Zag(a —b)(a—rc) <4
(Vasile Cirtoaje, 2011)

Solution. We will show that if a,b, ¢ € [m, M], then
> a*(a—b)(a—c) < (M —m)?- max{m? M},
Without loss of generality, assume that

M>a>b>c>m.
Since
’(b—c)b—a) <0, (a—c)*<(M—-m)® max{a® c®} <max{m? M?},
it suffices to show that
a*(a —b)(a—c) +c(c—a)(c—b) < (a—c)* max{a® *}.
This is equivalent to
(a—c)*[a® + & + ac — ab — be — max{a®, ’}] <0,

that is true if
a? + ¢ + ac — ab — be — max{a®, *} < 0.

Case 1: a? > 2. From

a? —c*=(a—c)(a+c)>0,
it follows that a 4+ ¢ > 0. Then,
a® + ¢ + ac — ab — be — max{a®, *} = (a +c)(c —b) < 0.

Case 2: a®> < . From
a®>—c=(a—c)(a+c) <0,
it follows that a + ¢ < 0. Then,
a® 4 + ac — ab — bec — max{a® ¢*} = (a +¢)(a — b) < 0.

Thus, the proof is completed. For M? > m?2, the equality holds when a = M and b =c =m
(or any cyclic permutation). For M? < m? the equality holds when when a = m and

b= c= M (or any cyclic permutation).
0
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P 2.45. Let a,b, c be real numbers such that
ab + bc 4 ca = abe + 2.

Prove that
A’ +0°+c*—3>(2+V3)(a+b+c—3).

(Vasile Cirtoaje, 2011)
Solution. Substituting a +1, b+ 1, ¢+ 1 for a, b, ¢, respectively, we need to prove that

a+b+c=abc

implies
a2+ b0+ >V3a+b+eo).

This inequality is true if
(a®+b°+c*)? > 3(a+b+c),

which is equivalent to the homogeneous inequality
(a® 4+ b* + c*)? > 3abc(a + b+ c).

Since )
(ab+ be + ca)* — 3abe(a+ b+ c) = QZaZ(b— c)? >0,

it suffices to prove that
(a® +b* + ¢*)? > (ab + be + ca)?,

which is equivalent to
(a® + b+ ¢ — ab — be — ca)(a® + b* + ¢® + ab + be + ca) > 0.
This inequality is true since
200> +b*+c* —ab—bc—ca) = (a—b)*+(b—c)*+(c—a)*>0,

2(a®> + 0>+ c® +ab+bc+ ca) = (a+b)* + (b+¢)* + (c+a)® > 0.
The equality holds fora =b=c=1, and fora =b=c =1+ /3.

P 2.46. Let a,b,c be real numbers such that
(a+0)(b+c)(c+a) = 10.

Prove that
(a® +b*)(V* + *)(c® + a®) + 12a°b*c* > 30.
(Vasile Cirtoaje, 2011)
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Solution. Since
20* + ) = (b+¢c)* + (b—c)?
and
(a® +b*)(a* + ) = (a® + be)* + a*(b — ¢)?,

by virtue of the Cauchy-Schwarz inequality, we have

2(a? + b*)(b* + ) (* 4 a®) > [(b + ¢)(a® + be) + a(b — ¢)*]?
[(a+b)(b+c)(c+ a) — dabc]?

4(5 — 2abc)?.

Thus, it suffices to show that
(5 — 2abc)? + 6a°b*c® > 15,

which is equivalent to
(abc —1)* = 0.

Notice that the homogeneous inequality
10(a® + b*) (b + ) (c* + a®) + 120a%b*c* > 3(a + b)*(b + ¢)*(c + a)?

a
becomes an equality for 7= b = ¢ (or any cyclic permutation), where

k4 —=3.

P 2.47. Let a,b, c be real numbers such that
(a+0)(b+c)(c+a)=0>.

Prove that
(a® + ab + b*)(b* + be + ) (c® + ca + a®) + 12a*b*c* > 15.

(Vasile Cirtoaje, 2011)

Solution. Since 5 1
b +be+c* = Z—l(b+6)2+z(b—c)2

and
1 3
(a® + ab + b*)(a* + ac + %) = Z(2a2 + ab + ac + 2bc)? + Z;az(b — )%

by the Cauchy-Schwarz inequality, we have

(a® + ab + b*)(b* + be + &) (¢* + ca + a®) >



88 Vasile Cirtoage

> %[(b + ¢)(2a® 4 ab + ac + 2bc) + a(b — ¢)*)?

3 s 3 2
= 1@+ ) +c)(c+ a) = 2abe]” = (5 — 2abe)”.

Thus, it suffices to show that

3
1(5 — 2abc)? + 12ab*c* > 15,

which is equivalent to

(2abc — 1)* = 0.

The homogeneous inequality
5(a® + ab + b*)(b* + be + ) (¢* + ca + a®) + 60a*b*c* > 3(a + b)*(b + ¢)*(c + a)?
becomes an equality for % = b = c (or any cyclic permutation), where

1
k+- =3
+o=3

P 2.48. Let a, b, c be real numbers such that
a+b+c=1, G+ +3 =k

Prove that
(a) if k =25, then |a| <1 or |b] <1 or|c| <1;

(b)if k=—11,thenl <a<2o0orl<b<2o0orl<c<2.
(Vasile Cirtoaje, 2011)

Solution. Without loss of generality, assume that a < b < c¢. If b =1, then a + ¢ =0, and
hence
k= +0+=1+a+ =1,

which is false in (a) and (b). From (b —a)(b —¢) <0, we get
b — (a+c)b+ac<0,

which is equivalent to
202 — b+ ac < 0.

(a) It suffices to show that |b] < 1. We have

25— b =a* 4+ & = (a+¢)® — 3acla + ¢) = (1 — b)* — 3ac(1 —b),
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which yields
8+0b— b
ac=———.
b—1
Thus, from

_ 2
20+ 1)(A=3+8) _
b—1 -
we get |b] < 1. The equality |o] = 1 holds for a = b= —1 and ¢ = 3.
(b) It suffices to show that 1 < b < 2. We have

202 — b+ ac =

11 -t =a*+ ¢ = (a+c)® —3acla+c) = (1 —b)* — 3ac(1 —b),
which yields
V¥ —b+4
1-b
Thus, the inequality 26> — b + ac < 0 is equivalent to

ac =

(b-2F+1)
-0~

which involves 1 < b < 2. The equality b = 2 holds for a = —3 and b = ¢ = 2.

P 2.49. Let a,b, c be real numbers such that
at+b+c=a*+0+ =2
5
Prove that a,b,c ¢ [Z_l’ 2} )
(Vasile Cirtoaje, 2011)

Solution. If a = 2, then we get a contradiction because

b+c=2—a=0, P+=2-a*>=-6, V’+=(0b+c)b*—bc+c*) =0.

From
2=a+b+c =a*+ (b+c)* = 3be(b+c) =a’+ (2 —a)® — 3bc(2 — a),
we obtain o(1 )
bc:—( —a) .
2—a

Thus, the inequality (b+ ¢)? > 4bc involves
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9, 2
a(4 —2a a)>0
2—a -

a € (—oo,—1 —V5]U 0, -1+ V5] U (2, 00).

Y

Since .
-1+ \/g < Z’

o}
it follows that a ¢ {Z, 2] . Similarly, we have

bed Ez}

P 2.50. Ifa,b,c and k are real numbers, then

> (a—b)(a—c)(a— kb)(a—ke) > 0.
(Vasile Cirtoaje, 2005)
Solution. For a = b = ¢, the equality holds. Otherwise, using the substitution
m=k+2, u=(1-k)a, b=a+z, c=a+y,
the inequality can be written as
Au? 4+ Bu+C >0,

where
A=a®—zy+y°,

B = (x4 y)(2A — may),
C = (z+y)*(A — mry) + m*z°y>.
The quadratic Au? + Bu + C has the discriminant
D = B? — 4AC = —-3m*2*y*(z — y)*.

Since A > 0 and D < 0, the conclusion follows. The equality holds for a = b = ¢, and for
a/k = b= c (or any cyclic permutation).

Remark 1. The inequality is equivalent to

Za4 + k(k+2) ZCL262 +(1— /{:2)acha > (k+1) Zab(a2 +b?).
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For k = 0, we get Schur’s inequality of degree four
a* + b+t +abe(a+btc) > abla® + 7).
For k =1, we get the inequality
at + b+ ¢t 3(a’0 + VP 4 Pa’) > 2 ab(a® + 1),

with equality for a = b = c.
For k = 2, we get the inequality

at + b+t +8(a*? + b c? + Fa?) > 3(ab + be + ca)(a® + b + ),
which can be rewritten as
9(a* + b* + c*) + 126(a’V* + b*°c + *a?) > 5(a + b+ ),

with equality for a = b = ¢, and for a/2 = b = ¢ (or any cyclic permutation).

Remark 2. The inequality in P 2.50 is equivalent to

z:(a—b)Q(a—l—b—c—kc)2 > 0.

P 2.51. If a,b,c are real numbers, then

(a—1b)*(b—c)*(c—a)?
a?+ b2 +c24+ab+bec+ca

ZaQ(a —b)(a—c) >

Solution (by Michael Rozenberg). Since

Y a*(a—b)(a—c)= %Z(b — )% (b+c—a)?

we can write the inequality in the form
[Z(b + c)2] [Z(b — b+ aﬂ > 4(a — b)2(b — ¢)*(c — a)?.

Using now the Cauchy-Schwarz inequality, is suffices to show that

S+ )b — )b+ e~ a)r > 4(a — b)2(b — 0)2(c — a)2,

which is an identity. The equality holds for a = b = ¢, for a = 0 and b = ¢ (or any cyclic
permutation), and for a = 0 and b+ ¢ = 0 (or any cyclic permutation).
0
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P 2.52. Ifa,b,c are real numbers, then
3(a* +3)(b* +3)(c* +3) > 16(a + b+ ¢)* + 48.
(Nguyen Van Huyen, 2011)

Solution. Denote

2 2
x:(b +3)(c +3)’ 8:b+c

16

and write the inequality as follows:
3(a® + 3)x > (a+ 2s)* + 3,

(3z — 1)a* — 4sa + 9z — 4s* — 3 > 0,

-1 (o

1222
3r—1

2
—3$_1) +33z—1)—

Since

27

it suffices to show that
(3z —1)* > 4ws?,

which is equivalent to
9z — 2(25° +3)x + 1 >0,

hence
- 25% + 3 + 2¢/s% + 352
T )
- 9

Since
A3+ A)+9  (3—p)?+1287

16 16 ’

X

we need to show that

9(3 — p)? + 765 > 48 + 325t + 3s2.

Case 1: s> > 3. It suffices to show that
645> > 48 + 32/s* + 352,
i.e. 452 — 3 > 2¢/s% + 3s2. Indeed
(4s® — 3)% — 4(s* +35%) = 125*(s* —=3) + 9> 0.
Case 2: s> < 3. Since p < 52 < 3, we have 3 —p > 3 — 52 > 0. So it suffices to show that

9(3 — s%)2 + 765% > 48 + 32v/s% + 352,
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le.
9s +225% + 33 > 32V s + 352,
9(s2 —1)2+8 (532 1345+ 332> >0,
2
9(s> —1)2 +8 (2\3\ SV 3) >0,

The equality occurs fora=b=c=1lora=b=c= —1.

O

P 2.53. Let a > b > ¢ be real numbers. Prove that for fized
a+b+c=p, ab+bc+ ca=q,

the product
r = abc

has the minimum value only when a = b, and the marimum value only when b = c.

Solution. If a = ¢, then a = b = ¢. Assume further a > c.

First Solution. Consider a, ¢ and r as functions of b. By differentiating the equality

constraints, we get
ad+cd+1=0, db+c)+d(a+b)+a+c=0,

hence
d'(b) = =9 c(b) = —la=bh

a—cC a—=c

Since a’(b) < 0 and ¢/(b) < 0, the functions a(b) and ¢(b) are decreasing. From

be(b—c)  abla—b)

a—=c¢ a—c

r'(b) = ac + bea’ + abd’ = ac —

=ac—bla+c—b)=—(a—>b)(b—c) <0,

it follows that r(b) is decreasing. Thus, (b) has the minimum value when b is maximum
(a is minimum), i.e. when b = a, and has the maximum value when b is minimum (c is

maximum), i.e. when b = c.

Second Solution. From
(b—a)(b—c) <0,

which is equivalent to

V+bc—blatc)<0, b 4+qg—2ba+c)<0, b +q—2b(p—10)<0,
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we get
3 — 2pb+q <0,
hence
b€ b, b,
where
_ 2 _ 2 _
bl:Z#’ bzzw’ by < by.

We have b = b; and b = by when (b—a)(b—c) = 0; that is, when b = ¢ and b = a, respectively.
On the other hand, from

abc = b[q — b(a + ¢)] = bg — b*(p — b) = b*> — pb® + qb,
we get
r(b) = b> — pb* + qb.

Since

r'(b) = 3b* — 2pb+q = (b—a)(b—c) <0,

r(b) is strictly decreasing on [by, bs], therefore r(b) has the minimum value only for b = bs,
when b = a, and has the maximum value only for b = by, when b = c.

Remark 1. The statement remains valid by replacing ”fixed ab + bc 4 ca = ¢” with ”fixed
a?+b? + ¢ = §”. Thus, we can prove the following generalization:

e I[fay,as,...,a, are real numbers such that
ay+ay+--Fa,=p, a+ai+---+ad>=05,
where p and S are fized real numbers satisfying p*> < nS, then the product
r=aas---ay

has the minimum value and the maximum value when n—1 of the numbers ay, as, . .., a, are
equal.

Assume, by the sake of contradiction, that the product r has the minimum (maximum)
value when three of aq,as, ..., a, are distinct, for example, when a; < ay < as. According
to P 2.53, the product r can be increased (decreased) by replacing the set (ay, ag, az) with a
suitable set (b1, by, b3) such that

b1 + by + b3 = a; + as + as, b?—l—b%%—bg:af—i-a%%—ag;
this is a contradiction.

Remark 2. If M > a > b > ¢ > m, according to First Solution, r(b) has the minimum
value when b is maximum (@ and ¢ are minimum), i.e. when b = a or ¢ = m, and has the
maximum value when b is minimum (a and ¢ are maximum), i.e. when b = c or a = M.
Thus, the following statement holds:
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o Ifm, M, p and q are fized real numbers such that there exist three nonnegative real
numbers a, b, ¢ satisfying

M>a>b>c>m, a+b+c=p, ab + bc + ca = q,
then the product
r = abc

has the minimum value when a = b > ¢ or ¢ = m, and the mazimum value when a > b = ¢
ora=M.

This result can be generalized as follows:
o Ifm, M, p and S are fixed real numbers such that there exist n nonnegative real
numbers ay, as, . .., a, satisfying
M>a >ay > >a,>m, ap+az+ -+ a, =p, ai+a;+--+al =5,
then the product
r=a1ay---ay

has the minimum value for a; = --- = a,_1 > a, or a, = m, and the mazimum value for
aL > ag=---=a, ora, =M.
O

P 2.54. Let a,b,c be real numbers. Prove that for fized
a+b+c=p, abc =,
the sum
q=ab+bc+ ca

has the mazimum value only when two of a,b, c are equal.
(Vasile Cirtoaje, 2017)

Solution. Assume that a > b > c. If b =0, then a+c = p, ¢ = ac and p>—4q = (a—c)? > 0.
So, ¢ has the maximum value when a = ¢. Consider further b # 0 and a > c.

First Solution. Assume that a, ¢ and ¢ as functions of b. By differentiating the
equality constraints, we get

a+cd+1=0, a'be + cab + ac = 0,

hence
—a(b—c¢) 1oy —cla—D)
b(a — c) =0, ¢(b) = b(a — c) =0

Since a/(b) < 0 and ¢(b) < 0, the functions a(b) and ¢(b) are decreasing. From

a(b? — c?) B c(a® = v?)
b(a — c) b(a — c)

a'(b) =

db)=a+c+(b+c)d +(a+b)d =a+c—
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2 _ _
:a+c_ac+b :(a b)(b c)‘

b b

For b < 0, we have ¢'(b) < 0, q(b) is strictly decreasing, hence ¢(b) has the maximum value
for b = c.

For b > 0, we have ¢'(b) > 0, q(b) is strictly increasing, hence ¢(b) has the maximum value
for b = a.

Second Solution. From

q:ac+b(a+c):i+b(p—b),

b
we get
q(b)=%+pb—b2,
with ( b)(b )
") = L 4y _op= 2T TC
q(b)—b2 +p—2b 2 :

For b < 0, we have ¢'(b) <0, q(b) is strictly decreasing, hence ¢(b) has the maximum value
for b = c.

For b > 0, we have ¢'(b) > 0, ¢q(b) is strictly increasing, hence ¢(b) has the maximum value
for b = a.

Remark 1. By replacing a, b and ¢ with 1/a, 1/b and 1/¢, respectively, we get the following
statement:

o Let a,b,c be real numbers. For fized
ab + be + ca = q, abc =1 #0,
the product
p1 = abc(a+ b+ c)
has the mazimum value only when two of a,b,c are equal.

Remark 2. The statement of P 2.54 remains valid by replacing "sum ¢ = ab + bc + ca
has the maximum value when two of a, b, ¢ are equal” with "sum p; = a? + b + ¢? has the
minimum value when two of a,b, ¢ are equal”. Thus, the statement can be generalized as
follows:

e Letay,as,...,a, be real numbers. For fixed
ay +ag + -+ ap = p, aiag - Qp =T,

the sum
p=a+a3+--+al

has the minimum value when n — 1 of ay,as, ..., a, are equal.
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P 2.55. Let a,b, c be real numbers such that a + b+ ¢ = 3. Prove that

(a) (ab + bc + ca)? > 9abe;
(b) (ab+ bc+ ca)* +9 > 18abc;
(c) (ab + bc + ca — 3)* > 27(abc — 1).

(Vasile Cirtoaje, 2011)

Solution. Let ¢ = ab + bc + ca. According to P 2.53, for fixed ¢, the product abc has
the maximum value when two of a, b, ¢ are equal. Therefore, it suffices to prove the desired
inequalities for b = ¢, when a + 2b = 3.

The inequality (a) is equivalent to

(2ab + b*)? > 9ab?,

b’(b—1)* > 0.

The equality holds for a = b = ¢ = 1, and also for « = 3 and b = ¢ = 0 (or any cyclic
permutation).

The inequality (b) is equivalent to
(2ab + b* — 3)? +9 > 18ab?,

(b—1)*(b+1)*>0.

The equality holds for a = b = ¢ = 1, and also for a = 5 and b = ¢ = —1 (or any cyclic
permutation).

The inequality (c) is equivalent to
(2ab + b* — 3)* > 27(ab® — 1),

(b—120b+2)*>0.

The equality holds for a = b = ¢ = 1, and also for a = 7 and b = ¢ = —2 (or any cyclic
permutation).

Remark 1. Another solution for the inequality (b) is the following. Using the substitution
a=xz+1, b=y+1, c=z+1,
the inequality becomes
(zy +yz + 22)* > 12(2y + yz + 22) + 182y2,
where x,y, z are real numbers such that

r+y+z2=0.
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Assume that y and z have the same sign, hence yz > 0. Substituting z by —y — z, the
inequality can be rewritten in the form

(v* +yz + 2% + 12(y* + yz + 2%) + 18yz(y + 2) > 0.

Since
(y+2)° > 3yz,

A~ w

Y +yz+ 2>

it suffices to show that
9°2% +9(y + 2)* + 18yz(y + 2) > 0,

which is equivalent to
INyz+y+2)*>0.

Remark 2. Another solution for the inequality (c) is the following. Assume that a =
max{a,b,c}, a > 1. Since

—}l(b+c)2:3—a(3—a)—1(3—@2:—(a_1)2

3—ab—bc—ca>3—alb+c) 1 1

and ) ) .
abc —1 < Z—la(b—i—c)2 —-1= 1@(3 —a)?—-1= Z(a —1)*(a — 4),

it suffices to prove that

which is equivalent to

P 2.56. Let a,b,c be real numbers such that

ab + bc + ca + abc = 4.
Prove that
(a) if abc >0, then

20a+b+c)+ab+bc+ca < i;
abc
(b) if abc <0, then
9
2(a+b+c)+ab+bc+ca> oo

aoc

(Vasile Cirtoaje, 2018)
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Solution. We write both inequalities in the unique form
2abc(a + b+ ¢) 4+ abe(ab + be + ca) < 9.

According to Remark 1 from P 2.54, for fixed ab+ bc+ ca and abe, the product abe(a+ b+ c)
has the maximum value when two of a,b,c are equal. Therefore, it suffices to prove the
inequality for b = ¢; that is, to show that

2ab*(a 4 2b + 2ab + b*) < 9
for 2ab + b* 4 ab® = 4. Write this hypothesis as

(b+2)(b—2+ab)=0.

For b = —2, the required inequality is equivalent to 8a? + 3 > 0, while for a = 3 it is

equivalent to (b* — 1) > 0.
The inequality (a) is an equality for a = b = ¢ = 1, while the inequality (b) is an equality
for a = =3 and b = ¢ = —1 (or any cyclic permutation).

[]

P 2.57. If a,b,c are real numbers such that
a+b+c+ abe =4,
then
a? +b* +c +3>2(ab+ be + ca).
(Vasile Cirtoaje, 2011)

First Solution. Write the inequality in the form
(a+b+c)?+3>4(ab+ be+ ca).

According to P 2.54, for fixed a + b 4 ¢ and abc, the sum ab + bc + ca has the maximum
value when two of a,b,c are equal. Therefore, considering b = ¢, we need to show that
a + 2b + ab?® = 4 involves

a® + 2b% + 3 > 2(2ab + v?),

that is
a’® + 3 > 4ab.

We have

b2+ 1 b2 + 1
_ LIbT—166° + 1862 —32b+19 _ (b= 1)*(116? +6b+19) _
o (b2+1)2 T (62+1)2 =

4 —2p\2 4b(4 — 2b
a2—|—3—4ab:( ) 3—¥
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The equality holds for a =b=c=1.

Second Solution. Without loss of generality, assume that a > b > ¢. The case a < 0 is
not possible, since it involves a + b+ c+abc <0< 4. If a > 0> b > ¢, then

a® + 0>+ +3—2(ab+bc+ca) >a®+ (b—c)* +3>0.
Also, if a > b > 0 > ¢, then
a® + b+ +3—2(ab+bc+ca) > (a—b)*+c* +3>0.
Consider further that a,b,c > 0 and denote
p=a+b+c, q=ab+bc+ca, r=abc.

We need to show that
p°+3>4q

for p +r = 4. By Schur’s inequality of degree three, we have
P> 4 9r > 4pg.
Therefore, we get
p(p® +3 —4q) > p* +3p — (p* + 9r) = 12(p — 3).

To complete the proof, we need to show that p > 3. By virtue of the AM-GM inequality, we
have
p* > 21,

p® > 27(4 —p),
(p—3)(p* + 3p +36) >0,

p = 3.

P 2.58. If a,b,c are real numbers such that
ab + bc + ca = 3abce,

then
4(a® 4+ b* + c*) +9 > T(ab + be + ca).

(Vasile Cirtoaje, 2011)
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Solution. If one of a, b, c is 0, then the inequality is trivial. Otherwise, write the inequality
in the homogeneous form

81la?b*c?
(ab + bc + ca)?

4(a® + b+ ) + > T(ab + be + ca),

or
8172 > ¢*(15q — 4p?),
where

p=a+b+c, q=ab+bc+ca, r=abc.

First Solution. For fixed p and ¢, r? has the minimum value when r is either minimum
(when 7 > 0) or maximum (when r < 0). According to P 2.53, r has the minimum and
maximum value when two of a, b, ¢ are equal. For a = b, the inequality becomes

(a —c)*(4a —c)* > 0.
The equality holds for a = b = ¢ = 1, and for a = b = 2 and ¢ = 1/2 (or any cyclic
permutation).

Second Solution (by Vo Quoc Ba Can). Consider the nontrivial case 15¢ — 4p* > 0. Sub-
stituting a, b, ¢ by |al, |b|, |c|, respectively, the left side of the inequality remains unchanged,
while the right side remains unchanged or increases. Therefore, it suffices to prove the in-
equality only for a,b,c > 0 and 15¢ — 4p® > 0. Assume that a > b > ¢ > 0. There are two
cases to consider.

Case 1: 4b*> < 3ab + 3bc + ca. Since

2 2
44 (15g — 4p) < | +b(15g — 4%)|

it suffices to show that )

181 > % + b(15¢ — 4p?),
which is equivalent to the obvious inequality
(a —b)(b— c)(3ab + 3bc + ca — 4b*) > 0.

Case 2: 4b*> > 3ab + 3bc + ca. Since

2 2
4q°(15q — 4p*) < % +a(15q — 4p%)|

it suffices to show that )

18r > €, a(15q — 4p?),
a
which is equivalent to

(a —b)(a — c)(4a® — 3ab — bc — 3ca) > 0.
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This is true, since

4a® — 3ab — be — 3ca = (4b*> — 3ab — 3bc — ca) + 2(a — b)(2a + 2b — ¢) > 0.

P 2.59. Let a,b,c < R be real numbers such that a®> + b* + ¢ = 4. If

L _ 162+ 15v2)

~ 2.
125 7,
then

ab + bc + ca + k > abe.

(Vasile Cirtoaje, 2018)
Solution. According to Remark 2 from P 2.53, for a®>+b*+c? = 4 and ab+bc+ca = constant

6 )
the product abc has the maximum value when a = — or @ > b = c¢. Therefore, it is enough
to consider these cases.

6
Case 1: a = o We need to prove that if

64
b2 =
+ 2 25
then
bc — 6(b+ c) < bk.
We have
2 4 4&/’
bc—6(b+c) < +6\/ (0?4 %) = — = bk.
Case 2: a > b= c. We need to show that if
a’® + 2b* = 4,

then
k> (a— 1)b* — 2ab.

For 0 > a > b, the inequality is true since its right side is negative. Consider next that
a > 0. We get the required inequality by adding the inequalities

and
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6
The first inequality is true because, for the non-trivial case 1 < a < = we have we have

64 — 250(a — 1)b* = 64 — 125(a — 1)(4 — a*)

= 564 — 500a — 125a° + 125a” = (6 — 5a)(94 — ba — 25a*) > 0.

48\ °
— ) > 2a%*
(25) > 2a°b
Indeed, since 25a® < 36, we have

48\ 2 48\ ?
- _222: e o 24_ 2
<25> a“b (25> a”( a®)

2304 — 2500a* 4 625a" (36 — 25a7)(64 — 25a7) -0
B 625 B 625 -

_4\/5
5

The second inequality is true if

6
The equality occurs for a = R and b=c= (or any cyclic permutation).

P 2.60. Let fy(a,b,c) be a symmetric homogeneous polynomial of degree four. Prove that
the inequality fi(a,b,c) > 0 holds for all real numbers a,b, ¢ if and only if fsy(a,1,1) >0 for
all real a.

Solution. Let
p=a+b+c, q=ab+bc+ca, r=abc.

Any symmetric homogeneous polynomial f;(a,b, c) can be written as
fa(a,b,c) = Apr + Bp" + Cp*’q + D¢,
where A, B, C, D are real constants. For fixed p and ¢, the linear function
g(r) = Apr + Bp" + Cp*q + Dg*

has the minimum value when 7 is either minimum or maximum. By P 2.53, r has the
minimum and maximum value when two of a,b,c are equal. Since fy(a,b,c) is symmet-
ric, homogeneous and satisfies fy(—a, —b, —c) = fi(a,b,c), it follows that the inequality
fa(a,b,¢) > 0 holds for all real numbers a, b, ¢ if and only if fy(a,1,1) > 0 and f4(a,0,0) > 0
for all real a. Notice that the condition ” f4(a,0,0) > 0 for all real a” is not necessary because
it follows from the condition ” f4(a,1,1) > 0 for all real a” as follows:

f4(a7070) = }fl_ﬁ% f4(a7t7t) = P_{%tllfll(a/ta 17 1) > 0.
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Remark. Similarly, we can prove the following statement, which is valid for the extended
case where fy(a,b,c) is only a symmetric polynomial (homogeneous or non-homogeneous).

o Let fi(a,b,c) be a symmetric polynomial function of degree n = 4. The inequality
fala,b,¢) > 0 holds for all real numbers a,b,c if and only if fi(a,b,b) > 0 for all real
numbers a and b.

Notice that a function f(a, b, ¢) is symmetric if it is unchanged by any permutation of its
variables. A function f(a,b,c) is a polynomial function if it is a polynomial in one variable
when the other two variables are fixed. In addition, a polynomial function f(a,b,c) is of
degree n if f(a,a,a) is a polynomial of degree n.

[]

P 2.61. Ifa,b,c are real numbers, then
10(a* + b* + ¢*) + 64(a’” + b°” + ?a®) > 33 ab(a” + b?).
(Vasile Cirtoaje, 2008)

Solution. According to P 2.60, it suffices to prove the required inequality for b = ¢ = 1,
when it becomes
5a* — 33a® + 64a* — 33a + 9 > 0,

(a —3)*(5a* — 3a+1) > 0.

This is true since 3 11
5 2
5a 3a + 5(a 10) +20 >0

The equality holds for a/3 = b = ¢ (or any cyclic permutation).

P 2.62. If a,b,c are real numbers such that
a+b+c=3,

then
3(a* + 0" + ) + 33 > 14(a® + b* + A).

(Vasile Cirtoaje, 2009)
First Solution. Write the inequality as F'(a,b,c) > 0, where
F(a,b,c) = 3(a"* + b* +c*) +33 — 14(a® + b* + ).
Due to symmetry, we may assume that a < b < c¢. Let us denote

b+c
T = ,
2

x> 1.
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To prove the desired inequality, we use the mixing variables method. We will show that
F(a,b,c) > F(a,z,x) > 0.
We have

F(a,b,c) — F(a,r,x) = 3(b* + b* — 22*) — 14(0* + & — 22?)
= 3[(b* + *)? — 4a*] + 6(2* — b*c?) — 14(b* + ¢ — 227)
= (b* + & — 22)[3(b* + & + 22%) — 14] + 6(2* — be)(2® + be).

Since . .
r? —be = Z(b —c)? b+ =227 =22 —be) = §(b —c)?,
we get
1 2[0012 | 2 2 2
F(a,b,c) — F(a,z,z) = E(b_ 0)*[3(b" + ¢ + 22°) — 14 + 3(z* + be)]
1
= §(b —¢)?[3(2® — be) + 182% — 14] > 0.
Also,

F(a,z,7v) = F(3 —2x,2,7) = 6(x — 1)*(3z — 5)* > 0.

This completes the proof. The equality holds for a = b = ¢ = 1, and for a = —1/3 and
b=c=>5/3 (or any cyclic permutation).

Second Solution. Write the inequality in the homogeneous form
81(a* +b* + ") +11(a+b+c)* > 42(a®> +b* + *)(a + b+ c)*.
According to P 2.60, it suffices to prove this inequality for b = ¢ = 1, when it becomes
25a* — 40a® + 6a° + 8a + 1 > 0,

(a —1)*(55a+1)* > 0.

P 2.63. If a,b,c are real numbers such that
a4+ b+ c* =3,

then
a* +b* + c* + 3(ab + be + ca) < 12.
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Solution. Write the inequality in the homogeneous form
3(a* 4+ b + c*) + 3(ab + be + ca)(a® + b* + ¢?) < 4(a® + 0> + 2)2
According to P 2.60, it suffices to prove this inequality for b = ¢ = 1, when it becomes
a' —6a® +13a* — 12a + 4 > 0,
(a—1)*(a—2)*>0.

The equality holds for a = b = ¢ = +1, for a = v/2 and b = ¢ = v/2/2 (or any cyclic
permutation), and for a = —v/2 and b = ¢ = —/2/2 (or any cyclic permutation).
O

P 2.64. Let o, 8,7 be real numbers such that
l4+a+ [ =2y.

Za4+a2a2b2+ﬂacha > 'yZab(a2+b2)

holds for any real numbers a, b, c if and only if

The inequality

1+a>72
(Vasile Cirtoaje, 2009)
Solution. Let
fala,b,c) = Z a' + « z:aQb2 + Bacha - 7Zab(a2 + b2

According to P 2.60, the inequality fy(a,b,c) > 0 holds for any real numbers a, b, ¢ if and
only if fy(a,1,1) > 0 for any real a. From

fi(a,1,1) = (a—1?*[(a—v+1)*+1+a—~%,
the conclusion follows. The equality holds for a = b = c¢. In addition, if 1 + a = 72, then the

equality holds also for

1= b = ¢ (or any cyclic permutation).
Remark. For v =k + 1 and o = k(k + 2) (which involves 1 + a = ~?) , we get
Za4 + k(k +2) Zazb2 + (1 - k2)acha > (k+1) Zab(a2 +bv?), kER,

which is equivalent to the elegant inequality from P 2.50, namely

> (a—b)(a—c)(a—kb)(a—ke) >0,

where the equality holds for a = b = ¢, and also for a/k = b = ¢ (or any cyclic permutation).
In addition, for k£ = 0, we get Schur’s inequality of degree four

S ala—b)a—o)

with equality for a = b = ¢, and also for a = 0 and b = ¢ (or any cyclic permutation).
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P 2.65. If a,b,c are real numbers such that
a?+ b+ =2,
then
ab(a® — ab+ b* — ) + be(b? — be + ¢ — a®) + ca(c® — ca + a* — b*) < 1.

Solution. Write the inequality in the homogeneous form
(a® +b% + ) > 42 ab(a® — ab+b* — ¢?).

According to P 2.60, it suffices to prove this inequality for b = ¢ = 1, when it can be written

as
a*(a —4)* > 0.

The equality holds for
a® +b* + ¢ = 2(ab + be + ca).

P 2.66. If a,b,c are real numbers, then

(a* +b* 4+ ch).

0

(a+b)*+(b+e) +(c+a) >

(Vietnam TST, 1996)

Solution. Denote the left side of the inequality by f4(a, b, ¢). According to P 2.60, it suffices
to prove that fy(a,1,1) > 0 for all real a. Indeed,

2
fala,1,1) = ?(5& + 28a® + 42a* + 28a + 59) > 0
since, for the nontrivial case a < 0, we have

23, 2
5a* + 28a® + 42a” + 28a + 59 = (5a® — 2a)(a + 3)* + 9(a + 5)2 +5>0

The equality holds for a =b=c = 0.

P 2.67. Let a,b,c be real numbers. If
p=a+b+c, q=ab—+bc+ca, r=abe,
then

2 2
p°+q pq>q

(B—pr+ 3 >

(Vasile Cirtoage, 2011)
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First Solution. Write the inequality as

(p* = 39) + (¢* — 3pr) > pg — 9r,
1 1
5 > (b—o?+ 3 Y a*b—c)* = alb—o)
According to the AM-GM inequality, it suffices to prove that
\/[Z(b - 0)2] [Z a2(b — 0)2] >3 a(b - o).

(Clearly, this inequality follows immediately from the Cauchy-Schwarz inequality. The equal-
ity holds for a = b = ¢, and for b = ¢ = 1 (or any cyclic permutation).

Second Solution. Write the inequality as fy(a,b,c) > 0, where

fa(a,b,¢) =3(3 —p)r +p* + ¢* — pg — 3q.

is a symmetric polynomial of degree four in a,b,c. According to Remark from the proof of
P 2.60, it suffices to prove that fy(a,b,b) > 0 for all real numbers a and b. Indeed, we have

f4<a7b= b) = (CL o b)Q(b - 1)2 > 0.

P 2.68. If a,b,c are real numbers, then

ab(a + b) + be(b+ ¢) + ca(c + a)
(@®>+ 1) +1)(c2+1)

3
< -.
4

(Vasile Cirtoaje, 2011)

First Solution. We try to get a stronger homogeneous inequality. According to the AM-
GM inequality, we have

(a®+ 1)+ 1)( 4+ 1) = (a®b* 4+ 1) + (a** + b + 2a®) + (a® + b + )

> 2abc 4 2+/(a2b? + b2c2 4 c2a?) (a2 + b2 + c2).

Therefore, it suffices to prove the homogeneous inequality

3abc + 34/ (a2b? + b2 + 2a?)(a% + b2 + ¢2) > 2 Z ab(a + b).

Using the identity
9(a® 4+ b* +c?) = Z(2a +2b — ¢)?

together with the Cauchy-Schwarz inequality, we get

3/ (a2b? + b2 + c2a?)(a? 4 b2 + ) =
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= \/[Z aQbQ} [Z(Qa + 2b — 0)2} > Z ab(2a + 2b — ¢)

=2 Z ab(a + b) — 3abc.
The equality holds for a =b=c=1.

Second Solution. Write the inequality as
3(abe — 1)* + fi(a,b,c) > 0,
where 1
fa(a,b,c) = Z a’b® + Z a® + 2abc — 3 Z ab(a + b)

is a symmetric polynomial of degree four. Clearly, it suffices to prove that fy(a,b,c) > 0.
According to Remark from P 2.60, it suffices to prove that fy(a,b,b) > 0 for all real numbers
a and b. Indeed, we have

3fu(a,b,b) = (6b* — 8b + 3)a® — 2b%a + b*(3b* — 8b + 6)

>0

b? 2 18n(b— 1)
6b2 —8h+3 ~

= (60> — 8b+ 3 -
( +)<a 662 — 8b+ 3

Remark. The inequality is equivalent to

3(abc—1)2+Z(a—1)2(b—c)2+(ab+bc+ca—a—b—c)2 >0

P 2.69. If a,b,c are real numbers such that abc > 0, then

1 1 1 1 11 1

a+——1){b+-—=1)(c+-=1)+2>-(a+b+c)({-+-+—].

a b c 3 a b ¢
(Vasile Cirtoaje, 2011)

Solution. Let
p=a+b+c, q=ab+bc+ca, r=abc.

Multiplying by abc, we can rewrite the inequality as

4
r2+(4—p—q)r+p2+q2—%—p—qul20.
Since the equality holds for a = b =c¢ =1, when p = ¢ = 3 and r = 1, we write the inequality

as

2
(T—l‘i‘]%) +f(p7qu)207
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where
12f(p,q,r) = 24(3 — p)r + 9(p* + ¢°) — 10pq — 24q
> 24(3 — p)r +8(p” + ¢* — pq) — 24g
Thus, it suffices to prove that fy(a,b,c) > 0 for all real a, b, ¢, where
faa,b,¢) = 3(3 = p)r +p* + ¢* — pg — 3¢ > 0.

According to Remark from P 2.60, it suffices to prove that fy(a, b, b) > 0 for all real numbers
a and b. Indeed, we have

fa(a,0,b) = (b—1)*(a — b) > 0.
The equality holds for a =b=c= 1.

Remark. The inequalities in P 2.68 and P 2.69 are particular cases of the following more
general statement ( Vasile Cirtoage, 2011).

e Let a,b,c be real numbers such that abc > 0. If
—2< k<1,

(a+ +k)(h+ +k)(a+%+k)+(y—m@+kfz

—@+k)m+b+®(é+%+%).

then

W[

P 2.70. If a,b,c are real numbers, then

1 1 1 1 1 1
2 2 2
- - ) > _ _Z .
(a +2) (b +2) (c +2> > (a—f—b 2) (b+c 2) (c+a 2)
(Vasile Cirtoaje, 2011)
Solution. It suffices to prove that fy(a,b,c) > 0, where

, 1 1 1 a+b+c\”
f4(a,b,c):H<a +§) —H<a+b—§> - <abc+§—T)

is a symmetric polynomial of degree four. According to Remark from P 2.60, it suffices to

prove that fy(a,b,b) > 0 for all real a and b. Indeed, we have
2fi(a,b,b) = [(2b— 1)a — b(2 — b)]* > 0

The equality holds for a =b=c=1.

Remark. The inequality is equivalent to

(2abc+1—a—b—c)* +2(ab+bc+ca—a—b—c)* >0.
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P 2.71. If a,b,c are real numbers such that
a+b+c=3,
then
ala—1) bb—-1) cle—1)
8a? +9 802 +9  82%*+9

> 0.
(Vasile Cirtoaje, 2013)
Solution (by Michael Rozenberg). Write the inequality as follow

pala— 1)
a2 +9

pa(a —1)
—2+1| >3
X [fee +) e
Z (p+8)a2 —pa—+9 S
8a? + 9 -
Choosing p = 18 4+ 6/17, the inequality can be written as

ka — 3)?
sz& k=3+V1T.
Ra%+9

>0, p>0,

3.

Let m be a real constant. According to the Cauchy-Schwarz inequality, we have

(ka —3)* _ [X(ka — 3)(ma + 3)]*
Z 8a?+9 = > (ma+ 3)%(8a2+9)’

with equality for

ka — 3 B kb—3 B ke —3 «
(8a% +9)(ma+3) (82 +9)(mb+3) (82 +9)(mc+3)’ ®)

On the other hand, we can check that the original inequality becomes an equality for a =
b = ¢, and also for a = 3/2 and b = ¢ = 3/4 (or any cyclic permutation). It is easy to get
that the equality conditions (*) are satisfied for « = 3/2 and b = ¢ = 3/4 if and only if
m = k. For this value of m, it suffices to show that

(X (ka—=3)(ka+3)]" _
S (ka+3)2(8a2+9) — 7

(S~ 9)] "> 33 (ka+ 3)*(8a? +9),
[k%(a® +0° + *) = 27 > 3 "(ka +3)*(8a” +9).

Write this inequality in the homogeneous form fy(a, b, c) > 0, where

fa(a,b,c) = [*(a® + b* +c*) — 3(a + b+ ¢)*)?
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=3 (ka+a+b+c)’[8a” + (a+b+c)’].

According to P 2.60, it suffices to prove that fy(a,1,1) > 0 for all real a. Indeed, this
inequality is equivalent to
(a —1)*(a—2)*>0.

P 2.72. If a,b,c are real numbers such that
a+b+c=3,

then 11 1 b—11)(b 1 1
@-1a-1)  p-1)G-1) (-1,
202 + 1 202 +1 2c2 +1
(Vasile Cirtoaje, 2013)

Solution. Write the inequality as
(a—11)(a—1)
11 >3
CE 2
_9)2
S
2a% 4+ 1
According to the Cauchy-Schwarz inequality, we have

(a —2) >>(a—2)%"
2 T Z S PR 1)

Therefore, it suffices to show that
2
[Z(a . 2)2} >3 (a - 2)%(2a% + 1),
(@®+ b0 +c*)?>2) a*—8) a®+9> a®—4) a+12

Write this inequality in the homogeneous form fy(a, b, c) > 0, where
fa(a,b,c) = 3(a® + b* + ¢*)* — 62(14 + 8 (Zcf’) (Za) -3 (Z(f) (Z a>2
=2 [Za4 + Zab(a2 +b?) — 3acha] :
According to P 2.60, it suffices to prove that fs(a,1,1) > 0 for all real a. Indeed,
fa(a,1,1) = 2(a — 1)*(a+2)* > 0.

The equality holds for a =b=c=1.
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P 2.73. If a,b,c are real numbers, then
(a® 4+ 2)(b* + 2)(c* 4+ 2) > 9(ab + bc + ca).
(Vasile Cirtoaje, 199/)

Solution. We will prove the sharper inequality fi(a,b,c) > 0, where

a+b+c)2

fa(a,b,c) = (a® + 2)(b* +2)(c* +2) — 9(ab + bc + ca) — (abc — 3

Since fy(a,b,c) is a symmetric polynomial of degree four, according to Remark from P 2.60,
it suffices to prove that fy(a,b,b) > 0 for all real numbers a and b. For fixed b, this inequality
is equivalent to f(a) > 0, where

f(a) = 7(6b* + 5)a”® + 2b(6b* — 83)a + 18b* — 13b? + 72.
It is true for all real a if and only if
7(66% + 5)(18b* — 13b% 4 72) > b*(6b* — 83)2.
Indeed, we have
7(6b* + 5)(18b" — 13b* + 72) — b*(6b* — 83)? = 360(b* — 1)*(2b* +7) > 0.
The equality holds for a =b=c=1.

Remark. A sharper inequality for all real a, b, ¢ is the following:
4
(@®>+2)(0* +2)(c* +2) > 3(a+b+c) + 5 [((a=0)%+ (b —0c)?+(c—a)?,
with equality fora =b=c=1.
The proof is similar, and the final inequality of the proof of the inequality

a—l—b+c>2

(a*+2)(b°+2)(c*+2) > 3(a+b—i-c)2+iL [(a=0)*+ (b—c)*+ (c —a)’]+ (abc — 3

9

has the form
1)2(172 - 1)2 > 0.

P 2.74. If a,b,c are real numbers such that
ab + bc + ca = 3,

then
4(a* + b* + c*) + 1labc(a + b + ¢) > 45.

(Vasile Cirtoage, 2014)
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Solution. Write the inequality in the homogeneous form
4(a* + b + ¢*) + 1labe(a + b+ ¢) > 5(ab + be + ca)®.
It suffices to prove that there exists a positive number k such that fy(a,b,c) > 0, where

fa(a,b,c) =4(a* +b* + c*) + 1labc(a + b + ¢) — 5(ab + be + ca)?
— k(ab+ be + ca)(a® + b* + ¢ — ab — bc — ca).
According to P 2.60, the inequality fy(a,b,c¢) > 0 holds for all real a,b,c if and only if
fa(a,1,1) > 0 for all real a. We have
fi(a,1,1) = (a — 1)*(2a + 1)(2a + 3) — k(2a + 1)(a — 1)
=(a—1)*(2a+1)(2a+ 3 — k).
Setting k = 2, we get
fa(a,1,1) = (a — 1)*(2a + 1)* > 0.
The equality holds for a = b =c = +1.

P 2.75. Any sizth degree symmetric homogeneous polynomial f¢(a,b,c) can be written in the
form

fﬁ(a'7 ba C) - AT2 + B(p7 Q)T + C(pv Q)a
where A is called the highest coefficient of fg, and

p=a+b+c, q=ab+bc+ca, r=abc.
In the case A <0, prove that the inequality f¢(a,b,c) > 0 holds for all real numbers a,b, c if

and only if fs(a,1,1) >0 for all real a.
(Vasile Cirtoaje, 20006)

Solution. For A < 0 and fixed p and ¢,
g(r) = Ar’* + B(p,q)r + C(p, q)

is a concave quadratic function of r. Therefore, g(r) has the minimum value when r has the
minimum or maximum value. By P 2.53, r has the minimum and maximum value when two
of a, b, c are equal. Since fg(a, b, ¢) is symmetric, homogeneous and satisfies fg(—a, —b, —c) =
fe(a,b,c), it follows that the inequality fe(a,b,c) > 0 holds for all real numbers a, b, ¢ if and
only if fs(a,1,1) > 0 and fs(a,0,0) > 0 for all real a. Notice that the condition ” fs(a,0,0) >
0 for all real a” is not necessary because it follows from the condition ” fs(a, 1,1) > 0 for all
real a” as follows:

f6(a7 07 0) = lim fﬁ(avt7t) = hthfG(a/ta 17 1) > 0.
t—0 t—0
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Remark 1. A symmetric homogeneous polynomial of degree six in three variables has the
form

(A) fola,b,c) = ALY a4+ Ay ab(a® +b) + A3 > a’b’(a® + b?)
+Ay Z a*b® + Asabe Z a® + Agabe Z ab(a +b) + 3A7a%*c,
where Ay, ..., A7 are real constants. In order to write this polynomial as a function of p, ¢

and r, we can use the following relations:
Za3 = 3r +p® — 3pq,
Z ab(a +b) = —3r + pq,
Z a*b® = 3r* — 3pgr + ¢°,
> @b (a® +b7) = 3" = 2(p” — 2pg)r + p°¢” — 2¢°,
Y ab(a’ +bY) = =3r = 200" — Tpg)r + p'q — 4’ + 2¢°,
> ab =3 +6(p° — 2pq)r +p° — 6p'q + 9p°¢° — 2¢”.

According to these relations, the highest coefficient A of the polynomial fs(a,b,c) has the
expression

(B) A=3(A1 — Ay — As+ Ay + A5 — A + Ar).
Remark 2. The polynomial
Pi(a,b,c) = Y (A1a® + Asbe)(Bia® + Babe)(Cha® + Cobe)
has the highest coefficient
A =3(A1 + As)(B1 + By)(Cy + Cy) = Pi(1,1,1).

Indeed, since

Pl (a, b, C) :AlBlCl Z a6 + AQBQCQ Z b363 + <Z A1B102> abcz CL3
+ 3 (Z AlBQCQ> @2b202,
we have

A=3A1B,C1 +34:B,Co + 3 A1BiCy+3)  A1ByCh
= 3(A; + A2)(B; + B)(Cy + Cy).

Similarly, we can show that the polynomial

Py(a,b,c) = > (A1a® + Asbe)(Bib® + Baca)(Cie® + Caab)
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has the highest coefficient
A =3(A1 + A2)(B1 + B2)(Ch + C2) = P(1,1,1),
and the polynomial
Ps(a,b,c) = H(A1a2 + Agbc) = (Ara® + Azbe)(A1b* 4 Agca)(Aic® + Asab)
has the highest coefficient
A= (Al + A2>3 = P3(17 17 1)
The polynomial
Py(a,b,c) = H(a2 + mab + b?)

has the highest coefficient
A= (m—1)>3

Indeed, since
H(a2 + mab + b*) = l_I(p2 —2q — ¢ + mab),
Py(a,b, c) has the same highest coefficient as R3(a,b,c) = [[(—c* + mab); that is,
A=R3(1,1,1) = (=1 +m)>
As a consequence,
Py(a,b,¢) = (a—0)*(b— ¢)*(c — a)* = | [ (a® — 2ab + b°)
has the highest coefficient
A= (-2-1)*=-2T.
Remark 3. We can extend the statement in P 2.75 as follows:

o Let fo(a,b,c) be a sizth degree symmetric homogeneous polynomial having the highest
coefficient A < 0, and let ky, ks be two fized real numbers. The inequality fs(a,b,c) > 0 holds
for all real numbers a,b, ¢ satisfying

ki(a+ b+ ¢)? + ky(ab + be + ca) > 0,
if and only if fe(a,1,1) > 0 for all real a satisfying ki(a + 2)? + ko(2a + 1) > 0.

Notice that the condition ” fg(a,0,0) > 0 for all real a satisfying kja® > 0” is not
necessary because it follows from the condition ” fg(a,1,1) > 0 for all real a satisfying
ki(a +2)% + ko(2a + 1) > 07. Indeed, for the non-trivial case k; > 0, when the condition
” fe(a,0,0) > 0 for all real a satisfying kja® > 0” becomes ” fs(a,0,0) > 0 for all real a”, we
have

f6(a,0,0) = lim fola,t,t) = g%thG(a/t, 1,1) > 0.

Remark 4. The statement in P 2.75 and its extension in Remark 3 are also valid in the
more general case when fs(a,b, c) is a symmetric homogeneous function of the form

fo(a,b,c) = Ar® + B(p,q)r + C(p, q),

where B(p, q) and C(p, q) are rational or nonrational functions.
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P 2.76. If a,b,c are real numbers such that

ab+ bc+ ca = —1,

then
(a) 5(a* +0%)(b* + ) (¢ + a?) > ;
(b) (a® + ab + b*)(b* + be + ) (* + ca + a®) > 1.

(Vasile Cirtoaje, 2011)
Solution. We use the highest coefficient method (see P 2.75). Let
p=a+b+c, ¢=ab+bc+ ca.
(a) Write the inequality in the homogeneous form fs(a,b,c) > 0, where
fo(a, b, c) = 5(a* + b*)(b* + *)(c* + a*) + 8(ab + be + ca)®.

From
[T®*+ ) =T[0* —2¢-a*.

it follows that fs(a,b,c) has the highest coefficient A = —5. Then, by P 2.75, it suffices to
prove that fg(a,1,1) > 0 for all real a. Indeed, we have

fo(a,1,1) = 2(a + 3)*(5a* + 2a + 1) > 0.

The homogeneous inequality

fﬁ(a’a b7 C) > 0
is an equality for —a/3 = b = ¢ (or any cyclic permutation), and for b = ¢ = 0 (or
any cyclic permutation). The original inequality becomes an equality for a = —3/+/5 and

b= c=1/v5 (or any cyclic permutation), and for a = 3/v/5 and b = ¢ = —1/4/5 (or any
cyclic permutation).

(b) Write the inequality in the homogeneous form fg(a,b,c) > 0, where
fe(a,b,c) = H(b2 +be+ ) + (ab+ be + ca)®.
According to Remark 2 from P 2.75, fs(a, b, ¢) has the highest coefficient
A=(1-1P=0.
Then, by P 2.75, it suffices to prove that fs(a,1,1) > 0 for all real a. Indeed, we have

fola,1,1) = (a +2)*(3a* +2a + 1) > 0.
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The homogeneous inequality fg(a,b,c¢) > 0 is an equality when a + b + ¢ = 0, and when
b= c =0 (or any cyclic permutation). The original inequality becomes an equality for

ab+ bc+ ca = —1, a+b+c=0.

Remark. As we have shown in the proof of P 2.34,

H(b2 +be + ) = (p* — q)¢* — pabe.

Therefore,
1
fs(a,b,c) = p*(¢* — pabc) = §p2 Za2(b —c)? > 0.

P 2.77. If a,b, c are real numbers, then
(a) S~ a*(a —b)(a —c)(a+ 2b)(a+ 2¢) + (a — b)%(b— ¢)*(c — a)? > 0;
(b) S a*(a—0b)(a—c)(a—4b)(a—4c)+ T(a—b)?*(b—c)?(c—a)?>0.
(Vasile Cirtoaje, 2008)
Solution. Consider the more general inequality fs(a,b,c) > 0, where
feé(a,b,c) = fla,b,c) +m(a—b)*b—c)*(c—a)?
fla,b,c) = " a’(a—b)(a—c)(a—kb)(a — ke).
Since
fla,b,c) =Y " a*(a® + 2bc — q)[a® + (k + k*)be — kq], q = ab+ bc + ca,
f(a,b,c) has the same highest coefficient as P (a, b, ¢), where
Pi(a,b,c) = Z a*(a® + 2bc)[a® + (k + k*)bd).
According to Remark 2 from P 2.75, fs(a,b, c) has the highest coefficient
A=P(1,1,1) = 27m = 9(k* + k + 1 — 3m).

(a) For k = —2 and m = 1, we get A = 0. Then, by P 2.75, it suffices to prove the original
inequality for b = ¢ = 1; that is,

a*(a —1)*(a +2)* > 0.



Symmetric Polynomial Inequalities in Real Variables 119

The equality holds for a = b = ¢, for a + b+ ¢ = 0, and for a = 0 and b = ¢ (or any cyclic
permutation).

(b) For k =4 and m = 7, we get A = 0. Then, by P 2.75, it suffices to prove the original
inequality for b = ¢ = 1; that is,

a*(a—1)*(a —4)*> > 0.

The equality holds for a = b = ¢, and for a® + b*> + ¢* = 2(ab + bc + ca).

Remark. The inequalities in P 2.77 are respectively equivalent to

<Za>2 [Za"‘ + acha — Zab(a2 + 62)] >0
and

<Za2—2ab> (Za2—22a6>2 > 0.

P 2.78. If a,b,c are real numbers, then
(a® + 2bc)(b* + 2ca)(c* + 2ab) + (a — b)*(b — ¢)*(c — a)* > 0.
(Vasile Cirtoaje, 2011)

First Solution (by Vo Quoc Ba Can). Without loss of generality, assume that b and ¢ have
the same sign. Since a? 4 2bc > 0 and

(a—b)*(a—c)? = }l[(cf + 2bc) + (a® — 2ab — 2ac))?
> (a® + 2be)(a® — 2ab — 2ac),
it suffices to prove that
(b? + 2ca)(c* + 2ab) + (b — ¢)*(a® — 2ab — 2ac) > 0.
This inequality is equivalent to
(b+ ¢)?a® 4 2bc(b + ¢)a + b*c? > 0,

[(b+ c)a+ bc]* > 0.
which is clearly true. The equality holds for ab 4 bc + ca = 0.

Second Solution. Denote the left side of the inequality by fs(a, b, ¢). According to Remark
2 from P 2.75, fs(a,b, c) has the highest coefficient

A= (1+2)P°-27=0.
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Then, by P 2.75, it suffices to prove that fs(a,1,1) > 0 for all real a. Indeed,

fﬁ(aa 17 1) = (a2 + 2)(2a+ 1)2 > 0.

Remark 1. The inequality is equivalent to
(a® +b* + ) (ab + be + ca)® > 0.

Remark 2. The inequality in P 2.78 is a particular case of the following more general
statement.
e [fa,b,c are real numbers and

92(k* — k+1)
Ak +1)3
Qp = k2 )

— k>2
4’ -

1<k<L2

then
(a® + kbe) (b + kea)(c® + kab) + ag(a — b)*(b — ¢)*(c — a)* > 0,

with equality for —ka = b = ¢ (or any cyclic permutation), and also for b =c =0 (or any
cyclic permutation).

]

P 2.79. If a,b,c are real numbers, then
(2a* + 5ab + 2b%) (20 + 5bc + 2¢*)(2¢% + 5ca + 2a®) + (a — b)*(b — ¢)*(c — a)* > 0.
(Vasile Cirtoaje, 2011)

Solution. Denote the left side of the inequality by fs(a,b,c). Clearly, fs(a,b,c) has the
same highest coefficient as

(5ab — 2¢%)(5bc — 2a*)(5ca — 2b%) + (a — b)*(b — ¢)*(c — a)*.
According to Remark 2 from P 2.75, fs(a, b, c) has the highest coefficient
A=(5-2)-27=0.
Then, by P 2.75, it suffices to prove that fs(a,1,1) > 0 for all real a. Indeed,
fo(a,1,1) = 9(2a® + 5a + 2)* > 0.

The equality holds for a + b+ ¢ = 0, and also for ab + bc + ca = 0.
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Remark 1. The inequality in P 2.79 is equivalent to
(a+b+c)*(ab+ be + ca)® > 0.

Remark 2. The following more general statement holds.

e Let a,b,c be real numbers. If k > —2, then

A]J07 + kbe + ) = (2= k) (a = 0)*(b— ¢)*(c — a)*.
Notice that this inequality is equivalent to

(k+2)[(a+b+c)(ab+ bc+ ca) — (5 — 2k)abc]* > 0.

P 2.80. If a,b,c are real numbers, then

2 2 2 64
(a2 + gab + 62) (62 + gbc + 02) <02 + 3¢ + a2) > ﬁ(QQ + be)(b* + ca)(c® + ab).

Solution. Write the inequality as fg(a,b,c) > 0, where

4
fe(a,b,c) = Py(a,b,c) — %P;;(a, b, c),

2 2 2
Py(a,b,c) = (a2 + gab + b2) (62 + gbc + CQ) (02 +3cat a2) ,
Ps(a,b,c) = (a® + be)(b? + ca)(c* + ab).
According to Remark 2 from P 2.75, fs(a, b, c) has the highest coefficient
2 ° 64

A=(--1) —=(1+1)*<0.

( 3 ) 27( +1)°<0
Then, by P 2.75, it suffices to prove that fg(a,1,1) > 0 for all real a. Indeed,

2 > 64
fa(a,l,l)—g(a2+§a+1> —2—7(a2+1)(a+1)2—%(a—l)‘*zo.

The equality holds for a = b = c.

P 2.81. Ifa,b,c are real numbers, then

2(a — 0)*(b — ¢)*(c — a)?
a? + b + ¢? '

Zaz(a —b)(a—c) >
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Solution. Let
p=a+b+c, qg=ab+bc+ca, r=abc

and
fola,b,c) = (@ +0°+ ) a*(a—b)(a—c) = 2(a—b)*(b—c)*(c—a)”

Clearly, fs(a,b,c) has the highest coefficient
A= —-2(-27) = 54.
Since A > 0, we will use the highest coefficient cancellation method. 1t is easy to check that
fe(1,1,1) =0, fs(0,1,1) =0.
Therefore, we define the symmetric homogeneous polynomial of degree three

P(a,b,c) =1+ Bp® + Cpq

such that
P(1,1,1)=0, P(0,1,1)=0;
that is,
P(a,b,c) TR
a,b,c)=1r-+—-p> — =pq.
, 0, 917 9pq

We will prove the sharper inequality gg(a, b, c) > 0, where

g6(a, b, c) = fs(a,b,c) — 54P%*(a, b, c).
Since gg(a, b, ¢) has the highest coefficient A; = 0, it suffices to show that gg(a,1,1) > 0 for
all real a (see P 2.75). Indeed, we have

1
fo(a,1,1) = a*(a* + 2)(a — 1)%,  P(a,1,1) = §a(a —1)%
hence 1
g6(a, 1,1) = fs(a,1,1) — 54P*(a,1,1) = §a2(a —1)*(a+2)*>0.

The equality holds for a = b = ¢, for a = 0 and b = ¢ (or any cyclic permutation), and also
for a =0 and b+ ¢ =0 (or any cyclic permutation).

Remark. In the same manner, we can prove the following generalization ( Vasile Cirtoaje,
2014).
o Let a,b,c be real numbers. If k € [—1,2), then

S 20— ) > R0 Ple—a)

a2+ b+ 0%+ k(ab+ bc+ ca)’

with equality for a = b = c, and also for a =0 and b* = ¢* (or any cyclic permutation).
O
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P 2.82. Ifa,b,c are real numbers, then

8(a —b)*(b — ¢)*(c — a)?
a? + b + ¢? '

> (a—b)(a—c)(a—2b)(a—2c)>

Solution. Let

fe(a,b,c) =(a® + b* + c?) Z(a —b)(a—c)(a—2b)(a—2c)

—8(a —b)*(b—c)*(c —a)*.
Clearly, fg(a,b,c) has the highest coefficient
A = (—8)(—27) = 216.
Since A > 0, we will use the highest coefficient cancellation method. Since
HLLY =0, fo(21,1) =0,
we define the symmetric homogeneous polynomial of degree three
P(a,b,c) = abc+ B(a+b+¢)* +C(a + b+ c)(ab + bc + ca)

such that
P(1,1,1)=0, P(2,1,1)=0.

We get B =1/18 and C' = —5/18, hence

1
P(a,b,c) = abc + E(a +b+c)’ — 15—8(a + b+ c)(ab+ be+ ca).

Consider now the sharper inequality g¢(a, b, c) > 0, where

gs(a,b,c) = fs(a,b,c) — 216 P*(a, b, c).
Clearly, gg(a,b,c) has the highest coefficient A; = 0. By P 2.75, it suffices to prove that
gs(a,1,1) > 0 for all real a. We have

fo(a,1,1) = (a®> 4+ 2)(a — 1)*(a — 2)?, P@JJJzi%@—lf@—Q%

hence

1
g6<a7 L, 1) = f6(a7 L, 1) - 216P2(6L, L, ]-) = §<a - 1)2((12 - 4>2 2 0.

The equality holds for a = b = ¢, for a = 0 and b+ ¢ = 0 (or any cyclic permutation), and
also for a/2 = b = ¢ (or any cyclic permutation).

Remark. In the same manner, we can prove the following generalization ( Vasile Cirtoaje,

2014).
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e Leta,b,c be real numbers. If k € R, then

(k+2)%(a — b)*(b — ¢)*(c — a)?
> (a—b)(a—c)(a—kb)(a—ke) > NE TR T ) ,

with equality for a = b = ¢, for a/k = b = ¢ (or any cyclic permutation) if k # 0, and for
a=0 and b+ c =0 (or any cyclic permutation).

[]

P 2.83. If a,b,c are real numbers, no two of which are zero, then

a2+3bc+b2+30a+62+3ab
b2 + 2 2 + a? a? + b?

> 0.

(Vasile Cirtoaje, 2014)

Solution. Write the inequality as fg(a,b,c) > 0, where
fe(a,b,c) = Z(a2 + 3be)(a® + b*)(a® + ).

Let
p=a+b+c, q=ab+bc+ca, r=abc.

From

fela,b,c) = Z(a2 + 3bc)(p* — 2q — ) (p® — 2q — b*),
it follows that fg(a, b, c) has the same highest coefficient A as f(a, b, ¢), where
fla,b,c) = Z(a2 + 3bc)b*c® = 3r* + 3 Z b3 = 12r% — Ipgr + 3¢°;

that is,
A=12.

Since A > 0, we will use the highest coefficient cancellation method. 1t is easy to check that
fe(=1,1,1) =0.
So, we define the homogeneous polynomial
P(a,b,c) =r+ Bp® + (B — 1)pgq,

which satisfies the property P(—1,1,1) = 0. We will show that there is at least a real value
of B such that the following sharper inequality holds

fe(a,b,c) > 12P?%(a, b, c).

Let us denote
ge(a,b,c) = fe(a,b,c) — 12P2(a, b, c).
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Clearly, gs(a,b,c) has the highest coefficient A; = 0. By P 2.75, it suffices to prove that
ge(a,1,1) > 0 for all real a. We have

fo(a,1,1) = (a + 1)?*(a®> + 1)(a® = 2a +7)

and
P(a,1,1) = (a+1)[B(a+2)(a +5) —2(a + 1)],
hence
gs(a,1,1) = fs(a,1,1) — 12P%(a,1,1) = (a + 1)*g(a),
where

g(a) = (a* + 1)(a® —2a +7) — 12[B(a+2)(a + 5) — 2(a + 1))%.
Choosing B = 1/4, we get

4g(a) = a*(a — 1)* +4(4a* + a +4) > 0,

hence gg(a,1,1) > 0 for all real a. The proof is completed. The equality holds for —a = b = ¢
(or any cyclic permutation).
O

P 2.84. If a,b,c are real numbers, no two of which are zero, then

a’® + 6bc b? + 6ca ® + 6ab

> 0.
b2—bc—|—02+02—ca—|—a2 a?—ab+0b2 —

(Vasile Cirtoaje, 2014)

Solution. Write the inequality as fg(a,b,c) > 0, where
fe(a,b,c) = Z(a2 + 6bc)(a® — ab + b%)(a* — ac + c?).

Let
p=a+b+c, q=ab+bc+ca, r=abc.

From
fe(a,b,c) = z:(a2 + 6bc)(p* — 2q — ¢ — ab)(p® — 2q — b* — ac),

it follows that fs(a, b, c) has the same highest coefficient A as f(a, b, ¢), where
fla,b,c) =) (a® + 6bc)(b” + ca)(c® + ab);
that is, according to Remark 2 from P 2.75,

A=f(1,1,1) = 84.
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Since A > 0, we use the highest coefficient cancellation method. We will show that there are
two real numbers B and C' such that the following sharper inequality holds

fela,b,c) > 84P2(a, b, c),

where
P(a,b,c) =7+ Bp* + Cpq.

Let us denote
ge(a,b,c) = fe(a,b,c) — 84P2(a, b, c).

Clearly, gs(a,b,c) has the highest coefficient equal to zero. Then, it suffices to prove that
gs(a,1,1) > 0 for all real a. We have

g6(a,1,1) = fe(a,1,1) — 84P%(a,1,1),

where
fo(a,1,1) = (a® —a+1)(a* + a + 1)(a* — 2a + 8)
and
P(a,1,1) =a+ Bla+2)*+C(a+2)(2a + 1).
Let

g(a) = gs(a,1,1).

Since g(—2) = 0, we can have g(a) > 0 in the vicinity of a = —2 only if ¢’(—2) = 0, which
involves C' = —61/168. On the other hand, from ¢(1) = 0, we get B = 155/1512. Using
these values of B and C, the inequality gg(a, 1,1) > 0 is equivalent to

27216(a*> —a+1)(a* + a+1)(a* —2a + 8) >

> [155(a + 2)° — 549(a + 2)(2a + 1) + 15124];

that is,
(a+2)*(a —1)%(3191a® — 8734a + 49391) > 0,

which is true for all real a. The proof is completed. The equality holds for a = b+ ¢ =0 (or
any cyclic permutation).
]

P 2.85. If a,b,c are real numbers such that
ab+ bc+ ca > 0,
then

4a® 4+ 23bc 4b% + 23ca 4 + 23ab
+ + >
bQ +62 02+a2 (12+b2

(Vasile Cirtoaje, 2014)
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Solution. Write the inequality as fg(a,b,c) > 0, where
fola,b,c) = (4a® + 23bc)(a® + b*) (a® + ).

Let
p=a+b+c, q=ab+bc+ca, r=abc.

From

fola,b,c) = 3" (4a + 230e) (07 — 2q — A)(p? — 24 — 12),

it follows that fg(a,b,c) has the same highest coefficient A as f(a, b, ¢), where
fla,b,c) = Z(4a2 + 23bc)b*c? = 12r? + 23 Z b’c® = 81r* — 69pqr + 23¢%;

that is,
A =8l.

Since A > 0, we will use the highest coefficient cancellation method. 1t is easy to check that
f(=1,2,2) =0.

Therefore, define the homogeneous polynomial

4
P(a,b,c) =1+ 2—7]93 + Cpq,

which satisfies P(—1,2,2) = 0. We will show that there is at least a real C' such that the
following sharper inequality holds for ab + bc + ca > 0:

fﬁ(a'7 ba C) > 81P2(6L,b, C).

Let us denote

gﬁ<a7b> C) = f6(a7 bv C) - 81P2(a7b7 C)'

Clearly, gg(a, b, c) has the highest coefficient A; = 0. Therefore, by Remark 3 from P 2.75,
it suffices to prove that gg(a,1,1) > 0 for all real a such that 2a +1 > 0. We have

fo(a,1,1) = (2a + 1)(a* + 1)(2¢* — a® + 14a + 39),

1
P(a,1,1) = 2—7(2a + 1)[2a* + (27C + 11)a + 54C + 32],

gs(a,1,1) = fs(a,1,1) — 81P*(a,1,1).
From the condition g¢(1,1,1) = 0, we get C' = —1/3. For this value of C, we find

2
P(a,1,1) = ﬁ(Za +1)(a* +a+7),
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then
1
gs(a,1,1) = §(za + 1)(10a® — 29a* + 16a® 4 170a* — 322a + 155)

1
= §(2a +1)(a — 1)*(10a® — 9a* — 12a + 155).

We only need to show that
10a® — 9a® — 12a + 155 > 0

for a > —1/2. This is clearly true for —1/2 < a < 0. Also, for a > 0, we have
10a® — 9a® — 12a + 155 = 10a(a® — a + 1) + (a — 11)* + 34 > 0.

The proof is completed. The equality holds for —2a = b = ¢ (or any cyclic permutation).
O

P 2.86. If a,b,c are real numbers such that
ab + bc + ca = 3,

then
20(a® + b° + ®) + 43abc(a® + b + ¢*) > 189.

(Vasile Cirtoaje, 2014)
Solution. Write the inequality in the homogeneous form fg(a, b, c) > 0, where
fo(a,b,c) =20(a’® + b° + c°) + 43abc(a® + b* + ¢*) — 7(ab + be + ca)®.
Since the highest coefficient of fg(a, b, c) is positive, namely
A=20-3+43-3 =189,
we will use the highest coefficient cancellation method. From
fo(a,1,1) = (2a + 1)(a — 1)*(10a® + 15a® + 44a + 33),

it follows that
f6(17171) :07 f6<_]‘/27171> = 0.

Define the homogeneous function
P(a,b,c) =r+Bp*+Cpq, p=a+b+c, q=ab+bc+ ca, r=abe,
such that P(1,1,1) = P(—1/2,1,1) = 0; that is,

4 5
Pla,b,c) =1+ —p> — =
(a,b,c) =r+ 570 ~ P
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27a + 4(a + 2)% — 15(a + 2)(2a + 1 2(a — 1)?2(2a + 1
SRR XSS (R TES I R TR

We will show that the following sharper inequality holds for ab + bc + ca > 0:

fe(a,b,c) > 189P%*(a, b, c).

Let us denote
ge(a,b,c) = fs(a,b,c) — 189P%(a,b,c).

Since the highest coefficient of gg(a, b, ¢) is zero, it suffices to prove that gg(a,1,1) > 0 for
2a + 1 > 0 (see Remark 3 from P 2.75). We have

g6(a,1,1) = fs(a,1,1) — 189P%*(a,1,1) = (2a + 1)(a — 1)*g(a),
where
g(a) = 10a® + 15a® + 44a + 33 — Z—i(a —1)*(2a +1).
Since
g(a) > 10a® + 15a* + 44a + 33 — 5(a — 1)*(2a + 1) = 22(a + 1)®> + 8a® +6 > 0,
we have gg(a,1,1) > 0 for a > —1/2. Thus, the proof is completed. The equality holds for

a=b=c=1.
O

P 2.87. If a,b,c are real numbers such that

ab+ bc+ ca > 0,

then
(a) (a® 4+ b* + ¢)(ab + bc + ca)? > abc(4a® + 4b3 + 4¢3 + 15abc);
(b) 4(a+ b+ )b > 8labe(ba® + bb® + 5¢3 + 21abe).

(Vasile Cirtoaje and Nguyen Van Huyen, 2020)

Solution. Let
p=a+b+c, q=ab+bc+ca, r=abc.

We have
a® +0° +c =3r+p® - 3pg.

(a) Write the inequality as fg(a,b,c) > 0, where

fola,b,c) = =27r° — (p* — 3pq)r + p’¢* — 2¢°.
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Since fg(a,b,c) has the highest coefficient A = —27, it suffices to prove the inequality for
b=c=1and 2a+ 1> 0 (see Remark 3 from P 2.75). Thus, we need to show that

(a® +2)(2a + 1)* > a(4a® + 15a + 8),

which is equivalent to
(2a +1)(a —1)* > 0.

The equality occurs for a = b = ¢ and for —2a = b = ¢ (or any cyclic permutation).

(b) Write the inequality as fs(a,b,c) > 0, where
fo(a,b,c) = —29161* — 405(p® — 3pq)r + 4p°.

Since fg(a, b, c) has the highest coefficient A = —2916, it suffices to prove the inequality for
b=c=1and 2a+ 1> 0 (see Remark 3 from P 2.75). Thus, we need to show that

4(a +2)° > 8la(5a® + 21a + 10),
which is equivalent to
(2a + 1)(a — 1)%(2a® + 27a* — 42a + 256) > 0.
This is true since
2a® + 27a* — 42a + 256 = a*(2a + 1) + 26a* — 42a + 256 > 21a® — 42a + 21 > 0.

The equality occurs for a = b = ¢ and for —2a = b = ¢ (or any cyclic permutation).

P 2.88. Ifa,b,c are real numbers, then
42(@2 +bc)(a —b)(a —c)(a —3b)(a — 3c) > T(a — b)*(b—c)*(c — a)?.
(Vasile Cirtoaje, 2014)
Solution. Write the inequality as fg(a,b,c) > 0, where
fo(a,b,c) = 4f(a,b,c) — 7(a—b)*(b—c)*(c — a)?,

fla,b,c) = (a® +be)(a —b)(a— c)(a — 3b)(a — 3c).

We have
fo(a,1,1) = 4(a®* + 1)(a — 1)*(a — 3)2.

Let
p=a+b+c, q=ab+bc+ca, r=abc.
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Since
(a—b)(a—c) =a®+ 2bc — q

and
(a —3b)(a — 3c) = a* + 12bc — 3¢,

f(a, b, c) has the same highest coefficient Ay as g(a, b, c), where
gla,b,c) = Z(a2 + be)(a® + 2be) (a® + 12be);
that is, according to Remark 2 from P 2.75,
Ap=g(1,1,1)=3-2-3-13 = 234.
Therefore, fgs(a,b, c) has the highest coefficient
A =44y — 7(—27) = 1125.

Since the highest coefficient A is positive, we will use the highest coefficient cancellation
method. There are two cases to consider: ¢ > 0 and g < 0.

Case 1: ¢ > 0. Since
f6(17 17 1) = f6(37 L, 1) =0,

define the homogeneous function
P(a,b,c) =+ Bp® + Cpq
such that P(1,1,1) = P(3,1,1) = 0; that is,

2 11
P T Bt

hence , ,
Pla,1,1) = 45a + 2(a + 2) —4511(a—|—2)(2a+ 1) _ 2(a — 125((1— 3).

We will show that the following sharper inequality holds for ¢ > 0:

fo(a,b,c) > 1125P%(a, b, c).

Let us denote
gs(a,b,c) = fe(a,b,c) — 1125P2(a, b,c).

Since the highest coefficient of gg(a, b, c) is zero, it suffices to prove that gg(a,1,1) > 0 for
all real a such that 2a + 1 > 0 (see Remark 3 from P 2.75). We have

8(a—1)%(a —3)*(a+2)(2a + 1)

> 0.
9 Z

g6(a,1,1) = fe(a,1,1) — 1125P%(a,1,1) =
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Case 2: q < 0. Define the homogeneous polynomial

1
P(a,b,c) =1+ Bp® — <BB + 5) Dq,

which satisfies P(1,1,1) = 0. We will show that there is a real number B such that the
following sharper inequality holds

fo(a,b,c) > 1125P*(a, b, c).

Let us denote
gs(a,b,c) = fs(a,b,c) — 1125P*(a, b, ).

Clearly, gs(a, b, ¢) has the highest coefficient equal to zero. Then, by Remark 3 from P 2.75,
it suffices to prove that gg(a,1,1) > 0 for 2a +1 < 0. We have

gs(a,1,1) = fe(a,1,1) — 1125P?%(a,1,1),
where

P*(a,1,1) = |a+ Bla+2)* — <SB+ %) (a—|—2)(2a+1)r.

Let us denote g(a) = gg(a,1,1). Since g(—2) = 0, we can have g(a) > 0 in the vicinity of
a = —2 only if ¢'(—2) = 0, which involves B = 8/135. Using this value of B, we get

4(a —1)*(4a — 7)?

PQ(G/7 17 1) = 25 . 729 Y

g6(a,1,1) = 4(a — 1) | (a? + 1)(a — 3)% — 8%@ C1)2(da — 7Y

4
=g(@— 1)%(a +2)(a® — 50a 4 121) > 0.

The proof is completed. The equality holds for a = b = ¢, for a/3 = b = ¢ (or any cyclic
permutation), and for a = 0 and b+ ¢ = 0 (or any cyclic permutation).
O

P 2.89. Let a,b, c be real numbers such that
ab + bc + ca > 0.
For any real k, prove that
> dbc(a —b)(a — ¢)(a — kb)(a — ke) + (a — b)*(b— ¢)*(c — a)* > 0.

(Vasile Cirtoaje, 2014)
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Solution. Write the inequality as fg(a, b, c) > 0, where
fola,b,c) = 4f(a,b,c) + (a —b)*(b— c)*(c — a)?,

fla,b,c) =Y be(a—b)(a—c)(a— kb)(a — ke).

Let
p=a+b+c, qg=ab+bc+ca, r=abc.
Since
(a —b)(a—c)=a*+2bc—q
and

(a — kb)(a — kc) = a® + (k + k*)bc — kq,
f(a,b,c) has the same highest coefficient Ay as P;(a,b, c), where
Pi(a,b,c) = Z be(a® + 2be)[a® + (k + k?)bc];
that is, according to Remark 2 from P 2.75,
Ag=Pi(1,1,1) =31 +2)(1 + k+k*) =9(1 + k + k?).
Therefore, fgs(a,b, c) has the highest coefficient
A =44y — 27 = 9(2k + 1)2.

We have
fo(a,1,1) = 4(a — 1)*(a — k)*.

Consider first that £ = —1/2, when A = 0. By P 2.75, it suffices to show that fg(a,1,1) >0
for all real a. Clearly, this is true. Consider further that k& # —1/2, when the highest
coefficient A is positive. We will use the highest coefficient cancellation method. Since

fo(1,1,1) = fo(k,1,1) =0,

define the homogeneous function

2
P(a,b,c) =1+ Cpq + pL
b

such that P(1,1,1) = P(k,1,1) = 0; that is,

Pq 2(k +2)q?
P(a,b,c) = - .
(@:0,:0) ="+ 50171 " 3k p

We will show that the following sharper inequality holds for ab + bc + ca > 0:

fe(a,b,c) > 9(2k +1)2P(a, b, ).
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Let us denote

gs(a,b,c) = fs(a,b,c) — 92k + 1)2P*(a, b, c).

Clearly, gg(a,b,c) has the highest coefficient A; = 0. Then, by Remark 4 from P 2.75, it
suffices to prove that gg(a,1,1) > 0 for all real a such that 2a +1 > 0. We have

_ (@2t l) 2k +2)(2a+1)°
P((I,l,l) =a-+ 3(2k+1) B 3(2]€+1)(@+2)

~ 2(a—1)*(a—k)

32k +1)(a+2)’

then

g6(a,1,1) = fe(a,1,1) — 9(2k + 1)?P?(a, 1,1)
4(a — 1) (a — k)2
(a+2)?

12(a — 1)%(a — k)*(2a + 1)

= > 0.
(a+ 2)? -

=4(a—1)*(a —k)* -

The proof is completed. The equality holds for a = b = ¢, for a/k = b = ¢ (or any cyclic
permutation) - if k£ # 0, and for b = ¢ = 0 (or any cyclic permutation).

]

P 2.90. If a,b,c are real numbers, then

[(a®b + b*c + c®a) + (ab® + bc® + caz)}2 > 4(ab + be + ca)(a*b* + b*c? + ca?).

First Solution. Consider the nontrivial case ab+ bc + ca > 0, and write the inequality as
fe(a,b,¢) > 0, where

fo(a,b,c) = [(a®b+ bPc + ca) + (ab® + bc® + ca®)]? — 4(ab + be + ca)(a®b? + b + c*a?).

Since
(a®b + b*c + c2a) + (ab® + b + ca®) = (a + b+ ¢)(ab + bc + ca) — 3abc,

f6 has the highest coefficient
A= (=-3)?*=0.

Since A > 0, we will use the highest coefficient cancellation method. Because
f(1,1,1) = f(0,1,1) = 0,
define the homogeneous function

(ab+ bc + ca)?
a+b+c

P(a,b,c) = abc+ C(a+ b+ c)(ab+ bc + ca) + D
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such that P(1,1,1) = P(0,1,1) = 0; that is,

(a+b+c)(ab+be+ca)  4(ab+be+ ca)?
3 3(a+b+c)

P(a,b,c) = abc +

We will show that the following sharper inequality holds for ab + bc + ca > 0:
fe(a,b,¢) > 9P*(a,b,c).

Let us denote
ge(a,b,c) = fe(a,b,c) — 9P2(a7 b, c).

Clearly, gg(a,b,c) has the highest coefficient A; = 0. Then, by Remark 4 from P 2.75, it
suffices to prove that gg(a,1,1) > 0 for all real a such that 2a + 1 > 0. We have
fo(a,1,1) = 4a*(a — 1)?,

B (a+2)(2a+1) 4(2a+1)* 2a(a—1)
Pla,1,1) =a+ 3 © 3(a+2)  3a+2)

hence
12a*(a — 1)*(2a + 1) >0

(a+2)? -
The proof is completed. The equality holds for a = b = ¢, for a = 0 and b = ¢ (or any cyclic
permutation), and for b = ¢ = 0 (or any cyclic permutation).

fo(a,1,1) = fs(a,1,1) —9P%*(a,1,1) =

Second Solution (by Nguyen Van Quy). Since the inequality remains unchanged by re-
placing a, b, ¢ with —a, —b, —c, we may assume that a + b+ ¢ > 0. In addition, consider the
non-trivial case ab + bc + ca > 0, when the inequality can be rewritten as

(ab + b*c + 2a) + (ab® + be® + ca®) > 24/ (ab + be + ca)(a2b? 4 b2c2 + c2a?).
Using the Cauchy-Schwarz inequality, we have

(a*b + b%c + ca) + (ab® + be® + ca®) + (a® + b + ) = (a* + b* + *)(a + b+ ¢)

= \/[a4 + b+t + 2(a?0? + b2 + 2a?)] [a? + b2 + 2 + 2(ab + be + ca)]

> /(a* 4+ b4+ A (a2 + b2 + c2) + 24/ (a20? 4 b2 + c2a?)(ab + be + ca).
Thus, it suffices to show that

\/(a4+b4—|—c4)(a2—|—62+02) >a®+ 02+,

which follows also from the Cauchy-Schwarz inequality.
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P 2.91. Ifa,b,c are real numbers such that
a+b+c=3,
then

(a—1)(a—25) (b—=1)(b—25) (c—1)(c—25)
a* + 23 * b + 23 * c?+23 =0

Solution. Denote
p=a+b+c, q=ab+bc+ca

and write the inequality in the homogeneous form fg(a,b, c) > 0, where

fe(a,b,c) = Z(Sa — p)(3a — 25p)(9b + 23p*)(9c* + 23p?).
Since the highest coefficient of fs is positive, namely
A=3.9

we use the highest coefficient cancellation method. Thus, we will prove that there exist two
real numbers B and C such that gg(a, b, c) > 0, where

gs(a,b,c) = fs(a,b,c) — Alabe + B(a+b+¢)* + C(a+ b+ c)(ab + be + ca)]®.

Since gg has the highest coefficient equal to zero, it suffices to show that gg(a,1,1) > 0 for
all real a (see P 2.75). Notice that

fo(a,1,1) = 12(a — 1)*(7a + 11)?[23(a + 2)* + 9]
and
96(a,1,1) = fe(a,1,1) —=3-9®*[a+ B(a +2)* + C(a + 2)(2a + 1)].
Let us denote g(a) = gg(a,1,1). Since g(—2) = 0, we can have g(a) > 0 in the vicinity of
a = —2 only if ¢’(—2) = 0; this involves C' = —13/9, hence

g6(a,1,1) =12(a — 1)*(7a + 11)*[23(a + 2)* + 9]
—27[9a + 9B(a + 2)° — 13(a + 2)(2a + 1)]*.

There are two cases to consider: 5p? + ¢ < 0 and 5p? + ¢ > 0.

Case 1: 5p*+q < 0. By Remark 3 from the proof of P 2.75, we only need to show that there
exist a real number B such that gg(a,1,1) > 0 for all real a satisfying 5(a +2)* +2a+1 < 0;
that is, for a € [—3,—7/5]. From g¢(—11/7,1,1) =0, we get B = 28/9, then

gs(a, 1,1) =12(a — 1)*(7a + 11)*[23(a + 2)* + 9]
— 108(7a + 11)?(2a* + Ta + 9)?
= —12(a + 2)*(7a + 11)*(13a® + 154a + 157) > 0.
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Case 2: 5p*+q > 0. By Remark 3 from the proof of P 2.75, we only need to show that there
exist a real number B such that gg(a,1,1) > 0 for all real a satisfying 5(a +2)*+2a+1 > 0;
that is, for a € (—o0, —3] U [—7/5,00). From g¢(1,1,1) = 0, we get B = 4/9, then

gs(a,1,1) = 12(a — 1)*(7a + 11)*[23(a + 2)* + 9] — 108(a — 1)*(2a + 3)?
= 12(a + 2)*(a — 1)*(1091a* + 3650a + 3035) > 0.
The proof is completed. The equality holds fora =b=c=1,and fora = -1landb=c=7

(or any cyclic permutation).
O

P 2.92. Ifa,b, c are real numbers such that abc # 0, then

(b~|—c)2 (c~|—a)2 (a+b)2
+ + > 2.
a b c

(Michael Rozenberg, 2014)

Solution. Assume that
a® = min{a?, b*, c*}.

By the Cauchy-Schwarz inequality, we have

<c:a)2+(ajb)22Kc+@+4—a—MP__w—cy

0+ 2 G

On the other hand,

b+ c 2> (b+ c)?
a — b2

2 2 2 2 N2
b+c N ct+a N a+b Z(b—I—c) +(b c) _
a b c b2+c2  b?+ 2
The equality holds if and only if
c+a 2+ a+b\®  (b—c)?
b c R
and b+ ¢ = 0. Since these relations involves a = 0, we conclude that the inequality is strict
(the equality does not hold).

Therefore,

O
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P 2.93. If a,b,c are real numbers, then

2 2 2 8 _ —Me—a)l-
(a) @+ DO +1)(c*+1) = 33 (@ =b)(b—c)(c—a)l;
(b) (a?>—a+1)(B*—b+1)(*—c+1) > |(a=b)(b—c)(c—a)|.

(Kwon Ji Mun, 2011)
Solution. (a) First Solution. Without loss of generality, assume that a < b < ¢, when
(@ =0)(b=c)(c—a)| = (a=b)(b—c)(c—a)

Denote
4

3v3

and write the inequality as
Aa®* 4 2Ba+ C >0,

where
A= B+ 1)(+1)+2k(b—c),
B = —k(b* - ),
C =+ 1)(+1) + 2kbe(b — c).
Substituting b = -t and ¢ = Y

V3 V3

9A = (® +1+2) 1+ > +2) - 8(z +y)
>(z+y+2)=8x+y)=(r+y—2)>>0.

, by the Cauchy-Schwarz inequality, we get

We have A = 0 only for b = —1/\/§ and ¢ = 1/\/5, when
Aa®? +2Ba+ C =2Ba + C = 64/21.
Otherwise, for A > 0, it suffices to prove that AC — B2 > 0. Let us denote

E=b—¢c, F=bc+1.

Since
B+ (+1) =(b—c)+ (be+ 1) =E*+ F?
(b4+c) = (b—c)* +4(bc+1)—4=FE*+4F — 4,
(b* —cA)? = (b—c)*(b+c)* = B*(E* + 4F — 4),
we have

A=FE*+F?+2kE, B*=kFE*E?+4F —4), C=FE*+F*+2kE(F —1),
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and hence

AC — B* = (E® + F? + 2kE)(E? + F? 4+ 2kEF — 2kE) — K*E*(E* + 4F — 4)

1
= (E? + F*)(E* + F? + 2kEF) — K*E' = 5 (B + V3F)2(11E* — 2V/3EF + 9F?) > 0.

The equality holds for
b+ c

— 1: =
b—c+V3(bc+1)=0, at 10 =0

(or any permutation).
Second Solution (by Vo Quoc Ba Can). Substituting

a:x\/g, b:y\/g, czm/g,
the inequality becomes
(322 +1)(3y* + 1)(32° + 1) > 8|(z — y)(y — 2) (2 — 2)|.

It suffices to show that
E? > 64(x — y)*(y — 2)*(z — x)*,

where
E=(32"+1)3y + 1)(32° + 1) =272%2* + 9> _a”y* +3> 2’ +1.

It it easy to check that the equality holds for x = —1, ¥y = 0 and z = 1 (or any cyclic
permutation), when

r4+y+2=0, zy+yz+zx=-1, zyz=0.

From )
<9$yz + Z :v) >0
and
2
(Z vy + 1) >0,
we get
81ay?2? > —18xyz Z T — Z 2 —2 Z Ty

and

1> —Zx2y2 — 2373/56233 — Zny,
respectively. Therefore,

3E > (—181:y22x—2x2—22xy> +213 a2 0 o
+3 (—Zﬁy?—zxyxzx—2zxy)
=24 (Y ety —ayzd o) +8(at =Y ay)
=12) ¥y — 2)° +§Z(2x —y—2)2
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By the AM-GM inequality, we have

3E > 8\/[2 22 (y — 2)2} [Z(Zz —y— z)Q]

In addition, by the Cauchy-Schwarz inequality, we get

EQZ%%}:ﬂy—@@w—y—@r
=64 (Z zy — ny2>2

= 64(z — y)*(y — 2)° (= — x)*.

(b) Write the inequality as

(- [e-9] [6-0)

Using the substitution

the inequality turns into the inequality in (a). From the equality conditions in (a), namely

y+z
— 3 1) =0, =0,
y—z+V3(yz+1) x—|—1+3y2
we get the following equality conditions
-1 1
b = ¢ s a =
c l—c¢

(or any permutation).

P 2.94. If a,b,c are real numbers such that
a+b+c=3,

then
(I—a+a)(1—=b+b)(1—c+c?) > 1.
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First Solution. Since
20 —a+a>)(1—-b+b) —(a+b—1)*—1=a*b—1)2+b*(a—1)*>0

and
21 —c+c?) > 1+,

it is enough to show that
[(a+b—1)>+1](1+ %) > 4.

By the Cauchy-Schwartz inequality, we have
[(a+b—12+1(1+H) >[(a+b-1)+c*=(a+b+c—1)72=4.
The equality holds for a =b=c=1.
Second Solution (by Marian Tetiva). Assume that
a<b<ec.

There are two cases to consider: a > 0 and a < 0.

Case 1: a > 0. Among the numbers a, b, ¢ always there exist two (let b and ¢) which are
either less than or equal to 1, or larger than or equal to 1. Then,

be(b—1)(c—1) >0
and
& —c)+ (b* = b)(c* — )

(1—=b+0)(1—c+c) =1+ (*—b)+(c
> 1+ —8)+ (=) 21— (b+0)+ 5(b+ )
.

—1-(3-a) (3—@2:%@—4m+f)

Therefore, it suffices to show that
(1—a+a®)(5—4a+a*) >2.

Indeed,
(1—a+a*)(5—4a+a*)—2=(a—1)*(a*—3a+3)>0.

Case 2: a < 0. We have

¢>3
2

because
S b+c a+b—|—c_ 3

C > —.
- 2 2 2
The desired inequality is true since

1—a+a2>1,



w
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> FE
4

1 2
1—b+b2:(§—b> +
3

3¢ c 7
1-— 21— —=14+=->14+-=-.
c+c c+2 —1—2 +4 1

> o

P 2.95. If a,b,c are real numbers such that
a+b+c=0,
then
ala—4) bb—4) clc—4) >0
a? + 2 b2 + 2 A+2 —

Solution. Write the inequality as follows
a(a —4)
—+ 1| >
=[] 2

(a—1)* _ 3
Sl
a?+ 2 2

From
a®> = (b+c)* < 2(b* + ),
we get
3a* < 2(a* + b + ).
Similarly,

302 <2(a® +0* +c*), 32 <2+ + ).

Therefore, we have
(a—1)2 3(a —1)? 3(a —1)?
S Nt S VA
ZCL2+2 Z?)CL2—|—6 —22(a2+b2+02)+6
3
5

3
— —1)2 =
2(a? 4+ b2+ %+ 3) Z(a )

Thus, the proof is completed. The equality holds for a = b = ¢ = 0, and also for a = —2 and
b=c=1 (or any cyclic permutation).
O

P 2.96. If a,b,c are real numbers such that
a,bc<1+v2, a+b+c>0,

then
2abc + a? + b* 4 + 1 > 2(ab + be + ca).

(Vasile Cirtoage, 2014)
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Solution. Assume that
a<b<c<1l+V2

First Solution. There are three cases: 0 <a<b<c,a<0<b<canda<b<0<ec

Case 1: 0 < a < b < c. Among the numbers 1 —a, 1 — b and 1 — ¢ there are two which

have the same sign; let
(1-=0)(1—-¢)>0.

From
2abc + a® + b+ ¢® + 1 — 2(ab+ bc + ca) =
=(a—1)*+ (b—¢)* + 2a + 2abc — 2a(b + ¢)
=(a—1)2*+(b—c)?+2a(l —b)(1—c)>0,

the conclusion follows.
Case 2: a <0 <b<ec. Denote

b+ c
Tr =
2 )

0<z<1+v2,

and write the inequality as
(a+1)*+(b—c)* —2a(l+b+c—bec) > 0.

Clearly, it suffices to show that
1+b+c—0bc>0.

Indeed,
l+b+c—be>1+20—2>=(V2—-1+2)(V2+1—z)>0.

Case 3: a < b <0 < c¢. Write the inequality in the form
2abc + (a —b)* + 4+ 1 —2(a + b)c > 0,

which is clearly true.

The equality holds for a = b = ¢ =1, and also for a = —1 and b = ¢ = 1 + /2 (or any
cyclic permutation).

Second Solution. According to P 2.53, for fixed a + b + ¢ and ab + bc + ca, the product
abc has the minimum value when a < b = ¢. Therefore, we only need to prove that

2ab® 4+ a® + 1 > 4ab
fora <b<1++2and a+ 2b> 0. Write the inequality as
(a—1)*4+2a(b—1)>>0

or
(a+1)* = 2a(1 4 2b — b?) > 0.
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For a > 0, the inequality is clearly true. For a < 0, it is enough to show that 1+ 2b— b > 0.
This is true because 2b > —a > 0 and b < 1 + /2.

Remark. Actually, the original inequality holds for the extended conditions
a,b,c<14+vV2, a+b+c+2v/2-1>0,

with equality fora =b=c =1, fora = —1 and b = ¢ = 1 + /2 (or any cyclic permutation),
and for a = —1 and b = ¢ = 1 — v/2 (or any cyclic permutation).
O

P 2.97. If a,b,c are real numbers such that a +b+ c =2 and ab+ bc+ ca > 0, then
(a® + be)(b* + ca)(c* + ab) + abe < 1.
(Nguyen Van Huyen, 2020)
Solution. Write the inequality in the homogeneous form fs(a,b,c) > 0, where
fo(a,b,c) = p° — 8abcp® — 64Py(a, b, c),

with
p=a+b+c, Py(a,b,c) = (a® + be)(b? + ca)(c* + ab).

According to Remark 2 from P 2.75, fs(a, b, ¢ has the highest coefficient
A= —64P(1,1,1) = —512.

Thus, according to P 2.75 and its Remark 3, it is enough to show that fs(a,1,1) > 0 for
2a +1 > 0. We have

fo(a,1,1) = (a +2)° — 8a(a + 2)* — 64(a® + 1)(a + 1)*

= a*(a* + 12a® — 12a* — 16a + 16)
> a*(a* + 12a* — 124 — 16a + 15) = a*(a — 1)*(a® + 14a + 15) > 0.

The equality occurs for a = 0 and b = ¢ =1 (or any cyclic permutation).

P 2.98. If a,b,c are real numbers such that
2 12, 2 4
a“+b"+c" =3, a > 3

then
3(abc + 1) > 2(ab + bc + ca).

(Vasile Cirtoaje, 2019)
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Solution. Since
2bc = (b+¢)® +a* — 3,

we write the inequality as follows:
(3a — 2)(2bc) — 4a(b+c¢) +6 > 0,

(3a — 2)(b+¢)* — 4a(b+ ¢) + 3a* — 2a® — 9a + 12 > 0,

2a¢ \°  3(3a* — 4a® — 9a2 4 18a — 8)
—2 - >
(3a )<b+C 3a—2) v >0,
2¢ \> 3(a—1)%(3a—4)(a+2)
—NI(b — > 0.
(3a >(+C 3a—2> 3a — 2 =0
446

4
The equality holds for a = b =c¢ =1, and also for a = 3 and b, c = 5

Remark. The inequality is equivalent to

()

8
P 2.99. Ifa,b,c are real numbers such that a > - and a® + b* + ¢ = 3, then
3—a—b—c 49
I S
1 —abc  — 100
(Vasile Cirtoaje, 2018)

Solution. From
3=a%+ b+ > 3Va2b2e3,

it follows abc < 1. In addition, since
2bc = (b+c)* — b —ct = (b+c)* +a* -3,
the inequality can be written as follows:
49(abc — 1) > 100(a + b+ ¢ — 3),

49a[(b+ ¢)? +a* — 3] — 98 > 200(a + b+ ¢ — 3),
49a(b + ¢)* — 200(b + ¢) + 49a* — 347a + 502 > 0,

100\> E
49a (bte——) +=>
9a< ¢ 49a) 49 0
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where

E = (Ta)* — 347(7a)* + 3514(7a) — 10000.
Denoting x = 7a, x > 8, we have
E = 2* — 34727 + 3514z — 10000 = (x — 8)(2® + 8x% — 283z + 1250)
8)(z® + 8x* — 2837 + 1240) = (z — 8)*(2® + 16z — 155)

> (v —
> (x — 8)*(2® 4+ 162 — 161) = (z — 8)*(x — 7)(x +21) > 0.

8
The equality occurs for a = - and

100 25 293
b = = 2bc = (b 24 g2 -3=""2
+c 9 = 11 c=(0b+c)+a"—3 196"
therefore for a = ; and b, c = %839

P 2.100. Ifa,b,c € [—1,1], then

15 19
S+ + P4 abe < —(a+b —.
a’+ b’ +c +ac_16(a+ +c)+16

(Vasile Cirtoaje, 2018)

Solution. Since
1
a® +b* + ¢* = 3abe + 5(@—1— b+c)[3(a* +b* +c*) — (a+ b+ c)?,

we may apply the following statement (see Remark 2 from P 2.53): If a,b,c € [—1,1], then
for fized a + b+ ¢ and a® + b* + ¢, the product abc has the mazimum value when a > b= c
or a = 1. Thus, we only need to consider these cases.

Case 1: a = 1. We need to show that
16(b% 4 ¢ 4 be) — 15(b +¢) + 18 < 0.

Denote
s=b+c, s<2,

and write the inequality as
165° — 16bc(3s — 1) — 155 — 18 < 0.

We have 4bc < s? and
b—1)(c—=1)>0, bec>s—1.
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For 3s — 1 <0, it is enough to show that
165° — 45%(3s — 1) — 155 — 18 < 0,
which is equivalent to
45% + 45* — 155 — 18 < 0,
(s—2)(2s+3)* <0.
For 3s — 1 > 0, it is enough to show that
165 — 16(s — 1)(35s — 1) — 155 — 18 < 0,

which is equivalent to

165® — 48s% + 495 — 34 < 0,

(s —2)(16s* — 165+ 17) <0,

(s —2)[8(s —1)* +8s* +9] < 0.

Case 2: a > b = c. We need to prove that
16(a® 4 20* + ab®) < 15(a + 2b) + 19.

There are two sub-cases: ¢ > 0 and a < 0.
If a > 0, write the inequality as

a(16a® + 32b* — 15) + 16b* — 30b — 19 < 0.
Since
a(16a® + 326> — 15) < a(16 + 326> — 15) = a(1 + 32b*) < 1 + 32b%,

it is enough to show that
166° + 32b* — 30b — 18 < 0,

which is equivalent to
2(b—1)(4b + 3)* < 0.

If a <0, hence b < a < 0, substituting a = —x and b = —y (y > = > 0), the required
inequality becomes
16(2® + 2y° + zy?) + 19 > 15(z + 2y).
Since xy? > 0, it suffices to show that
(162° — 152 + 6) + 2(16y> — 15y +6) + 1 > 0.
This is true because, by the AM-GM inequality, we have
162 — 152 + 6 = (162° + 3 + 3) — 15z > 3(2V18 — 5)z > 0

and, similarly,
16> — 15y +6 > 0.

The equality occurs for a = b=c =1, and also fora =1 and b = ¢ = e (or any cyclic

permutation).
0
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P 2.101. If a,b,c are real numbers, then
(a® 4+ %+ c)? > (a* + b* + *)(ab + be + ca).
(Vasile Cirtoaje, 2018)

Solution. Since
(a3 +b3 —}—63)2 _ <a4 —|—b4 —|—C4)(6L2 —}—62 —|-62) . Zb202(b_ 0)2’
the inequality can be rewritten as follows

(a* 4+ b* + M) (a® + b + 2 — ab — bc — ca) > ZbQCQ(b —c)?,

(a* +b* + ) Z(b —c)?> 22 b’ (b —c)?,
> Sab—0)* >0,

where

The equality occurs for a =b = c.

P 2.102. Let ay,as,...,a, be real numbers such that

2 2 2
aj + a3+ +a2 =n.

Prove that:
(a) formn =3,
5
(b) forn =25,

ay +az +az+ay+as + min(a; — aj)g <1
) 1#]
(Vasile Cirtoaje, 2019)

Solution. (a) We need to show that
s +min(a; — a;)? < -
i#£] ‘ =3

where
o + ag + as

3
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According to Lemma below, we have

3(1 — s?
min(a; — a;)* < (—S)
i#j
Thus, we only need to show that
3(1 — s?)

s+ <5
2 -3

which is equivalent to
(3s—1)*>0.

For a; > as > as, the equality holds when a; — as = as — a3 and a; + as + a3 = 1, i.e. when

1+2v3 1-2V3
= —, Qo= ag = ——.

1
“ 3 3’ 3

(b) We need to show that
s +min(a; — a;)* < 1,
i#j

where
a1+ as + az + aq + as

5

According to Lemma below, we have

in(a; —a;)? < =—"——"2
g;l;l(az a;)” < )

Thus, we only need to show that

1—s <1

— )

s+

which is equivalent to
(s—1)*>0.

For a; > ay > a3 > a4 > as, the equality holds when a1 — as = ay — a3 = a3 — ay = a4 — as
and a1 + as + as + ay + a5 =5, i.e. when a; =ay =a3 =a4 = a5 = 1.
Lemma. If aq,as, ..., a, are real numbers satisfying
a?4+ai+---+at=n, atay+---+a,=ns, sc[-1,1],

then 1201 2)
g )2 < LTS
e =) < S

Proof. Assume that
ap > az 2 -+ 2 ap,
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and denote

> (n— 1):13+2(n—2)m+32(n—3)x+ +(n—1)2-[n—(n—1)]x

n[P+22+3 4+ +(n-1z-[P+22+3 4+ +(n-1)7%z
n*(n—1)2n -1z n*(n—1)>% n?*(n?>-1)z
N 6 412
hence 1201 — 5
TS =

For ay > as > --- > a,, the equality occurs when

a; — A = A — A3 =+ = Ap—1 — Q.

Remark. The inequality (b) can be generalized as follows:

2

" -1

1_a1+a2+ +a > n mm(ai—aj)Q.
n 24 i

P 2.103. Let ay,as,...,ar be real numbers such that

2 2 2
aj+ay;+---+a; =n.

Prove that:
(a) \/'“l+“2+"'+“7' + min(a; —a,)° < I;
7 i#]j
|CL1—|—CL2—|—"'—|-G7| 19
(b) 7 + 8 min(a; i~ aj)’ <3

(Vasile Cirtoaje, 2019)
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Solution. Let T n
a a .« .. a
§= ——2 - T sl <1

(a) We need to show that
V8| + min(a; — a;)* < 1.
i#j

According to Lemma from the proof of the preceding P 2.102, we have

1 —s?
1 o — . 2
min(a; —a;)” < —

Thus, we only need to show that

which is equivalent to

(1= Jsh(1+1sl) <4 (1= V/Is1)
<1+\/|?) (1+]s]) <

which is obvious for |s| < 1. The equality holds for a; = as = --- = ay = £1.

This is true if

(b) We need to show that

As shown at (a), we have

o
Ig;ljn(az a;)” < 1

Thus, we only need to show that

VIl +2(1 - 1sf?) < 2

which is equivalent to

16]s]* +3 > 8/]s|.

This follows immediately from the AM-GM inequality. For a; > ay > - a7, the equality
+7
holds when a1 —ay = ay —as = - = ag —ay and a; +as + -+ ay = R i.e. when
2+ (4—Fk)V15 -2+ (4—k)v15
ar = 3 , and also when a; = S )
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P 2.104. Let f be a differentiable convexr function on a closed interval 1 = [a,b]. If
ai,as,...,a, €1, then Jensen’s difference

sz(a1)+f(a2)+...+f<an)_nf(a1+a2+...+an>

n

has the mazimum value when all a; € {a,b}.

(Vasile Cirtoaje, 1990)

Solution. For fixed ao,as, ..., a,, let

n

D(ay) = f(ay) + flag) + -+ + f(a,) —nf <a1+a2+-..+an)'

Since f’ is increasing, from

Dfar) = f/(ar) — (al‘” at ot ) |

n
it follows that D'(a;) < 0 for a; € [a,c] and D’(ay) > 0 for a; € [c, b], where

_ag+--+ay,

n—1

As a consequence, D(ay) is decreasing on [a, ¢] and increasing on [c, b], hence D(a;) has the
maximum value for a; = a or a; = b. Similarly, Jensen’s difference D has the maximum
value for a; € {a,b},i=2,3,...,n.

Remark. The following statement is also valid:

o Let f be a differentiable convex function on an interval I, and let ay,as, ..., a, €1 such
that ay > as > -+ > a,. For fixed a; and a,, Jensen’s difference

n

D:f(&1)+f(a2)+..._|_f(an)_nf(a1+a2+...+an)

has the mazimum value when a; € {ay,a,} fori=2,3,...,n— 1.

The proof is similar with the above one.

P 2.105. If a,b, c are real numbers, then
2> —a+1)(* —b+1)(c* —c+1) > (abe — 1)

(Vasile Cirtoaje, 2018)
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First Solution. If one of a, b, c is zero, the inequality is true. Thus, if a = 0, the inequality

becomes
200 = b+ 1)(c* —c+1) > 1.

Indeed, we have
3
200> =b+1)(c* —c+1) 227
Assume now that abc # 0, denote
z=0"—-b+1)(c®—c+1), y = be,

and write the required inequality as A > 0, where

A= (2r —y*)a® — 2(z — y)a+ 22 — 1.

We have 2 32
c
20 —yP > 2. — . — — b’ >0
xT—y 11 >
and )
_ 2 r—y
14_(2313—3/)((1—2 —y2) + B,
where ) 042 .
Beop_ 1. @=y" _aBr-20"-y+1)]
2x — 1 2x — y?
Since
3x—2(y* —y+1) >0,
35
with equality for b = ¢ = 2\/_ (see P 2.5), we have B > 0, hence A > 0.

-y
20 —y
r=0*—b+1)? = (2b)? = 4%,

3+

and b= ¢ = 5 (when b* — 3b+1 = 0). Since

The equality occurs for a = 5

r—y = 4b* — b* = 3b?, 22 — 1% = 8b* — b*,
a_x—y_3b2_3_ 3 —1—b
2z —y? 82—t 8—02 8—(3b—1) 3-b

the equality holds for

3++5

a=b=c= .
2

Second Solution ( by KaiRain). We get the required inequality by multiplying the in-
equalities
30 —b+1)(c®—c+1)>2(° —y+ 1),

2
4a® —a+1)(y* —y+1) > 3(ay — 1),
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where y = bc. The first inequality is treated in P 2.5, while the second inequality is equivalent
to
(ay —2a — 2y +1)* > 0.

P 2.106. If a,b,c are real numbers, then
(14+V2)(@® —a+1)B* b+ 1)(® —c+1) > a?b’P + 1.
(Vasile Cirtoage, 1992)
Solution. For a = b = ¢, the inequality becomes
(14+V2)(a*> —a+1)°*>a°+1.
This inequality is equivalent to
[a® — (1 +V2)a+ 1]*[V2a® — (V2 —1)a+ V2] > 0.
Based on this result, we have
(1+V2>2 @ —a+1)P30* = b+ 1) —c+1)>> (a®+ 1)(5 + 1)(c® + 1).
It suffices to show that
(a®+ 1)+ 1)(° + 1) > (a’*® + 1),

which is just Holder’s inequality. The equality occurs for

a:b:c:%<1—l—\/§:|:\/2\/§—1>.

P 2.107. If a,b,c,d are real numbers, then

(a) 4(1—a+a2)(1—b+62)(1_c+c2) Z 1_‘_a2b2+b202+02a2;
1+ abed \ 2
W Qa1 bR e @) - d k) > (S

(Vasile Cirtoaje, 1992)
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Solution. We will use the inequality
2(1—a+a2)2 > 1+ a,
which is equivalent to (1 —a)* > 0.
(a) We have
8(1—a+a®)* (1 —-b+0)*(1—c+c*)? > (1+a")(1+0 1+ .
Thus, it suffices to show that
2(1+a*)(1+b")(1+c*) > (1 + a®b* + b*? + Pa?)?,
which follows from the Cauchy-Schwarz inequality
(1+a* +a* + D1+ 0"+ +b'c) > (1 +a®? + aPc? + bich)?.

The equality holds for a =b=c=1.
(b) We have

41 —a+a®)*(1 —b+0*)? > (1 +a*)(1 +b*) > (1 +a??)?,

hence
21 —a+a*)(1 —b+0b*) > 1+’

The desired inequality follows by multiplying the inequalities
2(1 —a+a®)(1 —b+b*) > 1+ a®b?,

21 —c+ )1 —d+d*) > 1+ A%,
(14 a®b?)(1 + *d*) > (1 4 abed)?.
The equality holds for a =b=c=d = 1.

P 2.108. Ifa,b,c,d are real numbers, then
3a>—a+ 1) —b+1)( —c+1)(d* —d+1) > a®b**d* — abed + 1.
Solution. For fixed b, ¢,d, denote m = bed and write the inequality as F'(a) > 1, where
F(a) =3f(a)(b* —b+1)(* —c+1)(d* —d + 1),

a?—a+1
fla) = m2a—ma+ 1
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If abed = 0 or abc = 1 or bed = 1 or cda = 1 or dab = 1, the inequality is true. Indeed, if
a =0 or bed =1, then f(a) =1 and

Fla)=30*—b+1)( —c+1)(d>—d+1)>3-~->. = >1.

Consider now abed # 0, abc # 1, bed # 1, e¢da # 1, dab # 1. We have the derivative

(m — 1)[ma* —2(m + 1)a + 1]
(m2a? — ma + 1)?

f'(a) =

with f'(a1) = f'(az) = 0, where
m+1—+vm?2+m-+1 m+1+vm24+m+1

ay = ) Qg =
m m

For a = a; and a = ay, we have

2a — 1
bed = .
abc p—
Case 1: m > 1. f(a) is increasing on (—o00, a1| U [az,00) and decreasing on [ay, as]. Thus,
it suffices to consider a = —oo and a = ay. For a = —o0, we have
3 3 30 3¢ 3d* 81
F(=00)= =0 =b+ 1) —c+ (> —d+1)> - — - — = — > 1.
(700) = ot ~ 0 D@ — et D& —dt 1) 2 Gah T 7 T T

It remains the case a = as,.

Case 2: 0 < m < 1. f(a) is increasing on [ai, as] and decreasing on (—o0, a1} U [ag, 00).
Thus, it suffices to consider a = a; and a = co. For a = 0o, we have F(co) > 1. It remains
the case a = a;.

Case 3: m < 0. f(a) is increasing on (—o00, as] U [a;,00) and decreasing on [a, a;]. Thus,
it suffices to consider a = —oo and a = a;. For a = —o0, we have F(—o0) > 1. It remains
the case a = a;.

Due to symmetry, it suffices to consider the cases a € {a, a2}, b € {b1,b2}, ¢ € {c1, ¢}
and d € {dy,d>}, when

201 2b—1 2c—1 2d—1

bed = =T Ty T d—a

From these relations, we get a =b=c=d = —1, or

a:b:c:d:i(i’)—k\/gi\/fi\/gi)

3 )
(which follows from a + — = +2\/_). In the first case, we have
a

3(a* —a+1)*
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and in the second case 3 9 1)4
a‘“—a+
Fla) = =1
o

(3+\/Ei\/6\/5—2).

Therefore, the equality occurs for

a=b=c=d=

1 =

P 2.109. Ifa,b,c,d are real numbers, then
(a®>—a+2)(* —b+2) (> —c+2)(d*—d+2) > (a+b+c+d)>
(Vasile Cirtoage, 1994)

Solution. . We denote
r=a+0b—1, y=c+d-—1,

and use the inequality
(> —a+2)(b* —b+2)>(a+b—1)*+3,

which is equivalent to
(2ab — a — b)* + 3(a — b)* > 0.

Thus, it suffices to show that
(@ +3)(y* +3) = (z +y +2)°,

which is equivalent to

2’y? +2(2” +y* —ay) — 4w +y) +5 >0,

(zy —1)? +2(2® + ) —4(z +y) +4 >0,

(zy = 1)* +(z —y)* + (z +y)* —d(z +y) +4 >0,
(zy =1+ (@ -y + (@ +y -2 =0,

The equality occurs fora=b=c=d = 1.

Remark. From the given proof, the following stronger inequality holds:
(> —a+2)0* —b+2)( —c+2)(d>—d+2)>(a+b+c+d)’+ (v +y—2)%
that is
(> —a+2)(t* =b+2)(F—c+2)(d®*—d+2) > (a+b+c+d)?+ (a+b+c+d—4)>°

O
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P 2.110. If a,b,c,d are real numbers, then
(a®> +3)(b* +3)(c® +3)(d* +3) > 16(a + b+ c+ d)*.
(Vasile Cirtoaje, 2011)

Solution 1. Denote

(b* +3)(c* + 3)(d* + 3) S_b+c+d
64 ’ -3

and write the inequality as follows:
4(a® + 3)z > (a + 3s)?,

(4r — 1)a® — 6sa + 122 — 9s* > 0,

35 \° 352
4r—1) (a— 120 (1 > 0.
(4z )<a 4x—1) * x( 455—1)—0

Since
dr—1> — —1>0,
it suffices to show that
352
_ >0,
dr — 1

which is equivalent to
3(b* +3)(c® +3)(d® +3) > 16(b + c + d)* + 48.

This inequality was proved at P 2.52.
The equality occurs fora =b=c=d=1lora=b=c=d=—1.

Solution 2. Using the Cauchy-Schwarz inequality, we have

(b+c+d)?

(a® + 3) [H 3

] > (a+b+c+d)>.
So, it suffices to prove that

(a® +3) (b + 3)(c* + 3)(d* + 3) > 16(a” + 3) {1 + M} :

3

which reduces to the inequality in P 2.52.
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P 2.111. Let a,b,c,d be real numbers such that abcd > 0. Prove that

(a+é) (b+%) (c+%) (d+é) (a+b+c+d)<1+%+1+$).

(Vasile Cirtoaje, 2011)

First Solution. Write the inequality as A > B, where

A= (a®>+1)(*+ 1)(c® +1)(d* + 1)
(14 a*c®)(1 + b*d*) + Z a’® + Z a’b® + Z a’b*c?,
B= (Z a) (Z abc> = dabed + 3" a?(be + ed + bd).

Then,
1
_ 2 2
A — B =(1— abed)” + (ac — bd) +§Z (1 — be)? Za (1 — cd)?

+) a? =) b,

and hence 1
272 2,7 2 2

A-B=>) a’ —Zabd—EZa(b—d) >0

The equality holds fora =b=c=d =1.

Second Solution. Since
a—+ +c)(c+ +a)—(a+0+c+ ca + cda + aaov + abc) = (ac — >
b)(b d)(d b d)(bcd + cda + dab + ab bd)* >0
it suffices to show that
@+ 1)+ 1D)(E+1)(d*+1) > (a+b)(b+c)(c+d)(d+ a).
By the Cauchy-Schwarz inequality, we have
(a® +1)(1+b%) > (a +b)?,
O* +1)(1+c*) > (b+c),
(+1)(1+d*) > (c+d)?
(@ +1)(1+a*) > (d+a)*
Multiplying these inequalities, we get

(a®>+ 1)V +1)( 4+ 1)(d* +1) > [(a+b)(b+c)(c+d)(d+ a)|
a+

b)(b+ c)(c+ d)(d + a).
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P 2.112. Let a,b, c,d be real numbers such that
a+b+c+d=4, AP+ +E+E=T.

Prove that
a®+ b+ +d® < 16.
(Vasile Cirtoage, 2010)
First Solution. Assume that a < b < ¢ < d, and denote

s=a+b, p=ab, s< 2, 4p < st

Since
2(a® + %) = 2(s* — 3ps),
ctd=4—s E+d=T7—(a®+V)=7—5"+2p,
200+ d&°) = (c+d)[3(° + d°) = (c+ d)’] = (4 — 5)(—45" + 85 + 5+ 6p),
we have

2(a® + 0% + & + d® — 16) = 12p(2 — s) + 65 — 245% 4+ 275 — 12
< 35%(2 — ) + 65 — 245% + 275 — 12
=3(s—1)*(s—4) <0.

This completes the proof. The equality holds for a = b = ¢ =1/2 and d = 5/2 (or any cyclic
permutation).

Second Solution (by Vo Quoc Ba Can). From

1 1
7:a2—|—b2—|—62+d2Za2+§(b+c+d)2:a2+§(4—a)2,

c|=t 2
a 2,2

-1 5
b,C,dG |:7, §:|

it follows that

Similarly, we have

On the other hand,

) )
3,13 3 13 _ 2 3 2
a+b+c—|—d—§§a—l—g(a—§a)
35 1
=5 327062

and, by virtue of the Cauchy-Schwarz inequality,

2 aG-20)] (6Xa-2Yd%"
2 a5~ 2) 2 S6-20)  20-2%a
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Therefore,

a3+b3+c3+d3§§—g:16.

Remark. In the same manner as in the second solution, we can prove the following gener-
alization.

o Ifay,as,...,a, are real numbers such that
a+ag+-+a,=2n, al+a3+---+a>=nn+3),

then
al+ a3+ +ad <n(n’+3n+4),

with equality for ay = ... = a,—1 =1 and a, =n+ 1 (or any cyclic permutation).

P 2.113. Let a,b,c,d be real numbers such that
a+b+c+d=0.

Prove that
12(a* + b+ + dY) < 7(a® + b + & + d)*.
(Vasile Cirtoaje, 2010)

Solution. Assume that a®> = max{b?, ¢ d*} and denote

[p2 2 4 2
T = %, 2 < d?.

, Pt d <b+c+d)2_a_2
a 3 - 3

Since

X

9 Y
we have
a2
— <z?<d
g ST =
By the Cauchy-Schwarz inequality, we have
Vit +dh = (0 A+ A - 202 + AdP + dPBP)
= 9z* — 2(0*°c* + Ad* + d*V?)
2
< 9z — g(bc + cd + db)?

1
:9:164—6[(b+c+d)2—b2—c2—d2]2

_ogt l(aQ 3% = 452* + 6a*2* — a*
6 Y

6
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hence

452* + 6a%x? + ba*

A+t +dt< G

Therefore, it suffices to prove that
2(45x* + 6a2* + 5a*) < 7(a® + 32%)?,
which is equivalent to the obvious inequality
(2% — a*)(92* — a®) < 0.
The equality holds for —a/3 = b= ¢ = d (or any cyclic permutation).

Remark. Similarly, we can prove the following generalization.

e Ifay, as,...,a, are real numbers such that

ai+az+---+a, =0,

then
(af+a3+-+a2)? o _nn—1)
at+ai+--+al T n2=3n+3
with equality for —ay/(n—1) =ag =+ = a, (or any cyclic permutation).

P 2.114. Let a,b,c,d be real numbers such that
a+b+c+d=0.

Prove that
(a®>+ b+ +d*)? > 3(a +b° + 7+ d°).
(Vasile Cirtoaje, 2011)

Solution. Applying the AM-GM inequality and the identity

(a+b+e)P=a*+b*+c+3(a+b)(b+c)c+a),
we have

@+ ++ )P =+ +F+ (a+ b+

[(a+b)*+ (b+c)* + (c+a))
> 27(a+ b)*(b+ ¢)*(c+ a)?
3[(a+b+c)* —a® — b —
3(a® +b* + &+ d*)?.
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The equality holds for a = b = ¢ = —d/3 (or any cyclic permutation).

Remark. The following generalization holds ( Vasile Cirtoaje, 2011).

e Ifay, as,...,a, are real numbers such that

ar+ay+---+a, =0,

then ( 0
n(n —
(0 + a5+ +al)’ > m(ai’w%---wi)?
Moreover,
o [fk >3 isan odd number, and ai,as,...,a, are real numbers such that
ar+az+---+a, =0,
then K -2
2, 2 21k n*(n —1)" k| ok kN2
ajy+ay+---+a,)" = ay +ag +---+ay,),
( 1 2 n) = [(n . 1)k—1 . 1]2< 1 2 n)
with equality for ay = -+ = a,_1 = —a,/(n — 1) (or any cyclic permutation).

P 2.115. If a,b,c,d are real numbers such that
a+b+c+d=0,

then
at + bt + * + d* + 28abed > 0.

(Adrian Zahariuc, 2015)

First Solution. Assume that a,b, c,d are nonzero and a > b > ¢ > d. Since the statement
remains unchanged by changing the sign of all numbers, it suffices to consider the cases

a>b>c>d>0,

a>b>c>0>d,
a>b>0>c>d.

Clearly, the first and the third case are trivial. For
a>b>c>0>d,
we rewrite the inequality as

a4+ b* +ct + (a+b+c)* > 28abe(a + b+ c).
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By the AM-GM inequality, we have
(a4 b+ c)* > 27abc(a + b+ c).
Thus, it suffices to show that
a* 4+ b* + c* > abe(a + b+ c).
This inequality follows from
at +b* + ¢t > P + b2 + Fa® > abe(a + b+ c).
The equality holds for a = b = ¢ = —d/3 (or any cyclic permutation).
Second Solution Write the inequality as fy(a,b,c) > 0, where
fala,b,c) = a* +b* +c* + (a+b+c)* — 28abe(a + b + c).
According to P 2.60, it suffices to show that fy(a,1,1) > 0. Indeed, we have

fa(a,1,1) = 2(a — 1)*(a + 3)* > 0.

P 2.116. If a,b,c,d are real numbers such that
abed = 1,

then
(1+a)A+H)A+AA+d*) > (a+b+c+d)>

(Pham Kim Hung, 2006)

Solution. Substituting a, b, c,d by |al, |b], |c|, |d|, respectively, the left side of the inequality
remains unchanged, while the right side either remains unchanged or increases. Therefore, it
suffices to prove the inequality only for a,b,c,d > 0. Among a, b, ¢, d there are two numbers
less than or equal to 1, or larger than or equal to 1. Let b and d be these numbers; that is,

(1-b)(1—d)>0.

By the Cauchy-Schwarz inequality, we have

14+a)A 4+ + A1 +d*) = (1 +a® +b* +a®b*) (P + 1+ d* + Pd?)
> (c+a+ bd+ abed)® = (c +a+ bd + 1)°.

So, it suffices to show that

cHa+bd+1>a+b+c+d,

which is equivalent to (1 — b)(1 —d) > 0. The equality holds for a =b=c=d = 1.
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P 2.117. Let a,b, c,d be real numbers such that
a4+ b+ +d =4
Prove that
(abc)® + (bed)?® + (eda)® + (dab)® < 4.
(Vasile Cirtoaje, 2004)

Solution. Substituting a, b, c,d by |a|, ||, |, |d|, respectively, the hypothesis and the right
side of the inequality remains unchanged, while the left side either remains unchanged or
decreases. Therefore, it suffices to prove the inequality only for a,b,c,d > 0. Setting

r=a? y=0b, z2=¢, t=d

we need to prove that
(2y2)*? + (yzt)* + (2tx)®? + (tay)?? < 4
for

r+y+z+t=4.
By the AM-GM inequality, we have

AYryz <l4+zx+y+2z2=5—t,

5—t)2
(1922 = gz < PO

analogously,

)3/2 < zta(5 —y)? (t:ny)?’/Q < try(5 — 3)2‘

)3/2 < y2t(5 — x)?
- 16 ’ - 16

16 . (ztx

(y=t
Therefore, it suffices to show that
wyz(5 —t)* + yzt(5 — 2)* + 2tw(5 — y)* + tay(5 — 2)* < 64,
which is equivalent to E(x,y, z,t) > 0, where
E(x,y,z,t) = 36xyzt — 25(xyz + yzt + ztx + try) + 64.

To prove this inequality, we use the mixing variables method. Without loss of generality,
assume that x >y > 2z >t > 0. Setting

r+y—+z
3 )
we have

ud > TYZ.

w
IS
+
I

~
IA
IS
IN

LI



166 Vasile Cirtoage

We will show that
E(x,y,z,t) > E(u,u,u,t) > 0.

The left inequality is equivalent to
25[(u® — xyz) +t(3u? — 2y — yz — zx)] > 36t(u® — 2y2),

(25 — 36t) (u® — 2y2) + 25t(3u* — 2y — yz — zx) > 0.
By Schur’s inequality

(@ +y+2)° +9zy2 > Az +y + 2)(zy + yz + 22),

we get
9?4 3zyz > du(zy + yz + 2x),

hence 0 1 3 "
3u® —ay — yz — 2w > 3u® — wt e _ (u —xyz)'
4u 4u

Therefore, it suffices to prove that

75t
25 — 36t + — > 0.
4u

Write this inequality as
25(4u + 3t) > 144ut,

then in the homogeneous form
25(4u + 3t)(3u + t) > 576ut,

or, equivalently,
75(4u* + t*) > 251ut.

This inequality is true, since
75(4u* + t7) — 251ut > 75(4u* + 2 — dut) = 75(2u — t)* > 0.
The right inequality F(u,u,u,t) > 0 holds also, since

E(u,u,u,t) = (36u® — 75u*)t — 25u® + 64

= (36u® — 75u?)(4 — 3u) — 25u> + 64
4(16 — 75u” + 86u® — 27u?)

4(1 — u)?(16 + 32u — 27u?)

4(1 — u)?[4(4 — u) + 9u(4 — 3u)] > 0.

This completes the proof. The equality holds fora =b=c=d = 1.
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P 2.118. Let a, b, ¢, d be real numbers such that
A+ +E+dE=1.

Prove that
1—a)*+1-0)*+A-c)*+ 1 —d)*>a* +b* +c* +d*
(Vasile Cirtoaje, 2007)

Solution. The desired inequality follows by summing the inequalities
(1—a)*+(1-b)">c"+d,

(1—c)* 4+ (1 —d)* > a* + b
Since
(1—a)*+ (1 —-0)*>2(1—a)*(1—b)?
and

t+d > (P +d*)?

DO | —

the former inequality holds if
2(1 —a)(1—b) >+ d*
Indeed,

21 —a)(1—-b) - —d*=2(1—a)(1 —=b)+a*+b*—1=(a+b—1)>>0.

1
The equality holds fora =b=c=d = 3

-1
P 2.119. Ifa,b,c,d > - such that

a+b+c+d=4,
then
1—a L 1-0b i 1—c N 1—d S
l—a+a?> 1-b+0 1—c+c 1—-d+d*—
(Vasile Cirtoaje, 2014)

Solution (by Nguyen Van Quy). Assume that a < b < ¢ < d and consider two cases: a > 0
and a < 0.

Case 1: a > 0. Write the inequality as

a? b2 Vs d?
<4
Il et 11 " 1-cre 1_dr&=
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We have
a? b? c? d? a? b 2 P
<_ J— J— —_— =
1—a+a2+1—b+b2+1—c+62+1—d+d2_a+b+c+d

Case 2: —1/2 < a < 0. We can check that the equality holds for a = —1/2 and b = ¢ =
d = 3/2 (or any cyclic permutation). Define the function

11—z —1

4.

f(I):er/ﬁx—sz, T > 5
such that
1(3/2) = 1'(3/2) = 0.
We get 9 A
ki = 4—97 ko = Ea
when

11—z 120 — 4 2x — 3)%(3z +5
PR S - Y IR,

l—x+zx 49 49(1 — x + x2)
Since f(xz) > 0 for x > —1/2, we have

1—=x 4 — 12z
> .

1—z+22— 49
Therefore,
1-b n 1—c N 1—-d >12—12(b+c+d)_12(a—3)
1—b4 1—c+c 1—d+d2~ 49 49

Thus, it suffices to show that

l—a  12(a—3)
> 0.
1—a+a2+ 49 -

Indeed,
l—a N 12(a—3)  (2a+1)(6a® —27a + 13) =0
1 —a+a? 49 49(1 — a + a?) -
The proof is completed. The equality holds for a = b = ¢ = d = 1, and also for a = —1/2
and b = ¢ = d = 3/2 (or any cyclic permutation).

]

P 2.120. If a,b,c,d are real numbers such that a >b>c>d, b+c¢ >0 and
AV +E+d* =4,

then
a’c® + v*d? < 2.
(Vasile Cirtoage, 2020)
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Solution. We have
2 —a*c? —b*d* =2+ (a® = V) (b* — &) —b*(a* + S+ d° = V?)
=2+ (> — b} — &) — b*(4 — 20%)
= (a® = b*)(b* — ) +2(b* — 1)?
=(a—b)(b—c)(a+b)(b+c)+20*—1)2>0.

The equality holds fora =b=1>c>dand 2 +d> =2, and fora > b=c =1 > d and
a? 4+ d? =2.
O

P 2.121. Let a,b, c,d be real numbers such that
a4+ +E+dd =4

If a>b>c>d, then
1 — abed < (a — d)?.

(Vasile Cirtoaje, 2019)

Solution. There are five cases to consider.

Case 1: a > b > c > d > 0. For a = d, the inequality is a trivial equality. Consider
next that a > d, give up the condition b > ¢ (consider only that b, ¢ € [d, a]) and write the
inequality in the homogeneous form f > 0, where

f =16abed + 4(a — d)*(a* + b* + & + d*) — (a® + b + & + d*)*.
For fixed a, ¢ and d, f is a function of b, b € [d, a]. We have
f'(b) = 16acd + 8(a — d)*b — 4b(a® + b* 4 ¢* + d?) = 4bh (D),
where dacd

b

Since h(b) is a decreasing function, there are three possible cases: (1) h(b) > 0 for b € [d, al,
hence f(b) is increasing on [d,a]; (2) h(b) > 0 for b € [d,d;] and h(b) < 0 for b € [dy,a],
hence f(b) is increasing on [d, d;] and decreasing on [dy, al; (3) h(b) < 0 for b € [d, al, hence
f(b) is decreasing on [d, a]. In all these cases f(b) has the minimum value when b € {a, d}.
As a consequence, we only need to prove the required inequality for b € {a,d}. Similarly, we
only need to prove the required inequality for ¢ € {a,d}. So, we need to show that

h(b) +2(a —d)* — (@®> + b* + & + d°).

16a*d* % + 4(a — d)*[ka® + (4 — k)d*] — [ka® + (4 — k)d*]* > 0,

where

ke {1,2,3).
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For d = 0, the inequality reduces to
k(4 —k)a* >0,

which is true for k € {1,2,3}. Next, due to homogeneity, we may set d = 1 (which involves
a > 1). The required inequality becomes

4(a —1)?*(ka® +4 — k) > (ka®> + 4 — k)? — 164"
Fork = 1, we need to show that
4(a —1)*(a* + 3) > (a* + 3)* — 16a,

that is
4(a —1)*(a* +3) > (a — 1)*(a® + 2a + 9),

(a —1)*(3a® — 2a +3) > 0.
The last inequality is clearly true.

Fork = 2, we need to show that
2(a —1)*(a* + 1) > (a* + 1)* — 4a?,

that is
2(a —1)*(a® +1) > (a® — 1)*,

(a—1)*>0.
Fork = 3, we need to show that
4(a —1)*(3a* + 1) > (3a® +1)* — 164,

that is
4(a—1)2Ba*+1) > (@ — 1)*(9a* + 2a + 1),

(a —1)*(3a® — 2a + 3) > 0.
Case 2: a > b>c >0 > d. Replacing d by —d, we need to show that
(a+d)* > 1+ abed
for a > b>c >0 and d > 0 satisfying a? + b* + ¢® + d? = 4. It is enough to show that
2(a+d)? > 2+ ad(b® + ¢*),

that is
2(a+d)* > 2+ ad(4 —a* — d?),

(a* + d*)(2 + ad) > 2.
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Since
4d=a?+ b0+ +d* <3a®+ &,
we have 2 4 A2 2, P
a°+d*) (24 ad) > 2(a”*+d°) = > > 2.
(@ + )2 +ad) > 2(a” + ) = 12T 5 TS

Case 3: a > b> 0> c>d. Replacing ¢ by —c and d by —d, we need to show that
abed + (a+d)* > 1
for a > b >0 and d > ¢ > 0 satisfying a® + b + ¢ + d? = 4. It is enough to show that
(a+d)?*>1.

Since
4=a’+b+ A+ d* < 2d®+ 24,
we have
(a+d)?>a*+d*>2.

Case 4: a > 0> b > ¢ > d. Replacing a, b, ¢, d with —d, —c, —b, —a, respectively, this case
reduces to the case 1.

Case 5: 0> a > b > c > d. Replacing a,b, c,d with —d, —c, —b, —a, respectively, this case
reduces to the case a >b>c¢>d > 0.

The proof is completed. The equality occurs fora=b=c=d =1.

P 2.122. Ifa,b,c,d,e > —3 such that
a+b+c+d+e=05,

then
1—a n ) n 1—c¢ n 1—-d n 1—e S
l+a+a? 14+0+02 1+c+c2 14+d+d? 1+e+e2—
(Vasile Cirtoage, 2014)

Solution. Assume that a < b < ¢ <d < e and consider two cases: a > 0 and a < 0.

Case 1: a > 0. For any x > 0, we have

1—x l—x (x—1)*z+2)

l+z4+22 3 3(1+z+2?)

Therefore, it suffices to show that
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which is an identity.

Case 2: —3 < a < 0. We can check that the equality holds fora = -3 and b=c=d =
e = 2. Based on this, define the function

1—=x
f(l’) = m + ]ﬁl’ + kz, T > —3,
such that
f2)=r1@=0
We get
2 3
ki = 19° ko = 19°
when 1 2 3 2)2(2 13)
—x T + T — T+
f(l’) = 2 + = 2
l+z+zx 49 49(1 4z + 2?)

Since f(x) > 0 for x > —3, we have

1—=x >—2x—3
l+z+22— 49

Thus, it suffices to show that

1—a 26+3 2¢+3 2d+3 2e+3>0
14+ a+ a? 49 49 49 49 7

which is equivalent to

l1—a 2(b+c+d+e)+12>

— 0
1+a+a? 49 -
l1—a _2(5—a)+12>07
1+ a+ a? 49 -

2 _
(a+3)(2a* — 26a + 9) >0

49(1 4+ a + a?) -
Clearly, the last inequality is true for —3 < a < 0.

The proof is completed. The equality holds for a = b=c=d =e =1, and also for a = —3
and b =c=d = e =2 (or any cyclic permutation).
O

P 2.123. Let a,b,c,d, e be real numbers such that
a+b+c+d+e=0.

Prove that
30(a* + b+t +dt +et) > T(a® + 02+ P+ dF + )2
(Vasile Cirtoage, 2010)
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Solution. Write the inequality as F(a,b,c,d,e) > 0, where
E(a,b,c,d,e) = 30(a* +b* + c* +d* + e*) — T(a® + b* + & + d* + %)%

Among the numbers a,b, c,d, e there exist three with the same sign. Let a,b,c¢ be these
numbers. We will show that

E(a,b,c,d,e) > E(a,b,c,z,x) >0,

where

x_d‘f‘@_ —(a+b+c)
2 2 '

The inequality E(a,b,c,d,e) > E(a,b,c,z,x) is equivalent to

30(d* + et — 22%) > T(d® 4 €% — 22%)(2a* + 20* + 2¢% + d° + €% 4 22?).

Since
Bt 9t — (d — e)*(7d?* + 10de + Te?)
8
and
d* +e* —22° = (d—Qe)Q’

we need to show that
15(7d? 4 10de + 7€?) > 14(2a* + 2b* + 2¢* + d* + €* + 227),

which reduces to
21(d* + €*) + 34de > T(a* + b* + ¢2).

Since a, b, ¢ have the same sign, we have
A+ b+ <(a+b+c)?=(d+e)’
Thus, it suffices to prove that
21(d* + €*) + 34de > 7(d + €)?,
which is equivalent to the obvious inequality
4(d* + €*) +10(d +¢e)* > 0.

The inequality E(a,b,c,z,x) > 0, where x = —(a + b+ ¢)/2, can be written as

233 at 42 (Za>4 >7(> ) (Za>2+142a262.
(Za) —3Zab— [(a—0)*+ (b—c)*+ (c—a)?] >0,

Since
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it suffices to prove that

23Za4+6 (Zab) (Za)Q >7 (Za2> (Za>2 + 14Za2b2.

This is equivalent to

a” + abc a> - aba —|—62 )+ a’b?,
Sat+abe Y a5 Yl 2.

which follows by summing Schur’s inequality of degree four

Za4+acha>Zab 24 b%)
and the obvious inequality
1
3 Z ab(a® +b*) > Z a’b?.

This completes the proof. The equality holds for a = b =¢ =2 and d = e = —3 (or any
permutation thereof).

Remark. Notice that the following generalization holds (Vasile Cirtoaje, 2010).
e [fn is an odd positive integer and aq, as, ..., a, are real numbers such that
ar+as+---+a, =0,
then
(a2 + a2+ +d?)? < n(n?—1)
at+a3+---+al T n?+3

)

with equality when (n+1)/2 of ay,aq, ..., a, are equal to (n —1)/2 and the other (n —1)/2
numbers are equal to —(n +1)/2.
[l

P 2.124. If a,b,c,d,e are real numbers such that a +b+c+d+ e =>5, then
(@*—a+ 1)V —b+1)(F—c+1)(d*—d+1)(e* —e+1) > 1.
(Vasile Cirtoaje, 2015)
Solution (by KaiRain). Without loss of generality, consider
e = min{a, b, c,d, e}, e <1.

Write the inequality as
Ale* —e+1) >4,

where

A=4(a®>—a+ 1) —b+1)( —c+1)(d*—d+1),
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and use the inequality
2@ —a+ 1) —b+1) > (a+b—1)*+1,

which is equivalent to
(2ab —a —b)* + (a — b)* > 0.

According to this result and the Cauchy-Schwarz inequality, we have
A>[(a+b—172+ 1[I+ (c+d—13>(a+b—14+c+d—1)>*=(3—¢)
Thus, it suffices to show that
(B3—e)l(e? —e+1) >4,

which is equivalent to
(e —1)*(e* —5e +5) > 0.

Since
e —5e+5>5(1—¢)>0,

the proof is completed. The equality holds fora=b=c=d=e =1.

P 2.125. Ifa,b,c,d, e are real numbers, then
4(a* —a+ 1) —b+1)(* —c+1)(d* —d+1)(e* —e+1) > (abede — 1)%
(Vasile Cirtoaje, 2015)

Solution. Firstly, we consider the cases abcde = 1, a = 0 and bede = 2. For abede = 1, the
inequality is trivial. For a = 0, we need to show that

40> —b+ 1) —c+ 1) (d* —d+1)(e* —e+1) > 1.

Indeed, we have
AP b+ 1)@ — et )P —d+ 1)@ —et1)>4.5.2.5. §>1.

For bede = 2, the inequality becomes
4(a®—a+ 1) —b+1)(F —c+1)(d*—d+1)(e—e+1) > (2a — 1)

Since
(B> —b+1)(F—c+D)(d>—d+1)(e*—e+1)>1b|-|c|-|d|-|e| =2,

it suffices to show that
8(a* —a+1) > (2a — 1)?,
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which is clearly true. Otherwise, we write the inequality as F'(a) > 1, where

F(a) =4f(a)(b* — b+ 1) (> —c+1)(d* —d+ 1)(e* — e+ 1),

a?—a+1
f(a)zm, g = bede,
by (g—2)a—2g+1
f((l)— (ag—1)3 :
If g # 2, we have f'(a;) =0 for
a _29-—1
Y

1
Case 1: g € (—00,0) U (2,00). f(a) is increasing on (—oo, —) U [a1,00) and decreasing
9

on <—, ay|. Thus, it suffices to consider a = —oc0 and a = a;. For a = —o0, we have
g

4 2 2 2 2

It remains the case a = a;.
1 1
Case 2: 0 < g < 2. f(a) is increasing on [al, —) and decreasing on (—oo, a;] U (—, 00
g

. Thus, it suffices to consider a = co and a = a; and . For a = oo, the inequality holds. It
remains the case a = ay.

For a = a;, we have
a(2a — 1)

a—2

Due to symmetry, it suffices to consider the case a = a1, b = by, ¢ = ¢y, d = dy, e = e, when

abede =

a(2a —1)  b(2b—1) c¢(2c—1) d2d—1) e(2e—1)

E - b—2 c—2 d—2 o2
From
a(2a—1)  b(20—1)
a—2  b—2 "
we get

(a —b)(ab—2a—2b+1)=0.
The case ab — 2a — 2b + 1 = 0 implies

- 2a—17

a—2
and from ) X
abcde:a( a—1)
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we get abcde = ab, hence cde = 1. Since
(A —c+1)(d*—d+1)(—e+1)>|c|-|d|-|e| =1

and
4(a®> —a+1)(b* —b+1) —3(ab—1)* = (ab — 2a — 2b+1)* > 0,

we have
4(a*—a+1)*—b+1)

(ab—1)?

As a consequence, it suffices to consider the case a = b =c=d = e = f, when (*) implies

a:b:c:d:e:i(i’)—k\/gi\/fi\/gi)

3++v5

F(a) > > 1.

(from a 4+ — = 5 ). In this case, we have
a
4(a®> —a+1)°
F(a) = =1.
(a> (a5 _ 1)2
Note that

4(a®> —a+1)° - (a® —1)* = (a* — 3a® + 3a* — 3a + 1)*(3a® — 2a + 3).

The equality occurs for

a:b:c:d:e:i(?)—l—\/gi\/(i\/gi).

P 2.126. If ay,ao, ..., a5 are real numbers such that

3 3 3 3 3
aj +ay + az + ay + a5 =0,

Z a;aj S 0.

1<j

then

(Vasile Cirtoaje, 2019)

Solution. Since the statement remain unchanged by replacing all a; with —a;, there are
two cases to consider: a; <0, as,as, ayq, a5 > 0, and a1,as <0, as, ayq, a5 > 0.
In the first case, we need to show that if x,a, b, c,d > 0 such that

*=a*+ 0+ + &,



178

Vasile Cirtoage

then
(a+b+c+d)x > ab+ ac+ ad+ bc+ bd + cd.

Write the inequality as
2a@+b+ct+dr+a*+b>++d> > (a+b+c+d)>.

Denoting bt etd
a c

4 )

the inequality becomes
8sx + a® +b° + & + d* > 165°.

Since
a’?+ 0>+ 4 d? > 48
and
m324s322—733 xz§s,
8 2
we have

8sx + a® + b® + ¢ + d* — 16s* > 125 + 4s* — 165% = 0.
In the second case, we need to show that if x,y,a,b,c > 0 such that
By =d 0+,

then
(a+b+c)(x+y) > zy+ab+ be+ ca.

From the known inequalities
(+y)P’>2"+y°,  (z+y)® <4 +yP),

we get

zHy > ety = Vet ad +
r4+y< f/4x3+4y3 = \3/4(a3+b3+c3).
Denoting t = x + y, we have

th ST <y,

where

t, = Va3 + b3 + ¢3, ty = €/4(a3+b3+c3).
On the other hand, it is enough to prove the inequality

<:c+y)2+<a+b+c>2
4 3 ’

(@a+b+c)(z+y) >

or, better, the inequality

5(z + y)? N (a+b+c)?
12 3 ’

(a+b+c)(z+y) >
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which is equivalent to
5t —12(a+b+c)t +4(a+b+¢)* <0,
[t—2(a+b+c))[bt—2(a+b+c)] <0,

2
This is true if t; > g(a +b+c¢) and ty < 2(a + b+ ¢. Thus, we need to show that

8
ST N 3
a’+b’+c’ > 125(a+b+c)

and
a®+ b+ <20a+b+c)d
Indeed, we have

8
A+ +>—(a+b+e)>—(a+b+c)’

— 125

Nel i

and
A+ + A< (a+b+e)<2a+b+e)

Thus, the proof is completed. The equality holds for a1 = ay = a3 = a4 = a5 = 0.

P 2.127. Let ay,as,...,a, > —1 such that
ay +az+---+a, =0.

Prove that
(n—2)(ai +a3+---+a)) >al +a3+ - +aj.
(Vasile Cirtoaje, 2005)

Solution. Without loss of generality, assume that
a; 2> ag 2 -+ 2 ap.

Write the inequality as

n

Z a;f(a;) >0,

=1

where

Since
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we have a; > ag > -+ > q, and

flar) = flag) = --- = f(an).

Therefore, by Chebyshev’s inequality, we get
”Zaif(ai) > (a1 +ag + -+ ap)[f(ar) + flag) + - + fan)] = 0.
i=1

The equality holds for a; = as =---=a, =0, and fora; =n—1anday=---=a, = —1
(or any cyclic permutation).
O

P 2.128. Let aq,as,...,a, > —1 such that
a+ag+---+a, =0.

Prove that
(n—2)(a%+a§+-~-—l—ai)+(n—1(a?+a§+---+ai)ZO.

(Vasile Cirtoaje, 2005)

Solution. For the nontrivial case a? 4+ a3 + - -+ + a2 # 0, write the inequality as
S
(n—1)=24n—-2>0,
So

where
3

Sy=a2+as+---+a>, Sy=a}+as+---+a.
Without loss of generality, assume that

ap <ay << a,, a <0

For any p > 0 such that a; + p > 0, by the Cauchy-Schwarz inequality, we have

: ) [0 (0 + D) (as + p)]?
D (et Ve +p) 2 S TR

i=1
which is equivalent to

S+ (42> a bupx LN
i=1 =1

np
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Thus, it suffices to show that

-2
n—1
Case 1: Sy > T Choosing p = 1, we have
n_
a1 +p=>0
and )
52+Mp—np2:5'2— n > 0.
n—1 n—1
Case 2: 0 < S5 < L. We set
n—1
n—1
P = SQ.
n
From
n—1
p?—ad = Sy —a?
-1 1
= (@t +a) - —df
n
s lat o ta)” e
n
we get a; +p > 0. In addition,
n(n —2) n
S, 4+~ e an?2 =g -2 Sy —(n—1)S
2+ n_1 b~ o+ (n—2) 12 (n—1)S,
:(n—z)\/sz,( ”1—\/52>20.
n_
The equality holds for a; = a3 = --- = a, = 0, and also for a; = -1 and ay = --- = a, =

1/(n —1) (or any cyclic permutation).

P 2.129. Let ay,a0,...,a, >n—1—+/n?2—n+1 be nonzero real numbers such that

a1+a2+-~~+an:n.

Prove that
Lol vl
JR— — . — ?7/
ai = aj a2

(Vasile Cirtoaje, 2010)
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Solution. Without loss of generality, assume that

ap <ap<---<a

— — n-

There are two cases to consider: a; > 0 and a; < 0.

Case 1: a; > 0. By the Cauchy-Schwarz inequality, we have

11 1 1/1 1 1)\?
_2_|__2_|_..._|__2>_ —_ - — 4+ —

1 n? 2
E(al—i-ag%—---an) -

Case 2: a1 < 0. There exists k, 1 < k <n — 1, such that

IV

ap << ap <0< app <0< ay.

Let us denote
ap +---+ag _ak+1+---~|—an

r= -
’ n—k

We have
—l<n—1-Vn2—n+1<x<0, y>1, kr+(n—ky=n.
From £ > 1 and k(y — ) =n(y — 1) > 0, we get
y—x<n(y—1),

hence
n—x

> .
v= n—1
In addition, fromn —1—+vn? —n+1 <z, we get
n+2(n— 1)z —2* > 0.

By the Cauchy-Schwarz inequality, we have

N S A 1)1 k> ok
a? az — k\—am —ar) “k\—-a;—--—a.) a2
and
2 2 2
1 1 1 1 1 1 (n—k) n—=k
5 +...+_22 otk —) > = -
iy a2 — n—k \ag an, n—=~k|ag1+---+ay Y
Then, it suffices to prove that
k' n—~k
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which is equivalent to
k(y —z)(y +z) > na’(y — 1)(y + 1).

Since k(y — z) = n(y — 1) > 0, we need to show that y + x > 2%(y + 1), which is equivalent
to
(1—z)(x+y+2xy) >0.

This is true, since 1 —x > 0 and

_ _ 2
x+y+xy2x+(1+x)(n x):n—l—Z(n )z —x >0.
n—1 n—1

The equality holds when a1 = as = --- = a, = 1, as well as when one of ay,as,...,a, is

1+ +vn? — 1
n—1—1+n?2—n-+1 and the others are tvn nt )

n—1

O

P 2.130. Let ay,as,...,a, < LZ be real numbers such that

ar +ag + -+ a, =n.
If k is a positive integer, k > 2, then
alf+a§+---—|—a22n.
(Vasile Cirtoaje, 2012)

Solution. First we show that at most one of a; is negative. Assume, for the sake of contra-
diction, that a,,_1 < 0 and a,, < 0. Then,

n

pg+ap=n—(a1+-+a,2)>n—(n—-2)- 2:0,
n —_
which is a contradiction. There are two cases to consider.
Case 1: ay,as,...,a, > 0. The desired inequality is just Jensen’s inequality applied to

the convex function f(z) = z*.

Case 2: ay,as,...,a,-1 > 0 and a, < 0. Let us denote

a1+a2+---+an_1
Tr =

= —aq,.
R Y

We have
m—Dz—y=n, x>y>0.

The condition x > y follows from

r—y=n—(n—2)x>0.
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By Jensen’s inequality, we have
af +ay -+ +ay_y > (n—1)"
In addition, a® > —y*. Thus, it suffices to show that
(n—1)z* —y* > n.

We will use the inequality

NONE
-2 ()-8

Therefore, it suffices to show that

which is equivalent to

Indeed,

(n—2)2" + (z — y)* > n.

By Jensen’s inequality, we have

(n—2)2" + (z —y)" > [(n —2) + 1]

(n—2)x+(w—y)]k:n( n )’H

(n—2)+1 n—1

This completes the proof. The equality holds for a; = as =---a, = 1.

P 2.131. Ifay, a9, ... a, > n27 n >3, then
n

1 1 1 1 1 1
Sttt z522—F+—++—
(Vasile Cirtoaje, 2012)
Solution. Let L1
-n
- - > 0.
@)= —s wz e a

We need to show that
flar) + f(ag) + -+ + f(an) > 0.

Consider
aiy. .. a, <0, Qpi1y--- a0, >0, k=0/1,...,n—1.
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—k
”2, it follows that

Since a; + -+ -+ ap >

n(n+k—2
ak+l+"'+an:n_(al+"'+an)SQ-

n—2
Denote
1 1
T = 4+ —.
Q41 anp,
Since
fla:) > Q(R_il(n_ Y oi1o. ok
we get
Flan) + flaa) oo+ flon) = FEZZOZD o )t o

n2

iy a;
Thus, we need to show that

For 9k >

> [24/2k(n — k)(n — 2)(n — 1) — n(n — k)]z
= Vn — k[2¢/2k(n — 2)(n — 1) —nvn — k]z > 0.

3

So, it remains to study the case 9k <

o> M= k) +V(n = k)’ —kBn —4)%]
B 2n

Because

— k)2 —kV2(n —
. (n—k) >(n k)*(n 2)7
Tapntota, T nn+k—2)

it suffices to show that

(n —k)*(n—2) S n(n —k)++/(n—k)[n® — k(3n — 4)?
n+k—-2 2 ’

2k(n—2)(n—1)+< 1 +.”+i)_x22k(n—2)(n—1)+

m, when it suffices to show that
n —
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that is equivalent to
(n —k)[n*—2n — (3n —
n+k—2
(n—k)[n* —2n — (3n — 4)k)* > (k+n — 2)*[n* — k(3n — 4)%],
32k(k — 1)(n — 1)*(n — 2) > 0.

The equality occurs for k£ = 0, that means for a; = ay = --- = a,, = 1, and for k£ = 1, that

DE) V(1 — k)3 — k(3n — 4)2)],

and ap = -+ =a, = (or any cyclic permutation).

means a; =
n -+ 2 n —

]

P 2.132. Ifay,aq,...,a, (n > 3) are real numbers such that

—(3n —2)
a1,09,...,0, > ————, a1+ as+---+a, =n,
n—2
then
1—a 1—ay 1—%

o >0
(I+a1)?  (1+a9)? (14+a,)? —

(Vasile Cirtoaje, 201/)

Solution. Since the inequality holds for n = 3 (see P 2.25), consider further that n > 4.
Assume that a1 < as < --- < g, and consider two cases: a; > 0 and a; < 0.

Case 1: a; > 0. For x > 0, from

11—z r—1 (z—1)7>%*x+3)

(122 1~ ai+2?
we get
11—z S 11—z
(14+z)2— 4
Therefore, it suffices to show that
1 — aq 1 — as 1 — ap
0
4 + 4 4  — 7

which is an identity.

Case 2: —(3n —2)/(n —2) < a; < 0. We can check that the equality holds for
~ —(Bn-2) n+2

W =————2, Gy=Qa3=""+=0qy = )
n—2 " n—2

Based on this, define the function

1—x —(3n —2)

flz) = (1+x>2+k1x+k2, x>
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n+2 (2
() ()=

(n—4)(n—2)°
4n? ’
by — (n— 2)(—;;34— 6n + 8)’
[(n—2)z —n—2]*[(n —4)x + 3n — 4]
fw) = An3(1 + x)? '

Since f(x) > 0forn >4 and z > —(3n —2)/(n — 2), z # —1, we have

such that

We get
ky =

11—z

(1 T {E)2 2 —klx — kg.
Based on this result, we get
1—a 1—a,
rar T Trap 2 Rl@tat ot = -k

Thus, it suffices to show that

1—6L1

m—kl(a2+a3+~--+an)—(n—l)kz 20,
1
which is equivalent to

1—&1

TrmE ki(n —ay) — (n— 1)k >0,
[(n —2)a; + 3n — 2][(n — 4)(n — 2)a] — 2(n® + 4n — 8)ay +n* — 2n + 8] > 0.

The last inequality is clearly true for n > 4 and —(3n—2)/(n—2) < a; < 0. This completes
—(3n —2)

the proof. The equality holds for a; = ay = ---a, = 1, and also for a; = — 5 and
n R
+2 . .
g = -+ = Q, = n (or any cyclic permutation).
n JR—
m
P 2.133. Let a1, as,...,a, be real numbers.

(a) If k> n, then

(a1 +az+--+a,+k—n)? PR
(@+k—-1(a2+k—1)--- (a2 +k—1) = k2’
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) Ifk> g then

a1+a2—|—---—i—an+k—n 1

(@ +2k—1)(ad +2k—1)-- (a2 + 2k — 1) — 2(2k)"1’

(c) (a1 +az+ - +a,)’ 1

(@4+n—1)(a2+n—-1)---(a2+n—1) — nn?’

(d) art+as+---+ay, < 1
(@ +2n—1)(a3+2n—1)--- (a2 +2n—1) — 2(2n) 1’

(Vasile Cirtoaje, 199/)

Solution (by Gabriel Dospinescu). a) Assume that
aj<---<af<1<al, < - <ap,

where 0 < 7 < n. By Bernoulli’s inequality and Cauchy-Schwarz inequality, we have

(1 5) (0 5 )

i=j+1

1 . .
=5 [((af+ - +a)+(n—j)+(k—n)] [j+ (@, + - +a)+ (k—n)]
1
Z ﬁ[(al—l—---—i-aj)+(aj+1+---+an)+(k‘—n)]2
:ﬁ(a1+a2+---+an+k—n]2.
Thus, the proof is completed. The equality occurs for a; = ay =+ =a, = 1.
(b)Replacing k by 2k (k > n/2), the inequality in (a) becomes
(a1 +as + -+ -+ a, + 2k — n)? < 1
(a2 +2k—1)(a2+2k—1)--- (a2 + 2k —1) = (2k)»2

Thus, we only need to show that

4k(ar +ag+ -+ an,+k—n)<(ay+ay+--+a, + 2k —n)?

which is equivalent to
(a1 +az+---+a,—n)*>0.
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The equality occurs for ay =as =---=a, = 1.
(¢) The inequality follows from (a) for k = n.

(d) The inequality follows from (b) for k = n.

P 2.134. Let ay,as,...,a, be real numbers. If k > %, then

(a) (a1 +az + - +a, +2k —n)? <+
(@ —ar+k)(a3—axs+ k) (a2 —a, + k) = kn=?
) (a1 4+as+ -+ a,)? <2
(a%—al—l—g)(ag—a2+g)~-(a%—an+g)_nn_2

(Vasile Cirtoaje, 1994)

Solution. (a) The inequality follows from the inequality (a) in P 2.133 by replacing all a;
with 2a; — 1 and k with 4k. The equality occurs for a; = as =--- =a, = 1.

(b) The inequality follows from (a) for k = g

P 2.135. Let ay,ao,...,a, be real numbers. If k > n, then

(a1 +as+ -+ a,)* +nlk —n) ..

(a) @t h—D(@+k—1)(@+k—1) = k1’
(b) (a1 +ay+--- +a,)* +n? < "
(@ +2n—1)(a3+2n—1)--- (a2 +2n—1) = (2n)» 1

(Vasile Cirtoaje, 2018)

Solution. (a) We will use the induction method. For n = 1, the inequality is an identity.
Assume that the inequality is true for n — 1 variables. Since £ > n > n — 1, we have
(n—12*+k—n+1 o1
(@ +k—1(a3+k—1)-- (a2 +k—1) — k%

where
art+as+ -+ ap—
T = .

n—1

We need to show that
[(n— 1)z + a,]* + n(k —n) <N
(@+k—1(a2+k—-1)--- (a2 +k—1) ~ k!
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for £ > n. Using the induction hypothesis, it suffices to prove that

[(n—1)ax + a,)* + n(k —n) < (n—1)2*+k—-n+1
n(a2 +k—1) - k ’

which is equivalent to
2 2 2, 2
nza, + (k —n)(z* + a;) — 2kza, +n > 0,

n(za, — 1)+ (k —n)(x — a,)* > 0.
The equality occurs for a; =as =---=a, = 1.

(b) The inequality follows from (a) for k = 2n.

P 2.136. Ifay,aq,...,a, (n > 3) are real numbers such that
ap S ag <X ap, G tay e ta, =0,

then
af+a§+---+ai+na1an§0.

(Vasile Cirtoaje, 2009)

Solution. For the nontrivial case af + a3 + -+ a2 #0, let a; =a <0 and a, = b > 0 be

fixed. We claim that for
a<ay<---<ap1 <D, as + -+ a,_1=—a—>b,

the sum S = a2 + -+ 4+ @?_, has the maximum value when at least n — 3 of the numbers
a, ..., an—1 are equal to a or b. In the contrary case, if @ < a; < a; < b, then

a? + af < c? + c?
for all ¢; and ¢; such that
a<c¢g<a <a;<c;<b ¢+c=a;+ay;
indeed,
al +al—c — ¢ = (a; — ci)(ai + ;) + (ay — ¢;)(aj + ¢;) = (a; — ¢i)(a; + ¢; — a; — ¢;) < 0.

This result confirms our claim. Therefore, it suffices to consider the case where at least n—3
of the numbers ao, ..., a,_1 are equal to a or b. More precisely, assume that k of as,...,a,_1
are equal to a and m of as, ..., a,_1 are equal to b, where

k+m=n-—3, k,m > 0.
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Therefore, it suffices to show that
(k+1)a®>+ + (m+ 1)b* + (k+m + 3)ab < 0,

where
a<c<b, (k+1a+c+(m+1)b=0.

We have

(k+1Da* +E+ (m+1Dp*+ (k+m+3)ab=c+ (a+b)[(k+ Da+ (m+1)b] +ab
=c*—(a+bc+ab=(c—a)(c—b) <O.

The equality holds if and only if

ai, as, ..., a, € {ay,an}, a, +as+ -+ a, =0.
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Chapter 3

Symmetric Polynomial Inequalities in
Nonnegative Variables

3.1 Applications

3.1. If a, b, ¢ are positive real numbers, then

a® +b* + ¢ + 2abc + 1 > 2(ab + be + ca).

3.2. Let a, b, ¢ be nonnegative real numbers. If 0 < k < /2, then

a®> +b* +c +kabe+ 2k +3 > (k+2)(a+b+c).

3.3. If a, b, c are positive real numbers, then

abc(a + b+ c) + 2(a® + b* + ¢*) + 3 > 4(ab + be + ca).

3.4. If a,b, c are positive real numbers, then

a(b® + *) +b(c® + a®) + c(a® + b*) + 3 > 3(ab + be + ca).

3.5. If a, b, c are positive real numbers, then

<a2 + b2+ 2

3 ) > b’ + (a —b)*(b—¢)*(c — a)*.

193
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3.6. If a, b, c are positive real numbers, then

(a+b+c—3)(ab+ bc+ ca—3) > 3(abc — 1)(a+ b+ ¢ — ab — bc — ca).

3.7. If a,b, c are positive real numbers, then
(a) A+ ++ab+bec+ca+9>5(a+b+c); T (b) a?+0+3+

4(ab+bc+ca) +18 > 11(a+ b+ ¢).

3.8. If a, b, c are positive real numbers, then
(a) a®+ b+ +abc+ 8 > 4(a+ b+ c);

(b) 4(a® + b® + ) + 15abc + 54 > 27(a + b+ ).

3.9. Let a, b, ¢ be nonnegative real numbers such that
a+b+c=a’>+b+A

Prove that
ab + be + ca > a®b? + b2 + 2a®.

3.10. If a, b, ¢ are nonnegative real numbers, then

(a® + 2bc)(b* + 2ca)(c? + 2ab) > (ab+ be + ca)®.

3.11. If a, b, c are nonnegative real numbers, then

(2a* + be)(2b® + ca)(2¢* + ab) > (ab+ be + ca)®.

3.12. Let a, b, ¢ be nonnegative real numbers such that
a+b+c=2.
Prove that
(a) (a® +0*)(b* + ) (* + a®) < (a+b)(b+ ¢)(c + a);

(b) (a® 4+ b?)(b* + 2)(? + a?) < 2.
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3.13. Let a, b, ¢ be nonnegative real numbers such that
a+b+c=2.

Prove that

(a® + ) (b + ) (P + a?) < 2.

3.14. Let a, b, ¢ be nonnegative real numbers such that
a>+ 0+ =2

Prove that

(a® +0*)(V* + ) (P +a®) < 2.

3.15. If a, b, c are nonnegative real numbers such that
a+b+c=2,

then

(3a® — 2ab + 3b*)(3b* — 2bc + 3¢®)(3¢* — 2ca + 3a*) < 36.

3.16. Let a, b, ¢ be nonnegative real numbers such that
a+b+c=3.

Prove that

(a® — 4ab + b*)(b* — 4bc + ¢*)(c* — 4ca + a®) < 3.

3.17. If a, b, c are positive real numbers such that
a+b+c=3,

then
12

b — >5
“ C+ab+bc+ca -

3.18. If a, b, ¢ are positive real numbers such that
a®+ b+ c* =3,
then

3
5 b — > 18.
(a+ +c)+abc_
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3.19. If a, b, ¢ are positive real numbers such that
a? 4+ b 4 c* =3,

then
12 + 9abc > 7(ab + be + ca).

3.20. If a, b, c are positive real numbers such that
a4+ b+ c* =3,

then
21 + 18abe > 13(ab + bc + ca).

3.21. If a, b, c are positive real numbers such that
a®+ b+ c* =3,

then
(2 —ab)(2 —bc)(2 — ca) > 1.

3.22. Let a, b, ¢ be positive real numbers such that
abc = 1.

Prove that

a+b+c 5> a? + b2 + 2
3 = 3 '

3.23. If a, b, c are positive real numbers such that
abc =1,

then
A+ +E+a P+ b+ 20 >3(a+b+o)(a + b 4.

3.24. If a, b, c are positive real numbers such that
abc =1,

then 9
a2—|—b2—|—02—ab—bc—ca2Z(a+b+c—3).
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3.25. If a, b, ¢ are positive real numbers such that
abc =1,

then
a>+ b+ +a+b+c>2ab+ be+ ca).

3.26. If a, b, c are positive real numbers such that
abc =1,

then
a? +b* + c + 15(ab+ be + ca) > 16(a + b+ c).

3.27. If a, b, c are positive real numbers such that
abc =1,
then

3

2
+ ab+ bc + ca’

2 L
a+b+c 3

3.28. Let a, b, ¢ be the lengths of the sides of a triangle. If
a®+ b+ c* =3,

then
a+b+c> 2+ abe.

3.29. If a, b, c are positive real numbers such that
abc =1,

then

V(A +a)1+b)(1+c) > va(l+a+b+e).

3.30. If a, b, c are positive real numbers, then

a® 4+ b% 4+ ® — 3a%b*c* > 18(a® — be)(b* — ca)(c* — ab).
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3.31. If a, b, ¢ are positive real numbers such that
a+b+c=3,
then 1 ] .
2,72 | 2
?+b_2+g2a + b+ c”.

3.32. If a, b, c are positive real numbers such that

ab + bc+ ca = 3,
then

a® 4+ b + & 4 Tabe > 10.

3.33. If a, b, c are nonnegative real numbers such that

a® 4+ b+ =3,
then

a*bt + bt + ctat < 3.
3.34. If a, b, ¢ are nonnegative real numbers, then
(a+1)*(b+1)*(c+1)* > 4(a+ b+ c)(ab+ be + ca) + 28abe.
3.35. If a, b, c are positive real numbers such that
a+b+c=3,
then
1 + 8abc > 9min{a, b, c}.

3.36. If a, b, c are positive real numbers such that

a®+ b+ c* =3,
then

1 + 4abc > 5min{a, b, c}.
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3.37. If a, b, c are positive real numbers such that
a+ b+ c=abe,

then
(1—a)1-b)(1—c)+(V3-1)3>0.

3.38. If a, b, c are nonnegative real numbers such that
a+b+c=2,

then
(a® + be)(b* + ca)(c? + ab) < 1.

3.39. If a, b, c are nonnegative real numbers, then

(8a* + be) (8b* + ca)(8¢* + ab) < (a + b+ ¢)°.

3.40. If a, b, c are positive real numbers such that
a’b? 4+ b + cfa® = 3,

then
a+b+c>abc+ 2.

3.41. Let a, b, c be nonnegative real numbers such that
a+b+c=5.

Prove that
(a® + 3)(b* + 3)(c® + 3) > 192.

3.42. If a, b, ¢ are nonnegative real numbers, then

A+ +E+abe+2>a+b+c+ab+ be+ ca.

3.43. If a, b, ¢ are nonnegative real numbers, then

Za3(b +¢)(a—b)(a—c) > 3(a—b)*b—c)*(c—a)
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3.44. Prove that 2 is the greatest real number £ such that
a+ b+ c+ 4abe > k(ab+ be + ca)

for all a,b,c € [0,1].

2
3.45. If a,b,c > 3 such that
a+b+c=3,

then
a’b? + b2 + *a® > ab + be + ca.

3.46. If a, b, c are positive real numbers such that
a<1<b<e¢ a+b+c=3,

then

3.47. If a, b, c are positive real numbers such that

1 1 1
a<1<b<e¢, a+btc==-+-+-,
a b ¢

then . . )
2, 12 2
CHV IS S+ m+ S

3.48. If a, b, c are positive real numbers such that

1 1 1
a+bte==+-+-,
a b ¢

then

a» b cn

1 1 1
(abc — 1) (a”+b”+c" ————— —) <0

for any integer n > 2.
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3.49. Let a, b, ¢ be positive real numbers, and let
E(a,b,c) =ala—b)(a—c)+blb—c)(b—a)+c(c—a)(c—0D).
Prove that

(a) (a+b+c)E(a,b,c) > abla — b)* + be(b — ¢)* + ca(c — a)?;

(b) 2(%+%+%)E(a,b,c)Z(a—b)2+(b—c)2+(c—a)2.

3.50. Let a > b > ¢ be nonnegative real numbers. Schur’s inequalities of third and fourth
degree state that

(@)  ala—b)(a—c)+b(b—c)(b—a)+clc—a)(c—1b) >0;
b)  a¥(a—Db)(a—c)+ b3 b—c)(b—a)+ (c—a)(c—1b) > 0.
Prove that (a) is sharper than (b) if
Vb + Ve < Va,

and (b) is sharper than (a) if

Vb + /e > V.

3.51. If a, b, c are nonnegative real numbers such that

(a+b)(b+c)(c+a) =8,

then
Vva+ \/5—1—\/52 ab + be + ca.
3.52. If
a,b,ce[l, 4+ 3v2],
then

9(ab+ be+ ca)(a® +b* +c*) > (a+ b+ c)*.
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3.53. If a, b, c are nonnegative real numbers such that

a—+b+c+ abc =4,

(a) a’ +b* + 2 + 12 > 5(ab + be + ca);

(b) 3(a* +b* + 2) + 13(ab + be + ca) > 48.

3.54. Let a, b, ¢ be the lengths of the sides of a triangle. If
a+b+c=3,

then
a’b? + v’ + ?a® > ab + be + ca.

3.55. Let a, b, ¢ be the lengths of the sides of a triangle. If
a4+ b+ c* =3,

then
ab + bec+ ca > 1+ 2abe.

3.56. Let a, b, c be the lengths of the sides of a triangle. If

a+b+c=3,
then 1 1 1 41
T s S VOr JIPL SN0
o 28 P4 C)

3.57. Let p and ¢ be fixed real numbers such that there exist three nonnegative real numbers
a, b, ¢ satisfying

a>b>c>0, a+b+c=p, ab + bc + ca = q.

Then,

(a) the product r = abc has the minimum value only when a = b or ¢ = 0, and the
maximum value only when b = ¢;

(b) if a,b,c are the lengths of the sides of a triangle (non-degenerate or degenerate),
then the product r = abc has the minimum value only when a = b > ¢, and the maximum

value only when b = ¢ > g or b+ c=a.
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3.58. Let a > b > ¢ be positive real numbers such that
a+b+c=p, abc=1r>0,
where p and r are fixed positive numbers satisfying p® > 27r. Prove that
q=ab+bc+ ca

has the minimum value only when b = ¢, and has the maximum value only when a = b.

3.59. If a, b, c are positive real numbers such that

a+b+c=3,

then 9 -
— 316> —
achr ~ ab+bc+ ca

3.60. If a, b, c are positive real numbers such that
a+b+c=3,
then
1 1 1 9 o9 o
8(—+—-+-)+9>10(a” +b"+ ).
a b ¢
3.61. If a, b, c are positive real numbers such that
a+b+c=3,

then
7(a® 4 b* + c2) + 8(a?V? + b*c® + c*a?) + 4a’b*c > 49.

3.62. If a, b, c are nonnegative real numbers, then

(a® +b* + ¢ + abe)? > 2(a® + b*)(b* + &) (c* + a?).

3.63. If a, b, c are nonnegative real numbers, then

[ab(a + b) + be(b + ) + ca(c + a)]* > 4(ab + be + ca)(a®b® + b*c® + c*a?).
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3.64. Let a, b, ¢ be nonnegative real numbers such that
ab + bc + ca = 3.

Prove that
4(a® +b* + ) + Tabe + 125 > 48(a + b+ ¢).

3.65. If a, b, ¢ are nonnegative real numbers such that
a+b+c=3,

then
4(a* 4+ b+ ct) + 45 > 19(a* + b* + ).

3.66. If
S 13 —4/10

~0.117
3

a,b,c
such that a + b+ c =9, then

\/a—i—\/g—l—\/az Vab + bec + ca.

3.67. If a, b, c are positive real numbers such that abc = 1, then

ab+bc+ca + ——— >
a+b+c

3.68. Let f,(a,b,c) be a symmetric homogeneous polynomial of degree n < 5. Prove that

(a) the inequality f,(a,b,c) > 0 holds for all nonnegative real numbers a, b, ¢ if and
only if f,(a,1,1) > 0 and f,(0,b,c) > 0 for all nonnegative real numbers a, b, c;

(b) the inequality f,(a,b,c) > 0 holds for all the lengths a,b, ¢ of the sides of a non-
degenerate or degenerate triangle if and only if f,(x,1,1) > 0 for 0 < z < 2, and f,(y +
z,y,2) > 0 for all y,z > 0.

3.69. If a, b, ¢, d are nonnegative real numbers such that ab+ ac+ ad+ bc+ bd+ cd > 6, then

(14+a>)1+)1+ A1 +d*) > (a+b+c+d)>
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3.70. Let a,b, c be nonnegative real numbers. If £ < 2, then

Za(a —b)(a—c)(a—kb)(a — kc) > 0.

3.71. Let a, b, c be nonnegative real numbers. If k£ € R, then

> (b+c)(a—b)(a—c)(a—kb)(a—ke) > 0.

3.72. If a, b, ¢ are nonnegative real numbers, then

> " a(a—2b)(a — 2c)(a — 5b)(a — 5¢) > 0.

3.73. If a, b, c are the lengths of the sides of a triangle, then

a* +b* + c* + 9abe(a + b+ ¢) < 10(a®b® + bc® + c*a?).

3.74. If a,b, c are the lengths of the sides of a triangle, then

3(a* + ' + ) + Tabe(a + b+ ) <5 ab(a® +b?).

3.75. If a, b, c are the lengths of the sides of a triangle, then

>+ —6bc +a®>—6ca a®+b*>—6ab
+ +

4 < 0.
" 2 . +4(a+b+¢) <0

3.76. Let fs(a,b,c) be a sixth degree symmetric homogeneous polynomial written in the
form

fﬁ(a'7 ba C) = ATQ + B(p7 q)’f‘ + C(pv Q)a
where A is the highest coefficient of fg and

p=a+b+c, q=ab+bc+ca, 1 =abc.

For A <0, prove that:

(a) the inequality fg(a,b,c) > 0 holds for all nonnegative real numbers a, b, ¢ if and
only if fs(a,1,1) > 0 and f4(0,b,c) > 0 for all nonnegative real numbers a, b, ;

(b) the inequality fs(a,b,c¢) > 0 holds for all lengths a,b,c of the sides of a non-

degenerate or degenerate triangle if and only if fg(z,1,1) > 0 for 0 < 2 < 2, and fs(y +
z,y,2) > 0 for all y,z > 0.
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3.77. If a, b, c are nonnegative real numbers, then

Za(b—i— c)(a —b)(a —c)(a—2b)(a —2¢) > (a —b)*(b—c)*(c — a)’.

3.78. Let a, b, c be nonnegative real numbers.
(a) If 2 <k <6, then
4(k —2)(a —b)*(b — ¢)*(c — a)?

> "ala—b)(a—c)(a— kb)(a— ke)+ — > 0.
(b) If k> 6, then
Za(a —b)(a—c)(a—kb)(a—kec)+ (k+2)(a—b)"(b— ¢)*(c —a)” > 0.

4(a+b+c)

3.79. If a, b, c are nonnegative real numbers, then

(3a* + 2ab + 3b%)(3b* + 2bc + 3¢?)(3¢® 4 2ca + 3a*) > 8(a® + 3bc)(b? + 3ca)(c? + 3ab).

3.80. Let a, b, ¢ be nonnegative real numbers such that

a+b+c=2.
I 2 11

k< =

3 - — 87
then

(a® + kab + b*)(b* + kbc + ¢*)(c* + kea + a*) < k + 2.

3.81. Let a, b, ¢ be nonnegative real numbers such that
a+b+c=2.

Prove that
(2a* + be) 2V + ca)(2¢% + ab) < 4.

3.82. Let a, b, ¢ be nonnegative real numbers, no two of which are zero. Then,

5(a —b)*(b — ¢)*(c — a)?
ab + bc + ca '

> (a—b)(a—c)(a—2b)(a—2c)>
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3.83. If a, b, c are positive real numbers such that
abc =1,

then
ab+bc+ca+—50 >£
a+b+c+5 " 4

3.84. If a, b, c are positive real numbers, then

1 1 1 1
(a+b+c—-3)|-+—-+--3)+abc+ — >2.
a b ¢ abce

3.85. If a, b, c are positive real numbers such that

abc =1,
then
2 2
(a) ;(ab—l—bc—l—ca—g)2\/§(a+b+c)—1;
46
(b) ab+bc+ca—3>—=(a+b+c—2-1).

27

3.86. Let a,b, c be positive real numbers.

(a) If abc =2, then

a’ + 0>+

(a+b+ec—32+1> ;

1
(b) If abc = 2 then

A+ +F+3B—-a—-b—c) >3

3.87. If a, b, c are positive real numbers such that
a+b+c=3,

then ; ;
4(£+%+a_) | 9abe > 1.
a b c
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3.88. If a, b, c are nonnegative real numbers such that
ab + bc 4 ca = abec + 2,

then
a? +b* + A + abe > 4.

3.89. If a, b, ¢ are nonnegative real numbers such that a + b + ¢ = 3, then

(a+b)(b+c)(c+a) > (a+bec)(b+ ca)(c+ ab).

3.90. Let a,b, c be positive numbers such that
a+b+c < 3vVabe.

Prove that
a> +b* +c* <3

3.91. If a, b, c are positive real numbers, then

<b+c_2_¢§)2+<C+“—2—\/§)2+<a+b—2—\/§)226-

a b c

3.92. If a, b, ¢ are positive real numbers, then

2(a® +b* + c*) + 9(ab + be + ca) + 39 > 24(a + b + c).

3.93. If a, b, c are positive real numbers such that a? + b? + ¢ = 3, then

a®+b*+c*—3>|(a—b)b—c)(c—a)

3.94. Let a, b, c be nonnegative real numbers such that a? 4 b? + ¢ = 3. Prove that

1 —abc > gmin{(a — b2 (b—¢)% (c—a)?}).
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3.95. If a, b, c are nonnegative real numbers, then

at + bt + = aP0 — 2P — Pa® > 2|a*b + bPc + c*a — ab® — bc® — ca®|.

3.96. If a, b, c are nonnegative real numbers, then

at + b+t —abe(a+b+c) > 2v2 [aPb+ b3 + a — ab® — be® — ca®|.

3.97. If a, b, ¢ are nonnegative real numbers such that a + b + ¢ = 3, then

(a®b + bc + 2a — 3abe)(ab® + be® + ca® — 3abe) > (a*b? + b2 + 2a® — 3abe)?.

3.98. If a,b,c > —5 such that
a+b+c=3,

then
1—a 1-b 1—c¢

>
1+a+a2+1—|—b+b2+1+c+02 -

1
3.99. Let a,b,c # T be nonnegative real numbers such that
a+b+c=3.

Ifk;zg,then
1—a n 1-0b N 1—c¢c >0
(1—ka)? (1—kb? (1—ke)?2

3.100. If a, b, ¢ are positive real numbers such that
abc =1,

then
32 + (20 + )2 + 1) < (a + b+ ).
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3.101. If a, b, c are positive real numbers such that

a—l—b+c:\/§,
then
1 1 1 9 9 9
BV3—5) -+ -+ ] >a*+*+
a b b
3.102. If a,b,c > 1 such that
a+b+c=4,

then

1 1 1
12(=+=-4=)>5@>+b*+A).
(a+b+b)_5(a + 0"+ ¢)

3.103. If a, b, c are positive real numbers such that

15
b =3 < —
a+b+c , 0_32,
then L1 1
—+o+->ad+V 4+
a b ¢

3.104. If a>b>c>0and ab+ bc+ ca =3, then
(a) b+c <2
(b) b> +bc+c* < 3.

1
3.105. If a,b,c € [0, 1+ —] and a? + b? + ¢ = 3, then
V2

a+b+c>abc+ 2.

1
3.106. Let a,b,c > G be real numbers such that a? 4+ b? + ¢ = 3. Then,

a+b+c> abc+ 2.
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3.107.

then

3.108.

then

3.109.

3.110.

then

3.111.

then

3.112.

then

If a, b, c are nonnegative real numbers such that

ab + bc + ca + 6abc = 9,

2(a+b+c) > ab+ bc+ ca+ 3.

If a, b, c are nonnegative real numbers such that

ab + bc + ca + abc = 4,

4(a+b+c) + 3a’b*c® > 15.

Ifa,b,ce [0, g} such that a + b+ ¢ = 3, then

(a4 D)(b+ c)(c+ a) > 8Vabc.

If a, b, c are nonnegative real numbers such that a > b > ¢ and
a4+ b+ c* =3,
+b+ +<1 1)( >3
a c —— ) (a—c .
\/g -

If a,b, c are nonnegative real numbers such that a > b > ¢ and

a®+ b+ c* =3,

If a,b, ¢ are nonnegative real numbers such that a > b > ¢ and

a4+ b+ c* =3,

1 —abc < T (a —c)*.
10
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1
3.113. Ifa>b>c > 3 and a?+ 0>+ c? =3, then
11
1 —abe < 5 (a—c).
3.114. If a, b, ¢ are nonnegative real numbers such that a > b > ¢ and
a®+ b+ c* =3,
then 9
1 —Vabe < = (a—c)?
3
3.115. If a, b, ¢ are nonnegative real numbers such that a > b > ¢ and
a®+ b+ c* =3,
then )
1 —abe < 3 ala — c)?.
3.116. If a, b, c are nonnegative real numbers such that a > b > ¢ and
a’ 4+ b 4 % =3,
then 1
1 —abe < 5(5@ +¢)(a —c)*.
3.117. If a, b, ¢ are nonnegative real numbers such that a > b > ¢ and
a®+ b+ c* =3,
then 5
1—abc > Z(b—c).
3
3.118. Let a, b, c be nonnegative real numbers such that

a4+ b+ =3.

If a>b>c, then

\)

1 —abc > g(l +v2)(a—b)(b—c).
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3.119. If a, b, c are nonnegative real numbers such that a > b > ¢ and

a®+ b+ c* =3,

then
(a) 1 —abe > 2b(a—b)(b— c);
(b) 1 —abe > (a—c)(a—Db)b—c);
(c) 1—abe > ala—b)(b—c);
() 1 —abe > (a+c)(a—b)b—c).

3.120. If a, b, c are nonnegative real numbers such that a > b > ¢ and

a4+ b+ c* =3,

then
2
(a) 1—abc > 3 b(a — b)?%
2
(b) 1 —abc > 7 (2a + 7b)(a — b)>.

3.121. If a, b, ¢ are nonnegative real numbers such that a > b > ¢ and
a’ +0° + ¢ =3,
then
(a) 1 — abc > % (b+c)(b—c)?

2

1-— >
(b) abc > o7

(7b + 2¢)(b — )%

3.122. If a, b, c are nonnegative real numbers such that a? 4+ b? + ¢ = 3, then

(a) 1 —+Vabe > (a—0b)(b—rc);

(b) | YaE > %(a—b)(b—c).
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3.123. If a, b, ¢ are nonnegative real numbers such that a > b > ¢ and
a’ 4+ b 4 c* =3,

then

1 —abc > ;b(\/_—\/E)Q.

3.124. If a, b, c are nonnegative real numbers such that a > b > ¢ and
a’+ b+ =3,

then

1 —abe > gb(\/_—\/E)Q.

3.125. If a, b, ¢ are nonnegative real numbers such that a > b > ¢ and
a’+ b +c* =3,

then 1
1—abc > =

(a+3c)(Va —Ve)*.

w

3.126. If a, b, c are nonnegative real numbers such that a > b > ¢ and

a®+ b+ c* =3,

then 5
1—abe > S(a+ 3¢) (Vb — Ve)%.
3.127. If a > b > ¢ > 0, then
(a) a® + 5 + & — 3a?b?c? > 12a*c*(b — ¢)?;
(b) a® + 85 + & — 3a?b?c? > 10ac(b — ¢)?.

3.128. If a> b > ¢ > 0, then

3(a —c)?

b —3vVabe > —————2 |
a+b+c—3 ac_4(a—|—b+c)
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3.129. If a> b > ¢ > 0, then

(a) a+ b+ c—3vabc > M
4b + 5¢
(b) a+b+c— 3%_%
3.130. If a > b > ¢ > 0, then
(a) a+b+c—33abe > 5(“;2
(b) a+b+4c— 3@_%

3.131. If a>b>c¢ >0, then

—_ )2 _
(a—c) <a+b+c—3Vabe < 2a C).
2(a+c) a+ 5c¢

3.132. Let a, b, c be nonnegative real numbers such that a > b > c¢. Prove that
(a) a® + b + ¢ — 3abe > 2(2b — a — ¢)?;

(b) a® + b + ¢ — 3abc > (a — 2b+ ).

3.133. Let a, b, c be nonnegative real numbers such that a > b > c¢. Prove that

(a) a® + b3 + & — 3abe > 3(a® — b*)(b — ¢);

(b) a® + b + ¢ — 3abc > g(a—b)(bQ—cz).

3.134. Let a,b, ¢ be nonnegative real numbers such that a = max{a, b, c}. Prove that

a® + 0% + 5 — 3a%b%c > 2(b* + ¢ + 4b*cP) (b — ¢)*.

3.135. Let a, b, ¢ be nonnegative real numbers such that a = max{a, b, c}. Prove that

9abc

5 2
= a+b+c+§(b_c) '

a4+ b? + 2
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3.136. Let a,b, c be nonnegative real numbers such that a + b > 0. Prove that

ab(a — b)?

be > (b — - b —
abc> (b+c—a)(c+a—>b)(a+b—c)+ P

3.137. Let a,b, c be nonnegative real numbers such that a > b > c¢. Prove that

(a) dwz(b+c—aXc+a—bxa+b_cy+%%%igl;
(b)  abe> (b+c—a)(c—|—a—b)(a+b_c>+27b(za; bt

3.138. Let a, b, c be nonnegative real numbers such that a + b > 0. Prove that

Y a*(a—b)(a—c) > a?t? (Z;Z)Z

3.139. Let a, b, c be nonnegative real numbers such that a > b > c¢. Prove that

(a) > a*(a—b)(a —c) > 4a?? (alzy;

a

(o ¥ aa - fa— o) > N0

3.140. If a, b, ¢ are nonnegative real numbers such that ab + bc + ca = 3, then

(a) a2+62+02—a—b—02§(a—c)2;
(b) PRt —a—b—c> gmin{(a—b)Z,(b—c)Q,(c—a)Q}.

3.141. If a, b, ¢ are nonnegative real numbers such that ab + bc + ca = 3, then

a’+ b+ 5
— L > 1+ (a—0)>
a+b+c — —|—9(a C)
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3.142. If a, b, ¢ are nonnegative real numbers such that

a>b>c, ab—+bc+ ca=3,

then

a’ +0° + ¢ 7
pEEEE——. _ _b2.

(2) a+b+c — +9(a )5
at+ b+ 3 2

b - >1+4+=(b—20)2

(b) a+b+c_+3( c)

a4+ b+

7
> s __h\2 _ A)2 .
P _1+3m1n{(a b)%, (b—c)*}

3.143. If a, b, ¢ are nonnegative real numbers such that ab + bc + ca = 3, then

11
a4+b4+c4—a2—b2—022Z(a—c)Q.

3.144. If a, b, c are nonnegative real numbers such that

a>b>c, ab—+bc+ ca=3,

then
11
(a) al+ b+t —a? =0 — > —(a—b)%
10
(b) a4+b4+c4—a2—b2—022g(b—c)z.
3.145. Let

F(a,b,c) = 3(a*> + b+ c*) — (a + b+ c)?,

where a, b, ¢ are positive real numbers such that a = min{a, b, c} and a?(b* + ) > 2. Then,

111
F(a,b,c) > F | —,—,—|.
@b =F(1.5.7)

c

3.146. Let
F(a,b,c) =a+b+c— 3Vabc,

1
where a, b, ¢ are positive real numbers. If min{a,b,c} > P then
abc

Flabo > (130,

a’'b c
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3.147. Let
F(a,b,c) =a+b+c— 3Vabe,

where a, b, ¢ are positive real numbers such that a = min{a, b, c} and a(b+ ¢) > 2. Then,

Flabo > F(15.0).

a'b’ e

3.148. Let
F(a,b,c,d) =a+b+c+d— 4Vabed,

where a, b, ¢, d are positive real numbers. If

1
: 2 b2 2 d2 >
min{a“, b, ¢*, d*} > ot
then U111
F(a,b,c,d) > F .
(a’7 7C7 ) < b? c? d)
3.149. Let

F(a,b,c,d) =a+ b+ c+d— 4Vabed,
where a, b, ¢, d are positive real numbers such that a(b+ ¢+ d) > 3. Then

1111
F(a,b,c,d) > F .
(a’7 7C7 ) < b’c’d)

3.150. Let a,b, ¢, d be nonnegative real numbers such that
P +E+dP=1.

Prove that
(1—a)(1=0(1—-c)(1—-d) > abcd.

3.151. Let a,b,c,d and x be positive real numbers such that

1 1 1 1 4
Ztptazta= =
If x > 2, then
(a—1)(b—1)(c—1(d—-1) > (z—1)*
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3.152. If a, b, ¢, d are positive real numbers, then

(1+a®)(1+0*)(1+ ) (1 + d®) o 1+ abed
1+a®)1+0)(1+A)(1+d?) — 2

3.153. Let a, b, c,d be positive real numbers such that
a+b+c+d=4.

Prove that

1 1 1 1 1 1 1
a+-—-1)1b+-—=1)(c+—-——-1)|d+=-=-1)+3>—+-+—+
a b c d a b ¢

3.154. If a, b, ¢, d are nonnegative real numbers, then

4(a® + b + ¢ + d®) + 15(abc + bed + cda + dab) > (a + b+ ¢ + d)®.

3.155. Let a,b, c,d be positive real numbers such that
a+b+c+d=4.

Prove that
1 + 2(abc + bed + cda + dab) > 9min{a, b, ¢, d}.

3.156. Let a,b, c,d be nonnegative real numbers such that
a+b+c+d=4.

Prove that
5> +b* + ¢ +d*) > a® + b + ¢ + d° + 16.

3.157. Let a,b, c,d be nonnegative real numbers such that
a+b+c+d=4.

Prove that
3(a® + b + ¢ + d*) + dabed > 16.
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3.158. Let a,b, ¢, d be nonnegative real numbers such that
a+b+c+d=4.

Prove that
27(abe + cd + cda + dab) < 44abed + 64.

3.159. Let a,b, c,d be positive real numbers such that

1 1 1 1
at+bt+ct+d=—4-+-+-.
a b ¢ d
Prove that
9 9 9 9 1 1 1 1

3.160. Let a,b, c,d be positive real numbers such that

a+b+c+d=1.

Prove that

(1= a)(1—b)(1— )1 —d) G+%+%+l) > 81

3.161. Let a,b, c,d be nonnegative real numbers such that
a+bt+c+d=a’+0+c+d°=2.

Prove that
7

f+#+8+fzz
3.162. Let a,b,c,d € (0,4] such that
abed = 1.

Prove that

(14 2a)(1 + 2b)(1 4 2¢)(1 +2d) > (5 — 2a)(5 — 2b)(5 — 2¢)(5 — 2d).
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1
3.163. If a,b,c,d € [O, 1+ —1 and a? + b* + 2 + d? = 4, then

V6

a+b+c+d> abed + 3.

3.164. Let a,b,c,d be positive real numbers such that

1 1 1 1
o4+ -+ =) <(1+V10)2
(a+b+c+d)<a+b+c+d)_( + V10 )

Prove that any three of a, b, ¢, d are the lengths of the sides of a triangle (non-degenerate or
degenerate).

3.165. Let a, b, c,d be positive real numbers such that

11\ _ 119
+-+=) <=

11
(a+b+c+d)(a+g cto) =

Prove that there exist three of a,b, ¢, d which are the lengths of the sides of a triangle (non-
degenerate or degenerate).

3.166. Let a,b, c,d be positive real numbers such that
3a+b+c+d)? >11(a®+ b+ &+ d*).

Prove that any three of a, b, ¢, d are the lengths of the sides of a triangle (non-degenerate or
degenerate).

3.167. Let a,b, c,d be positive real numbers such that
15(a+b+c+d)? >49(a® +b* + & + d%).

Prove that there exist three of a, b, ¢, d which are the lengths of the sides of a triangle (non-
degenerate or degenerate).

3.168. Let a,b, c,d be nonnegative real numbers such that
A+ +c+d =4

If a>b>c>d, then
a+b+c+d+(2—V2)(a—d? >4
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3.169. Let a,b, c,d be nonnegative real numbers such that
A+ 0+ +d =4
Ifa>b>c>d, then
1 —abed < \/75 (a —d).

3.170. Let a,b, c,d be nonnegative real numbers such that

a? + b+ +d = 4.

If a>b>c>d, then
1 —+Vabed < %(a—d)Q.

3.171. If a, b, ¢, d are nonnegative real numbers such that a > b > ¢ > d and

AV +E+d* =4,

then ;
1 — (abed)¥* < Z(a —d)2.

3.172. Let a,b, ¢, d be nonnegative real numbers such that

a?+ b+ +d=4.

Ifa>b>c>d, then

(a) 1 —+Vabed > %(b — )%
(b) 1 —+abed > }L(a —d)?

3.173. Let a,b, c,d be nonnegative real numbers such that

a’?+ b+ +d% =4

Ifa>b>c>d, then
1 — abed > Z(C—d)?
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3.174. Let a,b, c,d be nonnegative real numbers such that
A+ +E+dd =4
If a>b>c>d, then
(a) 1 —abed > (a—0b)(c—d);

1
) | — abed > +2\/§

(a—b)(c—d).

3.175. Let a,b, c,d be nonnegative real numbers such that
a4+ b+ +d* =4

Ifa>b>c>d, then

1 —abed > 3(a—b)(b—c)(c—d)(a—d).

3.176. Let a,b, c,d be nonnegative real numbers such that
A+ +E+dP =4

Ifa>b>c>d, then

(a) 1 —+Vabed > %(b —d)%
(b) |~ (abed)®* > %(b _ap.

3.177. Let a, b, c,d be nonnegative real numbers such that
at + vttt dt =4

Ifa>b>c>d, then

1

(a) 1 —+Vabed > §(ac — bd)%;
1

(b) 1 —abcd > —= (ac— bd)>.

S
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3.178. If a, b, ¢, d are nonnegative real numbers such that a > b > ¢ > d and
v+t dt =4,

then ;
1 — abed > Z(ad — be)?.

3.179. If a, b, ¢, d are nonnegative real numbers such that a > b > ¢ > d and

a+b+c+d=4,

then VR
(a) a th ZC td —abed > 2(b— c)?,
() a4+b4zc4+d4 —abed > g(a—b)2;
(¢) a4+b4164+d4 — abed > Zgl(a—c)Q;
(d) “4+b4;:c4+d4 _abed > %(c—d)Z.

3.180. If a, b, ¢, d are nonnegative real numbers such that a > b>c>dand a+d > b+ c,
then

2
a+b+c+d—4vVabed §2<\/_—\/E> )

3.181. If a, b, ¢, d are nonnegative real numbers such that a > b > ¢ > d and
a+kd>b+ec, k= (14+v2)*=~ 33.970,
then )
a+b+c+d—4vabed §2(\/_—\/E> )
3.182. If a, b, ¢, d are nonnegative real numbers such that a > b > ¢ > d and

a—+d>2c,

then

(\/_—\/E>2.

DO | Ut

a+b+c+d—4vVabed <
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3.183. If a, b, ¢, d are nonnegative real numbers such that a > b > ¢ > d and
a+b+c+d=4,

then
at + b+t d!

(a—d)* < —abed < 4(a— d)>

1
3.184. Ifa>b>c>d >0, then
(a) a+b+c+d—A4vabed > = (\f 2\/‘+\/_)
(b) a+b+ctd—4vabed (3%—2\/' f)
(c) a+b+c+d—4m2—<3\/5—\/5—2\/c_l) ;
(d) a+b+c+d—4m>§(\/— 3\f+2f)
(e) a+b+c+d— 4x/%>1(2\/_ 3\f+\/_)
(f) a+b+c+d—4Vabed (2\f+\/' 3\/‘)
3.185. Ifa>b>c > d >0, then
(a) a+b+c+d—4mz(¢a—«a)2;
(b) a+b+c+d—4mzz(\f—\/€)2,
(c) a+b+c+td—4Vabed (f f)
(d) a+b+c+d—AVabed > > (f \f)

3.186. If a, b, c,d are positive real numbers such that
abed > 1, a>b>c>d, ad > be,

then
1 1 1 1
a+btctd>—+-+=+-.
a b ¢ d
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3.187. If a>b>c>d > 0, then
(a —d)?

M<a+b+c+d—4\/4abcd< 3
26 +d) — ~ a+5d

3.188. Ifa>b>c>d>e >0, then

2
a—}—b—l—c+d+e—5v5abcd622(\@—\/3) .

3.189. Let a,b,c,d, e be nonnegative real numbers.
(a) If a+b+c=3(d+e), then
da* + 0+t d +et) > (a® 0P+ AP+ )R
(b) If a+b+c=d+e, then

12(a* + b+t +d* +et) < T(a® + b7+ 2+ d* + )

3.190. Let a,b,c,d, e be nonnegative real numbers such that
a+b+c+d+e=>5.

Prove that
at + b+t dt et +150 < 31(a® + b7+ &+ d* +€?).

3.191. Let a,b,c,d, e be positive real numbers such that
A+ 0+ +dP+e* =5,

Prove that
abede(a* 4+ b* + ¢t +d* +e*) < 5.

3.192. Let a,b,c,d, e be positive real numbers such that
a+b+c+d+e=05.

Prove that
1+1+1+1+1+ 20 > 9
a b ¢ d e at+b:+cE+dE+e2 T
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3.193. If a,b,c,d,e > 1, then

D D) s

1 1 1 1 1
>4a+b+ct+d+e)| -+ -+-+-+-].
a b ¢ d e
3.194. Let a,b,c,d, e, f be nonnegative real numbers such that
AP +E+dE+ e+ fP=6.
Ifa>b>c>d>e> f, then

1 — abedef < g(a— )2

3.195. fa>b>c>d>e> f >0, then

a+b+c+d+e+f—6®hmwfz2(v3—¢32

3.196. If a,b,c,d, e, f are nonnegative real numbers such that
a>b>c>d>e>f,

then
(a+b+c+d+e+ f)*>8(ac+bd + ce + df).

3.197. Ifa; > ay > --- > ag > 0, then

a1+ ay+ -+ ag — 8Yaay - as > 3 (yag — /az)’

3.198. Let a,b,c and z,y, z be real numbers.

(a) If ab+ bc+ ca > 0, then
[(b+ )z + (c+a)y + (a+b)2]* > 4(ab+ be + ca)(zy + yz + 2x);
(b) If a,b,c >0, then

[(b+c)z + (c+a)y+ (a+b)z]> > 4(a+ b+ c)(ayz + bzx + cy).
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3.199. If a,b,c and z,y, z are nonnegative real numbers such that
PP =S,

then
(a+b+c)(zx+y+2z)>ab+bc+ ca+xy+yz+ zx.

3.200. Let a, b, ¢ and z, y, z be positive real numbers such that
(a+b+c)z+y+2)=(a®+b*+A)*+y*+2°) =4

Prove that .
b < —.
abcxyz 36

3.201. Let ay,as,...,a, and by, by, ..., b,be nonnegative real numbers such that
al+ay+---+al=b] +b5+---+b2

Then, for n = 3 and n = 4, the following inequalities holds:

(n—1(ar+ag+---+ay)(by +ba+---+b,) 2n<2aiaj+Zbibj>.

i<j i<j

3.202. Let aq, ag, -+, a, (n > 3) be positive real numbers such that

a1 +as+-+a,=ai+ay+--+ai=n—1

Prove that
1+1+ +1 n?(2n — 3)
a;  as a, ~ 2(n—1)(n—2)
3.203. Let aq, aq, -+, a, be positive real numbers such that
artas+---+a, =n.
Prove that
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3.204. If ay,as,...,a, are positive real numbers such that
ar+as+---+a, =n, 2,03, ...,0, > 1,
then
1 1 1 9 9 9
—+—+-+t—2ait+a;+ - +a,
ap a2 an
3.205. Let aq, ao, - -+, a, be nonnegative real numbers such that

a, +as +---+a, =n.

Prove that
(n+1)(af+aj+---+a)) >n’+a}+a3+ - +a,.

3.206. Let aq, as, - -+, a, be nonnegative real numbers such that

ap+ag+---+a, =n.
Prove that

(n—1)(a} +a3+---+a2)+n*>(2n—1)(a] + a5+ - +a2).

3.207. Let aq, as, ..., a, (n > 3) be nonnegative real numbers such that

ai+as +---+a, =n.
Prove that n

al+as+ - +a:—-n> j(l—a1a2~--an).
3.208. If a1, ao, ..., a, are positive numbers such that a; + a2+ -- -+ a,, = n and
< 1

a1y Ay < ————

then
1 1 9
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3.209. If a; > ay > --- > a, > 0 such that a; +as + - - - + a,, = n, then

1 1 1 4(n —1)?
_+_+...+__n2%(al—a2)2.

3.210. Ifa; > ay > --- > a, > 0, then

a1+ ay+ -+ an —nYaiaz - an < (n—1)(Vag — an)’.

3.211. If 0 < ay < ap < --- < a,, then

k(a; — as)?
a1+a2—|—~-+an+M§\/n(a%+a§+~~+a%),
aj + as

1
where k =

3.212. For given n > 2, find the largest integer k such that

k

(a1+a2+---—|—an)2>a%+a§~|—---+az
- >

for all nonnegative numbers a; satisfying a; < as < --- < a,.

3.213. For given n > 2, find the largest integer k such that

k

(a1+a2+---—|—ak)2>a%+a§+---~|—ai
o n

for all nonnegative numbers a; satisfying a; > as > -+ > a,.

3.214. If a; > as > --- > a9 > 0, then

(5a1+a2—|—---—|—a8)2> a?+ad+ -+ a
12 = 9 '

3.215. Ifa; > ay, > --- > a, > 0, then
1
(a) a1ty o4 — a2 g (Ve - 2ya)
1
(b) a1+ as+---+a, —nYaas - a, > 1 (2@— N 1/an)Q.
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3.216. If a; > ay > --- > a, >0, n> 3, then

ar+az+ - Fap —nifarazan =

n—1

= (VI + - 2V’

3.217. Letagy > ay > --- > a, > 0. If
1<k<j<n, k+j3>n+1,
then

2k(n—j7+1
al—i-ag—i----+an—n\”/a1a2--~an>#(\/ak—\/a_j)?

“n+k—7+1
3.218. Ifa; > ay > --- > a, >0, n> 4, then

1 1
(a) a1 +as+ - +a, —nYaas---a, > 5 (1 — ﬁ) (\/an_g — 3\/6Ln_1 + 2\/an)2;

2
(b) ar+ax+---+a,—nJaaya, > (1 - ﬁ) (2\/%—2 —3y/an—1 + @)2-

3.219. Let aq,as,...,a, (n > 4) be nonnegative real numbers such that

a; > ay > -+ > ay

and
(ay+ay+ - +a,)? =4(al +a3+---+a).
Prove that
| < a1 + as <14 2n—8‘
az+aqg+---+a, n—2

3.220. Let ay,as,...,a, and by, bs,...,b, be real numbers. Prove that

2
(a1++an)(bl++bn)

@by by (@) ) 2

3.221. Let ay, ag, ..., a, (n > 3) be positive real numbers such that

a; < az < - < ap,

11 1
(ar+ay+-+a,) | —+—+---+— | =k
aq Q9 Qp,

i(n—1
(a) If n? <k <n®+ (—>, i €{2,3,---,n — 1}, then a; i, a; and a;y; are the
lengths of the sides of a non-degenerate or degenerate triangle.

In? In?—1
(b) If n? < k < a,, where a,, = o for even n, and o, = " for odd n, then there

exist three numbers a; which are the lengths of the sides of a non-degenerate or degenerate
triangle.
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3.222. Let ay, ag, ..., a, (n > 3) be positive real numbers such that
ar < ag <o < g,

(ap+ay+-+a,)* =k(a?+a3+---+a?).

on —1i)?
(a) If % <k<mn,ie€{23,---,n—1}, then a;_1, a; and a;;, are the lengths
n — 3i
of the sides of a non-degenerate or degenerate triangle.
8 1
(b) If nt < k < n, then there exist three numbers a; which are the lengths of the

sides of a non-degenerate or degenerate triangle.

3.223. Let ¢ be a fixed real number such that there exist three nonnegative real numbers
a, b, ¢ satisfying

a>1>b>c>0, a+b+c=3, ab+ bc+ ca = q.

Prove that the product r = abc has the maximum value for b = ¢, and the minimum value
forb=1or c=0.

3.224. Let p and g be fixed real numbers such that there exist three nonnegative real numbers
a, b, ¢ satisfying

a>1>b>c>0, a+b+c=p, ab + bc + ca = q.

Prove that the product r = abc has the maximum value for b = ¢, and the minimum value
fora=1orb=1o0rc=0.

3.225. (a) If p and ¢ are fixed real numbers such that there exist three positive real numbers
a, b, c satisfying

a>b>c>1, a+b+c=p, ab + bc + ca = q,

then the product r = abc has the maximum value for b = ¢, and the minimum value for
a=borc=1.

(b) If p and g are fixed real numbers such that there exist three nonnegative real
numbers a, b, ¢ satisfying

1>a>b>¢c>0, a+b+c=p, ab+bc+ca=q,

then the product r = abc has the maximum value for a = 1 or b = ¢, and the minimum
value for a = b or ¢ = 0.
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3.226. Let g be a fixed real number such that there exist three nonnegative real numbers
a, b, ¢ satisfying

a>b>1>¢>0, a+b+c=3, ab+bc+ca=yq.

Prove that the product » = abc has the maximum value for b = 1, and has the minimum
value for a = b or ¢ = 0.

3.227. Let p and ¢ be fixed real numbers such that there exist three nonnegative real numbers
a, b, c satisfying

a>b>1>c¢>0, a+b+c=p, ab + bc+ ca = q.

Prove that the product r = abc has the maximum value for b = 1 or ¢ = 1, and the minimum
value for a = b or ¢ = 0.

3.228. (a) If pis a real number such that there exist three positive real numbers a, b, ¢
satisfying

a>1>b>c¢, a+b+c=p, abc =1,
then the sum ¢ = ab 4 bc + ca has the maximum value for b = 1, and the minimum value
for b = c.

(b) If p is a real number such that there exist three positive real numbers a,b, c
satisfying
a>b>12>c, a+b+c=p, abc =1,

then the sum ¢ = ab + bc + ca has the maximum value for a = b, and the minimum value
for b = 1.

3.229. If a>12>b>c>0such that a+ b+ ¢ =3, then

9

abc + ———
ab+bec+ca —

3.230. If a>1>b>c>0such that a+ b+ ¢ = 3, then

2 5)
> .
ab+bc+ca — a?+ b2+ 2

abc +

3.231. If a>b>12>c>0such that a + b+ ¢ = 3, then

2> —
abc+ — ab+bc+ ca
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3.232.

3.233.

3.234.

3.235.

3.236.

then

3.237.

then

Ifa>b>12>c¢>0suchthat a + b+ ¢ = 3, then
1 1 1
—+ -+ -+ 11> 4(a®+ 0+ ).

a b ¢

Ifa>b>12>c>0suchthat a4+ b+ ¢ = 3, then

L2 5
abc a2+ b%24+c2 — ab+ be+ ca

Ifa>b>12>c>0suchthat a+ b+ c= 3, then

9 o< 15
ad + b3+ c3 T a4+ b2+

Ifa>b>12>c>0such that a+ b+ c= 3, then

36 Lg< 65
a3 + b3+ 3 ~ a2 4 b% 4%

If a,b, c are real numbers such that

a>b>1>c, a?+ b0+ c2 =3,

1 —abc < 2(b—c)%
1 —abc > 2(a — b)?

1 —abc > =(a—c)%

1 —abc < —(a —c)?.

Ao N

If a,b, c are real numbers such that

a>1>0b2>c, a2+b2—|—02:3,

1 —abc < =(a—c)*

Wl N
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3.238. Ifa>1>b>c>0and a4 b*> + c® = 3, then

1 —abec <

(a—c).

Sl

3.239. Ifa>1>b>c>0and a®?+ b*> + ¢ = 3, then

1 —abe < (1+V2)(a—1b).

3.240. Ifa>1>b>c¢> 0 and a®> + b*> + ¢ = 3, then

1 —abe < (3+2v2)(a — b)%

3.241. If a, b, ¢, d are nonnegative real numbers such that
a>b>1>c>d, a+b+c+d=3,

then
a® +b* + & + d® + 10abed < 5.

3.242. If a, b, ¢, d are nonnegative real numbers such that
a>b>1>c>d, a+b+c+d=06,

then
a4+ 0%+ A+ d® + dabed < 26.

3.243. If a, b, ¢, d are nonnegative real numbers such that
a>b>1>c>d, a+b+c+d=4,

then
a? + b + 2 + d? + 6abed < 10.

3.244. If a, b, ¢, d are nonnegative real numbers such that
a>b>1>c>d, a+b+c+d=4,

then
a® + b2+ 4+ d? + 6Vabed < 10.
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3.245. If a, b, ¢, d are positive real numbers such that

then

3.246. Let ai, ag, . .

a+b+c+d=4, a<b<1<c<d,

1 1 1 1
I(=+-+-+=)>4+8(@+v+*+d).
a b ¢ d

(a) If a7 >1>ag>---> ay, then

al+ay+---+ad+2n>3(af+a3+-+ad).

(b) If a1 <1<ay<---<ay,, then

3.247. Let ay,as, ..

al+ai+--+ad+2m<3atai+ - +ad).

(a) If ay >1>ay>---> ay, then

al +ay+ - +al+5n>6(a+a3+ - +ad).

(b) If a3 <1<as<---<a,, then

3.248. If ai,as, ..

then

3.249. If ay,as, ..

then

at+ay+---+at+6n<7ai+ta;+ - +al).

., G, are positive real numbers such that

1
m=zl>az->a, —+—+-+—=n,
a
ai+ay+--+ai+2n>3(a tay+ - +ay).

., a, are real numbers such that

ap <1<ay <---<ap, ay +ag + - +a, =n,

(14+a))(14a3)---(1+a?) > 2"

., apn (n > 3) be real numbers such that a; + as + - -+ + a,, = n.

., ap, (n > 3) be nonnegative real numbers such that a; +as+- - -+a, = n.
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3.250. If ay,as,...,a, are positive real numbers such that
az1l>a2->a, way---a, =1,
then

n n n 2 1 1 1
af +ay 4+ +at-n>n?(—+—+-+——n).
aq a9 Qpn

3.251. If ay, as,...,a, (n > 3) are real numbers such that

a +ag +---+a, =n, ap > ay>1>a3>--+ 2> ay,
then ”
ai+ay+---+at —n> g(af+a§+---+ai—n).
3.252. If ay,as, ..., a, are nonnegative real numbers such that at most one of them is larger

than 1 and aqas---a, =1, then

1 1 1
a+a+---+a,>—+—+4+---+—.
aq (05} Qp,



238 Vasile Cirtoage




Symmetric Polynomial Inequalities in Nonnegative Variables 239

3.2 Solutions

P 3.1. If a,b, c are positive real numbers, then

a® +b* + ¢ + 2abc + 1 > 2(ab + be + ca).

(Darij Grinberg, 2004)

First Solution. Setting

a=21x", b=y’ c=2", x,y,z >0,
we need to prove that

28 b 28 203823 1 > 2003y + 32 + 23a?).
Using Schur’s inequality and then the AM-GM inequality, we have
2% + 9% + 20 + 32%y%2% > Z 22y (2 + %) > 2 Z 2393,
Thus, it suffices to show that
20%°2% — 322?22 +1 >0,

which is equivalent to
(zyz — 1)*(2zyz + 1) > 0.

The equality holds for a =b=c = 1.

Second Solution. Among the numbers 1 — a, 1 — b and 1 — ¢ there are always two with

the same sign; let
(1-=0b)(1—-¢)>0.

We have

a® + b+ ¢® + 2abc + 1 — 2(ab + be + ca) =

= (a— 1)+ (b—¢)* + 2a + 2abc — 2a(b + c)

=(a—1)*+ (b—c)*+2a(1 —b)(1 —c) > 0.
Remark. The following generalization holds:

e Let a,b,c be positive real numbers. If 0 < k <1, then

a® +b* + ¢ + 2kabc + k > (k + 1)(ab + be + ca).

Since the both sides of the inequality are linear of k, it suffices to prove it for only £ = 0
and k = 1. For k = 0, the inequality reduces to

a? + %+ > ab+ be + ca,

which is well-known.
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P 3.2. Let a,b, ¢ be nonnegative real numbers. If 0 < k < /2, then

a’> +b* +c +kabe + 2k +3 > (k+2)(a+b+c).

Solution. Since the both sides of the inequality are linear of k, it suffices to prove the
inequality for k = 0 and k = v/2. For k = 0, the inequality reduces to

(a—1)*+(b—1)>+(c—1)*>0.
Consider further that k& = v/2, and write the inequality as
(a—12+0b—-1)%4(c—1)2>V2(a+b+c—2—abc).

Using the substitution
r=a—1, y=b—1 z=c—1,

we need to show that
2424 2112
4y + 22+ V2 (ryz +ay+yz+ zx) >0
for x,y,z > —1. Among the numbers z, y and z there are always two of them with the same

sign; let us say

Since

and
wyz + oy +yz+ 2w = (z+ Dyz +aly +2) > a(y + 2),

it suffices to prove that
1
P+ S+ 2’ + V2 aly+2) 20,

which is equivalent to

[a;+%(y+z)r > 0.

Thus, the proof is completed. The equality holds for a = b = ¢ = 1. In addition, if k = /2,

then the equality holds also for @ = 0 and b = ¢ = 1 + 1/4/2 (or any cyclic permutation).
0

P 3.3. Ifa,b,c are positive real numbers, then

abc(a + b+ c) + 2(a® + b* + ¢*) + 3 > 4(ab + be + ca).
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First Solution. Applying the AM-GM inequality two times, we get

18abc
a+b+c

abe(a + b+ ¢) + 3 > 24/3abc(a + b+ ¢) >

Therefore, it suffices to prove that

18abc

a2+ 0+ —
at+b+c

> 2(ab + be + ca),
which is just Schur’s inequality of third degree. The equality holds for a = b =c = 1.

Second Solution. Applying the AM-GM, we get

abc(a+b+c) + 3 = (a*be+ 1) + (ab’c + 1) + (abc® + 1)
> 2av/be + 2bv/ca + 2¢v ab.

Thus, it suffices to prove that
a? + 0 + ¢ + aVbe + by/ca + eVab > 2(ab + be + ca).

Substituting
Tr = \/57 y - \/57 = \/E7

we need to show that
ot oyt 2t ayz(n oy 4 2) > 2(0%? + PR 4 22?).
This inequality can be obtained by summing Schur’s inequality of degree four
vyt 2 ayz(e Hy 4 2) > ay(e® +y7) Fye(y? + 27+ za (2 +a?)

to
wy(® +9%) +y2(y* + 22) + 22(2? + 2%) > 2(2%y? + P2 + 220,

The last inequality is equivalent to

xy(r — y)2 +yz(y — 2)* + zx(z — a:)2 > (.

P 3.4. If a,b, c are positive real numbers, then

a(b® + ) +b(c® + a®) + c(a® + b*) + 3 > 3(ab + be + ca).
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Solution. Write the inequality as follows
(a+b+c)(ab+bc+ ca) + 3 > 3(abc + ab + be + ca).

(a+b+c—3)(ab+ bc+ ca) + 3 > 3abe.

Using the known inequality
(a4 b+ c)(ab+ bc + ca) > 9ab,
it suffices to show that
3la+b+c—3)(ab+bc+ca)+9> (a+b+c)(ab+ be+ ca),

which is equivalent to

2(a +b+c¢) —9](ab+ bc + ca) +9 > 0.
For the nontrivial case 2(a + b+ ¢) — 9 < 0, using the known inequality

(a+b+c)* > 3(ab+ be + ca),

it is enough to show that

[2(a+b+c)—9)(a+b+c)+27>0.
This inequality is equivalent to the obvious inequality

(a+b+c—3)22a+b+ec)+3]>0.

The equality holds for a =b=c=1.

P 3.5. If a,b, c are positive real numbers, then

2 4 2 2\ 3
(%) > a0 + (a— )2 (b — ¢)*(c — ).
(Vasile Cirtoaje, 2011)

Solution (by Vo Quoc Ba Can). Assume that
a = min{a, b, c}.
By virtue of the AM-GM inequality, we have
@+ 0>+ A\ [(a®+ 0+ — 2bc) + be + b’
3 B 3
> (a® + b* + & — 2bc)b*c?
= a’b*c® + (b — ¢)*b*c2.
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Thus, it suffices to prove that
(b—c)*?c? > (b—c)*(b—a)*(c —a)’.

This is obvious, because
v > (b—a)?, > (c—a)

The equality occurs for a = b = c.

P 3.6. If a,b, c are nonnegative real numbers, then
[ab(a +b) + be(b + ¢) + calc + a)]* > 4(ab + be + ca)(a®b® + b*c® + a®).
(Vasile Cirtoaje and Vo Quoc Ba Can, 2011)

First Solution. Assume that a > b > c¢. For the nontrivial case b > 0, by the AM-GM
inequality, we have

a?b? + b2 + 2a?]?

4(ab + be + ca)(a®b® + b*c* + c*a®) < |b(ab + be + ca) + 2

Thus, it suffices to prove that

a’b® 4+ b2 + 2a?

ab(a + b) + be(b + ¢) 4+ ca(c + a) > b(ab + be + ca) + 2

This inequality reduces to the obvious form
ac(a —b)(b—c¢) > 0.

The equality holds for a = b = ¢, for b = ¢ = 0 (or any cyclic permutation), and for a = 0
and b = ¢ (or any cyclic permutation).

Second Solution. We will prove the stronger inequality

[ab(a + b) + be(b + ¢) + ca(c + a)]* > 4(ab + be + ca)(a®b + b’ + *a®) + A,

where
A= (a—0b)*b—c)?(c—a)
Let
p=a+b+c, q=ab+bc+ca, r=abc.
Since

(@ =b)*(b—c)*(c —a)* = =27r" + 2(9pq — 2p°)r + p*¢* — 4¢°,

we can write this inequality as

(pg — 3r)* > 4q(¢* — 2pr) — 27r* + 2(9pq — 2p°)r + p*¢* — 4¢°,
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which reduces to
r(p® 4+ 9r — 4pq) > 0.

This is true since
P>+ 9r —4dpg > 0

is just the third degree Schur’s inequality.

P 3.7. If a,b, c are positive real numbers, then
(a) a+0+c+ab+bc+ca+9>5(a+b+ c);

(b) a® +b* + ¢ +4(ab+ be + ca) + 18 > 11(a + b+ ¢).
(Vasile Cirtoaje, 2010)
Solution. Let
p=a+b+c, q=ab+bc+ ca.

From
ala—1)2+bb—1)2*+c(c—1)*>0,
we get
A+ +E>2a+0 4+ ) —a—b—c=2p° —p—4q.

(a) Using the result above and the known inequality p? > 3¢, we have
>+ b+ +ab+bc+ca+9—5a+b+c)>
> (2p° —p—4q)+q+9—5p
=20 —6p+9—3¢q
> 2p° —6p+9 —p’
=(p—3)*>0.

The equality holds for a =b=c=1.
(b) Using the result above, we have

a® 4+ b4+ +4(ab+be+ ca) + 18 — 11(a+ b +2 >
> (2p* —p —4q) +4q+ 18 — 11p
=2(p—3)°>0.

The equality holds for a =b=c=1.
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P 3.8. If a,b,c are positive real numbers, then
(a) a®+ 0+ +abc+ 8 > 4(a+ b+ c);
(b) 4(a® 4+ 0> + ) + 15abc + 54 > 27(a + b + ¢).

Solution. Let
p=a+b+c, q=ab+bc+ ca.

By Schur’s inequality of third degree, we have

P> + 9abe > 4pq,

dg — 2
abe > PAL—P°)
9
a) We get
a® 4+ b® + ¢ + abe = 4abc + p(p* — 3q)
dp(4q — p°
> % +p(p? — 3q)
_ p(5p® — 11g)
5 .
Then, it suffices to prove that
5p* — 11
p(5p . Q)+824p7

which is equivalent to
5p® — 36p + 72 > 11pgq.

Since p? > 3¢, we have
3(5p° — 36p + 72 — 11pq) > 3(5p* — 36p + 72) — 11p°

3
4(p* — 27p + 54)
4(p—3)*(p+6) > 0.

The equality holds for a =b=c=1.
(b) We get

4(a® 4+ b* + ¢*) + 15abe = 27abe + 4p(p* — 3¢
> 3p(dq — p*) + 4p(p* — 3q) = p°.

Then, it suffices to prove that
p® + 54 > 27p,
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which is equivalent to the obvious inequality
(p—3)*(p +6) > 0.

The equality holds for « = b = ¢ = 1, and also for a = 0 and b = ¢ = 3/2 (or any cyclic
permutation).

Remark. Similarly, we can prove the following generalization ( Vasile Cirtoaje, 2010):

e Let a,b,c be nonnegative real numbers. If 0 < k < 27/4, then

a® + 0>+ + (k- 3)abc + 2k > k(a + b +c).

P 3.9. Let a,b,c be nonnegative real numbers such that
a+b+c=a*+b+

Prove that
ab + be + ca > a?b® + b2 + 2a®.

(Vasile Cirtoaje, 2006)
Solution (by Michael Rozenberg). From the hypothesis condition, by squaring, we get
at + '+t —a? — b — ¢ = 2(ab + be + ca — a*b® — b — *a?).
Therefore, we can write the required inequality as
at+ v+t >+ 0+ A
This inequality has the homogeneous form
(a+b+c)(a* +b* + ') > (a® + b+ *),
which follows immediately from Hélder’s inequality. The equality holds fora = b= ¢ =1, for
a=b=c=0, for (a,b,c) = (0,1,1) (or any cyclic permutation), and for (a,b,c) = (1,0,0)

(or any cyclic permutation).
[

P 3.10. If a,b, c are nonnegative real numbers, then
(a® + 2bc)(b* + 2ca)(c® + 2ab) > (ab + be + ca)®.

(Vasile Cirtoaje, 20006)
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Solution. We have
(a® + 2be) (b* + 2ca)(c* + 2ab) = 9a®b*c* + 2 Z a’b® + 4abcz a’

and
(ab+ be + ca)® = 6a*b*c® + Z a’b® + 3abcz ab(a +b).

So, we can rewrite the inequality as
3a*b’c? + Z a®b® + 4abcz a® > 3abcz ab(a + b).
Since > a*b® > 3a?b*c? (by the AM-GM inequality), it suffices to prove that
6abc—|—4Za3 > 3Zab(a+ b).

We can get this inequality by summing the inequalities
1
3 Z a’® > abe

3abe + Za?’ > Zab(a +b).

The first inequality follows from the AM-GM inequality, while the second is just the third
degree Schur’s inequality. The equality holds when a = b = ¢, and also when two of a,b, ¢
are zero.

and

Remark. Similarly, we can also prove the following inequality

(2a* + Tbc)(26* + Tca)(2¢* + Tab) > 27(ab + be + ca)®.

P 3.11. If a, b, c are nonnegative real numbers, then
(2a® + be) (26% + ca)(2¢ + ab) > (ab + be + ca)®.
(Vasile Cirtoaje, 2006)
First Solution. Since
(2a* + be) (20 + ca)(2¢* + ab) = 9a’b*c? + 4 Z a*b® + 2abcz a®

and
(ab+ bc + ca)® = 6a*b*c® + Z a*b® + 3abcz ab(a + b),

the inequality is equivalent to

3a*b?c* + 3 Z a*b® + 2abcz a® > Sabcz ab(a + b).
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We can get this inequality by summing
2ach: a® > 2a*b*c?
3 >

and
Z a’b® + 3a*b*c® > abcz ab(a + ).

The first inequality follows from the AM-GM inequality, while the second is just the third
degree Schur’s inequality applied to the numbers ab, bc and ca. The equality holds when
a = b = ¢, and also when two of a, b, ¢ are zero.

Second Solution. By Holder’s inequality, we have
(a® + be + a®)(b* + b* + ca)(ab + ¢* + ¢*) > (ab + be + ca)?,

from which the desired inequality follows.

Remark. Using the first method, we can also prove the following inequality

(5a® + be)(5b® + ca)(5c* + ab) > 8(ab + be + ca)®.

P 3.12. Let a,b, c be nonnegative real numbers such that

atb+c=2.
Prove that
(a) (a® +0*)(b* + ) (c* + a®) < (a+b)(b+ ¢)(c + a);
(b) (a® +0*)(0? + ) (A + a?) < 2.

Solution. Assume that
a = min{a, b, c}.

It is easy to check that the equality holds in both inequalities for a =0 and b = ¢ = 1.

(a) Since
a* 4+ b < b(a+b)

and
+a® < c(c+a),

it suffices to show that
be(b® 4+ %) < b+c.
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By the AM-GM inequality, we have

<2(b+c).

2 2\72 4
e(t? + ) < {ch+(§ +c )} _ (bzc)

The equality holds for a = 0 and b = ¢ = 1 (or any cyclic permutation).
(b) First Solution. Since

a* 4+ b* < b(a+b)
and
4 a® < cla+c),

it suffices to show that
be(a+b)(a + c)(b* + ) < 2.

By the AM-GM inequality, we have

2b(a + ¢) + 2¢(a + b) + (B2 + 2)]°

4bc(a + b)(a + c)(b* + %) < 3

Therefore, we only need to show that
b + ¢ + 4bc + 2ab + 2ac < 6.
This is true since

12 — 2(b* + ¢ + 4bc + 2ab + 2ac) =
=3(a+b+c)* —2(b* + ¢ + 4bc + 2ab + 2ac)
= 2a* + b + ¢* — 2bc + 2ab + 2ac
=2a(a+b+c)+(b—c)?>0.

The equality holds for a = 0 and b = ¢ = 1 (or any cyclic permutation).

Second Solution. Let us denote
F(a,b,c) = (a® +b*)(b* + ¢*)(c* + a?).

We will show that
F(a,b,c) < F(0,b+a/2,c+a/2) <2.

The left inequality,
(a® + b)) (b + ) (A +a®) < (b+a/2)*[(b+a/2)* + (c+ a/2)*](c+ a/2)?,

is true since
a’+b* < (b+a/2)?

b2+ < (b+a/2)*+ (c+a/2)?
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A+ a* < (c+a/2)
The right inequality holds if the original inequality holds for a = 0; that is,

VAV 4 %) <2

for b+ ¢ = 2. Indeed, by virtue of the AM-GM inequality, we have
2
be < (b + c) 1
2

2022 (b* + ¢?) < 2be(b? 4 )
{Zbc + (b + 02)} 2

hence

<

2
(b+c)?
4

=4.

P 3.13. Let a,b, c be nonnegative real numbers such that
a+b+c=2.
Prove that
(a® 4+ b*)(b* + ) (S + a®) < 2.
Solution. Due to symmetry, we may assume that

a = min{a, b, c}.

It is easy to check that the equality holds for a = 0 and b = ¢ = 1. Write the inequality as

[H(a + b)} [H(cﬂ —ab+ )] <2.
Since
[[(a+0) < (a+b+c)(ab+ be+ ca) = 2(ab + be + ca),

it suffices to show that
(ab 4+ bc + ca) H(a2 —ab+b*) < 1.

Since
a? —ab+b* < b

and
A —ca+a® < 02,
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it suffices to show that
b?c?(ab + be + ca)(b* — be + ¢*) < 1.

In virtue of the AM-GM inequality, we have

be + be + (ab+ be + ca) + (% — be+ 2)]*

b?c?(ab + be + ca)(b* — be + ¢*) < 1

Therefore, it remains to show that
b2 + 2 + 2bc+ ab + ca < 4.
This is true since

4— (b 4+ +2bc+ab+ca)=(a+b+c)? — (b* +c* + 2bc+ ab + ca)
=ala+b+c)>0.

The equality holds for a = 0 and b = ¢ = 1 (or any cyclic permutation).

P 3.14. Let a,b,c be nonnegative real numbers such that
A+ +E =2

Prove that
(a®> +0*) (0> + ) (? + a®) < 2.

(Vasile Cirtoaje, 2011)

Solution. Let
r=a y=0b, z=c, r4+y+z=2.

Since
(a® +5°)° < (a* +6°)(a* + ') = (& +y) (=" + %),
it suffices to prove that
(z+y)(y +2)(z + 2) (2 +y*) (" + 2°) (2" + 27) < &
Due to symmetry, we may assume that
x =min{x,y, z}.

It is easy to check that the equality holds for x = 0 and y = z = 1. Since

(x+y)y+2)z+2z) <(x+y+2)(zy+yz+2x) =2(xy + yz + 21)
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and
Py <ylety), 22+22<z(r+2),

it suffices to show that
yz(zy +yz + 20)(z +y)(x + 2)(y* + %) < 2.
Write this inequality as
(2y2)[2(zy +yz + z2)][2(2 + y) (@ + 2)](y* + 2%) < 16.
By the AM-GM inequality, it suffices to show that

2z + 2wy +yz + 22) + 2 +y) (@ +2) + (P + )]
4

This inequality is equivalent to
222 + % + 22 4 6yz + 4oy + 4z < 8,

227 4+ y* 4+ 2% 4 6yz + 4oy + dzx < 2(x +y + 2)?,
(y—2)* >0
The equality holds for a = 0 and b = ¢ = 1 (or any cyclic permutation).

P 3.15. If a,b, c are nonnegative real numbers such that
a+b+c=2,

then
(3a* — 2ab + 3b*)(3b* — 2bc + 3¢?) (3¢ — 2ca + 3a?) < 36.

< 16.

(Vasile Cirtoaje, 2011)

Solution. Due to symmetry, assume that

a = min{a, b, c}.

On the other hand, we can check that the equality holds for (a,b,c) = (0,1, 1). Since

0 < 3a* — 2ab + 3b> < b(a + 3b)

and
0 < 3¢® — 2ca + 3a* < c(a + 3¢),

it suffices to show that

be(a + 3b)(a + 3¢)(3b* — 2bc + 3¢2) < 36.
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Write this inequality as
[4b(a + 3c¢)][4c(a + 3)][3(3b* — 2bc + 3¢%)] < 123,
By virtue of the AM-GM inequality, it suffices to show that

4b(a + 3¢) + 4c(a + 3b) + 3(36% — 2be + 3¢2)1°
3

< 123,

This is equivalent to
9(b+ ¢)? +4a(b + c) < 36.
We have
36 —9(b+c)* —4da(b+c) =9a+b+c)>—9(b+c) —4a(b+c)
= a(9a + 14b + 14¢) > 0.

The equality holds for a = 0 and b = ¢ = 1 (or any cyclic permutation).

Remark. Similarly, we can prove the following more general statement.

2
e Let a,b, c be nonnegative real numbers. If 3 <k <2, then

4
(CL2 — kab + b2>(b2 — kbe + 02)(C2 — kca + CL2) S m(a + b + 0)6,
. . c k . .
with equality for a =0 and p + b= 1+ > (or any cyclic permutation).

P 3.16. Let a,b, c be nonnegative real numbers such that
a+b+c=3.

Prove that
(a® — dab + b*)(b* — 4bc + ¢*)(¢* — dea + a*) < 3.

(Vasile Cirtoaje, 2011)

Solution. Assume that

If ¢ — 4ca + a® < 0, then
b<c<(24V3)a<(2+V3)b.

From

b< (24+V3)a, ¢<(2+V3)b,
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it follows that
a?—4ab+b* <0, b —4dbc+c?<0.

Since
(a® — 4ab + b*)(b* — 4bc + c*)(c* — 4ca + a*) <0,

the desired inequality is trivial. Consider further that ¢ — 4ca + a® > 0. There are only two
cases when the left hand side of the desired inequality is nonnegative:

a?—4ab+0*>0, b —4dbc+2 >0, ¢ —4dca+a®>>0

and
a? —4ab+b*<0, b —4dbc+c32<0, —4dca+a®>0.

Case 1: a®> —4ab+b*> > 0, b> — 4bc + 2 > 0, ¢® — 4ca + a®> > 0. Since
a’? —4dab+b* <V, A —dca+a® <

it suffices to prove that
b2 (b* — 4be + ¢*) < 3.
It is easy to show that the homogeneous inequality

a+b+c)6

(a® — 4ab + b*)(b* — 4bc + ¢*)(c* — 4eca + a®) < 3 ( 3

becomes an equality for
a=0, b + 2 = The.

Thus, we apply the AM-GM inequality as follows:

1
b?c2(b* — 4bc + c*) = §(Bbc)(3bc)(62 — 4be + ¢?)
< 1 [3bc+360+ (b —4bc+02)]3
-9 3

b+c\° a+b+c)\°
=3 <3|——=) =3.

Case 2: a® —4ab+b* <0, b?> —4bc+ 2 < 0, 2 — 4ca+a? > 0. By the AM-GM inequality,
we have
(4ab — a® — b*)(4bc — b* — *)(* — 4ca + a?) <

- (4ab — a® — b*) + (4bc — b* — ) + (c? —4ca+a2)]3
- 3

= %(2@() + 2bc — 2ca — b*)?;
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therefore, it suffices to prove that

81
(2ab + 2bc — 2ca — b*)? < n
which is equivalent to the homogeneous inequality

2v/9(2ab + 2bc — 2ca — b*) < (a4 b+ ¢)%.
21
Since 2v/9 < = we only need to show that

21(2ab + 2bc — 2ca — b*) < 5(a + b + ¢)*.
Write this inequality as f(a) > 0, where
f(a) = 5a® + 4(13¢c — 8b)a + 26b* + 5¢* — 32bc.
From a? — 4ab + b? < 0, it follows that

a 2 (2 - \/§)b7
b2
which involves 4a > b and 5a® > 20 therefore,

v 1
f(a) > 20" (13¢ — 8b)b + 26b* + 5¢* — 32bc = %(1917 —10¢)* > 0.

3—5 3+v5
9

This completes the proof. The equality holds for a = 0, b = and ¢ =

any permutation).

P 3.17. If a, b, c are positive real numbers such that
a+b+c=3,

then
12

b - >
“ C+ab+bc+ca =

Solution. By the third degree Schur’s inequality
(a4 b+ c)® +9abc > 4(a + b+ ¢)(ab + be + ca),

we get 3abe > 4(ab + be + ca) — 9. Thus, it suffices to prove that

4(ab+bc+ca)—9+L > 15.
ab + be + ca

This inequality is equivalent to
(ab+ bc+ ca —3)* > 0.

The equality holds for a =b=c=1.
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P 3.18. If a,b,c are positive real numbers such that
a®+ b+ c* =3,

then 3
b — > 18.
5(a+ +c)+abc_ 8

Solution. Let
at+b+c

3

xr =

From
2(ab+bec +ca) = (a+b+c)* — (a* + b* + *) = 3(32* — 1),

we get x > 1/4/3. By the known inequality
(ab + be + ca)?® > 3abe(a + b+ c),

we get
1 dx

>
abc — (322 —1)?
Then, it suffices to prove that
4z

—_— >
5r + B2 —1) = 6,

which is equivalent to
152° — 182" — 102° + 122° + 32 — 2 > 0,

(z —1)*(152° + 122* — 2 — 2) > 0.

We still have to show that
152% + 1222 — 2 — 2 > 0.

Since x> 1/+/3, we get

1 2
150 + 1222 =z — 2 > 22(12 — = — =) > 2%(12 — V3 - 6) > 0.
X Xz

The equality holds for a =b=c=1.

P 3.19. If a,b, c are positive real numbers such that
a®+ b+ c* =3,

then
12 + 9abc > 7(ab + be + ca).

(Vasile Cirtoaje, 2005)
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Solution. Denote x = (a + b+ ¢)/3. Since
2(ab+bc+ca) = (a+b+c)* — (a* +b* + *) = 3(32° — 1),
we can write the inequality as
5+ 2abc > Ta2.
By Schur’s inequality of degree three, we get

(a4 b+ c)* + 9abe > 4(a + b+ c)(ab + be + ca),

32 + abe > 2x(32% — 1),
abe > 323 — 2x.

Then,
5+ 2abc — T2* > 5+ 2(32° — 22) — T2 = (x — 1)*(6z + 5) > 0.

The equality holds for a =b=c = 1.

P 3.20. If a,b, c are positive real numbers such that
a®+ b+ c* =3,
then
21 + 18abe > 13(ab + bc + ca).
(Vasile Cirtoaje, 2005)
Solution. Let
p=a-+b+c, q = ab + bc + ca.

From
2¢=(a+b+c)?—(a>+b*+ ) =p* -3,
we get p > v/3. In addition, from Schur’s inequality of degree four, we have
(P —q)(4g —p*) _ (> +3)(p* —6)

abc > = )
6p 12p

Therefore,

3(p* +3)(p* -6 13(p* — 3
21 + 18abec — 13(ab + bc + ca) > 21 + (v +2)(p ) _ (p2 )
p
— 3)2(3p? —
(p=3)Bp +5p-6) _
2p -

The equality holds for a =b=c=1.



258 Vasile Cirtoage

P 3.21. If a,b, c are positive real numbers such that
a4+ b+ c* =3,

then
(2—ab)(2—bc)(2 —ca) > 1.

(Vasile Cirtoaje, 2005)
First Solution. Let p=a+ b+ c. From
3>+ 02+ ) > (a+b+c)?
we get p < 3. Since

(2 —ab)(2 — bc)(2 — ca) = 8 — 4(ab + be + ca) + 2abc(a + b+ ¢) — a®b*c?
=8 —2(p* — 3) + 2abcp — a’b*c?
=14—p* — (p — abe)?,

we can write the inequality as
13 —p* — (p — abc)* > 0.

Clearly,
3(p — abc) = (a® +b* + c*)(a + b+ c) — 3abc > 0.

By Schur’s inequality

(a+b+c)® + 9abc > 4(a+ b+ c)(ab + be + ca),

we get
p* + 9abe > 2p(p* — 3),
abe > PP°=6)
—_ 9 .
Since 0 ) ( 2
p(p”—6) p(I5—p
0<p—abc<p-— =
p—abc=p 9 9 )
it suffices to prove that
2 212
p(15 — p°)
13—p> —"————— 2 >0.
p 31 =

Setting
p=3vz, O0<az<l,

this inequality becomes
13 — 34z + 302% — 92° > 0.
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It is true because

13 — 342 + 302% — 92° = (1 — 2)(13 — 212 + 92?)
=1—-2)[1+3(1—x)(4-3z)] >0.

The equality holds for a =b=c=1.

Second Solution. We use the mixing variables technique. Assume that ¢ < 1 and show
that
(2 —ab)(2 —bc)(2 —ca) > (2 — 23 (2 — ax)* > 1,

where

Since . 5
2—5022—§(b2+c2) >2-5>0
and, similarly, 2 — ca > 0, 2 — ab > 0, we can prove the left inequality by multiplying the
inequalities
2—be>2—2?
and
(2 —ca)(2 — ab) > (2 — ax)*.

The last inequality is true because

(2 —ca)(2 — ab) — (2 — ax)* = 2a(2x — b — ¢) — a®*(x* — bc)
2a(b—c)*  a*(b—c)?

T 2r+b+tc 2
_alb—o)’[A— a2z + b+ c)]
B 22z +b+c)

and

4—a2x+b+c) >4(1 —azx) =2(2 — aVv6 — 2a?)
4(1 —a*)(2 — a?)

= > 0.
2+ av6 —2a2

The right inequality, (2 — 2%)(2 — az)? > 1, is equivalent to

(1+a*) (2 —ar)® > 2.
Since 2(1 + a?) > (1 +a)? and 2 — ax > 2 — z > 0, it suffices to show that

(I1+a)2—ax)>2
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Indeed,

a(a* + 2a® — 2a® — 6a + 5)
224+ 2 + ax)
a(a —1)*(a® + 4a + 5)

p—t > .
22+ x + ax) 20

(14+a)2—ar)—2=a2—2—azx) =

P 3.22. Let a,b, ¢ be positive real numbers such that
abc = 1.
Prove that
<a+b—|—c)5 L a4+
3 - 3

First Solution. Write the inequality in the homogeneous form

(a+b+c)® > 8labe(a® + b* + ¢*).
Using to the known inequality

(ab+ bc + ca)?* > 3abe(a + b+ c),
it suffices to show that

(a+b+c)® > 27(ab + be + ca)*(a® + b* + ¢?).
Setting p = a + b+ ¢ and ¢ = ab + bc + ca, we have
(a+b+c)® —27(ab + be + ca)*(a® + b* + ) = p° — 27¢*(p* — 2q)
= (p* = 3¢)*(p* + 69) > 0.

The equality occurs for a =b=c = 1.

Second Solution. Use the mixing variables method. We show that
E(a,b,c) > E(a,z,x) >0,
where

_b+c

E(a,b,c) = (a+b+c)® —8labc(a® + b* +¢*), =z 5

Indeed, we have

E(a,b,c) — E(a,x,x)

o1 = a*(2* — be) + a[22* — be(b* + )]

1 1
= Zag(b —c)+ ga(b —o)*t>0
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and
5 Sl 292 2
B(ar.x) = (a-+ b+ )" — Salb+c)P[26 + (b + )
1
= g(2a —b—c)?[2a® + 12a*(b + ¢) — 9a(b + ¢)* + 8(b+¢)’] > 0,
since

2a* +12a*(b + ¢) — 9a(b + ¢)* + 8(b + ¢)*] >
> 6a*(b+c) — 12a(b+ ¢)* + 6(b + ¢)*
=6(b+c)a—b—c)*>0.

P 3.23. If a,b,c are positive real numbers such that
abc =1,

then
A+ +l+a P+ 0P+ +20>3(a+b+o)(a !+ 4.

Solution. Since

b b
aWHP+§+a*+b*+d*+3=(9+—+5)(—+9+9)

b ¢ a)\a b ¢
and ; ;
(a+bto)at+b +e = (242454 (2445 43,
b ¢ a a b ¢

we can write the desired inequality in the homogeneous form

a b ¢ b ¢ «a a b ¢ b ¢ «a
s Sl I B e R 1 (R e R IR, e A A
b ¢ «a a b ¢ b ¢ «a a b ¢

g+9+g_3 é—|-E—|—g—3 > 0.
b ¢ «a a b ¢

This is true because, by the AM-GM inequality, we have

a b ¢ b ¢ «a
—h -4 ->3 —4-+-2>3
b ¢ «a a b ¢

The equality holds for a =b=c=1.
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P 3.24. If a,b, c are positive real numbers such that
abc =1,

then 0
&2+62+c2—ab—bc—ca2Z(a+b+c—3).

Solution. Write the inequality in the form
3(42® — 3x + 3) > 4(ab + be + ca),
where

a+b+c
3 )

xr =
The third degree Schur’s inequality states that
(a4 b+ c)* + 9abe > 4(a + b+ c)(ab + be + ca),

which is equivalent to

3(3z3 + 1
4(ab + bc + ca) < M
x
Therefore, it suffices to show that
3(323 +1
34 — 3z 4+3) > S0 D
x
This inequality reduces to
(z—1)" >0,

which is true because

x> vabe = 1.

The equality holds for a =b=c=1.

P 3.25. If a,b,c are positive real numbers such that
abc =1,

then
a®+ b+ +a+b+c>2(ab+ be+ca).
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Solution. Let
p=a+b+c, q = ab+ bc + ca.

By virtue of the AM-GM inequality, we have

p > 3vVabe = 3,
and by Schur’s inequality

P> + 9abe > 4pq,

we get
p>+9
P

4q <

Therefore,

A+ +E+a+b+c—2ab+be+ca)=p*+p—4q
P>+ 9

>pP+p—

P=3)+3)
2o

The equality holds for a =b=c=1.

P 3.26. If a,b,c are positive real numbers such that
abc =1,

then
a® +b* +c +15(ab+ be + ca) > 16(a + b+ c).

Solution. Write the inequality as F'(a,b,c) > 0, where

1 1 1
F(a,b,c) =a®>+b*+ 2+ 15 (—+5+—) —16(a + b+ c).
a C

Assume that ¢ > b > ¢ and denote
t=Vbe, 0<t<1, at®=1.

We will show that
F(a,b,c) > F(a,t,t) > 0.

Since L1 9
F(a,b,c) — F(a,t,t) =b*+c* — 2t + 15 (E+__¥) —16(b + ¢ — 2t)
C
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:(b—c)2+15<7_%c)2_16(\/5_ﬁ)2
+ 2 16] = (Vb Ve ) (4¢E+%—16>,

(VB VR (VB Ve P

it suffices to show that T
4t + i 16 > 0.
Indeed,

G-nas-1_,

15 15
t4+——-16>t+——16=
+ 12 * t
The inequality F'(a,t,t) > 0 is equivalent to
(t— 1217t +2t3 — 1312 + 2t + 1) > 0.

We have
17t + 213 — 132 + 2t 4+ 1 = (2t — 1)* + ¢(¢3 + 34¢> — 37t + 10)

t
= (2t —1D)* + Z[75(275 — 1)% + 140¢* — 149t + 40] > 0

since D = 149% — 4 - 140 - 40 = —199. The equality holds for a = b =c = 1.

P 3.27. If a,b,c are positive real numbers such that
abc =1,
then

2 1 3
.
a+b+c 3 ab+bc+ca

Solution. Let
ab + be + ca

3

T =
By virtue of the AM-GM inequality, we have
T > Vab-bc-ca=1.
The third degree Schur’s inequality applied to ab, bc, ca, states that
(ab+ be + ca)® + 9a*b*c* > 4abc(a + b+ ¢)(ab + be + ca),

which is equivalent to
3 4x

> .
a+b+c~ 323+1
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Therefore,

3 2 +1_ 3 S 8w + 3
at+b+c 3 ab+bctca)  3x3+1 x
3t =928 + 8 + . —3  (x—1)(32® — 62 + 22 4 3)

z(323 + 1) B z(323 4+ 1)

Since = > 1, we need to show that

32° — 622 + 22 +3 > 0.
For x > 2, we have
3% — 62 + 2x + 3 > 3% — 627 = 327 (v — 2) > 0,
and for 1 < x < 2, we have
32° — 622 + 20 +3=32(x —1)*+3 -2 >0.

The equality holds for a =b=c=1.

P 3.28. Let a,b, c be the lengths of the sides of a triangle. If
a®+ b+ c* =3,

then
a+b+c>2+ abe.

(Vasile Cirtoaje, 2005)

Solution. Let
p=a+b+ec, q = ab + bc + ca.

We need to show that

p?—2¢=3
involves
p > 2+ abe.
Since
pq = 9abe,

it suffices to show that p? — 2¢ = 3 implies
9p > 18 + pg;

that is,
18p > 36 + p(p* — 3),



266 Vasile Cirtoage

P’ —21p+36 <0,
(p—3)(»*+3p—12) <0.
Since
P2 < 3(a2—|—b2—|—c2) —9,
we need to show that
p? 4+ 3p—12>0.

From
2(ab +be + ca) — a® — b* — & =
= (Va+ Vb +Vo)(—va+Vb+ Vo) (Va— Vb + Vo) (Va+ Vb — /) >0,
we get
P> >2(a> + b7+ %) =6,
hence

P’ +3p—12>6+3V6—12 > 0.

The equality occurs for a =b = c.

P 3.29. If a,b,c are positive real numbers such that
abc =1,

then

VA +a)1+b)(1+c) > va(l+a+b+e).
(Pham Huu Duc, 2008)
Solution. Since

(1+a)1+b)(1+c)=(1+a+b+c)+ (14 ab+ bc+ ca)
> 2y/(1+a+b+c)(1+ab+ be+ ca),

it suffices to prove that
(I4+ab+bc+ca)> >4(1+a+b+c),

which is equivalent to
(1+q)* > 4(1+p),

where
p=a+b+c, q = ab+ bc + ca.

Setting x = be, y = ca, z = ab in Schur’s inequality

(x+y+2) +92yz > 4(x +y + 2)(zy + yz + 22),



Symmetric Polynomial Inequalities in Nonnegative Variables 267

we get
¢+ 9> 4pq.
Since
¢ +9
q

(1+q)° =41 +p)>(1+q)°—4-
_ (—=3)(2¢+3)
q J
it suffices to show that ¢ > 3. Indeed, by the AM-GM inequality, we have
q=ab+ bc+ ca > 3va2b2c? = 3.

The equality holds fora =b=c=1

P 3.30. If a,b, c are positive real numbers, then
a® +0° + ¢ — 3a®b*c? > 18(a® — be)(b? — ca)(c® — ab).
(Vasile Cirtoaje, 2007)

Solution. Due to homogeneity, we may assume that abc = 1, when the inequality can be
written as

a® + 0% + 5 —3>18(a® + b* + & — a®b® — b3 — Pad).
Substituting a®, 3, ¢® by a, b, ¢, respectively, we need to show that abc = 1 implies
F(a,b,c) > 0, where
F(a,b,c)=a’>+b*+c*—3—18(a+b+c—ab— bc — ca).

To do this, we use the mixing variables method. Without loss of generality, assume that
a > 1. We claim that

F(a,b,¢) > F(a,Vbe,Vbc) > 0.
We have
F(a,b,c) — F(a,Vbe,Vbe) = (b — ¢)> = 18(Vb — /¢)? + 18a(Vb — v/¢)?
= (b—c)?+18(a— 1) (Vb —/e)? > 0.

Also, putting v/be = t, we have

1 1 18 36
F(a,Vbc,Vbc) = F(t—Q,t, t) = at 20t — 3 — 7~ 36t + "
=122t -1t +1)(5t+ 1) =0
_ i > 0.

The equality holds for a = b = ¢, and for a/2 = b = ¢ (or any cyclic permutation).
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P 3.31. If a,b,c are positive real numbers such that
a+b+c=3,

2 2 2

(Vasile Cirtoaje, 2006)

First Solution. Since

it suffices to prove that

1 1 1
—+—+—>d"+0+
ab  bc ca

which is equivalent to
abe(a® + b* + ¢*) < 3.

Let = (ab + bc + ca)/3. From the known inequality
(ab+ bc + ca)?* > 3abc(a + b+ c),

we get
abe < 22

On the other hand, we have
a? + b+ =(a+b+c)? —2(ab+be+ca) =9 — 6.

Then,
abc(a® +b* +¢*) =3 < 2*(9—67) — 3= —-3(z — 1)*(2r + 1) <0.

The equality holds for a =b=c=1.

Second Solution. Since a + b+ ¢ = 3, we can write the inequality as

1
Y (5 —a’+4a—4)>0,

a?

which is equivalent to
Z(l—a)2(1+2a—a2) >0

a? -

Without loss of generality, assume that a = max{a, b, c}. We have two cases to consider.
Case 1: a < 14 /2. Since a,b,c < 1+ /2, we have

142a—a*>>0, 1+20—0>>0, 1+2c—c*>0.

Thus, the conclusion follows.
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2
Case 2: a > 1++/2. Sinceb+c:3—a<2—\/§<g,wehave

1

be< =(b+c)? < %

|

and hence

1 1 1 1 1 s o o o
$+b—2+g>§+c—gza>18>(a+b+c) >a® 4+ b + .

P 3.32. If a,b,c are positive real numbers such that
ab + bc + ca = 3,

then
a® + b + ¢ 4 Tabe > 10.

(Vasile Cirtoaje, 2005)

Solution. Let
a+b+c

3

By the well-known inequality
(a+0b+c)* > 3(ab+ be + ca),
we get x > 1. Since

a® + b+ ¢ = 3abc + (a+ b+ c)®* — 3(a+ b+ c)(ab + be + ca)
= 3abe + 272° — 27z,

we can write the inequality as

10abc + 2723 — 272 — 10 > 0.

4
For x > 3 this inequality is true since

16
2723 — 27 — 10 = 27x(2* — 1) — 10 > 36(3 —1)—-10=18.

e

For1 <z < 3 we use Schur’s inequality

(a+b+c)® +9abc > 4(a+ b+ c)(ab + be + ca),
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which is equivalent to
abc + 3x% — 42 > 0.

Therefore,

10abc 4 272 — 27x — 10 > 10(—32> + 4x) + 272% — 272 — 10
=(z—1)[4—3z+3(2-2%)]>0.

The equality holds for a =b=c=1.

P 3.33. If a,b,c are nonnegative real numbers such that
a4+ b4 =3,

then
a*bt + bt + ctat < 3.

(Vasile Cirtoaje, 2003)

Solution. By virtue of the AM-GM inequality, we have

A+ +1 4=

b <
“=""3 3
hence - 415 3
&4[)4 — a3b3 . ab S M
Similarly,
Bt < 403 — adb3cB A < 4cta’ — adb3c?
- 3 ’ - 3

Summing these inequalities, we obtain

A(@’’ +0°¢° + *a®) B3

a*bt + bt + ctat < 3

Using the substitutions z = a3, y = b3, z = ¢?, it suffices to prove that
Ay +yz + zz) < 3xyz + 9,

where x, y, z are nonnegative real numbers satisfying x +y+ 2z = 3. This follows immediately
from Schur’s inequality

dx+y+2)(ry +yz + 2x) < 9zyz + (v +y + 2)°.

The equality holds for a =b=c=1.
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Remark 1. We may write the inequality in the homogeneous form

(a4b4 bt 4 c4a4>3 _ <a3 + B3+ c3>8

3 3

From this, we get the reverse statement.

e Ifa,b,c are nonnegative real numbers such that a*b* + b*c* + c*a* = 3, then
a4+ b+ S > 3.
Remark 2. The inequality in P 3.33 is a particular case of the following statement:

e Let a,b,c be nonnegative real numbers such that a +b+c=3. If 0 < k < kg, where

In3

Ko = In9 —1In4

~ 1.355,

then
akbf + bEk + Fak < 3.

P 3.34. If a, b, c are nonnegative real numbers, then
(a+1)%b+1)*(c+1)* > 4(a+ b+ c)(ab + be + ca) + 28abe.
(Vasile Cirtoaje, 2011)
Solution. By the AM-GM inequality, we have

(a+1)(b+1)(c+1) = (abc+ 1)+ (a+ b+ c) + (ab+ bc + ca)

> 2Vabe + 2+/(a + b+ ¢)(ab + be + ca).
Thus, it suffices to prove that

2
[\/abc+ \/(a—i—b—i—c)(ab—f—bc—l—ca)] > (a+ b+ c)(ab+ be + ca) + Tabe,

which can be written as

Vabe(a + b+ ¢)(ab + be 4 ca) > 3abe.

This is true if

V(@ +b+c)(ab + be + ca) > 3V abe.

Indeed, we have
(a+ b+ c)(ab+ be+ ca) — 9abe = a(b — ¢)* + b(c — a)* + c(a — b)* > 0.

The equality holds for a =b=c=1.
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P 3.35. If a, b, c are positive real numbers such that
a+b+c=3,

then
1 + 8abc > 9min{a, b, c}.

(Vasile Cirtoaje, 2007)

Solution. Without loss of generality, assume that
a =min{a,b,c}, a<1,

when the inequality becomes
1 4+ 8abc > 9a.

From (a —b)(a —¢) > 0, we get
be>alb+c)—a*=a(3—a)—a*=a(3—2d%).
Therefore,
1+ 8abc — 9a > 1+ 8a*(3 — 2a*) — 9a = (1 — a)(1 — 4a)* > 0.

115

The equality holds for a = b = ¢ = 1, and also for (a,b,c) = (Z’ 13

) (or any cyclic

permutation).
[l

P 3.36. If a, b, c are positive real numbers such that
a®+ b+ c* =3,

then
1 + 4abc > 5min{a, b, c}.

(Vasile Cirtoaje, 2007)

Solution. Without loss of generality, assume that
a =min{a,b,c}, a<1.

The inequality can be written as
1 + 4abec > ba.

From (a® — b*)(a® — %) > 0, we get

be > avbh? + 2 — a? = av/3 — 2a2.
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Therefore, it suffices to prove that
4a*V/3 — 2a% > ba — 1.

We consider two cases.
Case 1: 0 < a < 1/3. Since

\/3—2a22§>%,

it is enough to show that

25
Zaz > ba — 1.

This inequality is equivalent to (5a — 2)% > 0.
Case 2: 1/3 < a < 1. Since

V3 —2a%?>2—a,

which is equivalent to the obvious inequality
(1-a)(3a—1) >0,

it suffices to show that
4a*(2 —a) > 5a — 1.

Indeed, we have
4a*(2 —a) —5a+1= (1 —a)(2a —1)* > 0.

The proof is completed. The equality holds for a = b =c = 1.

P 3.37. If a, b, c are positive real numbers such that
a—+ b+ c = abe,
then
(1—a)(1=b)(1—-c)+(V3-1)>>0.
Solution. Without loss of generality, assume that
a>b>ec.

The product (1 —a)(1 —b)(1 — ¢) is negative for either a > 1 >b>cora>b>c > 1.
Since @ > 1 > b > ¢ involves the contradiction

0O=a+b+c—abc>a(l—bc)>0,
it suffices to consider only the case a > b > ¢ > 1. Setting

r=a-—1, y=b—-1 z=c—1,



274 Vasile Cirtoage

we need to show that

ryz < (V3—1)°

for all x,y, z > 0 such that
Yy +yz + zx + xyz = 2.

Let
t= Yryz, t>0.

By the AM-GM inequality, we have
2 = xy 4+ yz + zx + xyz > 322222 + xyz = 32 + 3,

hence

3432 —2<0,

(t+1)(*+2t—-2) <0,
242t —-2<0,
t S \/§ - 17

zyz < (V3 —1)3

c=/3.

The equality holds for a = b

P 3.38. If a,b, c are nonnegative real numbers such that
a+b+c=2,

then
(a® + be)(b* + ca)(c* + ab) < 1.

(Vasile Cirtoage, 2005)
Solution. Without loss of generality, assume that

a>b>ec.

Since c
a® 4 be < (a+§)2

and

(b* + ca)(c + ab) < =(b* + ca + ¢* + ab)?,

1 =

it suffices to show that
(2a + ¢)(b* + & + ab + ac) < 4.

Let
E(a,b,c) = (2a + ¢)(b* + ¢ + ab + ac).



Symmetric Polynomial Inequalities in Nonnegative Variables 275

We will show that
E(a,b,c) < E(a,b+¢,0) < 4.

Indeed,
E(a,b,c) — E(a,b+c,0) = c(b* + ¢ + ac — 3ab) <0

and

E(a,b+c¢,0)—4=2a(a+b+c)(b+c)—4
=4a(2—a) —4 = —4(a —1)* <0.

The equality occurs for a = b =1 and ¢ = 0 (or any cyclic permutation).

P 3.39. If a, b, c are nonnegative real numbers, then

(8a* + be)(8b? + ca) (8¢ + ab) < (a + b+ ¢)°.

Solution. We use the mixing variables technique. Without loss of generality, assume that
a<b<e Let

b+c
= ) iIZ’>CL,
5 >

X

and
E(a,b,c) = (8a* + be)(8b* + ca)(8c® + ab) — (a + b+ ¢)°.

We will prove that
E(a,b,c) < E(a,z,x) <0.

The left inequality is equivalent to
(8a* + %) (82 + ax)? > (8a® + be)(8b® + ca)(8¢* + ab),
which follows by multiplying the inequalities
8a% + 22 > 8a? + be

and
(822 + ax)? > (8b* + ca)(8c* + ab).

The first inequality is obvious, and the last inequality is equivalent to
64(z* — v?c?) + a®(2* — be) — Sa(b® 4 ¢ — 22°) > 0.

Since
5 _ 3(b+c)(b—c)?

b4 =2
+c X 1

= 6x(z* — be) > 0,
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we need to show that
64(2? + bc) + a® — 48ax > 0.

This is true, since
64(2® + be) + a* — 48ax > 48x(x — a) > 0.

The right inequality, F(a,z,x) < 0, is equivalent to
(8a* + 2*)(82% + ax)? — (a + 22)° < 0,
176x° — 273az* + 32a%23 4 52a32” + 12a*x + a® > 0,
(z — a)*(1762° + T9az® + 14a’z + a®) > 0.

The equality holds for a = b = ¢, and for a = 0 and b = ¢ (or any cyclic permutation).
O

P 3.40. If a, b, c are positive real numbers such that
a*b* + b*c? + *a® = 3,

then
a+b+c>abc+ 2.

(Vasile Cirtoage, 2006)
Solution. Without loss of generality, assume that
a>b>ec.
From a?b? + b*c? + c2a® = 3, it follows that
1<ab< V3.
We have
a+b+c—abc—2=a+b—2— (ab—1)c
22\/a_—2—(ab—1)c
= (Vab—1) [2—(\/E+1)c] .

So, we need to prove that

2> (Vab+ 1),

Since

Vab+ 1 < 2vab,
it suffices to show that 2v/ab < 2v/ab; that is,

1> abc®.
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Indeed, we have
»  3—a’® _ 3—a’’
a?+0 —  2ab
hence 22 22
3—a a“b® —1
1—abc® >1— = > 0.
abc” > 5 5 >
The equality holds for a =b=c=1.
[

P 3.41. Let a,b,c be nonnegative real numbers such that
a+b+c=5.

Prove that
(a® + 3)(b* + 3)(c® + 3) > 192.

First Solution. Without loss of generality, assume that
: 5
a=min{a,b,c}, a< 3

By virtue of the Cauchy-Schwarz inequality, we have

(b +3)(c®+3) = (b +3)(3+ ) >3(b+c)* =3(5—a)’.

Therefore, it suffices to sow that
(a®+3)(5 —a)® > 64

for0<a< g Indeed,

(a®> +3)(5—a)? —64 = (a — 1)*(a* — 8a + 11) > 0,

5 19 4
2 _ 11=(=— —— — )
a 8a + 3 a 3 a —|—9>O

The equality holds for a = 3 and b = ¢ = 1 (or any cyclic permutation).

since

Second Solution. Without loss of generality, assume that
a = max{a,b,c}.

First, we show that
(b +3)(c* +3) > (2* + 3)?,
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where

o
IN
&
IN
w | Ut

This inequality is equivalent to
(b—¢)*(6 — bc — x*) >0,

which is true because
6 —bc—a2*>2(3—2%) >0.

Thus, it suffices to prove that
(a® + 3)(z® + 3)* > 192,

which is equivalent to
[(5 — 2z)? + 3](2* + 3)* > 192,

(2% — 5z + 7) (2% + 3)* > 48,
(z —1)*(2* — 32° + 62 — 152 + 15) > 0.

This inequality is true since

3\ 2 2
x4—3x3+6x2—15x+15:x2(x—§) +15(g—1) > 0.

P 3.42. If a, b, c are nonnegative real numbers, then
A+ +F+abe+2>a+b+c+ ab+ be+ ca.
(Michael Rozenberg, 2012)

Solution. Among the numbers

there are always two with the same sign; let us say (1 — b)(1 —¢) > 0, that is
bc >b+c—1.
Thus, it suffices to show that
a2+b2—|—02+a(b+c—1)+2 >a+b+c+ab+ be+ ca,
which is equivalent to

a>—2a+b+c—bc—(b+c)+2>0.
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Since )
b+ — be > Z(b+c)2,

it suffices to show that
1
a2—2a+1(b+c)2 —(b+c)+2>0,
which can be written in the obvious form

(a—1)%+ (b“—l)on.

The equality holds for a =b=c=1.

P 3.43. If a,b, c are nonnegative real numbers, then
D b+ c)(a—b)(a—c)>3(a—b)>*b—c)(c—a)

Solution. Without loss of generality, assume that
a = min{a, b, c}.
Since
a*(b+c)(a—0b)(a—c) >0
and
b(c+a)(b—c)(b—a)+c*(a+b)(c—a)(lc—1b) =
= (b—)[be(t’ — )+ (b—c)(b* + )a — (b* — *)a?]
= (b— ¢)?[(b* + bc + ¢*)(be — a?) + (b* + ¢*)d]
> (b—c)?(b* + be + ) (be — a?),
it suffices to show that
(b? + be + ) (be — a*) > 3(a — b)*(c — a)*.
Since
bc —a* = (a —b)(a —c) +a(b+c—2a) > (a —b)(a — c),

it suffices to show that
b2 +be+c? > 3(a —b)(a — ),

which is equivalent to the obvious inequality
(b—c)?*+3a(b+c—a) > 0.

The equality holds for a = b = ¢, for a = 0 and b = ¢ (or any cyclic permutation), and for
b= c =0 (or any cyclic permutation).
[
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P 3.44. Prove that 2 is the greatest real number k such that
a+ b+ c+ 4abe > k(ab+ be + ca)

for all a,b,c €0, 1].

Solution. Setting a = 0 and b = ¢ = 1, we get kK < 2. So, we claim that £k = 2 is the
greatest real number k. To prove this, we only need to show that

a+ b+ c+ 4abe > 2(ab+ be + ca)

for all a,b, c € [0,1]. Write the inequality as

a(l+4bc —2b—2¢) + b+ ¢ — 2bc > 0.
Since

b+c—2bc=b(1—-c)+c(1—-0b)>0,
the inequality is clearly true for 144bc—2b—2¢ > 0. Consider further that 1+4bc—2b—2¢ < 0,
when it suffices to show that

(14 4bc—2b—2¢) + b+ c— 2bc > 0.
This is equivalent to the obvious inequality

be+ (1 —0)(1—c¢)>0.

Thus, the proof is completed. If k = 2, then the equality holds for a = b = ¢ = 0, and also
for a =0 and b = ¢ =1 (or any cyclic permutation).

Remark. From the proof above it follows that the following stronger inequality holds for
all a,b,c €0, 1]:
a+ b+ c+ 3abc > 2(ab + be + ca),
with equality for a =b=c¢ =0, fora =b=c¢ =1, and also for a =0 and b = ¢ =1 (or any
cyclic permutation).
O

2
P 3.45. Ifa,b,c > 3 such that
a+b+c=3,

then
a’b? + b*c? + *a? > ab + be + ca.
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Solution. We use the mixing variables method. Assume that a = max{a,b,c} and denote

_b+e

x Y
2

2/3<x<1.

We will show that
E(a,b,c) > E(a,z,z) > 0,

where
E(a,b,c) = a®b* + b*c* + a® — ab — be — ca.
We have
E(a,b,c) — E(a,r,7) = a®(b? + ¢ — 227) — (2* — b*c?) + (2° — bc)
= (2% — be)(2a® — 2% —be + 1)
1

= Z(b —¢)?[a* + (a®* —bc) + (1 —2%)] > 0

and

E(a,z,x) = 2a*2* + 2* — 20z — 2°.

Since a + 2z = 3, we get
9E(a,z,z) = 18a*x* + 92* — (2az + 2*)(a + 27)*
= 2(52° — 12ax* + 9a’x — 2a%)
= z2(z — a)*(5x — 2a)
= 3x(z — a)*(3z — 2) > 0.
The equality holds for a = b = ¢ = 1, and also for a« = 5/3 and b = ¢ = 2/3 (or any cyclic

permutation).
[

P 3.46. If a,b, c are positive real numbers such that

a<1<b<e a+b+c=3,

then L1 1
4+ -4+ ->ad+ b+
a b ¢
Solution. Let 11
Fla,bc)==+-+-—a’—b"— %
a b ¢

We will show that
F(a,b,c) > F(a,1,b+c—1) > 0.
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The left inequality is true since

F(a,b,c) — F(a,1,b+c—1) =

_(r r .1 222
—<b+c 1 b+c_1)+1+w+c 1?2 —b* —c
= (b+c) L ! +2(b—1)(c—1)

N D\be bre—1 ¢

= (=11 [2-

and
20c(b+c—1)—b—c=(2bc—1)(b+ c¢) — 2bc
> 2(2bc — 1)Vbe — 2be
= 2Vbe (Ve — 1)(2Vbe + 1) > 0.

The right inequality F'(a,1,b+ ¢ — 1) > 0 is equivalent to F(a,1,z) > 0, where x > 0 and
x4+ a = 2. We have

1 1 4 V!
Flatla) =+l g2 @rat o » (@-a)
a s

8ax 8ax

The equality holds for a =b=c=1.

P 3.47. If a,b, c are positive real numbers such that

1 1 1
a<1<b<ec, a+btc=—+-+—,
a b c

then | | .
2 2 2
R R Tl

(Vasile Cirtoaje, 2008)

Solution. Write the inequality as
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Thus, the desired inequality holds if

(a+c) (b+%> < (a®*+c%) (i—i-l).

On the other hand, we have

1 1 b—c 1
Z _e—Z=(b=2¢) - = (b— —— ) <0.
b+ ;T (b—c) T (b—c) (1 bc) <0

Then, it suffices to prove that

(a+c) <c+%> < (a*+¢*) ($+1>,

which is equivalent to the obvious inequality
c(1 —a*)(a—c) <0.

The proof is completed. The equality holds for b = 1 and ac = 1.

P 3.48. If a, b, c are positive real numbers such that

1 1 1
a+btc=—+—-+-,
a b ¢
then . | |
(abc — 1) (a”+b”+cn ————— —) <0
a® br "

for any integer n > 2.
(Vasile Cirtoaje, 2007)

Solution. Since the statement remains unchanged by substituting a, b, ¢ with 1/a, 1/b, 1/c,
respectively, it suffices to prove that

1 1 1
a"+b"+c" == - — — — <0
ar b

for
abc>1, a+b+c=1/a+1/b+1/c

It is easy to check that a + b+ c=1/a+ 1/b+ 1/c is equivalent to
(ab—1)(bc — 1)(ca — 1) = a®b*c* — 1,
and the desired inequality is equivalent to

a’b” — 1)(b"c" = 1)(c"a™ — 1) > o> e* — 1.
(
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Setting
r=bc, y=ca, z=ab,

we need to show that
(x—1)(y—1)(z—1)=2yz—12>0

involves
(" =1)y" =" —1) > 2"y 2" — 1.

This inequality holds if
(:En—l + xn—? R 1)(yn—1 + yn—Q R 1)(Zn—1 + Zn—2 et 1) Z

> gyl T 2ynTnT2 ]

Since the last inequality is clearly true, the proof is completed. The equality occurs for
a = bc =1 (or any cyclic permutation).
m

P 3.49. Let a,b, ¢ be positive real numbers, and let
E(a,b,c) =ala—b)(a—c)+blb—c)(b—a)+c(c—a)(c—0).
Prove that
(a) (a+b+c)E(a,b,c) > abla — b)? + be(b — ¢)* + calc — a)?;
(b) 2<%+%+%>E(a,b,c)z(a—b)2+(b—c)2+(c—a)2.

Solution. (a) Using Schur’s inequality of degree four

D a*la—b)(a—c) =0

we have
(a+b+c)E(a,bc) =Y a’(a—Db)
ZZa(b—i—c)

c)+Za b+c)(a—0b)(a—c)
a—b)(a—c)

The equality holds for a = b = ¢. If a, b, c are nonnegative real numbers, then the equality
also holds for a = 0 and b = ¢ (or any cyclic permutation).
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(b) Since

(ab+ bc + ca)E(a,b,c) =
= ach(a —b)(a—c)+ Z(cﬂb +a*c)(a —b)(a — c)
—%dmi:w—bf+§:h%m—bmrﬂﬂ+§db—@@—aﬂ
= %ach(a —b)?+ Z ab(a — b)*(a+b—c),

the required inequality is equivalent to

> abla—b)*(a+b—c)>0.
Without loss of generality, assume that a > b > ¢. Then,
Zab(a —b)*(a+b—c)>be(b—c)*(b+c—a)+acla—c)*(a+c—b)

> be(b—c)*(b+c—a) +ac(b— c¢)*(a+c —b)
=c(b—c)*[(a —b)* +cla+b)] > 0.

The equality holds for a = b = c.

P 3.50. Let a > b > ¢ be nonnegative real numbers. Schur’s inequalities of third and fourth
degree state that

(@) ala—Db)(a—c)+b(b—c)(b—a)+clc—a)(c—b) > 0;
()  aX(a—b)(a—c)+b(b—c)b—a)+c(c—a)lc—b) > 0.
Prove that (a) is sharper than (b) if
Vb + Ve < Va,

and (b) is sharper than (a) if
Vb + e > a.
(Vasile Cirtoaje, 2005)

Solution. Let
p=a+b+c, q=ab+bc+ ca.

If we rewrite Schur’s inequalities as

abe > f(p,q)
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and
abe > g(p, q),

respectively, then (a) is sharper than (b) if f(p,q) > g(p, q), while (b) is sharper than (a) if
g(p,q) > f(p,q). Therefore, we need to show that

(Vo +ve—va)lgp,q) — f(p.q)] = 0.
From the known relation
4g—p* = (Va+ Vb + Vo) (Vb + Ve — Va) (Ve + Va— Vo) (vVa+ Vo - Ve),

it follows that 4¢ — p? and v/b+ /¢ — v/a has the same sign. Therefore, it suffices to prove
that

(4g —p")g(p,q) — f(p.@)] = 0.
In order to find f(p, q), write the inequality in (a) as follows

a® + % + ¢ + 3abe > ab(a + b) + be(b + ¢) + ca(c + a)
(a+b+c)* + 9abe > 4(a + b+ c)(ab + be + ca),
from which

~ p(4q —p?)
f(p,q) = —g

Analogously, write the inequality in (b) as follows
a* + b+ ¢t +abe(a+ b+ c) > ab(a® + b?) + be(b* + ) + ca(c? + a?),
a* +b* + ¢t + 2abc(a + b+ ¢) > (ab+ be + ca)(a® +b* + ).

Since
a4+ b+ =p*—2
and
a' +b' + ¢t = (a® + V7 + ) — 2(a®V + b2 + Pa?)
= (p* — 2¢)* — 2¢* + 4abep,
we get

g(p’ q) _ (p2 B Q)6<;lq _p2).

Therefore, we have
(»* — 3q)(4q — p°)
18p ’

9(p,q) — f(p,q) =

hence v — 39)(4 22
pm—9oq)\xq — P
(49 = p)9(p,q) — f(p, @) = 18 > 0.
Remark. If a, b, c are the lengths of the sides of a triangle, then Schur’s inequality of degree
four is always stronger than Schur’s inequality of degree three.

O
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P 3.51. If a,b,c are nonnegative real numbers such that
(a+0)(b+c)(c+a) =8,

then

\/5+\/5+\/52 ab + be + ca.
(Vasile Cirtoaje, 2010)

First Solution. Assume that a > b > ¢, and write the inequality in the equivalent homo-
geneous forms

(Va+ Vb + Vo)V la+ )b+ o) e+ a) > 2v2(ab + be + ca),
> Vab+ o)/ (a+b)(a+c) = /2a(b+c)] >0,

(a—b)(a—c)y/a(b+c)
Z\/a+b )(a+c) + v/2a(b+ )ZO'

Since (¢ — a)(c — b) > 0, it suffices to prove that

(a—b)(a—c)y/a(b+c) (b—c)(b—a)y/b(c+ a)
V(a+0b)(a+c)+ +/2a(b+c) (b+c)b+a)+

Y

which is true if

(a—c)\/a(b+c) S (b—c)y/blc+a) '
Via+b)(a+c)++/2ab+c) ~ /(b+c)(b+a)+ /2b(c+a)

Since v/a > Vb,

V(a+b)(a+c) > +/2a(b+c)

V(b+c)(b+a) < v/2b(a+c),

and

it suffices to show that

(a—c)vbte (b—c)\/c+—a‘
Via+b)(a+e)  /(b+c)(b+a)

This is equivalent to the obvious inequality

c(la—0b)>0.
The equality holds for a = b = ¢ = 1, and for a = 0 and b = ¢ = /4 (or any cyclic
permutation).

Second Solution. Let
p=a+b+c, q=ab+ bc+ ca.
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By squaring, the inequality becomes

p+ 2(Vab + Vbe + vea) > ¢
Since )
2
Jab > ab :ab(b—l—c)(c—l—a):ab(q—irc)’
a+b 4 4
2 2
@2@, @2@,
we have

q(ab+bc+ ca) +abcla+b+c¢)  ¢* + abep

2(Vab + Vbe + y/ca) > 5 5

Using this result, it suffices to show that

2
+ abc
+ % > q27

which is equivalent to
p(2 + abc) > ¢*

Having in view the hypothesis pg — abc = 8, we can write this inequality in the homogeneous

forms
pq — abc
p —_—

1 + abc) Z QQ»

q(p* — 4q) + 3abep > 0.
For the non-trivial case where p? — 4¢ < 0, using Schur’s inequality
PP+ 3abe > 4pg
gives

3(p°q — 4¢° + 3abep) > 3p°q — 12¢° + (4pq — p*)p = (p* — 3¢)(4q — p*) > 0.

P 3.52. Ifa,b,c € [1, 4+ 3/2], then
9(ab+ bc+ ca)(a® +b* +c*) > (a + b+ o)™

(Vasile Cirtoaje, 2005)
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Solution. Let
A=a®+ b+, B = ab+ bc + ca.

Since
9(ab+ b+ ca)(a® +b* +c*) — (a+b+c)* =9AB — (A +2B)?

— (A— B)4B — A)

and

204—B)=(a—b)?*+(b—c)*+ (c—a)* >0,
we need to show that 4B — A > 0; that is, to show that E(a,b,c) < 0, where

E(a,b,c) = a* + b* + ¢ — 4(ab + be + ca).

We claim that E(a,b,c) has the maximum value for a,b,c € {1, w}, where w = 4 + 3/2.
For the sake of contradiction, assume that there exists a triple (a, b, c) with a € (1, w) such
that

E(a,b,c) > max{E(1,b,¢), E(w,b,c)}.

From
E(a,b,c) — E(1,b,c) =(a—1)(a+1—4b—4c) >0,
we get
a—4(b+c) > -1,
and from
E(a,b,c) — E(w,b,c) = (a —w)(a +w — 4b — 4c) > 0,
we get

a—4(b+c) < —w.

These results involve w < 1, which is false. Therefore, since E(a, b, ¢) is symmetric, we have

E(a,b,¢) <max{E(1,1,1), E(1,1,w), E(1,w,w), E(w,w,w)}
= max{—9,w* — 8w — 2,1 — 2w® — 8w, —9w?}

= max{—9,0, —99 — 72v/2, —306 — 216v/2} = 0.

This completes the proof. The equality holds for a = b = ¢, and also for a = b = 1 and
c=443V2 (or any cyclic permutation).
O

P 3.53. If a,b,c are nonnegative real numbers such that
a—+b+c+ abc =4,

then
(a) a’?+ 0%+ ¢+ 12 > 5(ab + be + ca);

(b) 3(a? + b% + %) + 13(ab + be + ca) > 48.
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Solution. Let
p=a+b+c, q=ab+bc+ca, 1r=abc.

(a) We need to show that
P +12>17g

for p +r = 4. By Schur’s inequality of degree three, we have p* + 9r > 4pq. Therefore, we
get
4p(p* +12 — 7q) > 4p® + 48p — 7(p* + 9Ir)
= —3(p® — 37p + 84)
=3(p—3)4-p)(T+p)
Since 4 — p =r > 0, we only need to show that p > 3. By virtue of the AM-GM inequality,

we get
p® > 27r,

p® >27(4—p),
(p—3)(p* +3p+36) >0,
p > 3.

The equality holds for a = b = ¢ = 1, and for a« = 0 and b = ¢ = 2 (or any cyclic
permutation).

(b) We need to show that
3p® + 7q > 48

for p +r = 4. Using the known inequality pg > 9r, we get
p(3p® + 7q — 48) > 3(p® + 21r — 16p)

3
3(p® — 37p + 84)
3(p—3)(4—p)(7T+p) > 0.

The equality holds for a =b=c=1.

P 3.54. Let a,b, c be the lengths of the sides of a triangle. If
a+b+c=3,

then
a’b? + b*c? + *a? > ab + be + ca.
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Solution. Write the inequality as follows:

9(a®b® + b*c® + c*a*) > (ab + be + ca)(a + b + ¢)*;

3[3(a®b* + b*c® + c*a*) — (ab + be + ca)?] >
> (ab + be + ca)[(a + b+ c)* — 3(ab + be + ca));
6{a*(b — c)® + b*(c — a)* + *(a — b)*] >
> (ab+ bec + ca)[(b —c)* + (c — a)* + (a — b)?] > 0;
Y Sab—0)* >0,
where
S, = 6a®> — ab — be — ca.
Without loss of generality, assume that a > b > ¢. It suffices to show that
Sy(a — ¢)* + S.(a — b)* > 0.
Since
(a—0)* > (a—b)%

Sy = 6b> — bc — a(b+c) > 6b* —bc — (b+c)* > 0

and
Sy 4+ S, = 6(b* + ¢*) — 2bc — 2a(b + ¢) > 6(b* + ¢*) — 2bc — 2(b + ¢)?
=4(b—c)* + 2bc > 0,
we get
Sy(a — c)* + S.(a—b)* > (S, +S.)(a—b)* > 0.
The equality holds for an equilateral triangle.
O

P 3.55. Let a,b, c be the lengths of the sides of a triangle. If
a4+ b 4 % =3,

then
ab 4+ be + ca > 1 4 2abe.

(Vasile Cirtoaje, 2005)
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Solution. Write the inequality as
3(ab+ bc+ ca) — a* — b* — ¢* > 6abc,
where the both sides are homogeneous. From
3>+ b2+ ) > (a+b+c)

we get
a+b+c<3.

Therefore, it suffices to prove the homogeneous inequality
(a+b+c)[3(ab+ be + ca) — a® — b* — ¢*] > 18abc.
This is equivalent to
2ab(a + b) + 2bc(b + ¢) + 2ca(c + a) > a® + b* + ¢* + 9abe.
Using the known substitution
a=y+z, b=z+zx, c=zx+y, x,y,z >0,
the inequality can be written as
2 4+ P+ 22+ 3wyz > ay(r +y) +yz(y + 2) + 22(z + ),

which is just the third degree Schur’s inequality. The equality holds for an equilateral
triangle.
O]

P 3.56. Let a,b,c be the lengths of the sides of a triangle. If

a+b+c=3,
then 1 1 1 41
T T VOR ST L S
a+b+c+6_3(a+b+c)

(Vasile Cirtoaje, 2010)
Solution (by Vo Quoc Ba Can). Using the substitution

y+z z+x T4y
= s b: s CcC = s
2 2 2

a

where z,y, z > 0 such that x + y + z = 3, the inequality becomes as follow

1 1 1 41 _3
s> 2 2 2 2
y+z+z+x+$+y+12_8[(y+z) + (z+2)* + (. +y)7,
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Yz (X ).

Let us denote t = 2y + yz + zx. Since
Z x :lzx(xy—i—yquzx)lex(xy%—zx)
y+z 1 y+z t y+z
I~ , 9-2t
:ZZ“": t

9—2¢
t

it suffices to show that

9
>T7— -1
- 4 9
which is equivalent to
(t—2)*>0.

The equality holds for a degenerate triangle having a = 3/2, b = 1, ¢ = 1/2 (or any
permutation thereof).
O

P 3.57. Let p and q be fized real numbers such that there exist three nonnegative real numbers
a, b, c satisfying

a>b>c>0, a+b+c=p, ab + bc+ ca = q.

Then,

(a) the product r = abc has the minimum value only when a = b or ¢ = 0, and the
mazimum value only when b = c¢;

(b) if a,b,c are the lengths of the sides of a triangle (non-degenerate or degenerate),
then the product r = abc has the minimum value only when a = b > ¢, and the mazimum

value only when b= c > g orb+c=a.
(Vasile Cirtoaje, 2005)

Solution. (a) If a = ¢, then a = b = ¢. Assume further a > ¢ and consider a, ¢ and r as
functions of b. Differentiating the equality constraints yields

ad+d+1=0, db+c)+d(a+b)+a+c=0,

hence
()= L= <o o= 220 o

a—c a—c
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Since a/(b) < 0 and ¢(b) < 0, the functions a(b) and ¢(b) are decreasing. From
be(b—c)  abla—b)

a—c a—c
=ac—bla+c—b)=—(a—b)(b—c) <0,

it follows that r(b) is decreasing. Thus, r(b) has the minimum value when b is maximum
(a and ¢ are minimum), i.e. when b = a or ¢ = 0, and has the maximum value when b is
minimum (¢ is maximum), i.e. when b = c.

r'(b) = ac + bed' + abd = ac —

(b) Using the known substitution
a=y+z, b=z+z, c=z+y,
where 0 <z <y < z, from

a+b+c=2(x+y+ z),
ab+bc+ca= (z+y+2)* +ay+yz+ 2,
abc = (x +y + 2)(xy + yz + zz) — 2Y2,

it follows that

2 2
p p p p
e pum _— b = — _— —_ .
rT+y+z 5’ Ty t+yz+zr=gq 1 avc 2((1 4) TYZ
Therefore, the product abc has the minimum value when zyz has the maximum value; that
is, according to (a), only when x = y, which is equivalent to a = b > ¢. Also, the product
abc has the maximum value when zyz has the minimum value; that is, according to (a), only
when y = z or x = 0, which is equivalent to b =¢ > a/2 or b+ ¢ = a.

Remark 1. Using the result in (a), we can prove by the contradiction method (as in Remark
1 from P 2.53) the following generalization:

e Ifpand S are fived real numbers such that there exist n nonnegative real numbers
ai,as, ..., a, satisfying

ay > az > -+ > ay > 0, ar+az+---+a, =p, aj+aj+---+a; =5,

then the product
r=a1ay - ay
has the minimum value for ay = -+ = an_1 > a, or a, = 0, and the maximum value for
a1 > Ay = -+ = Q.
Remark 2. The statements for real variables in Remark 2 from P 2.53 are also valid for
nonnegative variables a,b,c € [m, M| and ay, as, ..., a, € [m, M], where 0 <m < M.
e [fp and q are fixed real numbers such that there exist three nonnegative real numbers

a, b, c satisfying

M>a>b>c>m >0, a+b+c=p, ab + bc + ca = q,
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then the product
r = abc

has the minimum value when a = b > ¢ or ¢ = m, and the mazimum value when a > b = ¢
ora= M.

o [fpand S are fived real numbers such that there exist n nonnegative real numbers
ai,as, ..., a, satisfying

M>a>a,>>a,>m>0, a+a+-+a,=p,  a+a3+-+a’ =5

n

then the product
r=a1Q9 - Qay

has the minimum value for a; = --- = a,_1 > a, or a, = m, and the mazimum value for
aL > ag=---=a, ora, =M.
O

P 3.58. Let p and r be fized real numbers such that there exist three nonnegative real numbers
a, b, c satisfying
a>b>c>0, a+b+c=p, abc =r.

Then, the sum
q=ab+bc+ ca

has the minimum value only when b = ¢, and the mazximum value only when a = b.

(Vasile Cirtoaje, 2005)

Solution. If a = ¢, then a = b = ¢. Assume further a > ¢. If r = 0, then ¢=0, p = a+b and
q = ab. Clearly, ¢ has the minimum value only when b = ¢ = 0. Since p* —4q = (a —b)* > 0,
q has the maximum value only when a = b. For r > 0, consider a, ¢ and ¢ as functions of b.
By differentiating the equality constraints, we get

a+cd+1=0, a'be + cab+ ac =0,

hence
b(a — c) =0, () b(a — c) <0

Since a/(b) < 0 and ¢(b) < 0, the functions a(b) and ¢(b) are decreasing. From

a'(b) =

a(V® —c*)  c(a® = V?)
bla — c) b(a — c)

db)=a+c+(b+c)d +(a+bd =a+c—

2
ac+b :(a—b)(b—c)>07
b b -

=a+c—
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it follows that ¢(b) is increasing. Thus, ¢(b) has the minimum value when b is minimum
(¢ is maximum), i.e. when b = ¢, and has the maximum value when b is maximum (a is

minimum), i.e. when b = a.
1 1 1
g=r|—-+,+-=
a b ¢

1
0= 50— a8 =),

we can extend the statement of P 3.58 as follows:

Remark 1. Since

and

e Leta>b > c be nonnegative (positive) real numbers. If a+ b+ c and abc are fived,
then the sums
g=ab+bc+ca, p =—(a®+b+c?)

has the minimum values only when b = ¢, and the maximum value only when a = b.
Remark 2. Replacing a, b, ¢ in P 3.58 with 1/a, 1/b, 1/c, respectively, we get the following
statement:

o Let a < b < c be nonnegative real numbers. If ab+ bc+ ca and abc are fized, then the
sum
p=a+b+ca

has the minimum value only when b = ¢, and the mazximum value only when a = b.

Remark 3. By the contradiction method, we can prove (as in Remark 1 from P 2.53) the
following generalization:

o Leta; > ay > -+ > a, be nonnegative (positive) real numbers. If a; +as+ -+ + ay,
and aias---a, are fived, then the sum

p=—(ai+a;+-+ay)

have the minimum and maximum values when n—1 of ay, as, . . ., a, are equal, more precisely,
they have the minimum value when a; > ay = --- = a,, and the mazrimum values when
ap == Qp-1 = Qy.

Remark 4. If M > a > b > ¢ > m > 0, then ¢(b) has the minimum value when b is
minimum (a and ¢ are maximum), i.e. when b = ¢ and a = M, and has the maximum value
when b is maximum (a and ¢ are minimum), i.e. when b = a and ¢ = m. Thus, the following
statement holds:

o Let0<m < M and a,b,c € [m, M] such thata >b>c. If a+b+c and abc are
fixed, then the sums
g=ab+bc+ca, S=—(a>+b+c)

have the minimum value when b = ¢ or a = M, and the maximum value when a = b or
c=m.



Symmetric Polynomial Inequalities in Nonnegative Variables 297

We can generalize this result as follows:
o Let 0 < m < M and ay,asg,...,a, € [m, M| such that a; > ay > -+ > a,. If
a1+ as+---+a, and ayas---a, are fived, then the sum

S=—(al+a5+--+a)

have the minimum value when a1 > as = -+ = a, or a; = M, and the mazimum value when
Q=+ =0p_1 = Ay OT Ay, = M.

]

P 3.59. If a,b,c are positive real numbers such that
a+b+c=3,

then
75

16> —-——o.
abe +16= ab + be + ca
(Vasile Cirtoaje, 2005)
Solution. Let
q = ab+ bc + ca.

For fixed ¢, the product abc has the maximum value when two of a,b, c are equal - see P
3.57-(a). Therefore, it suffices to prove the inequality for

a=b, ¢c=3—2a, a<3/2.

We have
9 5 9 75
16— Y i
abc+ 0 ab + bc + ca azc+ 0 a(a + 2¢)
9 25
e — ]_ -
a?(3 — 2a) 10 a(2 —a)
_ 2(16a* — 56a® + 73a® — 42a 4 9)
a?(3 —2a)(2 —a)
_ 2(a — 1)%*(4a — 3)? >0,
a*(3—2a)(2—a) —
: . 333
as desired. The equality holds for (a,b,c¢) = (1,1,1), and also for (a,b,c) = <Z_l’ 7 5) or

any cyclic permutation.
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P 3.60. If a,b,c are positive real numbers such that
a+b+c=3,

then

11 1
8<—+—+—>+9210(a2+b2+02).
a b ¢

(Vasile Cirtoaje, 20006)

First Solution. Putting
q = ab+ bc + ca,

we can write the inequality as

8
24 4 90g > 81.
abe

By P 3.57-(a), the product abc has the maximum value for fixed ¢ when two of a,b,c are
equal. Therefore, it suffices to prove the inequality for

a=b, ¢c=3—-2a, a<3/2.

We have
8¢ 24a(2 — a)
— +20¢ — 81 = ———< +60a(2 —a) — 81
abc T2 a?(3 — 2a) +60a(2 —a)
 3a(40a* — 140a® + 174a* — 89a + 16)
B a?(3 — 2a)
~ 3a(2a — 1)2(10a? — 25a + 16)
B a?(3 — 2a) '
Since
5\ 3
10a* — 25a + 16 = 10 <a—1) +3>0,

11

the proof is completed. The equality holds for (a, b, c) = (5, o1

2> or any cyclic permutation.

Second Solution (by Vo Quoc Ba Can). It is easy to check that the equality holds when
two of a, b, c are 1/2. Then, let us define

f(z) —%—10:1:2—0495—5,

such that (2z — 1)? divides f(z). From f(1/2) =0, we get a + 23 = 27. Therefore,

f) = 5 102 (27 28y — g = L2200

where

h(z) = 52* — (8 — 16)z + 8.
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From h(1/2) =0, we get 5 = 69/2, then o = 27 — 23 = —42; therefore,

1—2x)%(16 —
f(x)=§—1ox2+42x_@:( 2)*(16 — 5z)
o 2 2x

From
1 1

f(a)+ f(b) + f(c) =8 <5 +3+%> — 10(a2+bz+02)+%,

it follows that the desired inequality is equivalent to

f@)+ )+ 1 2 5,

27

F)+ £(e) = 5~ fla)

Assume that
a =max{a,b,c}, a>1.

Since 27 2 2)%(5 1
2 oy = 2ol

a

we can rewrite the inequality as

(1- 2b)2b(16 —5b)  (1- 2c)2c(16 —50) | 4 2)2(5& -1

Since

16 — 5b > 0, 16 — 5¢ > 0,
the Cauchy-Schwarz inequality yields

(1 —2b)%*(16 — 5b) n (1 —2¢)%*(16 — 5c) S (1—2b+1—2c)?
b c - b c
16 — 5b * 16 — 5¢
4(a — 2)?
b c

16—5b+16—5c

Therefore, it suffices to prove that

1 >5a—1
b C - a

16—5b+16—5c

which is equivalent to
a b c

> .
oa—1 7 16—5b+16—5c




300 Vasile Cirtoage

Indeed,

a b c S a b+c
5 —1 16—-5b 16—5¢  H5a—1 16 —5a

3
~ (Ba—1)(16—5a) 0

Remark. The following more general inequality is true:

o [fxy,xo,...,1, are positive real numbers such that

T+ T2+ Ty =0,

then
a1 1 2 2 2 2
(n+1) et — >n(n®—3n—06)+4(n+2)(x]+z;+ - +z3),
1 n
with equality for x1 = (n+1)/2 and x9 = -+ = x, = 1/2 (or any cyclic permutation).

P 3.61. If a,b,c are positive real numbers such that
a+b+c=3,
then
7(a® +b* + ) + 8(a®b* + b*c® + c*a?) + 4a’b*c* > 49.

Solution. Let
q = ab+ bc + ca.

Since
a? + b4 =9 -2,

a’b? + b2 + 2a® = ¢ — 6ab,
we can rewrite the inequality as

7(9 — 2q) + 8(¢* — 6abc) + 4a?b*c* > 49,

2(6 — abe)? + 4¢> — 7g — 65 > 0.

3
ahe < (%) 1

Since

]
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we have 6 — abc > 0. By P 3.57-(a), the product abc has the maximum value for fixed ¢
when two of a, b, c are equal. Therefore, it suffices to prove the inequality for a = b, when
¢ =3 — 2a. Since

q=a*+ 2ac = a® + 2a(3 — 2a) = 3a(2 — a), abc = a’c = a*(3 — 2a),
we have
2(6 — abc)® 4 4¢* — 7q — 65 = 8a® — 24a® + 54a* — 96a® + 83a* — 42a + 7
= (a —1)*(2a — 1)*(2a* + 7 > 0.

11

The equality holds for a = b = ¢ = 1, and for (a,b,c) = (5, Y

2) or any cyclic permutation.

]

P 3.62. If a,b,c are nonnegative real numbers, then
(a® +b* + ¢ + abe)? > 2(a® + b*) (> + 2)(c* + a?).
(Aleksandar Bulj, 2011)
First Solution. Let
p=a+b+c, q=ab+bc+ca, 1r=abc.
Using the identities
A+ 4+ =3r+pd—3pg

and

a® + b?) (6% + ) (¢ + a®) = (a® + b + A)(a®b* + b’ + *a?) — a*b*c?

(

= (p* — 2q)(¢* — 2pr) — 17,
we can write the required inequality as fg(a, b, c) > 0, where
fo(a,b,c) = 18r% + 4p(3p* — 8q)r + p°® — 6p*q + Tp*¢® + 4¢°.

Since
3p* — 8¢ =3(p* —3q) +¢ >0,

for fixed p and ¢, fs is an increasing function of r. Therefore, it suffices to prove the inequality
fe(a,b,c) > 0 for the case when r has the minimum value; that is, when one of a, b, ¢ is zero
or two of a,b,c are equal (see P 3.57). For a = 0 and for b = ¢, the original inequality
becomes

(b—c)*(b* + 2b%c + > + 2bc® 4+ ¢*) > 0

and
ala — b)*(a® 4 2a*b + ab® + 4b*) > 0,
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respectively. The equality holds for a = b = ¢, and also for a = 0 and b = ¢ (or any cyclic
permutation).

Second Solution. Without loss of generality, assume that a = min{a, b, c}. From
a(a —b)(a—c) >0,

we get
a® 4 abe > a*(b+ c),

and hence
a®+ 0+ +abe>a*(b+c)+0°+ = (b+c)(a® + b+ —be).

On the other hand,

1
2(a® +b*)(* + a?) < 5(2@2 +b% + )2
Therefore, it suffices to prove that
1
(b+c)*(a® + b* + & — be)? > 5(b2 +¢*)(2a° + b* + )*.

We can obtain this inequality by multiplying the obvious inequality
1
a® +b*+c® —be > 5(2a2+b2+02)
and
(b4 )} (a? 4+ b + 2 —be) > (b + A)(2a> + b* + A).
The last inequality is equivalent to
(b—¢)*(bc —a®) >0,

which is also true.

Remark. Using the first method, we can prove the following stronger inequality (Vasile
Cirtoage, 2011).

e [fa,b,c are nonnegative real numbers then
(a® + % + & + abe)? > 2(a® + b*) (b* + ) (S + a®) + T(a — b)*(b — ¢)*(c — a)*.

Since
(a —0)*(b—c)*(c — a)* = —27r* + 2(9pq — 2p°)r + p*¢® — 4¢°,

we can write this inequality as fg(a, b, c) > 0, where

fo(a,b,c) = 207r* + 2(20p® — T9pq)r + p° — 6p*q + 32¢°.
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We will show that for fixed p and ¢, fg¢ is an increasing function of r. From
fo = 271" + 2pqr 4 20g(r) + p° — 6p*q + 32¢°,
where

g(r) =9r* + 2(p* — 4pq)r,

it suffices to show that g(r) is increasing. Indeed, by the third degree Schur’s inequality, we
have

g'(r) =2(9r + p® — 4pq) > 0.

Therefore, it suffices to prove the inequality fg(a,b,c) > 0 for the case when r has the
minimum value; that is, when a = 0 or b = ¢ (see P 3.57). In these cases, the original
inequality becomes

(b—c)*(b? +4bc+c*) >0

and
ala — b)*(a® 4 2a*b + ab® + 4b*) > 0,

respectively.

P 3.63. If a,b,c are positive real numbers, then
(a+b+c—3)(ab+bc+ ca—3) > 3(abc — 1)(a+ b+ c — ab — be — ca).
(Vasile Cirtoaje, 2011)

Solution. Setting
p=a+b+c, q=ab+bc+ca, r=abc,

the inequality becomes
(p—3)(g—=3) =2 3(r—1)(p—q),
or
3r(q —p) +pg—6g+9 >0.

First Solution. For fixed p and ¢, the linear function f(r) = 3r(q — p) + pg — 6¢ + 9 has
the minimum value when r is either minimum or maximum. Thus, according to P 3.57-(a),
we need only to prove that f(r) > 0 for a = 0 and for b = c.

For a = 0, the inequality becomes

(b+ c)bec — 6bc+9 > 0.
Putting = v/be, we have

(b4 ¢)bc — 6bc +9 > 22° — 622 +9 =2(x + 1)(x — 2)* +1 > 0.
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For b = ¢, since p = a + 2b, ¢ = 2ab + b? and r = ab?, we need to show that
3ab*(2ab 4 b? — a — 2b) + (a + 2b — 6)(2ab + b*) +9 > 0;

that is,
Aa* + Ba+C >0,

where
A=b(6b>—3b+2), B=>b(3b—6b>+5b—12), C =2b>—6b"+9.
We have A > 0 and
C=20"-3+4)+1=20b+1)(b—-2)2*+1>0.

Counsider two cases.

Case 1: b > 12/5. Since
B = 3b%(b—2) + b(5b — 12) > 0,

we have Aa®? + Ba + C > 0.
Case 2: 0 < b < 12/5. Since

Ad® + Ba+ C = (Ad® + C) 4+ Ba > a(2V/AC + B),
it suffices to show that 4AC > B?, which is equivalent to
4b(66% — 3b + 2)(2b> — 6b> + 9) > b*(3b® — 66> + 5b — 12)?,
b(b— 1)*(8 +4b — b*) > 0.
This inequality is true since
8 +4b—b* =8+ 4b— 3b* + b*(3 — b) > 8 + 4b — 3b* > 0.

The equality holds for a =b=c=1.
Second Solution. Consider the following two cases.

Case 1: p > q. We have

3r(g—p)+pg—6g+9=(q—3r)(p—q)+ (¢—3)>>0

since
qz
q—3r=zqg——=0.
p

Case 2: p < q. For p > 6, we have

3r(qg—p)+pg—6¢+9=3r(¢q—p)+q(p—06)+9>0.
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Consider further that p < 6. From p? > 3¢ > 3p, we get p > 3. From Schur’s inequality
p* +9r > 4pq,

we get
P’ +p'r > 4pg,

hence
pr > 4q — p.

Using this result, we have
p[3r(q — p) + pg — 6¢ + 9)] > 3(4¢ — p*)(q¢ — p) + p(pg — 6¢ + 9)
= 12¢* — 2p(p + 9)q + 3p(p* + 3)

2 2 2
+9 12 — -3
12 (q . 12 p) p( 21)2@ ) 2 0.

P 3.64. Let a,b,c be nonnegative real numbers such that
ab + bec + ca = 3.

Prove that
4(a® 4+ b* + ) + Tabe + 125 > 48(a + b+ ¢).
(Vasile Cirtoaje, 2011)
Solution. Since
a4+ b +c*=3abc+ (a+b+c)* —9(a+b+c),

we can write the inequality as
19abc + 4(a + b+ c)* — 84(a + b+ c) + 125 > 0.

As it is known, for fixed a + b + ¢, the product abc has the minimum value when a = 0 or
b = c (see P 3.57). Therefore it suffices to consider these cases.

Case 1: a = 0. We need to show that bc = 3 yields
4(6% + ¢*) + 125 > 48(b + ¢).

Since

b+ =(b+c)—3be(b+c)=(b+c)®—9(b+c)

and

b+622\/%=2\/§,
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we have
40 4+ ) +125 —48(b+¢) = 4(b + ¢)®> — 84(b+¢) + 125 > 0.

Case 2: b= c. We need to show that 2ab + b* = 3 yields
4(a® 4 20%) + Tab* + 125 > 48(a + 2b).
This inequality is equivalent to
865 — 114b* + 2500° — 171b% 4 27 > 0,

(b—1)%(2b — 3)%(20* + 10b + 3) > 0.

The equality holds for a = b = ¢ = 1, and also for a = 1/4 and b = ¢ = 3/2 (or any cyclic
permutation).
O

P 3.65. If a,b,c are nonnegative real numbers such that
a+b+c=3,

then
4(a* 4+ b+ c*) + 45 > 19(a* + B> + ).

(Vasile Cirtoaje, 2009)

Solution. We use the mixing variables method. Write the inequality as
F(a,b,c) >0,

where
F(a,b,c) = 4(a* + b* +c*) +45 — 19(a® + b* + ).

Due to symmetry, we may assume that a < b < c¢. Let us denote

b
T = ;—C, 1 <x<3/2.

We will show that

F(a,b,c) > F(a,z,x) >0

We have
F(a,b,c) — F(a,z,r) = 4(b* + b* — 22*) — 19(b* + & — 22?%)
= 4[(b* 4 *)? — 4a*] + 8(2* — b?c?) — 19(b? + ¢ — 22?)
= (b + ¢ = 22°)[4(b* + & + 22%) — 19] + 8(2* — be) (x* + be).
Since

b 4 — 20 = 2(2* — be) = = (b — ¢)?,

1
2



Symmetric Polynomial Inequalities in Nonnegative Variables

307

we get

1
F(a,b,c) — F(a,z,x) = §(b —¢)?[4(b* + & + 22%) — 19 + 4(2® + be)]

1
= §(b — ¢)?[4(x* — be) + 242* — 19] > 0.

Also,

F(a,z,r) = F(3 —2x,2,7) = 6(x — 1)*(3 — 22)(11 — 62) > 0.

This completes the proof. The equality holds for a = b = ¢ = 1, and for a = 0 and

b= c=3/2 (or any cyclic permutation).

Remark. Similarly, we can prove the following more general statement ( Vasile Cirtoaje and

Le Huu Dien Khue, 2008).

o Let «, 3,7 be real numbers such that
l+a+ 8 =2y.

The inequality

Za4+a2a2b2+ﬁacha > VZab(a2+b2)

holds for all a,b,c > 0 if and only if

a> (y—1)max{2,vy+1}.

P 3.66. If
a,b,c > w ~ 0.117
such that a +b+c =29, then
Va+ Vb + e > Vab+be + ca.
Solution. Denote
L 13 —;m

and
Va=z, Vb=y, =z

We need to show that

(Vasile Cirtoaje, 2018)

z+y+ 2> (2y +yz+ 2x)? - 2xyz(c +y+ 2)
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for x>y > 2>+Vkand (z +y+ 2)*> — 2(zy + yz + zx) = 9. According to Remark 2 from
P 3.57, for fixed = + y + z and zy + yz + zx, the product zyz has the minimum value for
r=1y>zor z=+k. So, we only need to consider these cases. This means to consider the
casesa=b>c>kanda>b>c=k.

Case 1: a = b > ¢ > k. We need to show that 2a + ¢ = 9 involves
2v/a + +/c > Va? + 2ac,

that is

2¢/2(9 — ¢) + 2V > /3(9 — ¢)(3 + ¢).

By squaring, the inequality becomes

8v/2¢(9 — ¢) > —3c® +22¢ + 9.
This is true if

128¢(9 — ¢) > (=3c® 4+ 22¢ + 9)?,

which is equivalent to
3¢t — 443 4+ 186¢% — 252¢ + 27 < 0,

(c —3)*(3¢* — 26¢ + 3) < 0.
Since 3¢? — 26¢ + 3 < 0 for ¢ € [k, 3], the inequality is true.
Case 2: a > b > ¢ = k. We need to show that

Va+ Vb +VEk > \/ab+ k(a+b),
that is
Va+b+2Vab+Vk > \/ab+ k(a +b),
V9 —k+2Vab+ VE > Jab+ k(9 — k).
From
(@=c)(b—c) =20,
we get

ab > c(a+0b) — ¢ = c(9 — 2¢) = k(9 — 2k) > 1.
Substituting v/ab = =, we need to show that f(z) > 0 for

| <o< @097k s,
2 2
where
fl@)=vV2r+9—k+Vk— /22 + kO —k),
with

, 1 _ T
f<x>\/2x+9—k \/x2+k(9—k:)'
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We show that f’(x) < 0, therefore f is decreasing. This is true if
2?2r+9—k) > 2+ k(9 —k),

that is
22 4+ (8 — k)2? — k(9 — k) > 0.

Indeed,
20% + (8 — k)a® — k(9 — k) > 2 + (8 — k)a* — k(9 — k) = (9 — k)(2* — k) > 0.

So, we have
—k
ro=1(35) =0

The inequality is an equality for a = b = ¢ = 3, and also for a = b =

13 — 410
c= —F——
3

7+2\/1_0a
3

nd

(or any cyclic permutation).

P 3.67. If a,b, c are positive real numbers such that abc =1, then

ab+bc+ca+ ——— >
a+b+c
(Vasile Cirtoaje, 2005)
First Solution. Denoting
ab + bc+ ca
T3

the inequality can be written as
(a+b+¢)(3x—5)+6>0.

In virtue of the AM-GM inequality, we get > 1. Since the inequality holds for z > 5/3,
assume next 1 < z < 5/3. Applying the third degree Schur’s inequality to the numbers ab,
bc and ca, we have

(ab+ be + ca)® + 9a*b*c* > 4abe(a + b+ ¢)(ab + be + ca),
which is equivalent to

3(323 + 1)

b <
a+b+c< ppe

Since 3x — 5 < 0, it suffices to prove that

3(3z3 + 1)(3x — 5)

6> 0.
i +06 2>
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This inequality is equivalent to
92* — 152° + 112 — 5 > 0,

(z — 1)(92° — 62° — 62 + 5) > 0.

Since
92° — 622 —6x+5> 91> — 62> — 6 +3=3(x - 1)(32* + 2 — 1) >0,

the conclusion follows. The equality holds for a =b=c = 1.

Second Solution (by Vo Quoc Ba Can). Among
a—1, b—1, c—1,
there are two with the same sign. Due to symmetry, assume that (b —1)(c — 1) > 0; that is,
b4+c¢ <1+ be.

Then,
6 6 6a

> = .
a+b+c  a+1+bc a?+a+1
On the other hand, using the AM-GM inequality yields

1
ab+bc+ ca = a(b+ c) + bc > 2aVbe + be = 2v/a + —.
a

Therefore, it suffices to prove that

6a
2\/_+ b

Setting y/a = x, this inequality becomes as follows:

2x+i+6—x2>5
2 at4a?4+1 7
62*
(x —1)*(2x + 1) - 2(x? — 1)?
x? Tt a2+ 1
(r —1)*(22° — 2" — 22° — 2 + 20 + 1) >0,

(z — 1)?[z(z — 1)*(22* + 32 +2) + 1] > 0.

1
20+ —5—-322—
x

Third Solution Assume that a > b > ¢ > 0. By P 3.58, for fixed a+ b+ ¢ and abc = 3, the
expression ab + bc + ca has the minimum value for b = ¢. So, it suffices to show that ab? = 1
involves

2ab + b* + > 5.

a—+2b
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The inequality is equivalent to

2 602
S >5
bJr +2b3+1— ’

20° = 106" + 116° — 56+ 2 > 0,
(b—1)%(20* +4b* — 4b* — b+ 2) > 0,
(b—1)%[26" + b° + (b — 1)*(3b + 2)] > 0.

Remark. Actually, the following inequality holds for any positive real numbers a,b,c

(Nguyen Van Huyen):
1+1+1+ 6 S 15
a b ¢ a+btec T abc+2

By P 3.58, it suffices to prove the inequality for b = ¢, when it becomes

1+2+ 6 S 15
a b a+2b ab?+2

Using the substitution ab® = d®, we can write the inequality as f(b) > 0, where

22 6 15
=2 ° _ .
IO =G+t s B

From
20 2 12b(b —d3)  2(b® — d3)[(2b° — d3)? + 2b3d°]

/
b = — = — — =
(o) B2 (203 + d3)? D23 (20% + dB)? '

it follows that f(b) is decreasing on (0, d] and increasing on [d, c0). Therefore,

5 15 5(d—1)*(d+2)
Sd B2 ddB3+2) T

f(0) = f(d)

Another solution is based on the substitutions a = tx, b = ty and ¢ = tz, where x, y and
z are positive real numbers such that zyz =1 and ¢ > 0 (Leonard Giugiuc). The inequality

becomes
1 1 1 6 15t
—+ -+ -+ > :
x Yy z xH+y+z 342

and can be obtained by adding the inequalities

1 1 1 6
-+ -+-+———2>5
r Yy z xT+y+z
and 15t
5> .
T 342
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P 3.68. Let f.(a,b,c) be a symmetric homogeneous polynomial of degree n < 5. Prove that

(a) the inequality f,(a,b,c) > 0 holds for all nonnegative real numbers a,b,c if and
only if fn(a,1,1) >0 and f,(0,b,¢) > 0 for all a,b,c > 0;

(b) the inequality f.(a,b,c) > 0 holds for all lengths a,b,c of the sides of a non-
degenerate or degenerate triangle if and only if f(x,1,1) > 0 for 0 < z < 2, and f,(y +
2,y,2) >0 forally,z > 0.

(Vasile Cirtoaje, 2005)

Solution. Let
p=a+b+ec, q = ab+ bc+ ca, r = abc.

Any symmetric homogeneous polynomial f,(a,b, c) of degree n <5 can be written as

fala,b,c) = An(p, q)r + Bn(p, q),

where A, (p,q) and B, (p, q) are polynomial functions. For fixed p and ¢, the linear function

9n(r) = An(p, @) + Bu(p, q)

has the minimum value when 7 is either minimum or maximum.

(a) By P 3.57-(a), for fixed p and ¢, the product r has the minimum and value when two
of a, b, c are equal or one of a,b,c is 0. Due to symmetry and homogeneity, the conclusion
follows.

(b) By P 3.57-(b), for fixed p and ¢, the product r has the minimum and maximum
value when two of a, b, ¢ are equal or one of a,b,c is the sum of the others. Due to symmetry
and homogeneity, the conclusion follows.

Remark. Similarly, we can prove the following statement, which does not involve the
homogeneity property.

o Let fu(a,b,c) be a symmetric polynomial function of degree n < 5. The inequality
fala,b,c) > 0 holds for all nonnegative real numbers a, b, c if and only if it holds for a = 0
and for b = c.

]

P 3.69. Ifa,b,c,d are nonnegative real numbers such that ab + ac 4+ ad + bc + bd + cd > 6,
then

1+a)A+H)A1+AA+d*) > (a+b+c+d)>
(Vasile Cirtoage, Recreatii Matematice, 2, 2024)

Solution. Since

(a+b)(c+d)+ (a+c)b+d)+ (a+d)(b+c)=2(ab+ ac+ ad + bc + bd + cd) > 12,
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at least one of the inequality below is true:
(a+b)(c+d) >4, (a+c)(b+d >4, (a+d)(b+c) > 4.

Assume that
(a+c)(b+d) > 4,

and, in addition,
a+c>b+d.

There are two cases to consider: b+d > 2 and b +d < 2.
Case 1: b+d > 2. Since

(a®>+ 1)(*+1) > (a+c)?, (B + 1)(d*+1) > (b+d)>,

it suffices to show that
(a+c)b+d)>a+b+cH+d.

Indeed, we have

(a+c)b+d)—(a+b+c+d)>2(a+c)—(a+b+c+d)=(a+c)—(b+d) >0.

Case 2: b+d < 2. Let

1>
x 5 Yy 5 r=21-2Yy
We have
xy > 1, bd < y?
Since
(a>+1)(+1) > (a+c)? = 42°
and

P+ 1)(d*+1) = (b+d)?+ (1 —bd)? >4+ (1 —y»)? = (1492,

it suffices to show that
47 (1 +y2)? > (27 + 2y)?,

which is equivalent to
r(1+y) >a+y,  ylay—1) >0

The proof is completed. The equality occurs fora =b=c=d = 1.

Remark. The inequality is also true for abed > 1 (see P 2.116). Indeed, if abed > 1, then

ab + ac + ad + be + bd + cd > 6V abed > 6.
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P 3.70. Let a,b, c be nonnegative real numbers. If k < 2, then

> a(a—b)(a—c)(a - kb)(a—ke) > 0.
(Vasile Cirtoaje, 2008)

Solution. Let us denote
fs(a,b,c) = Za(a —b)(a—c)(a—kb)(a — kc).

By P 3.68-(a), it suffices to show that fs5(a,1,1) > 0 and f5(0,b,¢) > 0 for all a,b,c¢ > 0.
Indeed, we have
fs(a,1,1) = aa = 1)*(a — k)* > 0

and
f5(0,b,¢) = (b+c)(b—c)*(b* — kbc + c*) > 0.

The equality holds for a = b = ¢, for a = 0 and b = ¢ (or any cyclic permutation), and for
a/k =b=c, k>0 (or any cyclic permutation).
O

P 3.71. Let a,b,c be nonnegative real numbers. If k € R, then

> (b+c)(a—b)(a—c)(a—kb)(a—ke) > 0.
(Vasile Cirtoaje, 2008)
Solution. Let
fs(a,b,c) =D (b+c)(a—b)(a—c)(a— kb)(a— k).

By P 3.68-(a), it suffices to show that f5(a,1,1) > 0 and f5(0,b,¢) > 0 for all a,b,c > 0.
Indeed, we have
fs(a,1,1) = 2(a = 1)*(a — k)* > 0

and
f5(0,b,¢) = E*(b + c)b*c* + be(b + ¢) (b — ¢)* > 0.

The equality holds for a = b = ¢, for b = ¢ = 0 (or any cyclic permutation), and for
a/k =b=c, k>0 (or any cyclic permutation).

Remark. Similarly, we can prove the following generalization:

o Let a,b,c be nonnegative real numbers. If m >0 and m(k —2) <1, then

> (ma+b+c)(a—b)(a—c)(a—kb)(a—ke)>0.
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P 3.72. If a, b, c are nonnegative real numbers, then

> " a(a — 2b)(a — 2c)(a — 5b)(a — 5¢) > 0.
(Vasile Cirtoage, 2008)

Solution. Let
fs(a,b,c) = a(a — 2b)(a — 2¢)(a — 5b)(a — 5c).
By P 3.68-(a), it suffices to show that f5(a,1,1) > 0 and f5(0,b,¢) > 0 for all a,b,c > 0.

Indeed, we have

fs(a,1,1) = a*(a — 7)* + 20a® — 60a” + 44a + 8
> 20a® — 60a® + 44a +8 > 0,

since
20a® — 60a® + 44a + 8 > 20a*(a — 3) > 0

for a > 3, and
20a® — 60a”® + 44a + 8 =5(2a —3)* +8—a>8 —a >0

for a < 8. Also,
f5(0,b,¢) = (b+ ¢)(b* — 4bc + c*)? > 0.

The equality holds for a = 0 and b* — 4bc + ¢* = 0 (or any cyclic permutation).

P 3.73. If a,b,c are the lengths of the side of a triangle, then

a* +b* + ¢* + 9abe(a + b+ ¢) < 10(a®b* + bc® + c*a?).

First Solution. Let
fa(a,b,c) = 10(a®b* + b*c* + c*a*) — a* — b* — ¢* — 9abe(a + b+ ¢).

By P 3.68-(b), it suffices to show that fy(x,1,1) > 0 for 0 < z < 2 and fy(y + 2,y,2) > 0
for y, 2z > 0. We have

falx,1,1) =8 — 18z + 112 —z* =2 —2)d+2)(1 —2)* >0
and

faly + 2,9, 2) = 8(y" + 2%)° — 2y2(y” + 2°) — 28y°2"
=2(y — 2)*(4y® + 42° + Tyz) > 0.
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The equality holds for an equilateral triangle and for a degenerate triangle with a/2 = b = ¢

(or any cyclic permutation).

Second Solution. We use the sum-of-squares method (SOS method). Write the inequality

as follows

9O B —abc) a)— (D> _at =D bc*) >
92 (b—c)? Z(b2—02)220,
Z(b —¢)*(Ba—b—c)(3a+b+c)>0.
Without loss of generality, assume that a > b > ¢. Since
(b—c)*(3a—b—c)(3a+b+c) >0,
it suffices to show that
(c—a)’(3b—c—a)(3b+c+a)+ (a—b)*(B3c—a—b)(3c+a+b)

Since
3b—c—a>2b—a>b+c—a>0

and (¢ — a)? > (a — b)?), it is enough to prove that
(3b—c—a)(3b+c+a)+ (3c—a—"0b)(3c+a+b)>0.

We have
(Bb+c+a)—(Bc+a+b)=2(b—c) >0,

hence

Bb—c—a)3b+c+a)+ (3c—a—0b)(3c+a+b) >

>@Bb—c—a)(3c+a+b)+ (3c—a—0b)(3c+a+D)

=2(b+c—a)Bc+a+0b) >0.

P 3.74. If a,b,c are the lengths of the sides of a triangle, then

3(a* + " + ) + Tabe(a +b+¢) <5 Z ab(a® + b%).

Solution. Let

fala,b,c) =5 Z ab(a® + %) — 3(a" + b* + ') — Tabe(a + b+ ¢).

> 0.
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By P 3.68-(b), it suffices to show that fy(x,1,1) > 0 for 0 <z <2 and fy(y + 2,y,2) > 0
for y, z > 0. Indeed,

fa(z,1,1) =4 — 4o — 72° +102° — 32 = (2 —2)(2+32)(1 —2)* >0
and

faly + 2,y,2) = 4(y* + 2%) + dyz(y” + 2%) — 24y°2"
=4(y — 2)*(y* + 2> + 3yz) > 0.
The equality holds for an equilateral triangle and for a degenerate triangle with a/2 = b = ¢

(or any cyclic permutation).
[

P 3.75. If a,b,c are the lengths of the sides of a triangle, then

>+ —6bc ?+a®>—6ca a®+b>—6adb
a + b + c

+4(a+b+c) <0.

(Vasile Cirtoaje, 2005)
First Solution. Write the inequality as fy(a,b,c) > 0, where
fala,b,c) = Z be(6be — b* — ¢*) — 4abc(a + b+ c).

By P 3.68-(b), it suffices to show that fy(x,1,1) > 0 for 0 < x < 2 and fy(y + 2,y,2) > 0
for y, z > 0. Since

fa(x,1,1) =22 = bz +42° —2*) =2(1 —2)*(2—2) > 0
and

iy + 2y, 2) = 4(y° + 2°)? = 2y2(y° + 2°) — 12¢°2°
=2y — 2)*(2y° + 3yz + 22°) > 0,

the proof is completed. The equality holds for an equilateral triangle and for a degenerate
triangle with a/2 = b = ¢ (or any cyclic permutation).

Second Solution. We use the SOS method. Write the inequality as follows:
Z be(b? + ¢ — 6bc) + 4(1602 a <0,
Z be(b® 4 ¢* — 2bc) — 4(2 b2c? — abcz a) <0,

Zbc(b —c)? - 22(12(6 —¢)? <0,
> (b= c)*(2a® — be) > 0.
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Without loss of generality, assume that a > b > ¢. Since (b— ¢)?(2a® — bc) > 0, it suffices to
prove that
(c —a)?(20* — ca) + (a — b)*(2¢* — ab) > 0.

Since
20* —ca > 2b* —c(b+c)=(b—c)(2b+c) >0

and (c —a)? > (a — b)?, it is enough to show that
(20* — ca) + (2¢* — ab) > 0.

Indeed,
(20* — ca) + (2¢2 —ab) = (b—c)* + (b+c)(b+c—a) > 0.

P 3.76. Let fs(a,b,c) be a sizth degree symmetric homogeneous polynomial written in the
form
fola,b,c) = Ar* + B(p, q)r + C(p, q),

where A is the highest coefficient of f¢ and
p=a+b+c, q=ab+bc+ca, r=abc.

For A <0, prove that:

(a) the inequality fs(a,b,c) > 0 holds for all nonnegative real numbers a, b, ¢ if and only
if fe(a,1,1) >0 and fs(0,b,¢) > 0 for all a,b,c > 0;

(b) the inequality fs(a,b,c) > 0 holds for all for all lengths a,b,c of the sides of a
non-degenerate or degenerate triangle if and only if fe(x,1,1) > 0 for 0 < z < 2, and
fe(y+2z,9y,2) >0 for all y,z > 0.

(Vasile Cirtoaje, 2006)

Solution. For fixed p and ¢, the function f defined by

f(r)=Ar* + B(p,q)r + C(p,q)

is a quadratic concave function of r. Therefore, f(r) has the minimum value when r is

minimum or maximum. According to P 3.57, the conclusion follows. As we have shown in
the proof of P 2.75, A is called the highest coefficient of fg(a,b,c).

Remark 1. We can extend the part (a) of P 3.76 as follows:

(al) For A <0, the inequality fg(a,b,c) > 0 holds for all nonnegative real numbers
a,b, ¢ satisfying p* < 4q if and only if fe(a,1,1) >0 for all 0 < a < 4;.

(a2) For A < 0, the inequality f¢(a,b,c) > 0 holds for all nonnegative real numbers
a,b, c satisfying p* > 4q if and only if fe(a,1,1) > 0 for all a > 4 and fs(0,b,c) > 0 for all
b,c > 0.
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Notice that the restriction 0 < a < 4 in (al) follows by setting b = ¢ = 1 in p* < 4q.
In addition, the condition f¢(0,b,c) > 0 is not necessary in (al) since a = 0 and p? < 4q
involve b = ¢; therefore, the condition f5(0,b,¢) > 0 is equivalent to f(0,1,1) > 0, which
follows from fg(a,1,1) >0 for all 0 < a < 4.

Also, the restriction a > 4 in (a2) follows by setting b = ¢ = 1 in p? > 4q.

Remark 2. In general, the statement in P 3.76-(a) and its extension in Remark 1 remains
valid when fg(a, b, ¢) is only a symmetric function of the form

fo(a,b,c) = Ar® + B(p,q)r + C(p, q),

where B(p, q) and C(p, q) are rational or nonrational functions. If fg(a,b,c) is not homoge-
neous, then the condition b = ¢ = 1 must be replaced with b = c.

]

P 3.77. If a, b, c are nonnegative real numbers, then

Za(b +¢)(a—b)(a —c)(a—2b)(a —2¢) > (a —b)*(b—c)*(c — a)’.
(Vasile Cirtoaje, 2008)

Solution. Let
p=a+b+c, q=ab+bc+ca, r=abc,

and
fo(a,b,¢) = f(a,b,c) — (a —b)*(b—c)*(c — a)?
where
fla,b,c) =Y a(b+¢)(a—b)(a—c)(a—2b)(a— 2).
Since

> a(b+c)(a—b)(a—c)(a—2b)(a—2c) =
= Za(p — a)(a® + 2bc — q)(a® + 6bc — 2q),
f(a, b, c) has the same highest coefficient Ay as
Pi(a,b,c) = — Z a?(a® + 2bc)(a® + 6bc);
that is, according to Remark 2 from P 2.75,
Ay = Pi(1,1,1) = —3(1 +2)(1 + 6) = —63.
Then, fg(a,b, c) has the highest coefficient

A=Ay+27=-36.
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Since A < 0, according to P 3.76-(a), it suffices to prove that fg(a,1,1) > 0 and fs(0,b,¢) > 0
for all a,b,c > 0. Indeed, we have

fo(a,1,1) = 2a(a — 1)*(a — 2)* > 0

and

f5(0,b,¢) = be(b—c)* > 0.

The equality holds for a = b = ¢, for a = 0 and b = ¢ (or any cyclic permutation), and for
a/2 = b= c (or any cyclic permutation).
]

P 3.78. Let a,b,c be nonnegative real numbers.
(a) If2 <k <6, then

4(k —2)(a — b)*(b — ¢)*(c — a)*

Za(a—b)(a—c)(a—kb)(a—kc)+ P > 0.
(b) If k > 6, then
Y ala—b)(a—c)a— kb)(a — ke) + (k+20a b b = c=a)®

4(a+b+c)
(Vasile Cirtoage, 2009)

Solution. a) We need to prove that fg(a,b,c) > 0, where
fola,b,c) = (a+b+c)Y ala—Db)(a—c)(a—kb)(a— ke)
+4(k —2)(a — b)*(b — ¢)*(c — a)*.
Since fg(a, b, ¢) has the same highest coefficient as
4(k —2)(a — b)*(b — c)*(c — a)?

and (a — b)?(b — ¢)?(c — a)? has the highest coefficient —27, it follows that fs(a, b, c) has the
highest coefficient
A=—108(k — 2).

Since A < 0 for k > 2, according to P 3.76-(a), it suffices to prove that fs(a,1,1) > 0 and
f6(0,b,¢) > 0 for all a,b,c > 0. Indeed, we have

fola,1,1) = a(a+2)(a — 1)*(a—k)> >0

and

f6(0,b,¢) = (b—¢)° + (6 — k)be(b — ¢)* > 0.
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The equality holds for a = b = ¢, for a = 0 and b = ¢ (or any cyclic permutation, and for
and for a/k = b = ¢ (or any cyclic permutation).

(b) We need to prove that fg(a,b,c) > 0, where
fe(a,b,c) =4(a+b+c) Za(a —b)(a —c)(a — kb)(a — kc)

+(k+2)2%(a — b)*(b — ¢)*(c — a)*.

Since fg(a, b, ¢) has the same highest coefficient as
(k+2)*(a = b)*(b - ¢)*(c — a)®

and (a — b)%(b — ¢)*(c — a)? has the highest coefficient —27, it follows that fs(a,b, c) has the
highest coefficient
A= =27(k+2)*<0.

According to P 3.76-(a), it suffices to prove that fg(a,1,1) > 0 and fs(0,b,¢) > 0 for all
a,b,c > 0. Indeed, we have

fola,1,1) = da(a + 2)(a — 1)(a — k)* = 0

and

f6(0,b,¢) = (b — ¢)*[2(b* + *) — (k — 2)bc]* > 0.

The equality holds for a = b = ¢, for a = 0 and b = ¢ (or any cyclic permutation, and for

b k—2
and for a/k = b = ¢ (or any cyclic permutation), and for a = 0 and - + (E) = (or any
c

cyclic permutation).
]

P 3.79. If a,b, c are nonnegative real numbers, then

(3a® + 2ab + 3b%)(3b? + 2bc + 3¢?) (3¢ + 2ca + 3a®) > 8(a® + 3be)(b* + 3ca)(c® + 3ab).

Solution. Let
p=a+b+c, q=ab+bc+ ca,

f(a,b,c) = (3a® + 2ab + 3b%)(3b* + 2bc + 3¢*) (3¢ + 2ca + 3a?),
g(a,b,c) = (a* + 3bc)(b* + 3ca)(c* + 3ab).
We need to prove that fg(a,b,c) > 0, where
fe(a,b,¢) = f(a,b,c) —8g(a,b,c).
By Remark 2 from P 2.75, f(a,b, c) has the highest coefficient

A= (2_3>3: -1,
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and g(a, b, ¢) has the highest coefficient
Ay = g(1,1,1) = 64.
Therefore, fgs(a,b, c) has the highest coefficient
A=A —8A4y = —1—512 = —513.

Then, by P 3.76-(a), it suffices to prove that fg(a,1,1) > 0 and fs(0,b,¢) > 0 for all
nonnegative real a, b, c. Indeed,

fo(a,1,1) = 8(3a* + 2a + 3)* — 8(a”® + 3)(3a + 1)?
= 48(a+1)(a — 1)* >0,

f65(0,b, ¢) = 3b*c*(9b* — 2bc + 9¢%) > 0.
The equality holds for a = b = c.

P 3.80. Let a,b,c be nonnegative real numbers such that

a+b+c=2.
If
el
- — 8
then

(a® 4 kab + b*)(b* + kbc + ¢*)(¢* + kea + a*) < k + 2.
(Vasile Cirtoaje, 2011)

Solution. Let
fla,b,¢) = (a® + kab + b*)(b* + kbc + ¢*)(c* + kea + a?).
We need to prove that fg(a,b,c) > 0, where
fo(a,b,¢c) = (k+2)(a+b+c)® —64f(a,b,c).
According to Remark 2 from P 2.75, f(a, b, c) has the highest coefficient
Ay = (k—1)>
Thus, fe(a,b, c) has the highest coefficient

A= —64A; = 64(1 — k)>.
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Also, we have
fo(a,1,1) = (k +2)a[(a — 1)* + 11 — 8K][a® + 14a® + (8k + 12)a + 16]
and
f6(0,b,¢) = (k+2)(b+ ¢)°® — 64b*c*(b* + kbc + ¢*)
= (b—c)* [(k+2)(b* + *)? + 8(k + 2)be(b* + ¢*) + 4(Tk — 2)b*c?] .

Case 1: 1 <k < E Since A < 0, according to P 3.76-(a), it suffices to prove that
fe(a,1,1) > 0 and fs(0,b,¢) > 0 for all a,b,¢ > 0. Clearly, these conditions are satisfied.
The equality holds for a = 0 and b = ¢ = 1 (or any cyclic permutation). If £ = 11/8, then
the equality holds also for a = b= c=2/3.

Case 2: %2 < k < 1. Since A > 0, we will use the highest coefficient cancellation method.
We will prove the sharper inequality g¢(a, b, c) > 0, where

gs(a,b,c) = fe(a,b,c) — 64(1 — k)*a?b*c*.

Since gg(a, b, ¢) has the highest coefficient equal to zero, it suffices to show that gg(a,1,1) > 0
and ¢6(0,b,c) > 0 for all a,b,c¢ > 0 (see P 3.76). The inequality gs(a,1,1) > 0 is true if

(k+2)[(a —1)* + 11 — 8k][a® + 14a* + (8k + 12)a + 16] > 64(1 — k)*a.
It suffices to show that
(k +2)(11 — 8k)(6a* + (8k + 12)a + 16] > 64(1 — k)*a.
Moreover, since 11 — 8k > 8(1 — k), we only need to show that
(k+2)[3a® + (4k + 6)a + 8] > 4(1 — k)*a.
Since
3a® + (4k +6)a+8 > 3(2a — 1) + (4k + 6)a + 8
= (4k 4+ 12)a + 5 > 4(k + 3)a,
it is enough to show that
(k+2)(k+3) > (1— k)

Indeed,
2 1
(k?+2)(/f+3)—(1—k?)2=7k+5=7<k+§> “1ao
) > 0 is also true since

(b—c)?[4(k + 2)b*c® + 16(k + 2)b** + 4(Tk — 2)b*c?]
16(3k + 2)b*c*(b — ¢)* > 0.

The inequality ¢6(0, b,
96(07 b7 C) 2

Thus, the proof is completed. The equality holds for a = 0 and b = ¢ = 1 (or any cyclic
permutation). If £ = 11/8, then the equality holds also for a = b = ¢ = 2/3.
0
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P 3.81. Let a,b,c be nonnegative real numbers such that
a+b+c=2.

Prove that
(2a® + be) (20 + ca)(2¢* + ab) < 4.

Solution. Write the inequality in the homogeneous form fs(a, b, c) > 0, where
fo(a,b,¢) = (a+b+c)® —16(2a + be) (20 + ca)(2¢* + ab).
Since fg(a, b, c) has the same highest coefficient A as P»(a, b, c), where
Py(a,b,c) = —16(2a* + be) (20 + ca)(2¢* + ab),
according to Remark 2 from P 2.75, we have
A=Py(1,1,1) = —432,

Since A < 0, according to P 3.76-(a), it suffices to prove that fg(a,1,1) > 0 and f5(0,b,¢) > 0
for all a,b,c > 0. We have

fo(a,1,1) = a(a + 2)*(a® + 8a® — 8a + 32)
= a(a + 2)*[a® + 4a® + 28 + 4(a — 1)*] > 0,
f6(0,b,¢) = (b+c)® — 64b°c* > 0.
The equality holds for a = 0 and b = ¢ = 1 (or any cyclic permutation).

P 3.82. Let a,b, c be nonnegative real numbers, no two of which are zero. Then,
5(a —b)?(b—c)?(c — a)?
ab + bc + ca '
(Vasile Cirtoaje, 2010)

> (a—b)(a—c)(a—2b)(a—2c) >

Solution. Denote
p=a+b+c, q=ab+bc+ ca,

and write the inequality as fg(a,b,c) > 0, where

fe(a,b,c) = qZ(a —b)(a—c)(a—2b)(a—2c)—5(a—0b)20b—c)?(c—a)
Clearly, fgs(a,b,c) has the highest coefficient

A = (=5)(—27) = 135.
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Since A > 0, we will use the highest coefficient cancellation method. We have
fo(a,1,1) = (2a+1)(a — 1)*(a — 2)%,  £5(0,b,¢) = be[(b + ¢)* — 6bc]>.

Consider two cases: p* < 4q and p? > 4q.
Case 1: p* < 4q. Since
f6(171a1)207 f6(27171) =0,
we define the symmetric homogeneous polynomial of degree three

P(a,b,c) = abc + Bp* + Cpq

such that P(1,1,1) =0 and P(2,1,1) = 0. We get B =1/18 and C' = —5/18, hence

1 5
P — —p3 = Zpg.
(a,b,c) = abc + TR

Consider now the sharper inequality ge(a, b, c) > 0, where
gs(a,b,c) = fs(a,b,c) — 135P%(a, b, c).

Clearly, gs(a, b, c) has the highest coefficient A = 0. Then, according to Remark 1 from the
proof of P 3.76, it suffices to prove that gg(a,1,1) > 0 for 0 < a < 4. We have

1
P(a,1,1) = —(a —1)*(a — 2
hence

gs(a,1,1) = fe(a,1,1) — 135P*(a, 1, 1)

1
= (0= 1)*(a = 2)*(7 + 34a — 5a%) > 0.

Case 2: p*> > 4q. Define the symmetric homogeneous function

2

R(a,b,c) = abc + Cpg — (9C + l)g—p,
which satisfies
R(1,1,1) =0,
—1)2 _
Rla,1.1) = (a—1)*[3C(2a + 1) 1],
3(a+2)
be[3C(b+ ¢)? — (9C + 1)bc]
0,b,¢c) = :
F(0.5,) 3(b+¢)

Consider further the sharper inequality g¢(a, b, c) > 0, where

gs(a,b,c) = fe(a,b,c) — 135R2(a, b, c).
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Since gg(a, b, ¢) has the highest coefficient A = 0, according to Remark 2 from the proof of
P 3.76, it suffices to prove that gg(a,1,1) > 0 for a > 4, and g6(0,b,¢) > 0 for all b,¢ > 0.
Since f¢(0, b, c) = be[(b+ ¢)? — 6bc]?, the inequality gs(0,b, ) > 0 holds for all b, ¢ > 0 only if

oC +1

— 6
3C ’
that is, C'=1/9. For this value of C, we have
2(a —1)3 be[(b + ¢)? — 6bc]
R(a,1,1) = —— R(0,b,¢c) =
@ LU= GGy 000 ob+c)
hence
(a,1,1) = fe(a,1,1) — 135R*(a 11)——£3§llﬁ-(a)
ge\a, 1, — J6e\U, 4, )+ _3(a+2)29 )
where
g(a) = 3(2a + 1)(a* — 4)* — 20(a — 1)*,
and
96(0,b,¢) = f5(0,b,¢) — 135R*(0,b, ¢)
_ be(30% 4 be + 3¢2)[(b + ¢)* — 6bc]? =0

3(b+c)?

To complete the proof, we need to show that g(a) > 0 for a > 4. This is true since
a’>—4> (a—1)? and 3(2a + 1) > 20.
The equality holds for a = b = ¢, for a/2 = b = ¢ (or any cyclic permutation), and for
a=0and b/c+ c¢/b=4 (or any cyclic permutation).
O

P 3.83. If a,b,c are positive real numbers such that
abc =1,

then
ab + be + ca + o >37
a+b+c+5— 4

(Michael Rozenberg, 2013)

Solution. For abc = 1 and fixed a + b + ¢, the sum ab + bc + ca has the minimum value
when two of a, b, ¢ are equal (see P 3.58). Thus,it suffices to prove the desired inequality for
a = b; that is, to show that a?c = 1 involves

20 37
>

2
2 —_— > —.
@t ac+2a+c+5_ 4
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This is equivalent to
5 2 50a? 37

Sy v 520
“ +a+2a3+5a2—|—1_ 4’

which can be written in the obvious form
(a —1)*(2a — 1)*(2a*> 4 11a + 8) > 0.

The equality holds for a = b = ¢ = 1, and for a = b = 1/2 and ¢ = 4 (or any cyclic
permutation).

]

P 3.84. If a, b, c are positive real numbers, then

1 1 1 1
(a+b+c—=3)|-+—-+--3)+abc+ — >2.
a b ¢ abc

(Vasile Cirtoaje, 2004)

Solution. Since the inequality does not exchange by substituting a, b, ¢ with

1
—, Te-
C

1
7b7

Q|-

spectively, we may consider only the case abc > 1. Using the notation
p=a+b+c, r=abc, r>1,

we can write the inequality as

b+ b 1
(p—3) (a + c+ca_3)+r+_22.
r r

By P 3.58, for fixed p and r, the sum ¢ = ab + bc + ca has the minimum value when two
of a,b, c are equal. Since p > 33¥/r > 3 (by the AM-GM inequality), it suffices to prove the
desired inequality for b = ¢, when it becomes as follows

, 2 1/1 1
- B _ > I
a(b —|—b 3 —|—a b2—|—2b 3] >6 b—i—b 2,
, 1 1
b-1"lab+—=—-2)+2|a+-—-2]| >0.
ab a

1 1
Since ab + pr > 2 and a + — > 2, the conclusion follows. The equality holds for a = b =1,
a

a
orb=c=1,orc=a=1.
]
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P 3.85. If a,b,c are positive real numbers such that
abc =1,

then

2 2
(a) §<ab+bc+ca—§)2\/§(a+b+0)—1;

4
(b) ab—l—bc+ca—322—(75(\/a—|—b+c—2—1).

(Vasile Cirtoaje, 2009)

Solution. Let
p=a+b+ec, p>3.

For abc = 1 and fixed p, the sum ab + bc + ca has the minimum value when two of a, b, ¢ are
equal (see P 3.58). Thus, it suffices to consider the case a = b.

(a) For a = b, the desired inequality is equivalent to

3a3—2a+627\/w.

(a —1)*(3a — 1)*(3a* 4 8a + 10) > 0,

By squaring, we get

11
which is true. The equality holds for a = b = ¢ = 1, and also for (a,b,c) = (g, 3 9) or any

cyclic permutation.

(b) For a = b, the desired inequality becomes

27a® — 35a + 54 > 46v/2a3 — 2a2 + 1.

By squaring, we get the obvious inequality
(a —1)*(9a — 5)*(9a* + 28a + 32) > 0.

5 5 81

The equality holds for @ = b = ¢ = 1, and also for (a,b,c) = <§,§,2—5

> or any cyclic
permutation.

O
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P 3.86. Let a,b, c be positive real numbers.

(a) If abc =2, then

a’ + b +

(a+b+c—3)2+1> ;

(b) If abc = %, then

A+ b0+ +3B—-a—b—c) >3
(Vasile Cirtoaje, 2007)

Solution. Let
p=a+b+c

(a) Write the inequality as

p* — 2(ab + be + ca)

(p—3)*+1> 3

For abc = 2 and fixed p, the sum ab + bc + ca has the minimum value when two of a, b, ¢ are
equal (see P 3.58). Thus, it suffices to consider the case a = b, when the inequality becomes

as follows )
2 2a> 4
20+ — —3 1> 4+ —
(a+a2 )—l— _3+3a4’
5a5 — 18a® + 15a* + 12a® — 184> +4 > 0,
(a —1)*(5a* — 8a® — 6a® + 8a + 4) > 0.
Since

5a* — 8a® — 6a* + 8a + 4 = 4(a — 1)* + a(a® + 8a® — 30a + 24),
it suffices to prove that a® 4+ 8a® — 30a + 24 > 0. Indeed, for a > 1, we have
a® +8a® — 30a + 24 = (a — 1)* + 11a® — 33a + 25
:(a—1)3+11(a—;)2+i > 0,
and for a < 1, we have
a® +8a® —30a + 24 = a(l — a)* +2(2 — a)(6 — 5a) > 0.
The equality holds for (a,b,c) = (1,1,2) or any cyclic permutation.
(b) Write the inequality as

p? —2(ab+ be + ca) +3(3 —p)* > 3.
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For abc = 1/2 and fixed p, the sum ab 4 bc + ca has the maximum value when two of a, b, ¢
are equal (see P 3.58). Thus, it suffices to consider the case a = b, when the inequality
becomes in succession

4qa2 a?
14a% — 36a® 4 24a* + 6a® — 94> +1 > 0,
(a —1)*(14a* — 8a® — 6a* + 2a + 1) > 0.

2a2+i+3<3—2a—i>2>3
2 — b

Since
14a* — 8a® — 6a*> + 2a+ 1 = (a — 1)* + a(13a® — 4a® — 12a + 6),

it suffices to prove that 13a® — 4a® — 12a + 6 > 0. Indeed,
9(13a® — 4a* — 12a + 6) = 13(a + 1)(3a — 2)* + 2(a — 1)* + a® > 0.

1
The equality holds for (a,b,c) = (1, 1, 5) or any cyclic permutation.

P 3.87. If a,b, c are positive real numbers such that
a+b+c=3,

then ; ;
4(—0—1-%—1—&—) + 9abe > 21.

a b c

Solution. Let
p=a+b+c, qg=ab+bc+ca, r=abc.

We write the required inequality in the homogeneous form

4p*¢? 5p®
9r > £
9, —+9r > 3

For fixed p and 7, it suffices to consider the case when ¢ has the minimum value; that is,
when two of a,b,c are equal (see P 3.58). Due to symmetry and homogeneity, we can set
b=c=1, when

p=a-+2 qg=2a+1, 1r=a,

the inequality becomes
4(a+2)*(2a + 1)* + 81a® > 15(a + 2)*,
which is equivalent to
(a—1)*(a—4)>>0.

The equality holds for a = b = ¢ = 1, and for a = 2 and b = ¢ = 1/2 (or any cyclic
permutation).
O
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P 3.88. If a,b,c are nonnegative real numbers such that
ab + bc 4 ca = abe + 2,
then
a? 4+ b* + A + abe > 4.
(Vasile Cirtoaje, 2011)

First Solution. Among the numbers 1 —a, 1 — b and 1 — ¢ there are always two with the
same sign; let us say (1 —b)(1 — ¢) > 0. Thus, we have

a(1—b)(1—¢) >0,

a + abc > ab + ac,
a+ (ab+ be+ ca —2) > ab+ ac,
a+bc>2,
and hence
a? + 0%+ A+ abc — 4 > a* + 2bc+ abe — 4
=(a+2)(a+bc—2)>0.

The equality holds for a = b = ¢ = 1, and for a = 0 and b = ¢ = /2 (or any cyclic
permutation).

Second Solution. For a = 0, we need to show that bc = 2 involves b + ¢ > 4. This is
true since
b+ ¢ > 2bc = 4.

Consider further that a, b, ¢ are positive, and write the required inequality as
a® 4+ b* + ¢ + abe > 2(ab + be + ca — abe),

3abc > 2(ab + be + ca) — a® — b* — 2.

Let
p=a+b+c, qg=ab+bc+ca, r=abc.

We need to show that ¢ = r +2 implies 3r > 4¢ — p?. For fixed g and r, the sum p = a+b+c
has the minimum value when two of a, b, ¢ are equal (see Remark 2 from P 3.58). Thus, it
suffices to consider the case b = ¢, when p = a + 2b, ¢ = 2ab+ b?, r = ab®>. We need to prove
that
2ab + b* = ab® + 2
implies
3ab® > 4(2ab + b*) — (a + 2b)?,

which is equivalent to

ala + 3b* — 4b) > 0.
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For the nontrivial case b < 4/3, we have

2 _1? (1—b)2(2 + 4b— 35?)
b —4b = > (.
2—p ° b2 —1b) 20

a4+ 3% —4b =

P 3.89. If a,b,c are nonnegative real numbers such that a + b+ c =3, then

(a+b)(b+c)(c+a) > (a+bec)(b+ ca)(c+ ab).

Solution. Write the inequality in the homogeneous form fs(a, b, c) > 0, where
fo(a,b,c) = p*(a+b)(b+c)(c+a) — (pa+ 3bc)(pb + 3ca)(pc + 3ab), p=a+b+ec.

Clearly, fs(a,b,c) has the highest coefficient A = —27. Thus, according to P 3.76-(a), it
suffices to prove that fs(a,1,1) > 0 and fs(0,b,¢) > 0 for a,b,c > 0. We have

fola,1,1) = 2(a +2)%(a + 1)* — 4(a® + 2a + 3)(2a + 1)?

=2(a® + a® — 4a® +2) = 2(a — 1)*(a® + 2a® + 4a + 2) > 0.

Also,
f6(0,b,¢) = be(b + c)* — 3b*c(b + ¢)* = be(b + ¢)*(b* — be + ) > 0.

The equality holds for a = b = ¢ = 1, and also for a = b = 0 and ¢ = 3 (or any cyclic
permutation).

O

P 3.90. Let a,b,c be positive numbers such that
a+b+c<3vVabe.

Prove that
a® +b* +c* <3

(Vasile Cirtoaje, 2018)
Solution. By the AM-GM inequality, we have

a+b+ ¢ > 3vVabe,

and from

3v3abc§&+b+c§3v4abc,

we get abc < 1. Denote

r = Vabe, x<]1.
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Since
a? + b0+ = (a+b+c)? —2(ab+ be + ca) < IVabe — 6V a2b2c® = 9z — 62*,

we only need to show that
923 — 62 < 3,

which is equivalent to
(1—2)(1 4z +2? —22%) > 0.

This is true since
l+z+2° -2 =1+2(1-2°)+2°(1 - ) > 0.

The equality occurs for a =b=c=1.

P 3.91. If a,b, c are positive real numbers, then

<b+0_2_\/§)2+<C+a—2—\/§)2+(a+b—2—\/§>226-

a b c

(Vasile Cirtoaje, 2012)
Solution. Without loss of generality, we can assume that a = max{a,b, c}. Let

b
m:2+\/§, t= +C.

We will show that

(b+c )2 (c—l—a )2 (a—irb )2
E = -—m | + -m| + -m| .
a b c

Write the left inequality as

2 2 2
c+a_m . a—l—b_m > 9 2a A *)
b c b+c

According to the identity

where

207 + 2y = (v —y)* + (x +y)?,

we have

c+a 2 a+b 2 c+a a-+b 2 c+a a-+b 2
2 -m| +2 -m| = — + + —2m | .
b c b c b c
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Thus, we can rewrite the inequality (*) as

2 2 2
c—l—a_a—i—b >4 2a 1) - c+a+a+b_2m |
b c b+c b c

(a+b+c)2(b—c)2+ 4a +c+a+a—|—b_ . (a+b+c)(b—c
b2c? b+c b c

This is true if f(a) > 0, where

(a+b+c)(b+c) 4a c+a a+b
= —4 2.
/(@) bc +b+c+ b * c m

b+c

Since f(a) is increasing and a = max{a, b, c}, it suffices to show that f ( ) > 0. Indeed,

f(bgc):3wécy+6—4¢526—4¢§>a

Write now the right inequality E(a,t,t) > 6 as

2 2
2
(M”—m)+2(‘l—m+0 > 6.
a b+c

. btec - :
Setting —— = x, this inequality becomes
a

2 2 ’
(xt—m)*+2|——=m+1| >6,

T

(x — 2)2(x — V2)?

x2

> 0.

The proof is completed. The equality holds for a = b = ¢, and for % = b = ¢ (or any cyclic

permutation).

]

P 3.92. If a,b,c are positive real numbers, then
2(a® + 6% + ¢*) + 9(ab + be + ca) + 39 > 24(a + b+ c).

(Vasile Cirtoaje, 2010)
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Solution. Let p=a+ b+ c and ¢ = ab+ bc + ca. Since a® + b3 + ¢ = 3abc + p® — 3pq, we
can write the inequality as

6abe 4 2p® + 3(3 — 2p)q + 39 > 24p.
By Schur’s inequality of degree three, we have
9abe > 4pg — p°.

Therefore, it suffices to show that

2
§(4pq —p%) + 2> + 3(3 — 2p)q + 39 > 24p,

which is equivalent to
4p* + 117 > 72p + (10p — 27)q.

Case 1: 10p — 27 > 0. Since 3¢ < p?, we have

(10p — 27)p?

4p® + 117 — 72p — (10p — 27)q > 4p® + 117 — 72p — 2

1
= g(p —3)%(2p +39) > 0.

Case 2: 10p — 27 < 0. From (3p — 8)? > 0, we get
9p* — 48p + 64 > 0,

18¢ > —9Za2 + 48p — 64.

Using this inequality and
> (10a - 9) = 10p — 27 <0,

we get

2(22a3+9q+39—24p> >4% a+ (—9Za2+4sp—64) 78— 48p
:Z(4a3—9a2+%) >Z<4a3—9a2+%) —l—;—;lZ(lOa—E))
2

:Za(4a2—9a+¥) >Za<4a2—9a+§—é> :Za(2a—2) > 0.

The equality holds for a =b=c=1.
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P 3.93. If a,b, c are nonnegative real numbers such that a®> + b* + ¢ = 3, then

a®+b*+c—3>|(a—b)b—rc)(c—a).

Solution. Assume that a < b < ¢, write the inequality in the homogeneous form

2 4 p2 2\ 3/2
a3+b3+c3—3(%) > (b— a)(c — b)(c — a),

and use the substitution
b=a+p, c=a+gq, 0<p<gq
For fixed p and ¢, we need to show that

f(a) > pa(q —p),

where
a® + b+ 02)3/2

f(a):a3+b3~|—c3—3( 3

Since ' = b = =1, we have

2 b2 2
f’(a):3(a2+b2+62)—3(a+b+c)\/%
:9\/a2+l§+02 (\/a2+l§+02 _a+§+0> >0.

Thus, f(a) is increasing, f(a) > f(0), and it suffices to show that f(0) > pg(q — p), that is

2 2\ 3/2
P’ +q
p3+q3—3(—) > pq(q — p)-

3

Consider the non-trivial case p > 0. Due to homogeneity, we may assume that p = 1 and
q > 1, when the inequality becomes as follows:

q?’—q2+q+123( 3q) ,

3 — @ +q+1)* > (¢ +1)°,
¢ —3¢° +3¢" =3¢ +3¢+1>0,
¢*(¢ =1 +¢* = 3¢* + 3¢ +1>0,
(@ +1(g—1)°+2>0.
The last inequality is clearly true. The equality holds for a =b=c=1.
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P 3.94. Let a,b, c be nonnegative real numbers such that a®> + b* + ¢ = 3. Prove that
5
1 —abc > 3 min{(a — b)%, (b — ¢)?, (c — a)*}.

(Vasile Cirtoaje, 2019)

Solution. Assume that a > b > ¢. For a = ¢, the inequality is a trivial equality. Next
assume a > c¢. There are two cases to consider: a —b>b—canda—b<b—c.

Case 1: a —b > b — ¢. Write the inequality in the homogeneous form f(a) < 0, where

5 a4+ b + 2
f(a) = abc + §(b — 0)291/2((1) — 93/2((1), g(a) = —
We will show that
fla) < f(2b—c) <0.
The left inequality is true if f'(a) < 0. Since
oy 2a
g (a’) - 3
e 5a(b — o)’ 5a(b — o)’
) = po i PO ey, B0 =0
f(a) =bc+ 0g172 ag’* = bc + 9 a,
we need to show that ; )
a[1—5( —¢) } > be
9
Since a > b, this is true if
5(b — ¢)?
Lo . c) > e
that is - )
3(1—¢) > ( ;C)

It is enough to show that

From
3=a?+ b+ > 27+ 2,

we get

3 — 2

b <
- 2

Thus, it suffices to show that
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which is equivalent to
c(2v6 —2c2 -3 —¢) >0,
3c(1 —¢)(5 4+ 3¢) _
26 —22+3+¢
Since f is decreasing and a > 2b — ¢, we have f(a) < f(2b— c).
The inequality f(2b — ¢) > 0 is true if the original inequality holds for a = 2b — ¢. Thus,
we need to show that

3bc(2b — ¢) +5(b —¢)* < 3

for
(2b— ) +b* + ¢* =3,

which involves

2(b—c)*+3* =3, b<1.

Indeed, we have
3bc(2b —¢) +5(b—c)* —3 < 3¢(2b—c¢) +5(b—c)* — 3 =0.
Case 2: a — b <b—c. We have
c<2b—a, 2b—a > 0.

Write the inequality in the homogeneous form f(c) < 0, where

£(6) = abe+ 20— 0262 — %), gle) =

We will show that
fle) < f(2b—a) <0.

The left inequality is true if f'(¢) > 0. We have

2c
/ —_
g(c) =5
and 2 ; )
f’(c):ab—I—M—cgl/g:ab—km—czab—ch—cZO.

991/2

The inequality f(2b — a) > 0 is true if the original inequality holds for ¢ = 2b — a. Thus,
we need to show that
3ab(2b — a) + 5(a — b)* < 3

for
a? +b* + (20 —a)* =3,

which involves
2(a—b)*+3* =3, b<1.
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Indeed, we have

3ab(2b — a) + 5(a — b)* — 3 < 3a(2b — a) + 5(a — b)* — 3 = 0.

3
The proof is completed. The equality occurs for a« = b = ¢ = 1, and also for a = 2\/;

3
b= \/g and ¢ = 0 (or any permutation).

P 3.95. If a, b, c are nonnegative real numbers, then

a* + bt 4 — b — b’ — a® > 2|a*b + VP + Pa — ab® — be® — ca®|.

Solution. Assume that a < b < ¢ and write the inequality as
(@* =)+ (0* = ) + (= a®)* > d(a+ b+ c)(a = b) (b~ ¢)(c — a).

Using the substitution b = a + p and ¢ = a + ¢, where ¢ > p > 0, the inequality can be
restated as
4Aa* +4Ba+ C >0,

where
2

A=p"—pg+q’, B=p"+q(p—q)
C=p'+20°q = P’¢ — 2p8* + ¢* = (0° + pg — ¢*)*.
Since A >0, B > 0 and C' > 0, the inequality is obviously true. For a < b < ¢, the equality
c 1++5

occurs when a = b = ¢, and also when a = 0 and b= 7

]

P 3.96. If a,b, c are nonnegative real numbers, then
at + b+t —abe(a+b+c) > 2V2 [aPb+ b3 + Pa — ab® — be® — cd®|.
(Pham Kim Hung, 2006)
Solution. Assume that a < b < ¢ and write the inequality as
a*(a® — be) + V2 (b? — ca) + (¢ — ab) > 2v2(a + b+ c)(a — b)(b — ¢)(c — a).
Using the substitution b = a + p and ¢ = a + ¢, where ¢ > p > 0, the inequality becomes

Aa®>+ Ba+C >0,
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where

A=50p*—pg+¢>), B=4p"+ (6v2 - 1)p*q — (6vV2+ 1)pg* + 4%,
C = p* 4+ ¢* +2v2pq(p* — ¢).
Since
A>0,
25 5 2
B> szq— 10pg” + 4¢° = q <7p—2q> >0
and

C= @ +V2pg—¢*)* 2 0,
the conclusion follows. For a < b < ¢, the equality occurs when a = b = ¢, and also when

C_\/§+\/5.

a:Oandl—)— 5
O]

P 3.97. If a,b, c are nonnegative real numbers such that a + b+ ¢ = 3, then
(a®b + bc + c*a — 3abe)(ab® + be® + ca® — 3abe) > (a*b® + b2c? + c*a® — 3abe)?.
(Vasile Cirtoaje, 2008)

Solution. Write the inequality in the homogeneous form
AB > C?,

where
A=a’b+bc+cPa—abe(a+b+c),

B = ab® + bc® + ca® — abc(a + b + ¢),
C = a®V* + b’ + 2a® — abc(a + b + c).
From the Cauchy-Schwarz inequality

(c+a+0b)(a®b+ bPc+ Ea) > abe(a + b+ c)?,

it follows that A > 0, with equality for a = b = ¢. Thus, the desired inequality AB > C? is
true if
At? —2Ct+ B >0

for all real t. This inequality is equivalent to
(@b + bPc + Fa)t? — 2(a®b* + b + 2a®)t + ab® + be® + ca® > abe(a + b+ ¢)(t — 1),

ab(at — b)* + be(bt — ¢)? + ca(ct — a)® > abe(a + b+ c)(t — 1)%
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Clearly, the last inequality follows immediately from the Cauchy-Schwarz inequality
(c+a+ b)ab(at — b)* + be(bt — ¢)® + calct — a)?] > abe(a + b+ ¢)*(t — 1)

The equality holds for a = b = ¢, and also for a =0 or b =0 or ¢ = 0.
Remark. Actually, the following identity holds:

AB — C? = abc(a + b+ c)(a® + b* 4+ ¢ — ab — be — ca)?.

P 3.98. Ifa,b,c > —5 such that
a+b+c=3,

then
1—a 1—-0 1—c¢

>
1+a+a2+1+b+b2+1+c+02 -

(Vasile Cirtoaje, 2014)
First Solution. Using the substitution
a=x—5 b=y—>5, c=z-—05,
we need to prove that if x,y, 2z > 0 such that x +y + 2z = 18, then

6—x L 6—y . 6—z >0
22 —9x+21 2 —-9y+21  22—-9z+21 —

Denoting
r+y+=z

18
we can write this inequality as f5(x,y, z) > 0, where

fs(,y,2) = (6p — )(y* — 9yp + 21p°)(2* — 9zp + 21p°)

is a symmetric homogeneous polynomial of degree 5. According to Remark from P 3.68, it
suffices to prove this inequality for y = z and for x = 0. Therefore, we only need to prove
the original inequality for b = ¢ and for a = —5.

Case 1: b=c= S—Ta. Since

1-b l—c  2a—1)

1+b4+0 14+c+c2 a2—8a+19’

we need to show that
l1-a 4(a —1) _

1+a+a2+a2—8a+19_ ’
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which is equivalent to
(a —1)*(a+5)>0.

Case 2: a = =5, b+ ¢ = 8. We can write the desired inequality as follows:

1+ 1-9b n 1+ 1—c >0

7T 14+b+0b2 7 l14+c+cz) 7

b—4)b—-2) (c—4)(c—2)

14+b+02 14+c+c?
b—c b—2 c—2

— >0,

2 14+04+02 14+c+c2) —
(b—c)*[34+2(b+c) — b

A+ b+ ) (Itctc?) =

The last inequality is true since

2 2
2(b+c) —bc= <ZH2_C) —be = <b;6) > 0.

The proof is completed. The equality occurs for a = b = ¢ = 1, and also for a = —5 and
b = c =4 (or any cyclic permutation).

>0,

Second Solution. Assume that a < b < ¢ and denote

1—a 1-9b 1—c¢

E(a, b, c) = )
(a,b,¢) 1+a+a2+1+b+b2+1—|—c+02

We will show that
E(a,b,c) > E(a,t,t) >0,

where
L b+c _ 3 — a.
2 2
From —5 < a <1 it follows that
t e[l 4].

Write the left inequality as follows:
1-9 1—t 1—c 1—t
- + - >0,
1+b4+02 1+t+12 l+c+c2 1+t+12
b-1t—b—2 (c—1t—c—2
b— — >0
( C){ 110402 ltcter | =

(b—c)?[(2+b+c—be)t+1+2(b+c)+bc >0,
(b—c)?[2t* + 6t 4+ 1 — be(t — 1)] > 0.
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The last inequality is true since

AU+ 6t 41 —be(t —1) > 22 + 6t +1 —t2(t — 1)
=td4-t)(1+¢t)+2t+1>0.

Also, we have

l—a 2(1—1t)
E(a,t,t) =
(a,%,1) l+a+a® 1+t+¢t2
2(t—1) 2(1—1t)

A2 1At + 13 1t £2
6(1—1)%(4 —1t)
(42— 14t +13)(1L+t+12)

1
P 3.99. Let a,b,c # z be nonnegative real numbers such that
a+b+c=3.

4
If k> 3’ then
1—a n 1—0 . 1—c¢ >0
(1—ka)?  (1—kb)?2 (1—ke)? =~

(Vasile Cirtoaje, 2012)

Solution. Denoting p = (a+ b+ ¢)/3, we may write the inequality as f5(x,y, z) > 0, where

fol . 2) = S (0 — a)(p — kb)2(p — ke)?

is a symmetric homogeneous polynomial of degree 5. According to P 3.68, it suffices to prove
this inequality for b = ¢ and for a = 0.

Case 1: b = c¢. Since a = 3 — 2b, the original inequality is equivalent to the following
sequence of inequalities:
1—a n 2(1—10) >0
(1—Fka)?  (1—Fkb)2~— "
2(b—1) 2(1-0b) -0
(1 —3k+2kb)2 (1 —kb)2 — 7

k(b—1)%[k(3 —b) — 2] > 0.

The last inequality holds since

4 2(3-2b) 2a
kB3—b)—2>-(3-b)—2="""""_ ">
(3-b)-22:(3-10) =520
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Case 2: a = 0. Since b+ ¢ = 3, the original inequality becomes as follows:

1> b—1 n c—1
~(1—kb)2  (1—ke)?

(1 —kb)*(1 —kc)*> > (b—1)(1 — ke)® 4 (¢ — 1)(1 — kb)?,
(k*bc — 3k +1)* > 1+ 6k — 9k + (5k* — 4k)bc,
E*b*c* + 18k — 12 > (6k* + 3k — 4)bc.

Since
E*b*c® 4+ 18k — 12 > 24/Kk3(18k — 12) be

it suffices to show that
4k (18k — 12) > (6K + 3k — 4)?,

which is equivalent to
36k — 84k3 + 39k% + 24k — 16 > 0,

(3k — 4)(12k* — 12k* — 3k +4) > 0.
The last inequality holds since

12K% — 12k% — 3k + 4 > 12k* — 12k* — 4k + 4 = 4(k — 1)(3k* — 1) > 0.

The proof is completed. The equality occurs for a = b =c = 1. If k = 4/3, then the equality
holds also for a = 0 and b = ¢ = 3/2 (or any cyclic permutation).
O

P 3.100. If a,b,c are positive real numbers such that
abc =1,

then
32a* + (20 + (2 + 1) < (a + b+ ).

(Vasile Cirtoaje, 2015)

Solution. Since
20> + 1 = 2a® + (abc)?? = a*3[2a** + (be)*?],

we can write the inequality in the homogeneous form

3[2a*3 4 (be)?3)[206%2 + (ca)??][2¢*3 + (ab)*?] < (a + b+ )%

Since the condition abc = 1 becomes superfluous, we may now assume that a + b + ¢ = 3,
when the inequality can be written as

[2a4/3 n (60)2/3”254/3 i (Ca)z/3] [204/3 i (ab)2/3] < 27,
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4 Z a?b? + 2(abc)?? Z a® + 9(abe)¥? < 27.
By the AM-GM inequality, we have abc < 1 and
2abc + 1 > 3(abe)??,

Therefore, it suffices to show that

42(%2 2abc—i—1 Za + 9abe < 27,

which is equivalent to
(94 8¢)r + 63 +4q — 12¢* > 0,

where
q=ab+bc+ca, r=abc, 0<qg<3 0<r<l1.

By Schur’s inequality
(a+b+c)® +9abe > 4(a + b+ c)(ab + ¢ + ca),

we get
3r > 4q — 9,

hence

(94 8¢)r + 63 + 4q — 12¢° > (6 + 9q)r + 63 + 4q — 12¢°
> (24 3q)(4g — 9) + 63 + 4q — 12¢°
=15(3—¢q) > 0.

The equality occurs for a =b=c=1.

P 3.101. If a,b, c are positive real numbers such that
a+b+c=13,

then

(3v3 —5) (é +

1
e s 2l
b + b) >a”"+b"+c

(Vasile Cirtoaje, 2014)

Solution. Assume that

and show that
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where

1 1 1
 Flabe) = (3V3-5) (5+5+5) BRI )

_b+c_\/§—a
22

X

The left inequality is equivalent to
(b—)* [23V3—5) — be(b+ )| = 0.

This is true since

be(b+ ¢) < (620)3 - (\/54_ a)

(V3—v3/3)3 2
4 33

The right inequality, F'(a,z,x) > 0, is equivalent to

<

< 2(3V3 - 5).

V3 a' —5a® +3v3 a? + 5(3 — 2v/3 )a + 6v3 — 10 > 0,
(a—1)%|V3d® - (5—2V3)a+6v3—10| > 0.
Thus, it suffices to show that
V3a® — (5—2v3)a+6v3—10> 0.
This inequality is strict because
D= (5—-2v3)%—4v3 (6v/3 —10) = 20v/3 — 35 < 0.
V3 -1

The equality occurs for a =1 and b =c = (or any cyclic permutation).

P 3.102. Ifa,b,c > 1 such that

then

(Vasile Cirtoage, 2014)

Solution. Assume that

and show that
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where L1
F(a,b,c) =12 =+ =4+ = | =5(a* +b* + )
a b b
and
b+c
T = .
2
From 1+1 4 4—-4/3 4
.Z‘_L:l, .T: _ag _ / pr— 5
2 2 2 3
we get
4
1<z < =
- 3

The left inequality is equivalent to
(b—¢)?[24 — 5bc(b+¢)] > 0.

This is true since
5(b+c)?
4

The right inequality, F'(a,z,x) > 0, is equivalent to

640
5bc(b + ¢) < =102° < 57 < 24.

F(4—2z,z,2) >0,

152% — 702% + 1202% — 892 + 24 > 0,
(z — 1)(152° — 5527 + 652 — 24) > 0,
(x — 1)1 —5(x —1)*(5 - 3z)] > 0.
We only need to show that

Since

it suffices to show that

which is equivalent to

The proof is completed. The equality occurs for ¢ = 2 and b = ¢ = 1 (or any cyclic

permutation).

[]



348

Vasile Cirtoage

P 3.103. If a,b, c are positive real numbers such that

15
b =3 < —
a+o+c , 0_32,
then L1 1
—t ot ->a?+ 0+
a b ¢

Solution. Write the inequality as

b 1
or +2ab > (a+b)* + ¢* — -.
a c

Since

b
C“; +2ab > 2v/2(a 1 b),

a
it suffices to show that .
2v/2(a+b) > (a+b)*+c* — -,

c

which is equivalent to
1
V8(3 —¢)+ = +6c—2c"—9>0.
c

We can get this inequality by summing the inequalities
9
8(3—c)— 2 >0

and ) 9
—4+6c—22—=>0.
c 2

15
The first inequality reduces to ¢ < 32 and the second inequality to

(2—c)(1—2¢)*>0.

The inequality is an equality for a =b=c=1.

P 3.104. Ifa>b>c>0 and ab+bc+ ca=3, then
(a) b+c <2
(b) b2 + be + * < 3.

(Vasile Cirtoaje, 2018)

(Vasile Cirtoaje, 2018)
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Solution. From
3a®> > ab+ bc + ca = 3,

it follows that @ > 1, and from (a — b)(a — ¢) > 0, we get
a? +bc > a(b+c),

hence
3=a(b+c)+bc>2a(b+c)—ad?

2
3
b+c§a_+.
2a
(a) It suffices to show that
2
a“+3 <o
2 T

that is
(a—1)(a—3)<0.

Since this is true for a < 3, it remains to consider the case a > 3, when

3-be 319
a a

b+c=

The equality occurs for a =b=c = 1.

(b) From

(a2+3)2+a2—|—3

—6
4q2 2

b +bc+c?—3=(b+c)—bc=(b+c)+alb+c)—6<

3(a* — 4a® + 3) _ 3(a® — 1)(a* — 3)

4a? 4a? ’

it follows that b2 + be + ¢? < 3 for a? < 3. Consider further the case a®> > 3, when

a a?

3—be\® 9
b2+bc+c2§(b+c)2:( C) <= <3

The equality occurs for a = b = ¢ = 1, and also for a = b= /3 and ¢ = 0.

1
P 3.105. Ifa,b,c € {O, 1+ —1 and a® +b? + ¢ = 3, then

V2

a+b+c>abc+ 2.

(Vasile Cirtoaje, 2019)
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Solution. Assume that a > b > ¢ and denote = b + ¢. From

b+c <202+ c2) = V6 — 2a2

and
b4+c> V242 =3 —a2
we get
1
V3—a?2<z<V6-—2ad? 1§a§1+ﬁ.
Since

2bc= (b+c)* — b —ct = (b+c)* +a* -3,
the required inequality can be written as
2a +2(b+c) > a[(b+c)* +a® — 3] + 4,

that is f(z) < 0, where
f(z) = az® — 22+ a® — 5a + 4.

Since f is a quadratic convex function, it suffices to show that f(v/3 — a?) < 0and f(v/6 — 2a2) <
0. We have

F(Vim@) —22-a-vima - 2ot D)

2—a++vV3—-a2
Also,
6 —2a* —8a®+ 9a® + 8a — 8
\/6—2@2) —dta—d*—2v/6—2a2 =12
f( 44a—ad+2v6 — 2a?
~(a+1)(a—1)*(a®+a®—8)
44a—a3+2vV6 —2a2
Because

1\? 1\? 11v2 — 16
a3—|—a2—8§<1+—) +<1+—> —8:\/_—<0,

V2 V2 4
we get f (\/6 — 2a2) <0.

The inequality is an equality for a = b = ¢ =1, and also for

! b=1 ! 0
—, = = CcC =
V2 V2

a=1+

(or any permutation).

1
P 3.106. Let a,b,c > G be real numbers such that a®> +b* + ¢ = 3. Then,

a+b+c>abc+ 2.
(Vasile Cirtoage, 2019)
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< a <1, and denote s = a+ b+ c and

[ N

Solution. Assume that ¢ = min{a, b, c}, hence

z = b+ c. From

DED DD Dl

we get
1 1
b+b — > = b
ab + c+ca—|—12_3(a—|— +¢),
2 2,12, .2 L2
(a+b+c)"—(a"+b +c)+62§(a+b+c),
65 —4s — 17> 0,
hence
1 53 9
s>k, k=—-+1/—=20493. 6k —4k—17=0.
3 18
From
k—a<b+c< /20?4 ?),
we get
k—a<z<+v6—2a2
Since

2bc = (b+¢)* — (B> + ¢*) = 2% — 3 + @,
2abc +4 —2(a+b+c) =a(z? —3+a®) +4 — 2a — 2z,

we may write the inequality as f(z) < 0, where
f(z) = az® — 22+ a® — 5a + 4.

Since f is a quadratic convex function, it is enough to show that f (\/ 6 — 2a2) < 0 and
f(k—a)>0.
The first inequality is equivalent to

—a®+a+4 < 2vV6 — 2a2.

This is true if
(—a®+a+4)* < 4(6 — 2a°),

that is
a® — 2a* — 8a® 4+ 9a% 4+ 8a — 8 < 0,

(a—1)*(a* +2a* + a* — 8a — 8) < 0.

Since a < 1, the inequality is clearly true.
The second inequality is equivalent to

2a* — 2ka® + (k* — 3)a +4 — 2k <0,
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which can be written as g(a) < 0, where
g(a) = 12a® — 12ka® + (4k — 1)a + 24 — 12k,

with
¢ (a) = 36a* — 24ka + 4k — 1 = (6a — 1)(6a — 4k + 1).

Since 6a —1 > 0 and 6a — 4k +1 < 7—4k < 0, we have ¢'(a) < 0, g(a) is strictly decreasing,
hence g(a) < g(1/6). So, it suffices to show that ¢g(1/6) < 0. Indeed,

5(43 — 105k)

5 ~ —0.01928 < 0.

9(1/6) =

The equality occurs for a =b=c = 1.

P 3.107. If a,b, c are nonnegative real numbers such that
ab + bc + ca + 6abc = 9,

then
2(a+b+c) > ab+ bc+ ca+ 3.

(Vasile Cirtoaje, 2019)

Solution. For a =0, we need to show that 2(b+ ¢) > bc + 3 for be = 9. Indeed,
2(b+¢) —be — 3> 4Vbe — be — 3 = 0.

Assume now that a > b > ¢ > 0. According to Remark 2 from P 3.58, for fixed ab+ bc + ca
and abc, the sum a + b + ¢ has the minimum value when a > b = ¢. Therefore, it suffices to
consider this case, when we need to show that

2a + 4b > 2ab + b* + 3

for
9 —p?

T wEh 1)

Substituting a, the required inequality becomes

0<b<a.

(1 —=0)*(1+0b)(3—1b) >0.

The inequality is an equality for a = b = ¢ = 1, and also for a = 0 and b = ¢ = 3 (or
any cyclic permutation).

Remark. Similarly, we can prove the following generalization:
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e I[fa,b,c are nonnegative real numbers such that
ab+ bc+ ca+ kabc =3+ k, k>0,

then
ab+bc—|—ca—3< k
a+b+c—3 ~2/k+3-3

with equality for a =0 and b= c =k (or any cyclic permutation).

For k =1, we get that a + b + ¢ + abc = 4 involves the nice inequality

a+b+c>ab+ be+ ca.

P 3.108. If a,b, c are nonnegative real numbers such that
ab + bc 4 ca + abc = 4,

then
4(a+b+c) + 3a’b*c® > 15.

(Vasile Cirtoaje, 2019)

Solution. For a = 0, we need to show that 4(b + ¢) > 15 for bc = 4. Indeed,
4(b+¢) —15 > 8Vbe — 15 = 1.

Assume now that a > b > ¢ > 0. According to Remark 2 from P 3.58, for fixed ab+ bc + ca
and abc, the sum a 4 b + ¢ has the minimum value when a > b = ¢. Therefore, it suffices to
consider this case, when we need to show that

4a + 8b + 3a%b* > 15

for 5 _b
a:%, 0<b<?2.

Substituting a, the required inequality becomes
30° — 12b* 4 120> + 8b? — 19b + 8 > 0,

(b—1)*(3b*> — 6b* — 3b +8) > 0.

This is true since
3b° — 6% — 3b+8 = (2 — b)® + b(2b — 3)* > 0.

The inequality is an equality for a =b=c=1.
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P 3.109. Ifa,b,c € {O, g] such that a + b+ c =3, then

(a4 D)(b+ c)(c+a) > 8Vabc.
(Vasile Cirtoaje, 2018)
Solution. Assume that a > b > ¢ and write the inequality as
(a4 b+ ¢)(ab+ be + ca) > abe + 8V abe.

According to Remark 2 from P 3.57, for a + b+ ¢ = 3 and fixed ab+ bc + ca, the product abe

5
has the maximum value when a > b =c or a = 3 Therefore, it suffices to consider these
cases.
Case 1: a > b= c. For

the inequality is equivalent to

Substituting

1<z <

(@RI

bl

we need to show that
2%(3 — 2x) > 4z — 3,

which is equivalent to
227 — 32° + 42 — 3 <0,

(x —1)%(22° + 2* — 2* — 20— 3) < 0.

Since
20° + 1t —2? — 22 -3 =2(22" + 2° + 20 — 8) — 3(x — 1)? < zf(x),

where
f(z) =22* +2° + 22 — 8,

it is enough to show that f(x) < 0. Indeed, we have
7
f(z) Sf(é) < 0.

5 4
Case 2: a = 3 Since b+ ¢ = 3 we can write the inequality as

5+ bc> 5\3/5%0.
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From

4
gzb‘i‘CZQ\/%,

3/ bbc /20
=7z, CCS ’
3 3

the inequality becomes f(z) > 0, where

4
we get be < 9 Substituting

f(z) =32 — 30 + 25.

Since

f'(z) = 92% — 30 < V400 — 30 < 0,

f is decreasing, hence

f(:c)zf<\3/32_0> :5(%9—23/%) > 0.

The equality holds for a =b=c=1.

5
Remark. In the absence of the condition a, b, c < 3’ the following inequality holds:

(a4 D)(b+ ¢)(c+a) > 8Vabe.

3 _
According to P 3.57, it suffices to consider the case b = ¢ = Ta’ when the inequality

becomes
(a+3)* > 16v/a,

a+3>4va.
Indeed, by the AM-GM inequality, we have

a+3=a+1+14+1>4va-1-1-1.

P 3.110. If a,b, c are nonnegative real numbers such that a > b > ¢ and
a4+ b+ c* =3,

then

a+b+c+<1—%) (a—c)* > 3.

(Vasile Cirtoaje, 2020)
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Proof. Denote
1

k=1-—,
V3

and write the inequality as

at+b+c+kla—c)?>3
First Solution. Denote x = a + c¢. Since
(a—c)*=2(a*+c*) —(a+c)=23—b) —2?

we may write the inequality as f(x) > 0, where

fx) =2 +b+k(6—20"—2%) — 3.
For fixed b, we have x € [m, M|, where

m=+v3-0, M=b+3-202
Indeed, from (a + ¢)* > a? + ¢, we get

x>V3—0=m,
and from (b* — a?)(b* — ¢?) < 0, we get
a’c® < b (a* +c*) — bt = 307 — 2b%, ac < bm,

hence

r=V3—b2+2ac< \/3—b2+2b\/3—2b2:b+\/3—2b2:M.

We have x = m for ¢ = 0, and x = M for a = b or b = ¢. Since f(z) is a quadratic concave
function, it suffices to show that f(m) > 0 and f(M) > 0, that means to prove the required
inequality for ¢ = 0, for a = b and for b = c.

Case 1: ¢ =0. We need to show that
a+b+ka®>>3
for a > b > 0 and a® + b*> = 3. Write the inequality as follows:
V3—12+b+k(3—1%) >3,

(1 —kb)b > V3 —V3 -2,
b2
SRR
(1 — kb) <\/§+ V3 b2) > b,

(1 — kb)b
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Since the left hand side is decreasing and the right hand side is increasing with respect to b,

3
it is enough to prove the inequality for b = \/; , when it becomes

1 >2 -1,

V6 — /2
2

4>V6+ V2.
Case 2: a =b> ¢ > 0. We need to show that
(2a +c)vz +k(a—¢)* =32 >0
for
2+ ¢
3
Due to homogeneity, we may set ¢ = 1 (which involves a > 1), when the inequality becomes

X

(2a + 1)z + k(a — 1)*> — 32 > 0,

where
2a% + 1
T = )

3

Write the inequality as follows:
k(a—1)* > Va(3vr —2a - 1),

25 2(@—1)2\/5.
“3Vr+2a+1

K VE
T 3Vr+2a+1

k(a—1)

It is true if

which is equivalent to
k(2a+1) > (2 — 3k)y/,

2a +1>+V2a2%+ 1.

Case 3: a > b=c > 0. We need to show that
(a+2c)vT +k(a—c)* =32 >0

for
a® + 2¢2
T
Due to homogeneity, we may set ¢ = 1 (which involves a > 1), when the inequality becomes

Tr =

(a+2)vz + k(a—1)? =32 >0,
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where

Write the inequality as follows:
k(a—1)* > Va(B3Vr —a—-2),

oo 2a—1)7*Va
Ma—1) 23 i

k 2V

> S—
~3Vr+a+2

It is true if

which is equivalent to
k(a+2) > (2 - 3k)Va,

a+2>vVa?+2.

The proof is completed. The equality occurs for a = b = ¢ = 1, and also for @ = v/3 and
b= c =0 (or any cyclic permutation).

Second Solution. Consider the nontrivial case a > ¢ and write the inequality in the
homogeneous form f(b) > 0, where

2 22
f) = (a+b+ Vo) + Ka—cf =3g(0), 9=
Since o
/b — -
g®) =3,
we have ( o
a+0+c
"(b) = + — 2b = bh(b),
PO =i+ o)
where ;
h(b)zﬁ_‘_u_Q’
b 3\/9
, -9 1 1 bla+b+c)
h'(b) = —
() b2 +3\/§+3\/§ 993/2
_ _ 2
< \/§+ 2 —3g+2b <

T 3y 229 =0
Since h(b) is a decreasing function, there are three possible cases: g(b) > 0 for b € [c, al,
hence f(b) is increasing on [c,a]; g(b) > 0 for b € [¢,¢4] and g(b) < 0 for b € [cy, a], hence
f(b) is increasing on [c, ¢;] and decreasing on [c,al; g(b) < 0 for b € [c,a], hence f(b) is
decreasing on [c,a]. In all these cases f(b) has the minimum value when b € {c,a}. As a
consequence, we only need to prove the required inequality for b = a and b = ¢. Both cases
were presented in the first solution.
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Remark. The inequality is symmetric because it can be written in the form
1
a+b+c+ (1 —— ) max{(a—0b)% (b—c)? (c—a)} >3,
( \/§> {(a=b)"(b—c)" (c—a)}

without the condition a > b > c.

P 3.111. If a,b,c are nonnegative real numbers such that a > b > ¢ and a® + b* + ¢ = 3,
then

1—abe < g(a—c).

(Vasile Cirtoaje, 2018)

First Solution. Denoting = = ac, we need to show that f(z) > 0, where

f(x):bx+\/2(3_b;_2x) —1.

3
For fixed b, b € [O, \/;] , we have = € [0, M], where

M =bv3 — 2b%.
Indeed, from (b* — a?)(b* — ¢*) < 0, we get
a’c® < b*(a* + c*) — b* = 3b* — 2b*, x < bv3—2b%= M.

From

1 2 1
fle) = _\@' G2z =V

it follows that f is a concave function, therefore it suffices to show that f(0) > 0 and
f(M) > 0. We have

M_1>0

) =1/755 >

because
3=0a% 4%+ > 2°%

Since

\/3—b2—2M:’\/3—2b2—b

)

we may write the inequality f(M) > 0 as follows:

2
\/;(\/3 o0 — b‘ > 11— 12/3 =202,
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V6|1 — | L (=021 +20)
V3—202+b  1+b2/3 -2

V6 1L =w 420
V3202 +b T 1462322
Case 1: b € [0,1]. We claim that

This is true if

V6 s (=0 +28)
V3 — 202 + b T 103207

Indeed, the left inequality is equivalent to

V6 —b >3 — 202,

which, by squaring, becomes
3b2 —2V6 b+ 3 >0,

3(b—1)2+2(3—V6)b >0,

while the right inequality is equivalent to

20" + b*(V3 — 202 — 1) > 0.
3
Case 2: b € [1, \/;] . We need to show that

V6 (P2
V3=202+b 1+02/3—-202"

which can be written as

A(D)V3 =202 > B(b),

where

A(b) = V6 b2 — (b? —1)(1+20%),  B(b) = b(b* — 1)(1 + 2b?) — V6.

This inequality is true because

A(b) =1+ (V6 + 1)b* — 2b* > 3b* — 2b* = b*(3 — 20%) > 0

wo<n(y2) o

3
The equality occurs for a = b = ¢ = 1, and also for a = b = \/; and ¢ = 0 (or any

and

cyclic permutation).
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Second Solution (by Anhduy98). Denoting
p=a+b+c, q=ab+bc+ ca,

we have

Since
(a—c)? —(a*>+ b+ —ab—bc—ca) = (a—b)(b—c) >0,

it is enough to show that

abc+\/2(a2+b2+02—ab—bc—ca) -1

3 —
that is
2(p2 —
3
or
abc > 1 —z,
where
2(p2 _
oo 2= 3)
3
From )
3z
p2—3q=7, P’ —2q =3,
we get
3(2 — a2
p=VAG- ). =20 sepval

For x > 1, the inequality abc > 1 — x is true because abc > 0 > 1 — z. Consider now that
1<z <2 By Schur’s inequality

P> 4 9abe > 4pq,

we get
3abe > (1 — 2%)/3(3 — 22).

Thus, the inequality abc > 1 — x holds if
(1 —2%)y/3(3 — 22) > 3(1 — 2),

which is true if
(14 2)*(3 —2%) > 3.

Indeed,
3—(1+2)*3 —2?) = zx(z® —2) +2(z* = 3)] < 0.



362 Vasile Cirtoage

2
F(a,b,c) = abc + \/; (a—c)
[a? + b2
T = ,
2

F(a,b,c) > F(x,z,c) > 1.

Third Solution. Denoting

and

we can show that

Remark. The inequality is symmetric because it can be written in the form

2
1 —abe < \/; max{|a —b|,|b — c|,|c — al},

without the condition a > b > c.

P 3.112. If a,b, c are nonnegative real numbers such that a > b > ¢ and
a®+ b+ c* =3,

then
7

1 —abc < — (a—c)
10
(Vasile Cirtoaje, 2018)

First Solution. Write the inequality as follows:
10abe + 7(a — ¢)* > 10,

10abe + 7(3 — b* — 2ac) > 10,
11— 7b* > 2(7 — 5b)ac.

From

3
we get b < \/;7 hence
11— 76* > 0, 7—2b>0.

On the other hand, from (b? — a?)(b? — ¢?) < 0, we get

3:a2+b2+0222b2,

a’c® < b*(a® + c*) — b* = 3b* — 2b*, ac < bv3 — 2b2.
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Thus, it is enough to show that
11 — 76% > 2(7 — 5b)bv/3 — 22,
By squaring, this inequality becomes
2000° — 5600° + 141b* + 8400° — 7426° + 121 > 0,

or

(b—1)%f(b) >0,
where

f(b) = 200b* — 1600° — 379b* + 242b + 121 = 8b(5b — 6)? (b + g)

1094
+1016* — ———=b+121 > 105" + 120 — 2195 > (40\/30 - 219) b> 0.
The proof is completed. The equality occurs for a = b =c = 1.

Second Solution (by Nguyen Van Huyen). Since
(a—c)? —(a*> +b*+c* —ab—bc—ca) = (a—b)(b—c) >0,

it is enough to show that
7
abc + 1—O(a2+b2+02 —ab—bc — ca) > 1,

which is equivalent to
10abe 4+ 11 > 7(ab + be + ca).

According to P 3.57, for a? + b*> + ¢ = 3 and fixed ab+ bc + ca (which involve fixed a + b+ ¢
and ab + bc + ca), the product abc has the minimum value when ¢ = 0 or a = b > ¢. Thus,
we only need to consider these cases.

Case 1: ¢ = 0. We need to show that a? 4+ * = 3 involves 11 > 7ab. Indeed, we have

2(11 — 7ab) > 22 — 7(a* +b*) =1 > 0.

Case 2: a = b > c. We need to show that 2a% 4+ ¢ = 3 involves
10a*c + 11 > 7(a® + 2ac),

which is equivalent to
(10c — 7)a* + 11 > 14ac,

14 30c+ 7¢2 — 1063 > 14evV6 — 2¢2.

Since ¢ < 1, the left side is positive. By squaring, the inequality becomes

1008 — 140¢° — 159¢* + 400¢% — 262¢% + 60c + 1 > 0,
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(c — 1)%(100c* + 60c® — 139¢* + 62¢ + 1) > 0.

This is true because
100¢* + 60¢® — 139¢% + 62¢ + 1 > 100¢* + 60¢® — 140¢? + 60c + 1
= (10¢* — 1)* + 60c(c — 1)* > 0.

P 3.113. Ifa>b>c> - and a>+b*+c? =3, then

W =

11
1—abc < — (a—c).
18

(Vasile Cirtoaje, 2018)

Solution. Denoting x = ac, we need to show that f(z) > 0, where

11
flz)=br —1+— V3 —b>—2ux.

18

From
(9a* — 1)(9¢* — 1) > 0

and
(b* —a®)(b” — ) <0,

we get x € [m, M], where

1
m = 5\/26 —9n2, M =bV/3— 202

Wehavex:mforc:%,andx:Mfora:borb:c. Since

B ~11
- 18(3 — b2 — 27)¥/

f//(x)

<0,

f is concave. Therefore, it suffices to show that f(m) > 0 and f(M) > 0, that means to

prove the required inequality for ¢ = 3 for a = b and for b = c.

1
Case 1: ¢ = 3 We need to prove that
18ab 4 33a > 65

2 1
for&2+b2:§6anda2b2§. From

26
§:a2+b2§2a2
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and ”
§:a2—|—b22a2+—,
we get
6 V13 5
< —<a< -
53 —9=3

Write the required inequality as follows:

6a/26 — 9a2 > 65 — 33a,
36a*(26 — 9a?) > (65 — 33a)?,
324a* + 153a® — 4290a + 4225 < 0,
(3a — 5)(108a® 4 180a* + 351a — 845) < 0,
(3a — 5)[(5a — 6)(20a* + 60a + 141) + 8a® + 6a + 1] < 0.
It is true since 3a — 5 < 0 and ba — 6 > 0.

Case 2: a = b. Consider the nontrivial case a = b > ¢, that is ¢ < 1. We need to prove

that
11(a —c) > 18(1 — a*c)

—_

1
for 2a® + ¢® = 3, §§c<1and3:2a2—|—0222a2+§,hence

w

Write the required inequality as follows:

11(a® — ¢?)
a+c
33(1—¢)(1+c¢)
a+c
11(1+¢)
a—+c

11(1+4¢)
6l-c@2+a="T¢

> 9(2 — 3¢+ ),

> 18(1 — ¢)*(2 +¢),

>6(1—c¢)(2+0),

We will show that

6

11(1+¢) —c>2—>
-2

6(1—c)(2+c¢)

The left inequality is equivalent to

A%
Q

—_
w

42¢3 + 94¢% + 45¢ — 27 > 0,

(3¢ — 1)(14¢* 4 36¢ + 27) > 0
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Case 3: b = c. Consider the nontrivial case a > b = ¢, that is a > 1. We need to prove
that
11(a —¢) > 18(1 — ac?)

1
for a® +2¢* =3, and 3 = a®? + 2¢? > a® + 9 hence

l<a<

W ot

Write the required inequality as follows:

11(a* — ¢?)

> 9(a® — 3a + 2),
a—+c

33(a— D)(a+1) _

18(a — 1)*(a + 2),

a-+c

11(a+1)

7 >6(a—-1 2

LI > 60— 1)(a+2)
11
(a+1) > a+c.

6(a —1)(a+2)

We will show that
11
(a+1) —CLZE—?)CLZC.
6(a —1)(a+2) 3

The left inequality is equivalent to
124 — 20a® — 45a + 75 < 0,

(5 — 3a)(15 — 4a*) > 0.

The right inequality is equivalent to

3
16 — 9a >
6—9a >3 5

2(16 — 9a)* > 9(3 — a?),
171a* — 576a + 485 > 0,
(5 —3a)(97 — 57a) > 0.

5
The inequality is an equality for a« = b = ¢ = 1, and also for a = 3 b=c= 3 (or any

cyclic permutation).
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P 3.114. If a,b, ¢ are nonnegative real numbers such that a > b > ¢ and
a®+ b+ c* =3,

then

2
1 —+vVabe < 3 (a— )%
(Vasile Cirtoaje, 2019)

First Solution. Denoting x = ac, we need to show that f(z) > 0, where

Flz) =3Vba +2(3 — b — 22) — 3 = 3Vbx — 4z + 3 — 2.
3
For fixed b, b € [O, \/;] , we have = € [0, M], where

M = bV3 — 2b2.
Indeed, from (b — a?)(b? — ¢?) < 0, we get
a’c® < b*(a* + c*) — b* = 3b* — 2b*, x < bv3—2b% =M.

From 3
f(x) = —Z\/gx_3/2 <0,

it follows that f is a concave function, therefore it suffices to show that f(0) > 0 and
f(M) > 0. We have
f(0)=3-2v>>0

because
3=a®+b*+ 2> 2%

Write the inequality f(M) > 0 as follows:

3VOM — 4M + 3 — 2% > 0.

Using the substitution

=3 — 202 0<z<+v3,

which yields M = bx?, the inequality becomes
3bx — 4bx® + 2t > 0,

2 > b(4x — 3).

Consider the nontrivial case x > 4/3. By squaring, the inequality becomes

22% > (3 — 2*) (4 — 3)?,
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62° — 82° + 321 — 1622 + 242 — 9 > 0,
(x — 1)*(62" + 42° + 52° + 62 — 9) > 0.

It is true because

42° + 52 + 61 — 9 = (4o — 3)(2* + 22+ 3) > 0.

3
The equality occurs for a = b = ¢ = 1, and also for a = b = \/; and ¢ = 0 (or any

cyclic permutation).

Second Solution. Denoting
p=a+b+ec, q = ab + bc + ca,

we have

and from 3(a? + b* + %) > p?, we get p < 3. Since
(a—c)? —(a*> +b* 4+ —ab—bc—ca) = (a—b)(b—c) >0,
it is enough to show that

2 22 b
- abcgz(a +0b —|—63ab be ca)'

that is

1—\/%36_32(], @zng_G.
For p < v/6, the inequality is true, and for v/6 < p < 3, it is equivalent to
9abc > (p* — 6)°.
By Schur’s inequality of third degree, we have
9abe > 4pq — p* = p*® — 6p.

Therefore,

9abc — (p* — 6)* > p* — 6p — (p* — 6)°> = (p* — 6)(2+p)(3 —p) > 0.
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P 3.115. If a,b, ¢ are nonnegative real numbers such that a > b > ¢ and
a4+ b+ c* =3,

then

\)

1—abec < 3 ala — c)?.

a? + b2 + ¢?
9= — 3

and write the inequality in the homogeneous form f < 0, where

(Vasile Cirtoaje, 2020)

Solution. Let us denote

f =3¢ — 3abc — 2a(a — c)*.

For fixed a and b, since

we have

f'(c) = 3cg — 3ab + 4a(a — ¢) = cy/3(a? + b2 + ¢2) — 3ab + 4a(a — c).

We will show that

cy/3(a% 4+ b2 + ) — 3ab > ¢+/3(2a2 + ¢2) —

which is equivalent to

3a(a — b) > c¢\/3(2a% + ) — ¢/3(a? + b2 + ¢2),

3c(a —b)(a+b)

3ala — b
( )_\/32a2+02+\/3a2+b2+c2)

This is true if
a+b

232+ 0%+ 2)

which is obvious. So, we have

cv/3(2a2 + ) — 3a® + 4a(a — ¢) = c\/3(2a% + %) + a* — 4dac

> c(2a 4+ ¢) + a® — dac = (a — ¢)* > 0.
Since f(c) is increasing, we have f(c) < f(b), and it remains to prove that f(b) < 0, that is

2 2\ 3/2
3(a —;2[) ) — 3ab® — 2a(a — b)* < 0.
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For b = 0, the inequality is trivial. For b > 0, due to homogeneity, we may consider b = 1,
when a > 1. The inequality becomes

2 9 3/2
3(“;> —3a—2a(a—1)* <0,

2 3/2
2a3—4a2+5a23<a +2) ,

and, by squaring,
11a® — 48a® 4+ 102a* — 120a® + 63a* — 8 > 0,
(a —1)*(11a* — 15a® + 24a + 8) > 0.

The last inequality is clearly true for a > 1.
The equality occurs for a = b =c = 1.

Remark. Denoting
r = max{a,b, c}, y = min{a, b, c},

we may remove the condition a > b > ¢ to write the inequality in the symmetric form

2
1 —abc > 3 z(x — )2

P 3.116. If a,b,c are nonnegative real numbers such that a > b > ¢ and
a* +b* + ¢ =3,

then .
1 —abe < §(5a +¢)(a —c)*.

(Vasile Cirtoaje, 2020)

Solution. Let us denote

a? +b% + 2
g = T»

and write the inequality in the homogeneous form f < 0, where
3 1 2
f=3g> — 3abc — §(5a+ ¢)(a—c)”.

For fixed a and b, since
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we have

f'(¢) = 3cg — 3ab+ (a — ¢)(3a + ¢) = cy/3(a? + b2 + ) — 3ab + (a — ¢)(3a + c).

We will show that

cy/3(a% 4+ b2 + ) — 3ab > ¢4/3(2a2 + ¢2) — 3a?,

which is equivalent to

3a(a — b) > c\/3(2a% + ¢2) — c/3(a® + b% + ¢2),

B 3c(a —b)(a+b)
Sala—b) > V3(2a% + ) + \/3(a? + b2 + 2)

This is true if

> a+b 7
2¢/3(a? + b2 + 2)

which is obvious. So, we have

f'(c) > ev/3(2a2 + ) — 3a® + (a — ¢)(3a + ¢) = cy/3(2a2 + ¢2) — 2ac — ¢*
2c(a — ¢)?

= >0
V3(2a?+ ) +2a+c

Since f(c) is increasing, we have f(c) < f(b), and it remains to prove that f(b) < 0, that is

:c[ 3(2a2+02)—2a—c]

2 4 op2 3/2
9(“ E > — 9ab? — (5a + b)(a — b)2 < 0.

For b = 0, the inequality is trivial. For b > 0, due to homogeneity, we may consider b = 1,
when a > 1. The inequality becomes

2 9 3/2
9<“;) —9a — (5a +1)(a— 1)2 <0,

2 9 3/2
5a3—9a2+12a+129(a+> ,

and, by squaring,
(5a® — 9a® 4+ 12a + 1)* > 3(a* + 2)°,
22a% — 90a° + 183a* — 206a® 4+ 90a® + 24a — 23 > 0,
(a —1)3(22a* — 24a® + 45a + 23) > 0.

The last inequality is clearly true for a > 1.
The equality occurs for a = b =c = 1.
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P 3.117. If a,b, ¢ are nonnegative real numbers such that a > b > ¢ and
a®+ b+ c* =3,

then

\)

1—abc > Z(b—c)

w

(Vasile Cirtoage, 2019)
First Solution. Write the inequality as follows:
3 — 3abc > 2(3 — a* — 2bc),
(4 — 3a)bc > 3 — 2a*.
We have
3a2 > a? + b2 4+ 2 =3, a>1.

3
Case 1: 1 <a < \/; From (a® — b?)(a® — ¢?) > 0, we get

b2 > a?(b? + ) —a* = ad*(3 —a?) —a*,  be>aV3— 242
Thus, it is enough to show that
a(4 — 3a)V3 —2a2 > 3 — 2a*.

This is true if

a(4 —3a) > V3 — 2a?,

which, by squaring, becomes
3a* —8a® +6a” — 1 > 0,

(a—1)*3a+1) >0.

W

Case 3: 3 < a < /3. Since
2bc < b* 4+ =3 —d?,
it is enough to show that
(3a — 4)(3 — a*) < 2(2a° - 3).
which is equivalent to
a®—3a+2>0,

(a—1)*(a+2)>0.
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3
The equality occurs for a =b=c =1, and also for a = b = \/; and ¢ = 0.
Second Solution (by Ali3985). From
3=a?+ b+ >2ab+ > 2%+ 2,

we get

ab <

Thus,

2
2 1 3—c?
abc+§(b—c)2§§(3—02)c+—( 5 —c) ,

and it remains to show that

which is equivalent to
3—c?

5 > —3¢3 4+ 2¢% + 9.

8¢

By squaring, the inequality becomes
(1 —¢)*(3c+5) > 0.

This is true because
3 <a’+®+F2 =3, c<Ll.

P 3.118. Let a,b, c be nonnegative real numbers such that
a? +b*+c* =3

If a > b>c, then

\)

1—abe > o +V2)(a —b)(b—c).

(Vasile Cirtoaje, 2019)
Solution. Write the inequality in the homogeneous form F' > 0, where

a®+b> +

2
F = ¢*?% —abe — k(a — b)(b—¢)g"/?, k:§(1+\/§), g= 3

Denote
r=a—c¢ y=b—c, x>y>0,
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and consider that = and y are fixed. We need to show that F'(¢) > 0. Since @’ =V =¢ =1
and

2
g/ = g(a+b+c),
we have
F'(¢) = (a+b+¢)g"? — (be + ca+ ab) — g(a —b)(b—c)(a+b+c)g Y? > E(c),

where
E(c) = (a+b+¢)g"? — (ab+ be + ca) — k(a — b)(b — ¢).

By the AM-GM inequality, we have
iy a1z, L 2 —1/2 _
E'(c) = 3g +§(a—|—b+c)g —2(a+b+c)>2(a+b+c)—2(a+b+c)=0.

As a consequence, E(c) is increasing, hence E(c) > E(0), where

2 | p2
E(0) = (a+b)y/* ; —ab— k(a —b)b
1
We will show that £(0) > 0. Since a* + b* > 5(@ +b)?, it is enough to show that
! (a+b)*>>ab+ k(a —b)b

—(a a a—Db)b.

\/6 -
Since v/6 < 32/13 and k < 13/8, it suffices to prove that

13

13
2
_ > _ —
32 (a + b) ab + 3 (CL b)b,

which is equivalent to
13(a”® + 5b*) > 58ab.

Indeed,
13(a® + 5b%) > 26v/5 ab > 58ab.

From E(c) > E(0) > 0, it follows that F'(c) > 0, F(c) is increasing, therefore F'(c) > F(0).
So, we only need to show that F'(0) > 0, that is

a® + b*
3
a® + (3k + 1)b* > 3kab.

— k(a —b)b >0,

Indeed, we have
a® + (3k + 1)b* > 2v/3k + 1 ab > 3kab.

The proof is completed. The equality occurs for a = b =c¢ =1, and also fora = 3k + 1 b

and ¢ = 0, that is
1 1
a:§\/6+3\/§, b:§\/6—3\/§, c=0.
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P 3.119. If a,b, c are nonnegative real numbers such that a > b > ¢ and

a4+ b+ c* =3,

then
(a) 1 —abc > 2b(a—b)(b— c);
(b) 1—abc > (a—c)(a—0>)(b—rc);
(c) 1—abc > ala—0b)(b—c);
(d) 1—abc > (a+c)(a—"0b)(b—c).

(Vasile Cirtoaje, 2020)
Solution. (a) Since
dla=b)b—c)<(a—b+b—c)*=(a—rc)
it is enough to show that
1 —abc > %b(a — )%

which is equivalent to
2 > b(a® + ¢?),

2 > b(3 —b?),
(b—1)%(b+2)>0.
The equality occurs for a =b=c=1.
(b) Write the inequality in the homogeneous form

(a2+b2+02

3/2
3 > —abc — (a—b)(b—c¢)(a—c) > 0.

Use the substitution
a=x+c, b=y+c, x>y>0,

and, for fixed x and y, write the inequality as f(c) > 0, where

2 32 4 2\ 3/2
f@):(%) —abe — (a—b)(b— ¢)(a— o).
Since
ad=b=c=1,
we have s e
f’(c):(a+b+c)m—ab—bc—ca
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1
>§(a+b+c)2—ab—bc—ca20.

Since f(c) is increasing, we have f(c) > f(0). Therefore, it is enough to show that f(0) > 0,

that is 32
2, 12
(a +b> > ab(a —b).

3
By squaring, we need to show that
(a® +b*)® > 27(a® + b* — 2ab)a’b?,
(a® +b* — 3ab)?*(a® + b* + 6ab) > 0.
The equality occurs for a = b = ¢ = 1, and also for a? 4+ b? — 3ab = 0 and ¢ = 0, that is

Vo 41 V5 -1

5 b= 7 c=0.

a =

(¢) According to (a), the inequality is true if a < 2b. Consider further the case a > 2b,

denote
a? + b2 + 2
9=/ — 3 g <a,

and write the inequality in the homogeneous form f > 0, where
f=g*—abc—ala—b)(b—c).

For fixed a and b (a > 2b), since

we have
f'(¢)=cg—ab+ala—0b)=cg+ala—2b) > 0.

Thus, f(c) is increasing, hence

ICENUR 62)3/2 — ab(a—b).

We only need to show that
(a® + %)% > 27a%b*(a — b)?,

which is equivalent to
(a® +b*)® > 27a*b*(a® + b*) — 54a®b* > 0,
(a® +b* — 3ab)*(a® + b* + 6ab) > 0.
The equality occurs for a = b = ¢ =1, and also for

Votl  Vh-d
2 B
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(d) Write the required inequality as follows:
1 > abc+ (a + ¢)(—b* + ab + bc — ca),

<a2 +b? 4
3
(a® +b* +c*)? > 27(a — b+ ¢)*(ab + be — ca)?,
(@ +b°+ ) > 27 [@® + b° + ¢ — 2(ab + be — ca)] (ab+ be — ca)?,

3/2
) > (a+c¢—b)(ab+ bc — ca),

[a® + b* 4+ ¢ — 3(ab + be — caﬂ2 [a® + 0> + ¢ + 6(ab + bc — ac)] > 0.
The equality occurs for a = b = ¢ = 1, and also for a®> + b* + ¢* = 3 and (a + c)b = 1 + ac.
Remark Denoting
r = max{a, b, c}, y = min{a, b, c}, s=a+b+c,

we may remove the condition a > b > ¢ to write the inequalities in the symmetric forms:

(a) l—abc > 2(s—x—y)2x+y—35))(s —x —2y);

(b) 1 —abe > (z—y)2r+y—s)(s -z —2);
(c) l—abe > 22z +y—3))(s—x— 2y);
(d) 1—abe > (z+y)(2z +y—s))(s —z—2y).

P 3.120. If a,b, c are nonnegative real numbers such that a > b > ¢ and
a’? +b* +c* =3,
then

(a) 1 —abc > = bla—b)%

(b) 1 —abc > (2a + 7b)(a — b)2.

D @l

(Vasile Cirtoaje, 2020)

Solution. Let us denote

and

For fixed a and b, since
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we have
f'(¢c)=cg—ab<bg—ab=0b(g—a)<0.

Since f(c) is decreasing, we have f(c) > f(b).
(a) We need to prove the homogeneous inequality
3f(b) > 2b(a — b)?,

that is

2 2\ 3/2
3(a J;Zb) — 3ab? — 2b(a — b)% > 0.

For b = 0, the inequality is trivial. For b > 0, due to homogeneity, we may consider b = 1,
when a > 1. The inequality becomes

2,9 3/2
3(“;) —3a—2(a—1)%>0,

2 9 3/2
3(“;) > 9% —a + 2,

and, by squaring,
(a®+2)* > 3(2a* — a + 2)?,

a® — 6a* + 12a® — 15a® 4+ 12a — 4 > 0,
(a—1)3(a® + 3a® +4) > 0.
The equality occurs for a = b =c = 1.

(b) We need to prove the homogeneous inequality
27f(b) > 2b(2a + 7b)(a — b)?,

that is

2 4 9p2\ 32
27 <a ; ) — 27ab* — 2(2a + 7b)(a — b)* > 0.

For b = 0, the inequality is trivial. For b > 0, due to homogeneity, we may consider b = 1,
when a > 1. The inequality becomes

2 9 3/2
27 (a ; ) —27a—2(2a+T)(a —1)* > 0,

2 3/2
27(“;r ) > 4a® + 6% + 30 + 14,

and, by squaring,
27(a® + 2)% > (4a® + 6a® + 3a + 14)?,
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11a% — 48a° 4+ 102a* — 148a® + 1474 — 84a + 20 > 0,
(a — 1)*(11a* — 4a + 20) > 0.

The equality occurs for a =b=c=1.

P 3.121. If a,b, c are nonnegative real numbers such that a > b > ¢ and
a*+b* 4+ =3,
then

(a) 1—abc> = (b+c)(b—c)?

(b) 1 —abc > — (7b+2¢)(b — ¢)*.

Sl

(Vasile Cirtoaje, 2020)

Solution. Let us denote

and
f = ¢ — abe.
For fixed b and ¢, since
(@) = +
g 39’

we have
f'(a) =ag —bc < bg—bc="0blg—c)>0.

Since f(a) is increasing, we have f(a) > f(b).
(a) We need to prove the homogeneous inequality
3f(b) = (b+¢)(b—c),

that is

2h2 2\ 3/2
3( b 3+0> —3b%c— (b+c)(b—c)? > 0.

For ¢ = 0, the inequality is trivial. For ¢ > 0, due to homogeneity, we may consider ¢ = 1,
when b > 1. The inequality becomes

202 + 1\
3( 3+> 32— (b+1)(b—1)° >0,
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o2 + 1\
3( 3+> S — b1,

and, by squaring,
(26 +1)° > 3(b* + 2b* — b+ 1),

505 — 12b° + 6b* + 66% — 9% + 6b — 2 > 0,
(b—1)*(b+1)(56> — 2b+2) > 0.
The equality occurs for a =b=c=1.
(b) We need to prove the homogeneous inequality
27f(b) > 2(7b + 2¢)(b — ¢)?,

that is

92 2\ 3/2
27( b ;C ) — 27b%¢ — 2(7b + 2¢) (b — ¢)® > 0.

For ¢ = 0, the inequality is trivial. For ¢ > 0, due to homogeneity, we may consider ¢ = 1,
when b > 1. The inequality becomes

22 1 3/2
27( b; ) —27b* — 2(Tb +2)(b — 1)* > 0,

22 + 1\ %2
27( 3+> > 1465 + 302 + 6b -+ 4.

and, by squaring,
27(2b% 4+ 1)* > (14b* + 3b* + 6b + 4)?,

2005 — 84b° + 147b* — 1483 4+ 102b? — 48b + 11 > 0,
(b—1)*(200* — 4b + 11) > 0.

The equality occurs for a =b=c = 1.

P 3.122. If a,b, c are nonnegative real numbers such that a* + b> + ¢* = 3, then

(a) 1= Vabe > (a—b)(b—o)
(b) 1 — Va2 > g(a—b)(b—c).

(Vasile Cirtoaje, 2020)
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Solution. (a) Write the inequality as follows:
4 — 4V abe > 4(ab + be — b* — ac),
a® + b+ + 1 —4Vabe > 4(ab + be — b* — ac),
(a—2b+c)* + 1+ b*+ 2ac > 4V abe,
(a—2b+¢)*+ (1 —b)?+2(vVb — Vac)* > 0.
The equality occurs for a =b=c=1.

(b) Write the inequality as follows ( Kiyoras, 2001):
a? + b2 + & — 3Va2b2c2 — 4(a — b)(b—¢) > 0,

(a — 2b+ ¢)? + b* 4 2ac — 3V a2b2c2 > 0.

Since

b + ac + ac > 3V a2b2c2.
(by AM-GM), the proof is completed. The equality occurs for a =b=c = 1.

Remark. The inequality (b) is stronger than (a) because
1 —+Vabe > Z (1 — a2b202> ,

which is equivalent to
(x — 1)*(32° + 22 +1) >0,

where © = v abe.

P 3.123. If a,b,c are nonnegative real numbers such that a > b > ¢ and
a4+ b+ c* =3,
then 5
1 —abc > §b(\/__ NoO
(Vasile Cirtoaje, 2020)

Solution. Let us denote

[ 2 b2 2
g = —a+3+c, \/%SQSC%

and write the inequality in the homogeneous form f > 0, where

3ab
f=a2+62+c2—%—2b<f—fc)2.
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For fixed b and ¢, since

a
! e —
g ((I) - 39 ’
we have - 2 (/i — /@)
c a‘be —\/c
f'(a) =2a — — + -
@) g g Va

22@—2—[)6—2b<1—\/§>22a—2—bc—26(1— f)
g a Vbe a
:2a—2\/b_c—26(1—\/g) 22a—2\/a_c—2a(1—\/§)20.

Since f(a) is increasing, we have f(a) > f(b), and it remains to prove that f(b) > 0, that is
3v?
22 + 2 — 225 > (Vb — o),
g

where
B 2b% 4 ¢2

For ¢ = 0, the inequality is an equality. For ¢ > 0, due to homogeneity, we may consider
¢ =1, when b > 1. The inequality becomes

2

I LA 20V —1)?,
9

where
B 202 + 1
g - 3 *
Since o+ 1
>
g = 3
it is enough to show that
2
202 +1— > 2b(Vbh —1)?
* 2b+1 — (\/_ )

which is equivalent to
(b—1)%(4b+1)

> 2h(Vb — 1)2.
20+ 1 = 2b(Vh—1)

This is true if

2
(Vb+1)2(4b + 1) > 2
2+ 1

which is equivalent to
8b(Vb—1) +3(b—1) +2vb > 0.

3
The equality occurs for a = b= ¢ =1, and also for a = b = \/; and ¢ = 0.
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Remark. We claim that, in the same conditions, the following stronger inequality holds:

1 —abc > %(b"‘ 2¢)(va — v/c)?.

P 3.124. If a, b, c are nonnegative real numbers such that a > b > ¢ and
a®+ b+ c* =3,

then

1—abc > ;b(\/_—\/l_))Q.

2 b2 2
NN CELETE

and write the inequality in the homogeneous form f > 0, where

3abc

(Vasile Cirtoaje, 2020)

Solution. Let us denote

— 8b(v/a — V/b)?.

f=a+b+c

For fixed a and b, since

c
’ _°
g'(c) 35’
we have 3ab bc? 3ab 3abc?
f’(c)ch—i abc® _, 3a abe
g g° g gla®+b*+c?)
3ab(a® + b?) 2ab
— 2 — L
g(a? + b + ?) g
<2b—2ib:25(1—9)<0
g g

Since f(c) is decreasing, we have f(c) > f(b), and it remains to prove that f(b) > 0, that is

3ab?

> 8b(v/a — Vb)?,

_|a® + 2b?
g=1\l—5—

For b = 0, the inequality is true. For b > 0, due to homogeneity, we may consider b = 1,
when a > 1. The inequality becomes

a? + 2% —

where

3
a2 +2 -2 >8(va—1)?
g
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where
B a?+2
I=\V 73
Since 02 0
g a?+2+% T 2(a’+2)
_ (a*42)° =270 (a® —1)*(a*+38)
o 2(e2+2)2 2(a2+2)2

it suffices to show that
(a® — 1)%(a® + 8)

2(a% + 2)2

> 8(va - 1)%,

which is true if
(Va+1)*(a+1)*(a® + 8) > 16(a” + 2)*.

Denoting = = /a, x > 1, we can write this inequality as follows:
(z + 1)2(2® 4+ 1)*(z* +8) > 16(2* + 2)?,
210 4+ 22 — 132% 4+ 427 + 1125 + 182° — 392" + 32243 + 242 4 162 — 56 > 0,
(x — 1)h(z) >0,

where
h(z) = 2° + 32 — 102" — 62° + 52° + 232" — 162° + 162° + 40z + 56

= 2*hy(x) + 422 (z — 2)* + 402 + 56,
hi(x) = 2° + 32* — 102° — 622 + 5z + 19.
To complete the proof, we need to show that hy(z) > 0. Indeed, we have

54hy(7) = (3z — 5)*(62° + 382 + 41) + who(z) + 1,

where

ho(2) = 45022 + 1500 — 1643z > (300@ - 1643> x> 0.

The equality occurs for a =b=c = 1.

P 3.125. If a,b, c are nonnegative real numbers such that a > b > ¢ and
a®+ b+ c* =3,

then

—_

1 —abec > ~(a+3c)(va—+c)

w

(Vasile Cirtoaje, 2020)



Symmetric Polynomial Inequalities in Nonnegative Variables 385

[a? + b2 + 2
g = Ta g < a,

and write the inequality in the homogeneous form f > 0, where

f=a2+b2+02—3a7bc—(a+30)(\/_—\/5)2.

Solution. Let us denote

For fixed b and c, since

g'(a) = %’
we have f/(a>:2a_37bc+%_(\/_—\/5)2—(a+30)<1_\/g)

b 2
2—24—&—30—40—1—3(\/@—#0\/5)
g Y a

3bc  a’be
> ——+— +2c

g g
Due to homogeneity, we may consider g = 1, when

f'(a) > —3bc + a®bc + 2¢ = 2¢ — be(3 — a®) > 2¢ — ac(3 — a?)

=c(2—3a+a*) =c(1—a)*(2+a) > 0.
Since f(a) is increasing, we have f(a) > f(b), and it remains to prove that f(b) > 0, that is

9 9 3b%c 9
2% + ¢ —72(b+30)(\/l_7—\/5),

where
202 + 2
5
For ¢ = 0, the inequality is an identity. For ¢ > 0, due to homogeneity, we may consider
c =1, when b > 1. The inequality becomes

g:

2

2b2+1—% > (b+3)(vVb—1)?,

where
B 202 + 1
g = 3
Since % + 1
>
g = 3

it suffices to show that )

1> (b+3)(Vb—1)?

202 +1—
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which is equivalent to
(b—1)%(4b+1)

ST > (b+3)(Vb—1)2

This is true if
(Vb +1)%(4b+1) > (b+3)(2b + 1).

Since

(Vb+1)>>b+2,

we have
(Vb+1)24b+1) — (b+3)(2b+1) > (b+2)(4b+ 1) — (b+3)(2b+ 1)

=20 +2b—1> 0.
The equality occurs for a = b =c¢ =1, and also for a = v/3 and b = ¢ = 0.

Remark. We claim that, in the same conditions, the following stronger inequality holds:

| — abe > %(a +5¢)(va — Vo)

P 3.126. If a,b, c are nonnegative real numbers such that a > b > ¢ and
a’ 4+ b+ c* =3,

then
1—abe > 2(&—1—30)(\/5— V).

w

(Vasile Cirtoaje, 2020)

Solution. Let us denote

2+b2+ 2
gzv%a gSQ,

and write the inequality in the homogeneous form f > 0, where

f:a2+b2+02—3aTbc—2(a+3c)(\/5—\/5)2.

For fixed b and c, since

we have
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2b b b
22@——6—2(\/_—\/5)2:2(a—b)+2c 2\/j———1 .
9 c g
To prove that f'(a) > 0, it is sufficient to show that
b_ b
2/=>-+1
c g

Since

b 3b < 3b < 3b 3
9 Bl@+rr+@) “atbtcT 2b+c 2+

it suffices to show that

b 3
24/-2> -+ L.
C 2+ b
Denoting
T = E, 0<x <1,
b
the inequality becomes
2 3
- > 1
T 2+ 22 +h

that is
4 -5z 4222 — 22 >0,

(1—2)(4—x+2%) >0.

Since f(a) is increasing, we have f(a) > f(b), and it remains to prove that f(b) > 0, that is
22 4 2 — Z— > 2(b+ 3¢) (Vb — /¢)? > 0,
g

where
202 + 2
3

For ¢ = 0, the inequality is an identity. For ¢ > 0, due to homogeneity, we may consider
¢ =1, when b > 1. The inequality becomes

g:

2

2b° +1 — % > 2(b+3) (Vb —1)?,

where
202 +1

9= 3

Since oyt
3b2 2b2+12——2

2b2+1——:( ) =

g 20% + 1+ 2
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202 +1)° =27 (B2 —1)%(8b* + 1)
PP+ (282 + 1202+ 1+ )
and
g>2b+1,
we have
o 41— 3v? S (b2 — 1)2(8b% + 1)

9 T @+ 1202+ 1+ 2
(b* —1)*(8b* +1)(2b+ 1)
(202 4+ 1)((40* + 1102 + 20+ 1)

Thus, it suffices to show that

(b* —1)%(8* + 1)(2b+ 1)
(202 + 1)((4b® + 1162 + 2b + 1)

which is true if
(Vb +1)2(b+ 1)2(86% + 1)(2b + 1) > 2(b + 3)(26% + 1)(46° + 116> 4 2b + 1).
Consider two cases: 1 < b <3 and b > 3.
Case 1: 1 < b < 3. Since
(Vb+1)2 = (b+3)=2(vVb—1) >0,
it suffices to show that
(b4 1)%(8b* + 1)(2b + 1) > 2(20* + 1)(46% 4 11b* + 2b + 1),

which is equivalent to
—b* +18b° — 13b* — 1 > 0,

(b—1)(—4b> + 140> + b+ 1) > 0.

This is true because
AP 142 + b+ 1 =4b*(3 —b) + 2> + b+ 1> 0.
Case 2: b > 3. Since
(Vb+1)2 = (b+4) =2V —3>2V3-3>0,
it suffices to show that
(b+4)(b+1)*(8V” +1)(2b + 1) > 2(b+ 3)(20* + 1)(4b° + 110> + 2b + 1).
Moreover, since

(80 4 1)(2b 4 1) > 8b*(2b 4 1) = 8b(2b* 4 b) > 8b(20* + 1),
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it suffices to show that
4b(b+4)(b+1)* > (b+ 3)(4b® + 110° + 20 + 1),
which reduces to the obvious inequality
b> +b° +9b—3 > 0.

The equality occurs for a = b = ¢ = 1, and also for a = /3 and b = ¢ = 0.

P 3.127. Ifa>b>c> 0, then
(a) a® + 05 + ¢ — 3a?b?c? > 12a*c* (b — ¢)?;
(b) a® + 05 + ¢ — 3a?b*c* > 10a3c(b — ¢)*.
(Vasile Cirtoaje, 201/)
Solution. (a) Let us denote
E(a,b,c) = a® 4+ b° + & — 3a*b*c* — 12a*c*(b — ).

We will show that
E(a,b,c) > E(b,b,c) > 0.

We have
E(a,b,c) — E(b,b,c) = (a* — b*)[a* + a®b* + b* — 3b°c* — 12¢*(b — ¢)?]
> (a® — b?)[3b%(b* — ¢*) — 12¢%(b — ¢)?]
=3(a®> = b*)(b— c)[b* + c(b — 2¢)*] > 0.
Also,

E(b,b,c) = 2% + & — 3p*c® — 1262 (b — ¢)?

= (b* — )?(2b% + ) — 120°A(b — ¢)?
(b —c)?(20* + 4b®c — 9> c* + 2bc® + c*)
(b—¢)*(20* + 6b°c* — 3bc* — %) > 0.

The equality holds for a =b = c.
(b) Let
E(a,b,c) = a® 4+ b° + & — 3a*b?c* — 12a*c*(b — ).

We will show that
E(a,b,c) > E(b,b,c) > 0.
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To prove the left inequality, it suffices to show that for fixed b and ¢, the function
fla) = E(a,b,c)
is increasing on [b, 00); that is, f'a) > 0. Indeed, we have the derivative

f'(a) = 6afa* — b*c* — bac(b — ¢)?] > 6ala* — a*c® — 5ac(a — ¢)?]
= 6a’(a — c)a(a + ¢) — 5e(a — ¢)] = 6a*(a — c)[(a — 2¢)* + ¢*] > 0.

With regard to the right inequality, we have

E(b,b,c) = 2b° 4 ® — 3b*c* — 10b3¢(b — ¢)?
= (b — )?(2% + ) — 10b°c(b — ¢)* = (b — c)?g(b, c),

where
g(b,c) = 2b* — 6b%c + 3b*c* + 2bc® + .

Since
g(b,c) = 2b(b —¢)(b— 2¢)*> + ¢~ h(b,c), h(b,c)=4b*> — 13b%c + 10bc* + ¢,
it suffices to show that h(b,c) > 0. For b > 2¢, we have
h(b,c) = b(b — 2¢)(4b — 5¢) + ¢ > 0.
Also, for ¢ < b < 2¢, we have
2h(b, ) = (2¢ — b)(b — ¢)* + b(3b — 5¢)* > 0.

Thus, the proof is completed. The equality holds for a = b = c.

P 3.128. Ifa>b>c> 0, then

RY)
a+b+c—3v3abczM.
dla+b+c)

(Vasile Cirtoaje, 2009)

Solution. Due to homogeneity, assume that a +b+ ¢ = 3. Let

2

We have
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The desired inequality is equivalent to
3—=3V/by > —y.

There are two cases to consider.

Case 1: b < 1. By the AM-GM inequality, we have
y+2vb > 3Yby.

Thus, it suffices to show that
3-2vb > .

Indeed,
3—2\/13—:0:3—2\/5—(37_(’) :i(l—\/l_)>3(3+\/5> > 0.

Case 2: b> 1. From

2
a+b+c:b+a;c+a20233 b(a;—c) |

we get

3 > 3v/ba.

Therefore, it suffices to prove that
3Vbx — 3/by > x —y,

which is equivalent to

(Vz — ¢/9) (3%—W—W—W)ZO-

2
y§x=<37_b) <1<b,

the inequality is clearly true. The equality holds for a = b = c.

Since

P 3.129. Ifa>b>c >0, then

(a) a+b+c—3vVabe > T

25(b — ¢)?
b b —3vVabe > ———.
) GEOT TN Z T )

(Vasile Cirtoage, 2009)
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Solution. We use the inequality
a+b+c—3Vabe > 2b+c—3\3/b70,
which is equivalent to
a—b23\3/b_c(\?’/_—\3/5>,
({‘/’—3/5) <W+%+€/b_2—3%) > 0.
Since a > b > ¢, the inequality is obvious.

(a) It suffices to show that

: 3(b — c)?
2b+c—3Vb2e >
te T

Setting ¢ = 1 and b = 3, > 1, this inequality becomes as follows:
(42 +5)(22° — 32° + 1) > 3(2® — 1)?,
(x — 1)*(5a* — 22 — 92* + 4z +2) > 0,
(x — 1)*(52* + 8z +2) > 0.
The equality holds for a = b = c.
(b) It suffices to show that

25(b — ¢)?
o+ c— 3> A0
e SV 2 T e g

Setting ¢ = 1 and b = 23, x > 1, this inequality becomes in succession:
7(3z° + 11)(22° — 32 + 1) > 25(z® — 1),
(z — 1)*(172* — 292° — 752% + 104z + 52) > 0,
(z — 1)*(z — 2)*(172° + 392 + 13) > 0.
The equality holds for a = b = ¢, and for a = b = 8c.

Remark. The following generalization holds:
o Ifay>ay>--->a, >0, then

3i(n —j+1)(a; — aj)Q

a1t ag+- ot —nYmaz a2 g

forall i < j.

Cn+i—27+2)a; +2(n+2i—j+ 1)a,
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P 3.130. Ifa>b>c¢ >0, then

(a) a+b+c—3vabe > EEG—IZ?)
(b) a-+b+c—3vabe > 64(a — b)’

~ 7(11la + 24b)
(Vasile Cirtoaje, 2009)

Solution. We use the inequality
a+b+c—3Vabe > a—|—2b—3\/3a62,

which is equivalent to
3%(%—\%) >b—c
<€’/5—€/E> (3\3/%—{”/?2—3/?—\37?) >0
Since a > b > ¢, the inequality is obvious.

(a) It suffices to show that

a+2b—3va 2> - 3(a b)2
5a+4b

Setting b = 1 (due to homogeneity) and a = 23, x > 1, this inequality becomes as follows:
(52° + 4)(2° — 3z +2) > 3(2° — 1)?,
(x —1)*(22* + 42 — 92° — 22 +5) > 0,
(x — 1D)*(22* + 8z +5) > 0.
The equality holds for a = b = c.
(b) It suffices to show that

s 64(a — b)?
a+2b = 3Vab? > = T(1la + 24b)

Setting b = 1 and a = 23, x > 1, this inequality becomes in succession:
7(112® + 24)(2* — 3z + 2) > 64(2® — 1)?,

(z — 1)*(132* + 262 — 1922% + 40z + 272) > 0,
(z — 1)*(z — 2)*(132° + 78z + 68) > 0.

The equality holds for a = b = ¢, and for % =b=c
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P 3.131. Ifa>b>c¢ >0, then

_ )2 2a — ¢)?
—(a ) <a+b+4c—3Vabe < —(a ) .
2(a+c) a+ 5¢
(Vasile Cirtoaje, 2007)
Solution. (a) To prove the inequality
a2
a+b+c—3Vabe > (a —c) ,
2(a+c)
we will show that
(a—o)

a+b+4c—3Vabe > a+c—2/ac>

2(a+c)
The left inequality is equivalent to

b+ 2v/ac > 3V abe,

which is a consequence of the AM-GM inequality. The right inequality in (*) can be written
as follows:
a® + ¢ + 6ac > 4(a + c)v/ac,

(Va—+e)' >0
The equality holds for a = b = c.
(b) To prove the inequality

2 _ 2
a+b+c—3Vabe < M,
a+ 5c
we will show that

(a—o)

2
a+b+c—3Vabe < 2a+c—3Vale < e (**)
a+ b5e

Write the left inequality as

a—b—3\3/%(\3/—_%> =0,
(v ¥8) (4 a0 o) 20

This is true since
Va2 + Vab+ Vb2 > 3vab > 3/ac.

The right inequality in (**) is an equality for ¢ = 0. For ¢ > 0, due to homogeneity, we may
assume that ¢ = 1. In addition, making the substitution a = 2, > 1, the right inequality
in (**) becomes in succession

(2% +5)(22° — 322 +1) < 2(2* — 1)?
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(x — 1)?*(z® +22° — 22— 1) >0,
(x —1)*(2*+3z+1) >0.
The equality holds for a = b = ¢, and also for a = b and ¢ = 0.
O

P 3.132. Let a,b, c be nonnegative real numbers such that a > b > c. Prove that
(a) a® + b® + ¢ — 3abc > 2(2b — a — ¢)?;

(b) a® 4+ b® + ¢ — 3abc > (a — 2b + ).

Solution. (a) Write the inequality as
(a+b+c)a®+b*+c —ab—be—ca) >2(2b —a—c)>.
For the non-trivial case 2b — a — ¢ > 0, since
a+b+c>2(2b—a—c),
it suffices to show that
a4+ b*+ct —ab—bc—ca > (2b—a—c)’.
This is equivalent to the obvious inequality
3(a—"0b)(b—c) > 0.

The equality holds for a = b = ¢, and also for a = b and ¢ = 0.
(b) Write the inequality as

(a+b+c)(a®+b*+c* —ab—be—ca) > (a—2b+c)®.
For the non-trivial case a — 2b + ¢ > 0, since
a+b+c>a—2b+c,
it suffices to show that
a? + b+ —ab—bc—ca > (a— 20+ c)?,

which is equivalent to
3(a—=b)(b—c) >0.

The equality holds for a = b = ¢, and also for b = ¢ = 0.



396 Vasile Cirtoage

P 3.133. Let a,b, c be nonnegative real numbers such that a > b > c. Prove that

(a) a® + b + ¢ — 3abc > 3(a® — b*)(b — ¢);

) & 41+ — 3abe > g(a—b)(b2—02).

Solution. (a) Write the inequality as
(a+b+c)(a®+b*+c® —ab—be —ca) > 3(a+ b)(a —b)(b— c)).

Since
a+b+c>a+b,

it suffices to show that
a’> +b* +c* —ab—bc—ca>3(a—0b)(b—c).

Indeed,
a®+b*+ct—ab—bc—ca—3(a—0b)(b—c)=(a—2b+c)*>0.
The equality holds for a = b = ¢, and also for a = 2b and ¢ = 0.
(b) Write the inequality as

(a+b+e)(a®+ b+ —ab—be—ca) > =(a—b)(b——c)(b+c).

| ©

Since 5
a+b+c> §(b+c),

it suffices to show that
a’> +b* +c* —ab—bc—ca>3(a—b)(b—c).
This is equivalent to the obvious inequality
(a—2b+c)* > 0.

The equality holds for a = b = c.

P 3.134. Let a,b, c be nonnegative real numbers such that a = max{a,b,c}. Prove that

a® + 0% + & —3a%b*c > 2(b* + ¢t + 4b*cP) (b — ¢)*.
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Solution. Because the inequality is symmetric in b and ¢, we may assume that b > ¢; that
is,
a>b>ec.

We will show that
a® + 0% + & — 3a%b*c? > 20° + ¢ — 3b*c? > 2(b* + ¢t 4 4b*c*) (b — ¢)*.
The left inequality is equivalent to the obvious inequality
(a® — b)) (a* + a®b* + b* — 3b*c?) > 0.
The right inequality is equivalent to
(b — *)?(2% + ) > 2(b* + ¢t +4b°*) (b — ),
(b—c)*[(b+ c)*(2b* + c*) — 2(b* + ¢* + 4b*c?)] > 0,
c(b — ¢)*(4b* — be + ¢*) > 0.
The equality holds for a = b = ¢, for a = b and ¢ = 0, and for a = c and b = 0.

P 3.135. Let a,b, c be nonnegative real numbers such that a = max{a, b, c}. Prove that

9abc 5

2+t >—— 4 Z(b—0)
a® + +C_a+b+c+3( c)

Solution. Because the inequality is symmetric in b and ¢, we may assume that b > ¢, hence

a>b>ec.

Write the inequality as follows:

)
(a®> +b* +c*)(a+b+c) — abc > g(a+ b+ c)(b—c);

a3+b3+03—3abc—|—2a(b—c g(a—l—b—l—c)(b—c)Q;
(a+b+c)) (b—c+2) alb—c) zgo(a+b+c)(b—c)2.

It suffices to show that

10

(a+b+c)(a—c)?+(b—c)]+2a(b—c)*+2b(a —c)* > E(a +b+c)(b—c)

This inequality is true if

“| 5

(a+b+e)(b—c)*+(b—c)?] +2a(b—c)*+2b(b—c)> > —(a+b+c)(b—rc)
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Thus, we only need to show that

10
2(a+b+c)+2a+2b2§(a+b+0),

which reduces to a + b — 2¢ > 0. The equality holds for a = b = c.

P 3.136. Let a,b, c be nonnegative real numbers such that a + b > 0. Prove that

ab(a — b)?

Solution. Since

2(a*0* + b*c® + *a®) —at — bt — ¢

a+b+c

(b+c—a)(ic+a—Db)la+b—c)=

Y

we can rewrite the inequality as

ab(a + b+ ¢)(a — b)?
a+b '

a* +b* + ¢t +abe(a + b+ c) > 2(a®b* + b + *a?) +
By Schur’s inequality of fourth degree, we have
at + b+t +abe(a+b+c) > Zab(a2 + b?).

Therefore, it suffices to prove that

ab(a +b+ c)(a —b)?

Z ab(a® + b?) > 2(a*b® + b + *a®) +
a+b

Y

which is equivalent to
ab(a + b+ c)(a — b)?
a+b
abc(a — b)?
a+b

This inequality follows immediately from the Cauchy-Schwarz inequality

Z ab(a — b)* >

or
be(b — ¢)* + calc — a)* >

(a + b)[be(b — ) + calc — a)?] > [Vabe(b — ¢) + Vabe(c — a)]%.

The equality holds for a = b = ¢, and for a = 0 and b = ¢ (or any cyclic permutation).
O
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P 3.137. Let a,b, c be nonnegative real numbers such that a > b > c. Prove that

(a) abcz(b—l—c—a)(c—ka—b)(a—kb—c)—l—%f;
(b) ab02(b+c—a)(c+a—b)(a+b—c)+%@§b)4.
(Vasile Cirtoaje, 2011)
Solution. (a) Write the inequality as
2ab(a — b)?
Za(a —b)(a—rc) > %.

Since
clc—a)(c—10b) >0,

it suffices to show that

- 2ab(a — b)2‘

ala=b)a=c)+bb-c)c—a) 2 — —

Since
ala —b)(a—c)=a(a—"0b)[(a—0b)+ (b—c)] =ala—b)*+ala—b)b-c)

2ab(a — b)?
i S _ _
Z 0 +a(a—0b)(b—c),
it suffices to show that
ala—0)(b—¢c)+b(b—c)(b—a)>0.
This inequality is equivalent to
(a—b)2*(b—c) > 0.
The equality holds for a = b = ¢, and for a = b and ¢ = 0.
(b) Write the inequality as

27b(a — b)*
Za(a —b)(a—c) > —

Since
clc—a)(c—10b) >0,

it suffices to show that

a(a —b)(a—c)+blb—c)(c—a)> %,
which is equivalent to
ala —b)*+ala—0b)(b—c)+bb—c)(c—a)> M.

42
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Since 27h(a—b)'  (a—b)*(a — 3b)?
5 a—"0)" (a—0b)*(a—
ala = b)" -~ 4q2 N 4q? ’

it suffices to show that
ala—0)(b—¢c)+b(b—c)(b—a)>0.

This inequality is equivalent to
(a—b)2*(b—c)>0.

The equality holds for a = b = ¢, and for a/3 = b = c.

P 3.138. Let a,b, c be nonnegative real numbers such that a + b > 0. Prove that

S @ a—b)a—c) > aF? (Z;Z)Q

(Vasile Cirtoaje, 2011)

Solution. Without loss of generality, assume that a > b. There three cases to consider.

Case 1. ¢ > a > b. Since

a*(a —b)(a—c) +c(c—a)(c—b) > a*(a—b)(a—c)+c*(c—a)(a—Db)
= (a=b)(c—a)’(c+a) 20,

it suffices to show that

b2(a — b)(c — b) > a2b? (“ — 6)2.

a+b

Since ¢ — b > a — b, this is true if

which is true.

Case 2. a > b > c¢. Since
Alc—a)(c—b) >0

and
a*(a —b)(a —c) +b*(b—c)(b—a) = (a — b)?*[a® + ab + b* — c(a + b)]

> (a —b)?*[a* + ab + b* — b(a + b)] = a*(a — b)?,
it suffices to show that

which is true.
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Case 3. a > ¢ > b. Since
b*(b—c)(b—a) > b*(c — b)?

and
a*(a —b)(a —c) + (c—a)(c—b) = (a—c)*[a®> + ac+ * — b(a + c)]

> (a—c)’[a* +ac+ ¢ — cla+ )] = a*(a — ¢)?,

it suffices to show that

—p\?2
b2 (e — b)2 200 — )2 > o212 a '
(c=b)*+a’(a—c)>a (a+b

By the Cauchy-Schwarz inequality, we have

1 1
(ﬁ + ;) [1*(c—=b)*+a*(a—c)*] > [(c=b)+ (a—)]* = (a—b)
Therefore, it suffices to prove that

212/, 1\2 _ 2
a*b*(a — b) 2a2b2<a b)7

a? + b? a—+b

which is clearly true.
This completes the proof. The equality holds for a = b = ¢, and for a = 0 and b = ¢ (or any
cyclic permutation).

Remark. Similarly, we can prove the following generalization.

o Let a,b,c be nonnegative real numbers such that a +b > 0. If k is a positive natural

number, then
k b > ab : b2
Yata-ba—0z (-25) @-b2

P 3.139. Let a,b, c be nonnegative real numbers such that a > b > c. Prove that

(a) > a*(a—b)(a - c) > 4a?? (a—_b)z;

a+b
) S (o - (a0 2 T

(Vasile Cirtoaje, 2011)
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Solution. (a) Since ¢*(c —a)(c —b) > 0, it suffices to show that
a—0b\>
a*(a —b)(a —c) +b*(b—c)(b—a) > 4a*V? <a——|—b) :

Since

a*(a —b)(a —¢) = a*(a — b)[(a — b) + (b — ¢)]

%) +a*(a —b)(b— ),

a

=a*(a—b)*+a*(a —b)(b—c) > 4a’b* <
it suffices to show that
a*(a—b)(b—c)+b*(b—c)(b—a) > 0.
This inequality is equivalent to
(a—b)*(a+b)(b—c)>0.

The equality holds for a = b = ¢, and for a = b and ¢ = 0.
(b) Since c¢*(c — a)(c — b) > 0, it suffices to show that

a = Da— ) + 10— )(e—a) > A
which is equivalent to
a*(a—b)* +a(a—b)(b—c)+b*(b—c)(c—a) > %@‘W.
Since
b - 27b(a —b)* _ (a —b)*(a — 3b)*(4a — 3) -0,

4a 4a
it suffices to show that

a*(a —b)(b—c) +b*(b—c)(b—a) > 0.
This inequality is equivalent to
(a—b)*(a+b)(b—ec)>0.

The equality holds for a = b = ¢, and for a/3 = b = c.

P 3.140. If a,b, ¢ are nonnegative real numbers such that ab + bc + ca = 3, then
5
(a) a2+b2+02—a—b—02§(a—c)2;
5
(b) a+b+cf—a—b—c> 3 min{(a — b)?, (b — ¢)?, (c — a)*}.
(Vasile Cirtoage, 2014)
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Solution. Denote
E=ad*4+b+c*—a—-b—c, S =a*+b*+c* —ab—bc— ca.

From
(a+0b+c)* > 3(ab+ be + ca),

it follows that

a+b+c>3.
We have g
a+b+c—+/3ab+bc+ca)= ,
V3 ) a+b+c++/3(ab+ be + ca)
S
b —-3=—
@ Fhte a+b+c+3
+b+¢)S
b 23 b :(a—
(a+b+c) (a+b+c) P —
S
—3atbt+o)=—(a+b+o)+—7g—,
14 ——
a+b+c
2 S
—3(a+b+c)> —(a+b+c) +5
therefore

1
E2a2+b2+02—§(a+b+0)2+§,

which is equivalent to

g>%
-6
(a) It suffices to show that
5S _ 5 )
-2 —(CL - C) )
6 8
which is equivalent to
S _(a—c)?
—_ > ,
3~ 4
(a—0)2+(b—c)*+(c—a) S (a —c)?
3 - 2

2(a —b)* +2(b—c)* > (a —c)?,
2(a —b)? +2(b—c)* > [(a—b)+ (b—)]?,
(4= B2+ (b— 0 > 2a—b)b— ),
(a—2b+c)* > 0.

The equality holds for a =b=c=1.
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(b) Due to symmetry, without loss of generality, assume that
a>b>c.

It suffices to show that 5g
5 2 min{(a — b)*, (b — ¢)*},

DN | Ot

which is equivalent to
S > 3min{(a — b)?, (b — c)*},

(a—b)?+(b—c)*+ (a —c)* > 6min{(a — b)?, (b — c)*},
(a—b)?+(b—c)*+[(a—b)+ (b—c)]* > 6min{(a — b)?, (b — c)*},
(a—0b)*+ (b—c)*+ (a—b)(b—c) > 3min{(a — b)?, (b — c)*}.
The last inequality is clearly true. The equality holds for a =b=c=1.

P 3.141. If a,b,c are nonnegative real numbers such that ab + bc + ca = 3, then

a’® 4 b 4 ¢* 5
————— >1+—(a—c)*
Ttirc - +9(a c)

(Vasile Cirtoaje, 2014)

Solution. It suffices to consider the case

a>b>ec.
Write the inequality as
5
E> §(CL - 0)27
where
_ad+b+
 a+bte
We have
5o @+ +c  ab+be+ca
- a+b+tec 3
3(a® + b+ ) — (a+ b+ c)(ab + be + ca)
B 3(a+b+c)
A+ B
3la+b+c)
where

A:Z[a3+b3—ab(a+b)], B:Za3—3abc.
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Since
A=Y (a+ b))
1
B:§m+b+@§:m—m%
we get
o > (3a+3b+ c)(a—b)?
B 6(a+b+c) '
Thus, we need to show that
10

Z(3a+3b+c)(a—b)2 > —(a+b+c)la—c)?

3
which is equivalent to
3(3a+3b+c)(a—b)* +3(a+3b+3c)(b—c)* > (a+ b+ c)(a — ¢)*.

Using the substitution
a=c+x, b=c+y, x>y>0,

the inequality becomes
3(Tc+ 3z + 3y)(x — y)* + 3(Tc + 2 + 3y)y* > (9c + x + Ty)2?,
which is equivalent to
6c(22% — Tay + Ty®) + 2(z + ) (22 — 3y)? > 0.
This inequality is true since
20 — Toy + Ty° = (222 + 7% — Tey > (2V14 — T)ay > 0.
The equality holds for a = b = ¢ = 1, and also for a = 3/v/2, b = v/2, ¢ = 0.

P 3.142. If a,b, ¢ are nonnegative real numbers such that

a>b>c, ab+ bc+ ca =3,

then
(0 e Pk
y LR
(c) §££;2521+gmmﬂa—m%w—@%.

(Vasile Cirtoage, 2014)
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Solution. As we have shown in the proof of the previous problem P 2.69,

a®+ b+ ¢ ) > (3a + 3b+ ¢)(a — b)?

a+b+c 6(a+b+c)

(a) Write the inequality as
14
E (3a +3b+c)(a—b)* > E(a +b+c)(a—b)?,

3(a+3b+3c)(b—c)* +3(3a+b+3c)(a—c)* > (5a+5b+ 11c)(a — b)*.
It suffices to show that
3(3a+b+3c)(a—c)* > (5a +5b+ 11c)(a — b)*.
This is true since
(a — 0)2 > (a— b)2

and
3(3¢ +b+3c) — (ba+5b+11c) =2(2a—b—c¢) > 0.

The equality holds for a =b=c=1.
(b) Write the desired inequality as

D Ba+3b+c)(a—b)’>4a+b+c)(b—c),

(3a+3b+c)(a—0b)*+ (Ba+b+3c)(a—c)* > (Ba+b+e)(b—c)
It suffices to show that
(Ba+b+3c)a—c)* > (Ba+b+c)(b—c)
This is true since
(a — 0)2 > (a — b)2

and
(Ba+b+3c)—(Ba+b+c)=2c>0.

The equality holds for a = b= ¢ =1, and also for a = b = /3, ¢ = 0.

(c) Denote
m = min{(a — b)?, (b — ¢)?},

then write the desired inequality as

> (3a+ 3b+ c)(a —b)?
6(a+b+c)

v

7
-m,
3

Z(Ba +3b+c)(a—b)* > 14(a+ b+ c)m,
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(3a+3b+c)(a—0b)*+ (a+3b+3c)(b—c)*+ (Ba+b+3c)(a—b)+ (b—c)]* > 14(a+b+c)m,
(3a+2b+2c)(a—b)*+ (2a+2b+3c)(b—¢)* + (3a+ b+ 3c)(a —b)(b—c) > T(a+ b+ c)m.
Case 1: a — 2b+ ¢ > 0. The inequality is true if

(Ba+2b+2c)+ (2a+2b+3c) + (Ba+b+3c) > T(a+b+c),

which is equivalent to a — 2b+ ¢ > 0.
Case 2: a —2b+ ¢ < 0. Since a — b < b — ¢, we need to show that

(3a+2b+2c)(a—b)*+ (2a+2b+3c)(b—c)*+ (3a+b+3c)(a—b)(b—c) > T(a+b+c)(a—b)?,
which is equivalent to
(2a +2b+3c)(b—¢)* + (3a+b+3c)(a—b)(b—c) > (4a + 5b+ 5¢)(a — b)>.
Since b — ¢ > a — b > 0, it suffices to show that
(2a +2b+ 3c)(a —b)(b—c) + (3a + b+ 3c)(a — b)(b— c) > (4a + 5b + 5¢)(a — b)*.
This is true if
(2a+2b0+3c)(b—c¢)+ (3a+b+3¢)(b—c¢) > (4a + 5b+ 5¢)(a — b),
which is equivalent to
(5a + 3b+ 6¢)(b—¢) > (4a + 5b + 5¢)(a — b),

2(2b —a —¢)(2b+ 2a + 3¢) > 0.
The equality holds for 20 = a + ¢ and a? + 4ac + ¢* = 6.

P 3.143. If a,b, c are nonnegative real numbers such that ab+ bc + ca = 3, then

11
a4+b4+c4—a2—b2—022Z(a—c)2.

(Vasile Cirtoage, 2014)

Solution. It suffices to consider the case a > b > ¢. Denote
S=a*+b*+c* q=ab+bc+ ca.

Summing the identities

1 (CL2 _ b2)2 + (b2 _ C2)2 + (62 _ a2)2
4 b4 4 —S2 —
a +0 +c 3 3
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and
(@a—b)*+(b—c)*+ (c—a)?

6 Y

1 1
282 _ZSg=5.
37 ~ 37

we get

at bttt —a? —pr = 2 :(a2 _b2>2+ (b2 —02)2+(C2 —a2)2

3
Lg. (a—b)2+(b—c)2+(c—a)2‘
6
Therefore, we can write the desired inequality in the homogeneous form
(@® — b%)? + (b2 — 2)? + (® — a?)? LS. (a—=b)*+(b—c)*+(c—a)? > Eq(a S
3 6 12
Since ] ]
(a= b+ (b= = Slla—b) + (b= = S(a—0?

it suffices to prove that

2 _ 12)\2 2 2)\2 2 2)\2 _ 2
(a® —b°)*+ (b 30) + (¢* — a”) +S(a4 ¢) Z%(J(G—C)Q,

which is equivalent to
4(a+b)*(a—b)2+4(b+c)*(b—c)* + E(a—c)* >0,

where
E=4(a+c)*+3S - 11q.

Using the substitution
b=c+2z, a=c+zx+y, =z,y>0,
the inequality becomes
4(2c+ 22+ y)*® + 4(2c + 2)*2* + E(x +y)* > 0,

where
E = —8c® — 16xc — 2% + Ty* + 3ay.

Write this inequality as
Ac* + D > 2Be,

where
A=8(z—y)’, B=8ylx—y)2x+y), D=3z*+11y* + 282 + 33xy> + 2°y.
Since Ac® + D > 20\/@, it suffices to show that AD > B?. Indeed,
AD — B* = 8(z — y)?[32* + 11y* + 282%y% + 33xy® + 23y — 8¢* (22 + y)?]
=8(x —y)’la" +y" +2(2” — y*)* +ay(a® + )] = 0.

This completes the proof. The equality holds for a = b =c = 1.
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P 3.144. If a,b, ¢ are nonnegative real numbers such that
a>b>c, ab+ bc+ ca =3,
then
4 pd 42 g2 oo 1l 2
(a) at+bv 4+t —a"—b"—c Zg(a—b);

1
) a4+b4+c4—a2—62—022Eo(b—c)?

(Vasile Cirtoage, 2014)
Solution. Denote
S=a*+b*+c* q=ab+ bc+ ca.

As we have shown in the proof of the previous problem,

at+ bt —a? - -2 :(a2 — )2+ (b =) + (¢ — a?)?
3

(a—b*+(b—c)*+ (c—a)?
5 .

+5-

(a) Write the desired inequality in the homogeneous form

(a—b*+(b—c)*+(c—a)? _ 11

(a®> = b2+ (0* =)+ (P —a®)* + S - 5 > Eq(a —b)2.
Since
(@ — 022+ (12— @) 4+ (A —a?)? > (a® — B2 + (a® — 2)2 > 2(a? — b?)?
and

(a—b2+(b—c)P+(c—a)*>(a—b)?+(a—c)>2(a—b)?

it suffices to prove that

11
2(a+b)*+a* + b+ > E(ab+ be + ca);

that is,
9(a® + b?) + ab+ 3c¢* > 11c(a +b).
Since 19 17
9(a® + b?) + ab — Z(a +b)? = Z(a —b)?>0,
we have

1
9(a® + b*) 4 ab + 3¢* — 11c(a + b) > Zg(a + b)2 +3c* — 11c(a + b)

(a+b— 20)(149a + 195 — 6¢) >0.
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The equality holds for a =b=c=1.
(b) Write the desired inequality in the homogeneous form

(a—b*+(b—c)*+(c—a)? _ 10

(a®> = *)? + (B* = )P+ (> —a®)*+ S - 5 > ?q(b —c)?
Since
(CL2 . b2>2 4 (b2 o 02)2 4 ((22 o a2)2 > (b2 - 02)2 4 (CL2 . (22)2
> (b+c)*(b—c)* + (a+c)*(b—c)?
and

(a—=0*+(b—c)+(c—a)*>(b—-c)+(a—c)*>2(0b—c)?,

it suffices to prove that

10
(b+c)*+(a+c)+a>+ b+ > g(ab—l—bc—l—ca);

that is,
6(a® + b?) — 10ab + 9¢* > 4dc(a + b).
Since ) 1
6(a® + b*) — 10ab — i(a +b)? = 7((1 —b)?>0,
we have

1
6(a® + b*) — 10ab + 9¢* — 4c(a + b) > 5
9
> 2\/; c(a+b) — 4c(a+b)
= (3vV2 —4)c(a+b) > 0.

(a+b)*>+9¢* — 4dc(a +b)

The equality holds for a =b=c=1.

Remark. Similarly, we can prove the following refinement of the inequality in (b):

1++/33
at bttt —a? - - > +2 (b—c)?
3+ V33
with equality for a =b=c¢ =1, and also for a = b = +4 c.

P 3.145. Let
F(a,b,c) = 3(a*> + b+ c*) — (a + b+ c)?,
where a, b, c are positive real numbers such that a = min{a, b, c} and a*(b*> + c*) > 2. Then,
111
Fla,b,e) > F | —-,—,—|.
@)= F(1.5.7)

(Vasile Cirtoage, 2020)
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Solution. Assume that a < b < ¢. From
2 < a*(b* + ¢*) < 2d%¢,
it follows that
ac>1, be > 1.
We need to show that
3@+ +c)—(a+b+c) 23(%+b%+cl2) — (§+%+1>2,
which is equivalent to

(a—=b? (b=c?  (c—a)

a2b? b2c2 c2a?

(a—b)2<1—#>+(b—c)2(1—b2—162)+(c—a)2(1—cj?) >0.

Since bc > 1, it is enough to show that

(a—b)2(1—$)+(c—a)2(1—%) >0,

(a—b)*+(b—c)+(c—a)>

that is ) . 2 /1
a a
1--) 2_ = >(1_—) ~
( c < a2)_ b a?
Since a a
1—-——>1—-2>0
c b
it suffices to show that
C@Zat

which is just the hypothesis a*(b? + ¢?) > 2.

1
The proof is completed. The equality occurs fora =b=c¢ > 1, and also for - =b=c > 1.
a

Remark. Since a(b+ c) > 2 implies a®(b* + ¢) > 2, the inequality is true for a(b+ ¢) > 2.
In addition, it is true in the particular case a,b,c > 1.
[

P 3.146. Let
F(a,b,c) =a+b+c— 3Vabc,

1
where a, b, c are positive real numbers. If min{a,b,c} > — then

abce
111
F(a,b,c)EF(— - )

a' b’ c

(Vasile Cirtoage, 2020)
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Solution. Assume that a < b < ¢. Then, we have
a’be > 1, be>1.

Write the inequality as F(a,b,c) > 0, where

1 1 1
E(a,b,c)=a+b+c—3\/3abc———5——+

and show that

E(a,b,c) > E(a,Vbe,Vbc) > 0.

The left inequality is equivalent to
(Vb —e)*(be—1) > 0.

Substituting
&:$3, bc:y67 .fC<y, 33:(/21,

the right inequality becomes as follows:
E(2®, 4%, ¢y%) >0,

1 2 3
333+2y3—3:vy2—(—3+—3——2) >0,
oy ay

u—yfu+%n—(§—§f(§+§)za

After dividing by (x — y)?, we need to show that

T+y
T+ 2y — oy > 0.
Indeed,
2z +
x4+ 2y — 33y2x—|—2y—(2x+y):y—x20.
-y

The equality holds for a =b=c¢ > 1.

Remark. The inequality is true in the particular case a,b,c > 1.

P 3.147. Let
F(a,b,c) =a+b+c— 3Vabc,

where a, b, ¢ are positive real numbers such that a = min{a,b,c} and a(b+ c) > 2. Then,

Flabo > F (5.1,

a’'b’c

(Vasile Cirtoage, 2020)
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Solution. Assume that a < b < ¢. Since both side of the inequality are nonnegative, it
suffices to prove the homogeneous inequality

3 1 1 1 3
2<a+b—|—c—3\/abc> > a(b+c) (E+E+E——3_abc) ,
that is

b2 2 2
b+ c— 6Vabe > w—amcﬁ/z—.
C

First Solution. For fixed b and ¢, write the inequality as f(a) > 0, a € (0,b]. We will
show that

fla) = f(b) = 0.
To prove that f(a) > f(b), we show that f'(a)

2(b+ c) < b? 4 ¢? +23@
Jabe be a?

b+ c? +23/% S 2 2(0% + ¢?)
bc a? — v abe ’

(b+¢) < V2(0% + ),

which is true. The inequality f(b) > 0 has the form

< 0, which is equivalent to

Since

it suffices to show that

375 2 1
2(2b+6—3 b26>Zb(b+C) (E—i—z—\s/iT) .
C

Due to homogeneity, we may set b = 1, when the inequality has the form

2(2+c—3Vc) > (1+¢) (2+%—\3%) :

Denoting

c—1P%3+3c+1) > 1.
The equality holds for a =b=c > 1.
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Second Solution. Due to homogeneity, we may assume a = 1 and 1 < b < ¢, when the

inequality becomes
b +c ( b+ c)
b+ c— > 3 (2Vbe —
be Vbe

¢ and p = vbc, s >p > 1. From (b—1)(c—1) > 0, we get 25 < p? + 1. For
fixed p, we need to show that F'(s) > 0, where

252 — p? ) s
F(s)=s p 3 <p )

b+
Denote s =

p?+1

Since F'(s) is concave and p < s <

0. We have

p’+1
, it suffices to show that F'(p) > 0 and F ( ) >

F(p)=p—1-3p"* —p"*) = (p* ~1)" >0,
p’+1
2

while the inequality F' ( ) > 0 is equivalent to

p2 — 1= 3p4/3 (2p4/3 _p2 - 1) Z 0.
Denoting z = p?/3, x > 1, this inequality becomes
2? —1—32°(22% —2® — 1) > 0,

(x—1D)(a* +2+1)+32%(x —1)(2® —z — 1) >0,
(r —1)(32* = 32° — 22 + 2+ 1) >0,
(z—1)*(B32* + 3z +1) > 0.
Remark. Because a?bc > 1 yields a(b+ ¢) > 2, the inequality in P 3.146 follows from the

inequality in P 3.150.
[

P 3.148. Let
F(a,b,c,d) =a+b+c+d— 4vVabed,

where a,b, c,d are positive real numbers. If

1
abed’

min{a?, b*, %, d*} >

then

1111
F(a,b,c,d) > F .
(0’7 JCJ ) < b7c7d)

(Vasile Cirtoaje, 2020)
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Solution. By the AM-GM inequality, both sides of the inequality are nonnegative. Assume
that a < b < ¢ < d. Then, we have

a’bed > 1, a<z= Vbed > 1, adx® > 1.

Write the inequality as F(a,b,c,d) > 0, where

1
E(CL?b?Cud):a+b+c+d—4\/4ade———5———__'_

and show that
E(a,b,c,d) > E(a,z,x,z) > 0.

The left inequality shows that if a and bed are fixed, then E(a, b, ¢, d) has the minimum value
for b = ¢ = d. Using the contradiction method, assume for the sake of contradiction that
E(a,b,c,d) has the minimum value for b < d. This is false if

E(a,b,c,d) > E(a,Vbd,c, Vbd).

Since
1 1 2
E(a,b,c,d) — E(a,Vbd,c,Vbd) =b+d—2Vbd — — — - + —
( )= ) b d  bd

= (Vb — Vd)* (1—%),

we need to show that bd > 1. Indeed, we have
(bd)* — 1 > (bd)® — a’bed > a*(d* — bed) > 0.
Write now the right inequality F(a,z,z,x) > 0 as

1 3 4
a+3x—4v4a:v32——|————3.
a =z az

It suffices to prove the homogeneous inequality
1 3 4
a+ 3z —4vVaz® > ax (—+———),

which is equivalent to

The equality holds fora =b=c=d > 1.
Remark. The inequality is true in the particular case a, b, c,d > 1, which implies

1

: 2b2 2d2 > ]
min{a“, b*, ¢, }_abcd
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P 3.149. Let
F(a,b,c,d) =a+b+c+d— 4vVabed,

where 0 < a < b < c¢<d such that a(b+c+d) > 3. Then

1111
F(a,b,c,d) > F .
(0’7 707 ) < b7c7d)

(Vasile Cirtoaje, 2021)

Solution. Since both side of the inequality are nonnegative, it suffices to prove the homo-
geneous inequality

11 1 1 4
3 (atb d — 4V/abed) > a(b et o et Vo
(a+ Ced ac)_a(—l—c—l— )<a+b+c+d 4abcd>

for 0 <a<b<c<d. For fixed b, c,d, write the inequality as F'(a) > 0, where
a3

F(a) =3a+2(b+c+d) — 12Vabed — a(b+ ¢ + d) (%+%+$) +4(b+c+d)y bed

We will show that F’(a) < 0, where

bed 1 1 1 3(b+c+d) r  pg  3p
F'la) =3 -3¢ _ (b R (e I Gl N Y LA o
(a) e )(b+c+d)+ — V-t

withp=b+4+c+d, g =bc+ cd+ db, r = bed. Since3§?,we have
r

Pq [T pqg 3p 3p  2pq T
F <4 _qaf ' A — 34—
(a) < 3r 3 asd r + Yar Yar 3r 3 a3

So, we need to show that

2pq T 3p
— + 34
3r * \/

By the AM-GM inequality and the known inequahty q*> > 3pr, we have

2pq r r 3p
— +3{/— 3y —= {‘/ :
3r * @@ 3r L a3 \/ Or2 \/ Var

Since F'(a) < 0, F(a) is decreasing, hence F(a) > F(b). So, we need to show that F'(b) > 0,
le.

11 [b?
4b+4c+d —12Vb%cd — b(b + ¢ + d) <—+3) +4(b+c+d)y — 20
C C

d
and p = Vd,

s>p>1. From (b—1)(c—1) > 0, we get 2s < p?> + 1. For fixed p, we need to show that
G(s) > 0, where

c
Due to homogeneity, we may assume b = 1 and 1 < ¢ < d. Denote s =

(1+25) N 2(1+23).

G(s)=2+s—64p— 7
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2

1 241
, it suffices to show that G(p) > 0 and G <p + ) >

Since G(s) is concave and p < s < 5

0. We have

G(p):2+p—6\/__<1;22p)p+2(1\‘/;2p) :PQp—l_Q(p\/%l) _ (p—l)(;/]‘)_l)z S0

p?+1

while the inequality F' ( ) > 0 is equivalent to

p2—1+2(p—1)(p—2) >0

p? VP -

It is true if
p+ 14 2p/pp—2) >0,
i.e.
P’D+DPD+p+ 1> dpyp,

which follows immediately from the AM-GM inequality. The equality occurs for a = b =
c=d=1.
Remark. Actually,We claim that the following generalization is true:

o If
F(ay,a9,...,a,) =a1+as+ -+ a, —najaz---a, ,

where 0 < a; <ag <---<a, such that a;(as +as+---+a,) >n—1, then

1 1 1
F(al,ag,...,an)zF(—,—,...,—)

P 3.150. Let a,b, c,d be nonnegative real numbers such that
A+ +E+dd=1.

Prove that
(I—a)(1=0b)(1—c)(1—d) > abed.

(Vasile Cirtoaje, 2001)
Solution. The desired inequality follows by multiplying the inequalities
(1—a)(1—b) > cd,

(1—¢)(1—d) > ab,
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With regard to the first inequality, we have
2ed < A+ d?=1—a*— b
and hence
2(1 —a)(1 —b) —2cd > 2(1 —a)(1 —b) — 1 +a® + b
=(1—a—-b)?>0.
The second inequality can be proved similarly. The equality holds for
a=b=c=d=1/2,

and also for
a,b,c,d) = (1,0,0,0)

or any cyclic permutation.

P 3.151. Let a,b,c,d and x be positive real numbers such that

11 1 1 4
St n Tt a =

If x > 2, then
(a—1)(b—1)(c—1)(d—-1) > (z— 1)~

(Vasile Cirtoaje, 2001)

Solution. The desired inequality follows by multiplying the inequalities

2a—1)(b—1)> (x —1) (a—z:v—l—x—Z),

C

2e—1)(d—1)> (x —1) (Z—Zw—l—x—2),

ab cd
— — — — > — 2'
(Cdan—i—x 2> (abx+x 2) >4(x—1)

With regard to the first inequality, we write it as

2ab —2(a+b)+2(3—2) > x(x — 1)a—2.
c
Since
2 1, 1_4 1 1
cd — 2 d2  x?2  a? b2’
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it suffices to show that
dab —4(a +b) + 22(3 —z) > x(xz — 1)ab <—————) :

This is equivalent to
4a*b* — 4ab(a + b)x + 22%(3 — x)ab + 2*(x — 1)(a® + b*) > 0,
which can be written in the obvious form
[2ab — (a + b)x)* + 2*(z — 2)(a — b)* > 0.

The second inequality can be proved similarly. With regard to the third inequality, we have

ab cd
& 92 (= —92) =
<Cd:c+:c )(abx—ira: )
o2 ab e
=21 4x+4+(cd+ab>x(x 2)
> 20 — 4o 4+ 44 2x(x — 2) = 4(x — 1)
The equality holds fora =b=c=d = =.

Remark. Setting z = 2 and substituting a, b, c,d by 1/a,1/b,1/c,1/d, respectively, we get
the inequality from P 3.150.
]

P 3.152. If a,b,c,d are positive real numbers, then

1+a®)1+0*)(1+S)(1+d®) o 1+abed
QI+a)1+)(1+)1+d2) — 2

(Vasile Cirtoaje, 1992)

Solution. For a = b = ¢ = d, the inequality can be written as
1+ﬁ4>1+¢
14a?/) — 2

3\ 4 3\ 2 4
1+a S 1+a >1+a.
1+ a2 “\l4+a - 2

The left side inequality is equivalent to

We will show that

(14 a®)(14a) > (1 +a?)?,
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a(l —a)* >0,
while the right side inequality is equivalent to
2(1—a+a2)2 > 1+ a,
(1—a)*>0.

Multiplying the inequalities

1+a34 1+a 1+58 >1+b4
1+ a? 1+62) — 27

1+e3\* 1—|—c d3 4 1—|—d4
1+¢2) — 2 7

(1+a®)(1+0*)(1+ ) (1 + d3) 1

—/ (1 H(1+bvH)(1 (1 + d*).
T )1+ P+ D1t =2V I+ +e)+d)
Applying the Cauchy-Schwarz inequality produces
(14 a®b*)*(1 + 2d*)? > (1 + abed)?,

yields

(1+ahA+0H(1 + (1 +dY) >
from which the desired inequality follows. The equality holds for
a=b=c=d=1.

P 3.153. Let a,b, c,d be positive real numbers such that
a+b+c+d=4.

Prove that
1 1 1 1 1 1 1 1
-—1 -—1 -—1 -—1 >+ -+ -+ -

(a+a )(b+b )(+ ><d+d )+3_a+b+c+d

Solution. Write the inequality as

H{1+(a+%—2ﬂ zZé—g.

1 1
a+—-—2>0 b+--—22>0,
a b

Since

1 1
ct=-—2>0, d+--2>0,
c d
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applying Bernoulli’s inequality, it suffices to show that

1+Z(a+2—2) 22%—3.

This is an identity, and then the proof is completed. The equality holds for

a=b=c=d=1.

P 3.154. If a,b,c,d are nonnegative real numbers, then

4(a® 4+ b* + & + d*) + 15(abc + bed + cda + dab) > (a + b+ ¢ + d)®.

Solution. Let
E(a,b,c,d) = 4(a® + b* + ¢ + d*) + 15(abc + bed + cda + dab) — (a + b + ¢ + d)®.
Without loss of generality, assume that a < b < ¢ < d. We will show that
E(a,b,c,d) > E(0,a+b,c,d) > 0.
We have

E(a,b,c,d) — E(0,a+b,c,d) = 4[a® + b* — (a + b)*] + 15ab(c + d)
= 3ab[5(c+ d) — 4(a + b)] > 0.

Now, putting = = a + b, we need to show that E(0,x,c,d) > 0, where
E(0,z,c,d) = 4(2® + & + d°) + 15zed — (z + ¢ + d)°.
This is equivalent to Schur’s inequality
2% 4+ + d* + 3xcd > xe(z + ¢) + cd(c + d) + dx(d + z).

The equality holds for @ = 0 and b = ¢ = d (or any cyclic permutation), and also for
a=0b=0and ¢ =d (or any permutation thereof).
m

P 3.155. Let a,b,c,d be positive real numbers such that
a+b+c+d=4.

Prove that
1 + 2(abc + bed + cda + dab) > 9min{a, b, ¢, d}.

(Vasile Cirtoaje, 2008)
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Solution. Assume that
a = min{a,b,c,d}

and write the inequality in the homogeneous forms
(a+b+c+d)? + 128bcd + 128a(be + cd + db) > 36a(a + b+ c + d)*.
Use now the substitution
b=a+2x, c=a+y, d=a+z, t=zx+y-+2,

where z,y, z,t > 0. Since
a+b+c+d=4a+t,

bed = (a+z)(a+y)(a+z) > a® +a’t

and

be+ced+db=(a+x)(a+y)+ (a+y)(a+z)+ (a+2)(a+2)
= 3a* + 2at + zy + yz + zx > 3a® + 2at,

it suffices to prove that
(4a +1)* +128(a” + a*t) + 128a(3a® + 2at) > 36a(4a +t)*.

This inequality is equivalent to
t(t — 12a)* > 0.

] =

1
747

S

1
The equality holds for a = b = ¢ =d = 1, and also for (a,b,c,d) = ( ’ZS) or any

]

cyclic permutation.

P 3.156. Let a,b, c,d be nonnegative real numbers such that
a+b+c+d=4.

Prove that
5>+ 0+ +d*) >ad®+ 02+ 3+ dP+16.

(Vasile Cirtoaje, 2005)

Solution. Assume that
a>b>c>d.

First Solution. Use the mixing variables technique. Setting

b+c+d
r=—"
3
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we have
a+3xr =4, r < 1.

We will show that
E(a,b,c,d) > E(a,z,xz,z) >0,

where
E(a,b,c,d) =5(a®+ b+ +d*) —a® = b — & — d° - 16.

The left side inequality is equivalent to
5002+ +d* —32%) — (0® + &+ d® - 32°) > 0.
Since b? + ¢ + d? — 32% > 0 and x < 1, it suffices to prove the homogeneous inequality
5x(b% 4+ +d* —32%) — (b* + & + d&* — 32°) > 0,
which is equivalent to
2(b° + ¢ + d*) 4 3b(c® + d?) + 3c(d® 4 b?) + 3d(b* + ¢*) > 24bcd.
This is true, since b + ¢ + d® > 3bed and
b(c® + d?) + c(d® + b*) + d(b* + ¢ > 2bcd + 2¢db + 2dbe = 6bcd.
The right side inequality is also true, since

E(a,r,7,7) = 5(a® + 32%) — a® — 32° — 16
=5(4—32)* + 152* — (4 — 32)> — 32° - 16
= 24z(r —1)* > 0.

This completes the proof. The equality holds for a = b = ¢ = d = 1, and also for (a, b, ¢,d) =
(0,0,0,4) or any cyclic permutation.

Second Solution. Write the inequality as
> (5a® —a® —Ta+3) >0,
> (1-a)*B-a)>0.
For a < 3, the inequality is clearly true. Otherwise, for 3 < a < 4, which involves
1>b>c>d>0,
we get the required inequality by summing the inequalities
5a* > a® 4 16

and
500+ +d?) > b+ 4 d°.
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We have
50> —a®* —16 = (4 —a)(a®* —a—4) = (4 —a)[a(a — 3) +2(a — 2)] >0,
and

5P+ +d) >+ +d >0+ +dR

Third Solution. Write the inequality as

Z(a?’ —5a* +4a) <0,

or
where

Since a + b < 4, we have

and, similarly,

Since
a—1>b—-—1>c—1>d—-1

and
fla) < f(b) < f(e) < f(a),
by Chebyshev’s inequality, we get

1Y (a=1f@) < [Y -] [Xf@] =0

Remark. Similarly, we can prove the following generalization:

e Ifay,as,...,a, are nonnegative real numbers such that
ay +az +---+a, =n,

then
(n—l—l)(a%qLag—l—---—i—ai)Zai’+a§+---+ai+n2.



Symmetric Polynomial Inequalities in Nonnegative Variables 425

P 3.157. Let a,b,c,d be nonnegative real numbers such that
a+b+c+d=4.
Prove that
3(a® + b* + & + d*) + 4abed > 16.
(Vasile Cirtoaje, 2004)

Solution. We use the mixing variables method. Assume that
a = min{a,b,c,d}, a<1.

Setting
b d
xr = i

3 )
we have
a+3x =4, 1<z <

| W~

We will show that
E(a,b,c,d) > E(a,z,x,z) >0,

where
E(a,b,c,d) = 3(a* + b* + ¢* + d*) + 4abed — 16.

The left side inequality is equivalent to
3(b% + ¢ + d* — 32%) > da(x® — bed),

3(32% — bc — ed — db) > 2a(z® — bed).

From Schur’s inequality
(b4 c+d)? + 9bed > 4(b + ¢ + d)(bc + cd + db),

we get
92° + 3bed > 4x(be + cd + db),

4
2® — bed < g(:ax? — be — ed — db).
Therefore, it suffices to prove that
3(322 — be — cd — db) > 8“%(3332 — be — ed — db);

that is,
(32% — bc — ed — db)(9 — 8ax) > 0.

This is true since

6(32% —bc —cd —db) = (b—c)* + (c —d)* + (d — b)* > 0,
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and
3(9 — 8ax) = 27 — 8a(4 — a) = 8(1 — a)* + 16(1 — a) + 3 > 0.

The right side inequality is also true, since
E(a,z,x,z) = 3a® + 92° + 4az® — 16
=3(4 —31)> +92° + 4(4 — 37)2° — 16
= 4(8 — 18z + 92% + 42® — 32%)
=4(1—-2)*(2+2)(4—32) > 0.
This completes the proof. The equality holds for a = b = ¢ = d = 1, and also for (a, b, ¢,d) =
4 4 4
(0, 33 §> or any cyclic permutation.
Remark. The following generalization holds ( Vasile Cirtoaje, 2005):

o Letay,as,...,a, (n>3) be nonnegative real numbers such that
a +ag + -+ a, =n.
If k is a positive integer satisfying
2<k<n+2,

then

k Eo ... k k-1
ay +as + +a”—12m(1—a1a2-~-an), m:( n ) 1L
n

P 3.158. Let a,b, c,d be nonnegative real numbers such that
a+b+c+d=4.

Prove that
27(abc + cd + cda + dab) < 44abed + 64.

Solution. Use the mixing variables method. Without loss of generality, assume that
a>b>c>d.
Setting x = (a + b+ ¢)/3, we have
3x+d=4, d<x<4/3  z°>abc.

We will show that
E(a,b,c,d) > E(z,x,z,d) > 0.
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The left inequality is equivalent to
(z* — abe) + d(32® — ab — be — ca) > %d(zg’ — abe).
By Schur’s inequality
(a+b+¢)® + 9abe > 4(a + b+ c)(ab + be + ca),

we get
92° + 3abc > 4z (ab + be + ca),
and hence 33 ;
322 —ab—be — ca > m > 0.
4x
Therefore, it suffices to prove that
3d _ 44
1+ — > —d.
+ dx — 27d

Write this inequality in the homogeneous form
27(3z + d)(4x + 3d) > 704zd,
or, equivalently,
81(4x* + d*) > 353zd.
This inequality is true, since
81(4x* + d*) — 353xd > 81(4x* + d* — Sad) = 81(x — d)(4x — d) > 0.
The right inequality F(z,x,z,t) > 0 is also true, since
E(z,z,z,d) = (442 — 812%)d — 272° 4 64
= 4(16 — 812* + 982" — 332")
=4(1 — 2)*(16 + 32z — 332%)
=4(1 — 2)*(4 — 32)(4 + 112) > 0.

This completes the proof. The equality holds for a = b = ¢ = d = 1, and also for (a, b, ¢,d) =
4 4 4
(O, 33 §> or any cyclic permutation.

]

P 3.159. Let a,b, c,d be positive real numbers such that
1 1 1 1
at+btctd=—+-+-+-.
a b ¢ d
Prove that

1 1 1 1
(1 — abcd) <a2—|—bz+02—|—d2 ——————— ) > 0.

a? b2 2 2

(Vasile Cirtoage, 2007)
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Solution. From

1 1 1 1\2
b d2=(Z4+-4+24=
(a+b+c+d) (a+b+c+d),

we get

1 1
ZGQ—ZEZZZ%—QZCLZ)

sym sym
1
-9 - _
5 (35— e1)
sym
1
=2(1— —.
(1 — abcd) Z o
sym
Thus, the inequality can be restated as
2(1 — abed)? 1 >0
o ab —

which is obviously true. The equality holds for ab = cd = 1, or ac = bd = 1, or ad = bc = 1.
O

P 3.160. Let a,b,c,d be positive real numbers such that

a+b+c+d=1.

Prove that L1 1 o1
l—a)(1-b(1-c)1—d)(-+-+-+-)>=.
- -n-a-d (50 45) 25
(Keira, 2007)
Solution. Write the inequality as
81
E(a,b,c,d) > —
(a7 7C7 ) 167

where

1 1 1 1
Emwwﬂﬁﬂl—mu—wu—@u—ﬁ(—+—+_+—)
a
Without loss of generality, assume that
a<b<c<d.

First, we show that for
a<b<ec<d, at+b+c+d=1,
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F(a,b,c,d) has the minimum value when a = ¢. This is true if

7b7

E(a,b, c,d) 2E<“+C “—“,d)

2 2

Since

(1—a)l—¢c)=1—a—c+ac=b+d+ac
and

1-b)(1—d)=1-b—d+bd=a+c+bd,
we have -

Emﬁmdyzw+d+a@m+c+hb(a+c+_ir>’
ac

and the inequality is equivalent to

2
b+d+(agc)

(a —c)? <@—a—c) > 0.

ac

b+d
(b+d+ac)(a+c+ i )Z

4 +b—|—d
a+c bd )’

ac b

Since bd
— —a—c>4—a—c=3+b+d >0,
ac

the last inequality is clearly true. Since F(a,b,c,d) has the minimum value when a = ¢,
from a < b < ¢ < d it follows that E(a,b,c,d) has the minimum value when a = b
Therefore, it suffices to prove that 3a + d = 4 involves

81
> —.
— 16

E(a,a,a,d)
This is equivalent to
21d* + 61d®> — 57d* — 153d 4 128 > 0,
(d — 1)*(21d* + 103d + 128) > 0.
The equality holds fora =b=c=d =1/4.

P 3.161. Let a,b, c,d be nonnegative real numbers such that
at+bt+ct+d=a’+0+c+d°=2.

Prove that -
f+#+8+fzz

(Vasile Cirtoaje, 2010)
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Solution. Let us denote
r=a’+b+ 2+ d
From ! ]
2=a*+ b0+ +d 2a3+§(b+c+d)3:a3+§(2—a)3,
it follows that
(4a —5)(a +1)* <0,

5 5
hence a < T Similarly, we have b, ¢, d < 1 On the other hand,

br=5» a’=4) d*+ Y (5a> —4d®) =8+ a’(5 — 4a)

and, by the Cauchy-Schwarz inequality,

S 25— 4q) » B4 _ BTa-4Ta _ (5- 20

S(5—4a)  20—-4>a 3

Therefore, we have
5 — 2x)?
5x28+£—§ﬁl.

This is equivalent to
(dx —T)(x —T7) <0,

1 1 17
1271271274

RN

which involves z > The equality holds for (a,b,c,d) = ( ) or any cyclic

permutation.

[]

P 3.162. Let a,b,c,d € (0,4] such that
abed = 1.
Prove that
(14 2a)(142b)(1 +2¢)(1+2d) > (5 —2a)(5 —2b)(5 — 2¢)(5 — 2d).
(Vasile Cirtoaje, 2011)

Solution. Assume that
a>b>c>d.

For the nontrivial case where the right side of the inequality is positive, there are two cases
to consider.

Case 1: a < 5/2. In virtue of the AM-GM inequality, we have

(1+ 2a)(1 + 2b)(1 + 2¢)(1 + 2d) > (3Va2)(3V?)(3Vc2)(3Vd?) = 81,
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(5—2a) + (5 —20) + (5 — 2¢) + (5 — 2d)]*
4
:{10—(a+b+c—l—d)]4
2

4
4
< <10—42\/abcd> sl

@—2@@—2@@—2@@—2@§[

from which the conclusion follows.

Case 2: a >b>5/2 > ¢ > d. Write the inequality as

(1+ 2a)(1 + 2b)
(2a — 5)(2b — 5)

(5 —2¢)(5 — 2d)
(1+20)(1 +2d)

>

1+ 4ab+ 2(a +b) >25+4cd—10(c+d)
25 +4ab—10(a+b) = 1+4cd+2(c+d)

According to the AM-GM inequality, it suffices to prove that

1+ 4ab + 4vab 25 4+ 4ed — 20V ed
> .
25 4+ 4ab — 20V ab 14+ 4ed + 4V ced

This is equivalent to

2%%+1>5—2%ﬂ
2vab—5 1+ 2vecd

2%%+1>5¢Z—2
ovab—5_ Vab+2’

(4v/ab — 1)(4 — Vab) > 0.
The last inequality is true, since a,b € (5/2,4] involves 4 — v/ab > 0.
11
The equality holds for a = b = ¢ = d = 1, and for (a,b,c,d) = (4’4’Z’é_l> (or any

permutation thereof).
[

1
P 3.163. Ifa,b,c,d € {0,1—1——] and a® + b* + ? + d? = 4, then

V6

a+b+c+d > abed + 3.

(Vasile Cirtoaje, 2018)
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Solution. Assume that a > b > ¢ > d and denote

1
=1+ —.

V6

According to Remark 2 from P 3.57, if k > a1 > as > --- > a, > 0 and
ay + az + - -+ + a, = constant, a; + a3+ -+ a’ = constant,

then the product aia; - - - a, has the mazimum value for ay > ay = --- = a, or a; = k. Thus,
it is enough to consider the cases a > b = ¢ = d and a = k. In addition, for a = k, it suffices
to consider the cases b=k and b > ¢ = d.

Case 1: a > b= c=d. We need to show that

a—+3b>ab®+3

for
a® + 3b* = 4, k>a>b>0.
From
1\2
4—362:a2<(1+—) :
- V6
we get
b [17 — 2\/_ 1
\/_
hence

1
— < b< 1.

V3

Write the inequality as
a(l—b%) —3(1—b) >

(1 —=0b)a(l +b+b%) —
Since 1 — b > 0 and 1 + b + b> > 3b, it suffices to show that ab > 1. Indeed, we have

0,
>0

a’b?* — 1= (430> — 1= (1-b*)(36> —1) > 0.

Case 2: a = b= k. We need to show that
2k +c+d > Kked+ 3

for
E+d®=4-2k* k>c>d>0.

Denoting
r=c+d,
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from ¢ + d? = 4 — 2k?, we get
2cd = x* — 4 + 2k2.

Thus, the required inequality becomes as follows:
4k + 22 > k*(2® + 2k* — 4) + 6,

k*2® — 20 + 2k* — 4k* — 4k +6 < 0.
3(7 + 2v6)2? — 361 + 25 — 4v/6 < 0,
7522 — 36(7 — 2v/6)z + 271 — 106v/6 < 0,
(3z — 3+ v6) (752 — 177 + 47V6) < 0.
This is true if

3 -6 oy 177—47\/6'
3 — - 75
Indeed, from

(c+d)?>c+d* =42k,

we get

v—crazvicaR = 2200
and from

(c+d)? <2(c* +d*) = 2(4 — 2k?),
we get

3v2 —2/3 1l 177 — 47/6
3 3 75 '
Case 3: a =k, b> c=d. We need to show that

v < V204 - 202) =

k+b+42d > kbd®>+3
for
V42> =4—k, Ek>b>d>0.

Write the inequality as
(1 —kd*)b>3—k—2d.
From
3% <V +2d* =4 — k2,
we get
k(4—k*) 3vV6-5
= >
18v/6

— 4
Therefore, consider further the nontrivial case 3 — k — 2d > 0, when d < ¥ < £ On the

other hand, from

1—kd>>1-— 0.

k2 +2d% > b? 4 2d> = 4 — k2,
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we get

d>V2—-k%=

Sl
(\]
5l
w
| =

Therefore, it suffices to show that
(1 —kd*)*(4—k*—2d*) -~ (3—k—2d)*>0

for
<d<

0|
[G1I TN

After many calculations, we can show that this inequality is true.
The inequality is an equality for a = b= ¢ =d = 1, and also for

1 2
a=b=1+—, c:l—\/j, d=0
V6 3

(or any permutation).

Open Problem. If

1
1+ ap > ag >+ >a, >0
V(n—1)(n—2)
and
a%—l—a%%—-“—l—ai:n,
then

ay+ay+---+a, > aaz---a, +n— 1.

P 3.164. Let a,b, c,d be positive real numbers such that

11 1 1
(a—l—b+c+d)(a+g+z+a)S(l—l—\/ﬁ)z.

Prove that any three of a,b,c,d are the lengths of the sides of a triangle (non-degenerate or
degenerate).

Solution. Without loss of generality, assume that

a>b>c>d.
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Clearly, any three of a, b, ¢, d are the lengths of the sides of a triangle if and only if a < c+d.
By virtue of the Cauchy-Schwarz inequality, we have

11 11
<1+m)22(b+“+c+d>(5*5*2*3)

i 111
1+\/(a+c+d) (E+E+3)

_1+\/(a+c+d) G%id)

2

v

v

hence

(a+c+d) (%+er%) < (1++10) — 1 = 10.

Writing this inequality as
(a—c—d)(4da—c—d) <0,
we get a < ¢+ d. Thus, the proof is completed.
Remark 1. Notice that 11 + 24/10 is the largest value of the product
1 1 1 1
b dl-+-+—-+-
(a+b+c+ )(a+b+c+d)

such that any three of the positive real numbers a, b, ¢,d are the lengths of the sides of a
triangle. In order to prove this, assume that

1 1 1 1
(a+b+0+d)(a+g+z+c—l>:k3, /{3>11+2\/E.

This relation is satisfied for

2
a=p+/p>—1, b= M, c=d=1,

where
p =
For k > 11 + 210, we get p > 5/4, then a > 2. Clearly, the numbers a, ¢ and d are not the
lengths of the sides of a triangle.
Remark 2. In the same manner, we can prove the following generalization:
e Ifay,as,...,a, (n>3) are positive real numbers such that
1 1 1 9
(ar+ag+--+ap) | —+—+--+— ) < (n+ V10— 3)7,
aq a9 Qp,

then any three of ay,as, ..., a, are the lengths of the sides of a triangle.
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P 3.165. Let a,b,c,d be positive real numbers such that

11 1 1\ _ 119
< =7
b d>—

b A=+~ +-4= .
(a+ —i—c—l—)(a—l- +o 5

Prove that there exist three of a,b, c,d which are the lengths of the sides of a triangle (non-
degenerate or degenerate).

(Vasile Cirtoage, 2010)
Solution. Without loss of generality, assume that
a>b>c>d.

We need to show that either a < b+ c or b < ¢+ d. For the sake of contradiction, consider
that
a>b+c, b>c—+d.

It suffices to show that

1 1 1 1 119
b Al —+-+-4+=]>—.
(a+ +C+><a+b+c+d>> 5

Notice that fora=3,b=2and c=d =1, we havea=b+c¢, b =c+ d and

11 1) 119
.

1
b Dl=-4+=4+=-4+=
(a+ +c+)(a+b+c+d

Therefore, we apply the Cauchy-Schwarz inequality in the following manner

9 16
b D=+ —— ) > 4)? = 49:
[a+ (b+ c+d)] <a+b+c+d) > (3+4) 9;

that is,
49

LR G
a b+c+d

at+b+tc+d>

Thus, it suffices to show that

1+1+1+1>17 9_'_ 16
a b ¢ d 42\a b+c+d)’

From

11 1 1 4
b A)-+-+=)—-10>( d)(~+——)—10
(+c+)(b+c+d) _(+C+)(b+c+d>
(b—c—d)(4b—c—d)
— 0
b(c + d) -
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we get
1+1+1> 10
b ¢ d b4c+d

So, it suffices to show that

1+ 10 >17 9+ 16
a b+c+d~42\a b+c+d)
This is equivalent to
4a > 3(b+ c+d),

which is true, since

da—30b+c+d)=4a—-b—c)+(b—c—d)+2(c—d) > 0.

P 3.166. Let a,b, c,d be positive real numbers such that
3a+b+c+d)? > 11(a® +b* + & + d°).

Prove that any three of a,b, c,d are the lengths of the sides of a triangle (non-degenerate or
degenerate).

(Vasile Cirtoaje, 2010)

Solution. Without loss of generality, assume that
a>b>c>d.

Then, any three of a, b, ¢, d are the lengths of the sides of a triangle if and only if

a<c+d.
To prove this, let us denote
c+d
T = 7 z <b.

Since ¢ + d? > 222, we have
3(a+b+2z)* > 11(a® + b* + 22?),
which can be written as

8b* — 6(a + 2x)b + 11a® + 222 — 3(a + 27)* < 0,

3(a+22)]° 33
8 [b— M} + 11a® 4 222° — g(a+ 27)% < 0.
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This involves
a’ + 222 — g(a +22)? <0,
(a —2x)(ba — 2z) <0,
from which we get a < 2x; that is,
a—c—d<0.

Thus, the proof is completed.
Remark 1. Notice that 11/3 is the least value of the ratio

(a+b+c+d)?

a2 + b2 + 2 + &2

such that any three of the positive real numbers a,b, c¢,d are the lengths of the sides of a
triangle. In order to prove this, assume that

11
(a+b+c+d)?=k(a®+b+c+d?), L<k<—

This relation is satisfied for

(66 —
a:7+ (66 17/{;)’ b=3 c—d—2
k—1
Since a > 4 for 1 < k < 11/3, the numbers a, ¢ and d are not the lengths of the sides of a
triangle.

Remark 2. In the same manner, we can prove the following generalization:
e Ifay,as,...,a, (n>3) are positive real numbers such that
3ar+ay+ - +ay,)? > Bn—1)(a] +a3+--+a).
then any three of ay,as,...,a, are the lengths of the sides of a triangle.
Notice that n — 1/3 is the least value of the ratio
(a1 +ag + -+ ay,)?
a?+ai+---+a?

such that any three of the positive real numbers aq,as, ..., a, are the lengths of the sides of
a triangle. To prove this, assume that

n

1
(g +az+ - +a,)? =k(a>+ a2 +---+d2), l<k<n-z
This relation is satisfied for
~ 3n—5+/k[3(n—2)(3n — 1) — k(9n — 19)]
B kE—1 ’

gy = -++ = Qp_g = 3, Up—1 = Qp = 2.

a1

Since a; > 4 for 1 < k < n — 1/3, the numbers a;, a,_; and a, are not the lengths of the
sides of a triangle.
O
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P 3.167. Let a,b,c,d be positive real numbers such that
15(a+b+c+d)?>49(a* +b* + & + d).

Prove that there exist three of a,b,c,d which are the lengths of the sides of a triangle (non-
degenerate or degenerate).

(Vasile Cirtoaje, 2010)
Solution. Without loss of generality, assume that
a>b>c>d.

We need to show that either a < b+ c or b < ¢+ d. For the sake of contradiction, consider
that
a>b+c, b>c+d.

To complete the proof, it suffices to show that
15(a + b+ c+d)* < 49(a® + b* + & + d*).
Notice that for a =3, b =2 and ¢ = d = 1, we have
a=0b+c, b=c+d,

and
15(a + b+ c + d)* = 49(a® + b* + 2 + d?).

Therefore, we apply the Cauchy-Schwarz inequality in the following manner

2 b d2
(3+4) %+% > (a+b+c+d)>

Based on this result, it suffices to show that

a (bt+c+d)? T ,,
- Tt o b2 2 d2
7+ 1 <15(a—i— + ¢+ d%),
which is equivalent to
1
20 + T(0* + & + &%) > f(b +c+d)>%
Since
8(b* + ¢+ d?) — 3(b+ ¢+ d)* = 5b* — 6b(c + d) + 5(c* + d*) — 6cd
> 50 — 6b(c + d) + (c + d)?
=b—-—c—d)(5b—c—d) >0,

it is enough to prove that

21
2a° + g(b+c+d)2 >

= &

(b+c+d)?,
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which is equivalent to
4a > 3(b+ c+d).

Indeed, we have

da—30b+c+d)=4a—b—c)+(b—c—d)+2(c—d)>0.

P 3.168. Let a,b,c,d be nonnegative real numbers such that a®> + b*> + ¢ +d?> = 4. If
a>b>c>d, then
a+btcet+d+(2-V2)(a—d)? > 4

(Vasile Cirtoaje, 2019)
Solution. For a = d, the inequality is a trivial equality. Next assume a > d, replace the

condition a > b > ¢ > d with b, ¢ € [d, a]) and write the inequality in the homogeneous form
f >0, where

2 2 2 2
f=(a+b+c+d g+ (2—V2)(a—d)?—4g, g +b Zc +d*

For fixed a, ¢ and d, f and g are functions of b, b € [d, a]. Since
b

! b —_ —
g'(b) 5

we have
(a+b+c+d)b

49
g a+b+c+d
h(b):%JrT—Q,

- 1 1 bdla+b d
1 (b) = V9 (a+b+c+d

F'0) =3+ — 2 = bh(b),

where

b2 4./9 - 4./9 16g3/2

_ _ 2
< \/§+ 1 2g+0 <.

225 25

Since h(b) is a decreasing function, there are three possible cases: (1) h(b) > 0 for b € [d, al,
hence f(b) is increasing on [d, al; (2) h(b) > 0 for b € [d,d;] and h(b) < 0 for b € [dy, a],
hence f(b) is increasing on [d, d;] and decreasing on [dy, al; (3) h(b) < 0 for b € [d, al, hence
f(b) is decreasing on [d, a]. In all these cases f(b) has the minimum value when b € {d, a}.

As a consequence, we only need to prove the required inequality for b € {d, a}. Similarly, we
only need to prove the required inequality for ¢ € {d,a}. So, we need to show that

[ka + (4 — k)d)\/g + (2 — V2)(a — d)*> — 49 > 0,
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where

ka® + (4 — k)d?
4 ?

g= ke {1,2,3}.

For d = 0, the inequality reduces to
(kVk — 2k + 4 — 2v/2)a® > 0,

which is true for k € {1,2,3}. Next, due to homogeneity, we may set d = 1 (which involves
a > 1). The inequality becomes

(ka+4 —kVz + (2 —V2)(a—1)* — 4x > 0,
with

ka? +4 —k
:—a+ x> 1.

Z 4 Y -

Write the inequality as
2-v2)(a—1)?> Ve (4Vr —ka—4+Fk),

k(4 — k)(a - 1)%/T

(2-v2)a-1 Wit katd—Fk

v

This is true if
(2= V2)(ka+4—k) > (4k — k* — 8 + 4V2)\/x.
Case 1: k= 1. Since
a’+3
4 b

xr =
the inequality becomes
(4—2v2)(a+3) > (4V2 — 5)Va? + 3.

It follows by multiplying the inequalities

4-2V2>4V2-5
and
a+3>va®+3.
Case 2: k = 2. Since
a®+1
T = ,
2
the inequality becomes
a+1>+vVa?+1,
which is clearly true.
Case 3: k = 3. Since
B 3a% + 1
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the inequality becomes
(4—2v2)(3a+1) > (4V2 — 5)V3a2 + 1.
It follows by multiplying the inequalities

4-2V2>4/2-5

and

3a+1>+v3a?+1.

The proof is completed. The equality occurs for a« = b = ¢ = d = 1, and also for
a=b=+v2and c=d=0.

Remark. Similarly, we can prove the following statements:

e Let ay,as, as,ay,as be nonnegative real numbers such that
2 2 2 2 2

If ay > ay > a3 > a4 > as, then

2 2
1_a1—|—a2+a3+a4+a5 <Z <1_ _> (a1 — a5)?,

5 5 5

with equality for a; = as = a3 = a4 = a5 = 1, and also for a; = ay = \/g and az = a4 =
as = 0.
o Let ay,as, as,ay,as,ag be nonnegative real numbers such that
a?+a3+aj+al+a:+al=6.
If ay > ay > ag > ay > a5 > ag, then

1_a1+a2+a3+a4+a5+a6<1<1 1)(a1—a6)2,

6 -2

V2

with equality for a1 = as = a3 = a4 = a5 = ag = 1, and also for a; = ay = az = V2 and
a4y = a5 = Qg = 0.
e Letay,as,...,a, be nonnegative real numbers such that
a%+a§+---+ai:n.

Ifar > a2 > -+ > ay, then

ar+as+---+ay 4 9
1-— < —(a1 —ap)”,
n < grla —an)
with equality for ay = ay =---=a, = 1.
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P 3.169. Let a,b,c,d be nonnegative real numbers such that
A+ +E+dE =4

Ifa>b>c>d, then

1 —abed < ? (a —d).

(Vasile Cirtoaje, 2019)

Solution. For a = d, the inequality is a trivial equality. It is also true for d = 0, because
we have
4=a*+ b+ c* < 3d?,

hence

V3

—a > 1.
2

Next assume a > d > 0, replace the assumption a > b > ¢ > d with b, ¢ € [d, a] and write
the inequality in the homogeneous form f > 0, where

V3

2 2 2 2
+0 P d
f:ab0d+7<a_d)gg/2_g2, g:a c .

4

For fixed a, ¢ and d, f and g are functions of b, b € [d, a]. Since

g0 =3,
we have
70) = acd + 22 0~ ayp/5T0) — b)) = b/a8) 1),
where

wd) = %L 33— o)
=5 e = Vo)
Since h(b) is a decreasing function, there are three possible cases: g(b) > 0 for b € [d, al,
hence f(b) is increasing on [a,d]; g(b) > 0 for b € [d,d;] and ¢g(b) < 0 for b € [d;, a], hence
f(b) is increasing on [d, d;] and decreasing on [dy,al; g(b) < 0 for b € [d,al, hence f(b) is
decreasing on [a,d]. In all these cases f(b) has the minimum value when b € {d,a}. As a
consequence, we only need to prove the required inequality for b € {d, a}. Similarly, we only
need to prove the required inequality for ¢ € {d,a}. So, we need to show that

a4 ?(a_ d)g*? — % > 0,

where

 ka?+ (4— k)d?
_ ; ,

ke {1,2,3}.
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Due to homogeneity, we may set d = 1 (which involves a > 1), when the inequality becomes

a* + ?(a —1)2%?% > 22,

with
ka®>+4 —k
r=—>1.
4
Case 1: k = 1. Since
_a’+3
=—

the inequality becomes
16a + v3(a — 1)(a® + 3)%2 > (a® + 3)%,
V3(a—1)(a®+3)*?> (a — 1)*(a® + 20+ 9).
and, by squaring,
2a(a — 1)*(a® — a* + 6a® + 2a® + 25a + 63) > 0.

Clearly, it is true for a > 1.
Case 2: k = 2. Since

the inequality becomes
8a? + V6(a — 1)(a® +1)%2 > 2(a® + 1),
V6(a —1)(a® +1)*% > 2(a®> — 1)%,
and, by squaring,
2(a — 1)*(a® — 4a® + 11a* + 8a* + 11a* — 4a + 1) > 0.

This is true because

a® —4a® + 11a* + 8a® + 11a* — 4a + 1 = a*(a — 1)* + 5a* + 12a® + 6a* + (2a — 1)* > 0.

Case 3: k = 3. Since

_3a2+1
— R

X

the inequality becomes
16a® 4+ v3(a — 1)(3a® + 1)%2 > (3d® + 1)?,

V3(a—1)(3a? 4+ 1)*2 > (a — 1)*(9a® + 2a + 1).
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and, by squaring,
2(a — 1)*(63a® + 25a* + 2a* + 6a* — a + 1) > 0.
Clearly, it is true for a > 1.
The proof is completed. The equality occurs for a« = b = ¢ = d = 1, and also for

2
a=b=c=—and d=0.
V3

Remark. The following more general statement holds for n < 6:

e Ifay,as,...,a, (n <6) are nonnegative real numbers such that
a2+ai+.---+a:=n ar>as > - >a
1 2 n — Y 1 = U2 = = Unp.
then
1

1-&1@2"'6Ln< ].__(al_an)a
n

with equality for a1 = a3 =---=a, =1, and also for a; = ay =--- =a,_1 = ] and
n_
a, = 0.
To prove this inequality, we need to show that
kin—k 1
1—a"b" " <4/1—=—(a—0)
n
fora>1>b>0 and
ka* 4+ (n— k) =n,  ke{l,2,....,n—1}.
O

P 3.170. Let a,b,c,d be nonnegative real numbers such that
a®+ b+ +d =4
Ifa >b>c>d, then
1 —Vabed < %(a—d)Q.
(Vasile Cirtoaje, 2019)

Proof. For a = d, the inequality is a trivial equality. Next assume a > d, replace the
assumption a > b > ¢ > d with b, ¢ € [d,a] and write the inequality in the homogeneous
form f > 0, where

f=4Vabed + 3(a — d)* — (a®> +b* + & + d*)2
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First Solution. For fixed a, ¢ and d, f is a function of b, b € [d, a]. We have

£(b) = 2,/%[ — o,

Since f’(b) is a decreasing function, there are three possible cases: (1) f'(b) > 0 for b € [d, al,
hence f(b) is increasing on [d, al; (2) f'(b) > 0 for b € [d,d;] and f'(b) < 0 for b € [dy, a],
hence f(b) is increasing on [d, d;] and decreasing on [dy, a]; (3) f'(b) < 0 for b € [d, a], hence
f(b) is decreasing on [d,a]. In all these cases, if the inequality f(b) holds for the extreme
values of b, then it holds for all possible values of b. Thus, we only need to prove the
required inequality for b € {a,d}. Similarly, we only need to prove the required inequality
for ¢ € {a,d}. So, we need to show that

4 akdi=k + 3(a — d)* > ka* + (4 — k)d?,

where

ke {1,2,3}.
For d = 0, the inequality reduces to
(3—k)a* >0,

which is true for k£ € {1,2,3}. Next, due to homogeneity, we may set d = 1. Substituting
x = +/a, © > 1, the required inequality becomes

3(z = 1) > kat — 42k + 4 — k.
Case 1: k= 1. We need to show that
(2 —1)% > 2* — 4o + 3,

that is
3(x? — 1) > (x — 1)*(2* + 22 + 3),

z(z —1)*(3x +1) > 0.
Case 2: k = 2. We need to show that
(2 — 1) > 22" — 42* + 2,

that is
(2 — 1) > 22" — 4a? + 2,

(2 —1)2 > 2(2* — 1)~
Case 3: k£ = 3. We need to show that

3(x? — 1)* > 32 — 42® + 1,
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that is
3(x? —1)2 > (v — 1)%(32° + 22 + 1),
(z — 1?2z +1) > 0.
The proof is completed. The equality occurs for a« = b = ¢ = d = 1, and also for

2
a=b=c=—and d =0.
V3

Second Solution (by Marius Stanean). Replacing a, b, c,d with a?,b%, ¢?, d*, respectively,
we need to sow that @ > b > ¢ > d > 0 yields the homogeneous inequality F'(a,b,c,d) > 0,
where

F(a,b,c,d) = 4abcd — 3(a* — d*)* — a* — b* — c* — d*.

We will sow that
F(a,b,c,d) > F(a,a,c,d) > 0.

The left inequality is equivalent to
a* — b*) > dacd(a — b,

which is true if
(a+ b)(a* + b*) > 4acd.

Indeed,
(a+ b)(a® +b*) — dacd > 2ab(a + b) — 4ab® = 2ab(a — b) > 0.

For fixed a and d, we have
G(c) = F(a,a,c,d) = —c* + 4a’cd + a* — 6a*d* +2d*, c € [d,a).
Since G is concave, it is enough to show that G(a) > 0 and G(d) > 0. We have
G(a) = 2d(a — d)*(2a + d) > 0,
G(d) = (a®* — d*)? > 0.
Third Solution. Write the inequality in the homogeneous form
a®+ b+ +d* — 4Vabed < %(a—d)Q.

As known (see Remark from the proof of P 2.104), for fixed a and d, if b,c¢ € [d,al, then
Jensen’s difference

a?+ 0+ A+ d® — 4Vabed

has the maximum value when b, ¢ € {a, d}, as shown in the first solution.

Remark. The following more general statement holds for n < 6:

e Ifay,as,...,a, (n <6) are nonnegative real numbers such that

aj+ a4+ tai=n,  ag>ay> - >ap.
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then )
I —Vaag---a, < <1 — —) (ay — an)?,
n
with equallty fOT a; = Ay = +++ = Qp = 17 and also for A = " = Qp_1 = n 1 and
n —
a, = 0.

To prove this inequality, we need to show that

1 — Vakbr—r §(1—1)(a—b)2

n
fora>1>b>0 and

ka® 4 (n — k)b* = n, ke{l,2,...,n—1}.

P 3.171. If a,b,c,d are nonnegative real numbers such that a > b > ¢ > d and
A+ + A+ d? =4,

then

w

1 — (abed)®* < Z(a—d)>

W

(Vasie Cirtoaje, 2020)

Solution. For a = d, the inequality is a trivial equality. Next assume a > d, replace the
assumption a > b > ¢ > d with b, ¢ € [d,a]) and write the inequality in the homogeneous
form f > 0, where

_ 4(abed)3/

f= e +3(a—d)* — (> + 0>+ >+ d),

where

a’ + 0>+ + d?
1 .
For fixed a, ¢ and d, f is a function of b, b € [d, a]. We have

b
g®) =3
and 3(acd)®*  2(abed)**g’
f'(b) = b/gl/2 - g3/ —2b
 3(acd)** b7 (acd)?/* _ (acd)**g(b)

- bl/4gl/2 o g3/2 I SVZV S VPR
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where

1

2 2 d2
14+ %

h(b) =3 — — 20°/4g1/2,

Since h(b) is a decreasing function, there are three possible cases: (1) h(b) > 0 for b € [d, al,
hence f(b) is increasing on [d, al; (2) h(b) > 0 for b € [d, d,] and h(b) < 0 for b € [d;, a], hence
f(b) is increasing on [d, dy] and decreasing on [dy, al; (3) h(b) <0 for b € [d, a], hence f(b) is
decreasing on [d, a]. In all these cases, if the inequality f(b) holds for the extreme values of b,
then it holds for all possible values of b. Thus, we only need to prove the required inequality
for b € {a,d}. Similarly, we only need to prove the required inequality for ¢ € {a, d}. So, we
need to show that f > 0 for b, c € {a,d}, that is

8<akd4—k)3/4
Vka + (4= k)d?

+3(a — d)? — ka® — (4 — k)d* > 0,

or
8(akd**)3/* > [(k — 3)a® + 6ad + (1 — k)d*|\/ka? + (4 — k)d2,
where
ke {1,2,3}.
For d = 0, the inequality reduces to
(3—k)a* >0,

which is true for k € {1,2,3}. Next, due to homogeneity, we may set d = 1. So, we need to
show that a > 1 yields

8a*** > [(k — 3)a® + 6a + 1 — k|Vka? + 4 — k.

This is true if
64a°*/2 > [(k — 3)a* + 6a + 1 — kJ*(ka* + 4 — k)

for a > 1 and (k —3)a* +6a+1—k > 0.
Case 1: k£ =1. We need to show that

16 > va(3 — a)*(a® + 3)
for 1 < a < 3. Since 2v/a < a + 1, it suffices to show that
32> (a+1)(a — 3)*(a® + 3),

which is equivalent to
a® — 5a* +6a> — 6a® 4+ 9a — 5 <0,

(a —1)?*[a*(a —3) —a—5] <0.
Case 2: k£ = 2. We need to show that

32a® > (—a® + 6a — 1)*(a* + 1)
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for 1 <a <34 +10 < 7. Write the required inequality as follows:
a® —12a° + 39a% — 564> + 394> — 12a + 1 < 0,

(a—1)*(a® —8a+1) < 0.

It is true because
a*—8a+1=—a(7T—a)—(a—1)<0.

Case 3: k = 3. We need to show that
16a°2 > (3a — 1)%(a® + 1)

for ¢ > 1. Since

5
2> 2a 7
“a+1

it suffices to show that
32a° > (a + 1)(3a — 1)*(3a® + 1),

which is equivalent to
5a° — 9a* 4 6a® — 6a% + 5a — 1 > 0,

(a —1)*(5a® + a® +3a — 1) > 0.

The proof is completed. The equality occurs for a« = b = ¢ = d = 1, and also for

2
a=b=c=— and d = 0.
V3

Remark. Since abed < 1, the inequality in P 3.171 is stronger than the inequality in the
preceding P 3.170. In addition, from P 3.171, we get the nice inequality

1 — abed < (a — d)*
To prove this last inequality, it suffices to show that
1 —abed < % (1 — (abcd)3/4) .
Denoting x = (abed)'/*, the inequality becomes
3(1 — 2% <4(1 —2%),

ie.
(1 —2)*(1 + 22 + 32%) > 0.
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P 3.172. Let a,b,c,d be nonnegative real numbers such that
A+ +E+dE =4
Ifa>b>c>d, then

(a) 1 —+Vabed > §(b — )%

(b) 1 —+Vabed > Z(a —d)?.
(Vasile Cirtoaje, 2019)

Proof. (a) Since
b—c< Vab—Ved,

it suffices to show that

|~ abed > J(Vab — v/ad),
which is equivalent to

a? 4+ b + & + d? — 4V abed > 2ab + 2¢d — 4V abed,
(a—b)?+(c—d)?>0.

The equality occurs for
a=b=x, c=d=uy,

where z and y are nonnegative numbers such that x > y and 22 + y? = 2.
(b) Write the inequality as follows:
a? +b* 4+ + d* — 4Vabed > (a — d)?,
b2 + ¢ + 2ad > 4V abed,
(b—c)2+2(\/b_—x/@)2 > 0.

The equality occurs for
b=c=vVad, a+d=2.

P 3.173. Let a,b,c,d be nonnegative real numbers such that

A+ +E+ =4

If a>b>c>d, then
1 —abed > z( —d)%.
(Vasile Cirtoage, 2019)
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Solution. Write the inequality in the homogeneous form
(a® + 0>+ ¢ + d*)? — 16abed > 3(c — d)*(a® + 0> + & + d?),

(a®> +b* + &+ d*)(a® + b* + 6ed — 2¢® — 2d*) — 16abed > 0.

Denoting
r = Vab, x>b>c,

since a? + b* > 222, it is enough to show that F(x) > 0, where
F(x) = (22° + & + d*)(2* + 3ed — & — d*) — 8x%cd.

We will show that
F(x) > F(c) > 0.

We have
F(z) — F(c) = 2(x* — ¢*) + (6cd — ¢ — d*)(2* — ¢*) — 8cd(z® — ¢?)
= (2* = A (22* + & — d* — 2cd) > (2° — )(3c — d* — 2cd)
=(@*—c*)(c—d)(3c+d) >0
and

F(c) = (2 + d*)(3cd — d*) — 8¢°d = d(c — d)® > 0.
The proof is completed. The equality occurs for a = b = ¢ = d = 1, and also for

2
a=b=c=—,d=0.
V3
]

P 3.174. Let a,b,c,d be nonnegative real numbers such that
@+ +F+dP =4
Ifa>b>c>d, then
(a) 1 —abed > (a—b)(c—d);

1++3

(b) 1 —abed > 5

(a—b)(c—d).
(Vasile Cirtoaje, 2019)
Solution. (a) After homogenization, we need to prove that (kiyoras_2001)
a? + 0+ + d — 4abed > 4(a — b)(c — d),
which is equivalent to

(a —b)* + (c — d)* 4+ 2(ab + cd) — 4V abed > 4(a — b)(c — d),
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(@ —b—c+d)*+2(ab + cd) — 4Vabed > 2(a — b)(c — d).
Thus, it suffices to prove that

ab+ cd — 2vabed > ac + bd — ad — be,

that is
(ad + be — 2V abed + (ab + cd — ac — bd) > 0,

(\/@—\/%)Qﬂa—d)(b—c)zo,

which is true. The equality occurs fora =b=c=d = 1.

(b) Denote
1++/3
5
and write the inequality in the homogeneous form f(a,b,c,d) > 0, where

k:

16abced
a? + b + 24 d*

fla,b,c,d) = a* + b+ + d* — 4k(a — b)(c — d) —

We will show that
fla,b,e,d) > fa, z,2,d) >0,

where
b+c
z = )

2

We have
fla,b,c,d) — fla,z,z,d) = A+ 4kB + 16adC,

where )
,4:¥+m?—%2=§w—dzza

B=(a—2)(z—d)—(a—0b)(c—d)=(a+d)z—ac—bd— (2* — bc)

= 2= )a—d) — (b~ = (b~ c)(2a— b+ c—2d)
> 10— )b+~ 2d) >0,

22 be

T @222+ 2 2P+ +
_ (a* + d?) (2% — be) + 2%(b — ¢)? -0
(@ +2224+d*)(@®+ 0>+ +d?) —
Since A > 0, B > 0 and C > 0, the inequality f(a,b,c,d) > f(a,z, z,d) is true. Further, we
need to show that a > z > ¢ yields f(a, 2, z,d) > 0, that is

1 2
a® 4222 +d* — baz"d > 4dk(a — 2)(z — d).

a? 4+ 222 +d? —
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Denote
a® + d?

Since
(a—2)(z—d)=z(a+d) —ad— 2> = 21/2(x +y) — 2 — 2°,

the inequality is equivalent to

4 2
y+z2—yizzz > 2k [z\/Q(x+y)—x—22}.

For z = 0, which involves x = 0, the inequality is clearly true. For z > 0, due to homogeneity;,
we may consider z = 1. From

0<(a—2)(z—d)=+2(x+y)—z—1,

it follows

x < L y=

N | —

2y —
1
So, we need to show that for fixed y € [5’ oo), we have f(x) > 0, where

4
f<$>=y+1—y%—<1+\/§) [\/2(x+y>—:v—1], 0<z<2y—1
, 1
There are two cases to consider: 3 <y<2andy>2

Case 1. — <y < 2. Since 2k < 3, it suffices to show that

DN | —

y+1—4—x23[ 2(m+y)—x—1}.
y+1

In addition, by Bernoulli’s Inequality, we have

/ / -2

T+y—2 Tt+y+2
<211 = .
S e
Thus, it is enough to show that
4 2
y+1

that is
2-y)y+1)>(5-3y.
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<y<

w | Ot

, it suffices to show that

N —

For the nontrivial case

2-y)y+1) = (5-3y)\2y -1
By squaring, the inequality becomes
y* — 20y + 66y° — 76y + 29 > 0,

(y — 1)*(y* — 18y +29) > 0.

It is true because
y* — 18y +29 = (y — 3)* +4(5 — 3y) > 0.

Case 2: y > 2. Since x +y > y > 2, we have

o) =—L v 1+v3) (1-%)

y+1 z+7y)
—4 1 3v3-5
z?+§(1+\/§):fT>o.

Therefore, f is increasing, hence

f(x)zf(()):y+1—(1+\/§)<\/@—1>:%(\/2_y—1—\/§)220.

The proof is completed. The equality occurs for a = b =c¢ = d =1, and also for

1 1
a=[2({1+—), b=c=4/1—— d=20.
( \/§)

P 3.175. Let a,b,c,d be nonnegative real numbers such that a®> +b*> + ¢ +d*> = 4. If
a>b>c>d, then
1 —abed > 3(a—b)(b—c)(c—d)(a—d).

(Vasile Cirtoaje, 2019)

Solution. Write the inequality in the homogeneous form
(a® +b* + & + d*)* — 16abed — 48(a — b) (b — ¢)(c — d)(a — d) > 0.
Using the substitution

a=x+d, b=y+d, c=z+d, x>y>z2>0,
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for fixed z,y, z, we may write the inequality as f(d) > 0. Since
ad=V=d=d=1,
we have

1
Zf/(d) =(a+b+c+d)(a®+b*+c*+d*) — 4(bed + acd + abd + abe).
Since

(Za) (Z) z§<za> (Zab) =23 abet = S al + + )

cyc cyc cyc sym cyc cyc

ZZZabc+§Za(bc+cd+da) :4Zabc,

cyc cyc cyc
we have f’(d) > 0. Therefore, f(d) is increasing and hence f(d) > f(0). So, it is enough to
show that f(0) > 0, that is

(a® 4+ b* + c*)? > 48(a — b)(b — c)ac.
Since
a*+ b+ > a4+ b
and
4(b — c)c < b,
it suffices to show that
(a® 4+ b%)* > 12ab*(a — b),
which is equivalent to
a* — 10a%b* + 12ab® + b* > 0,
(a — 2b)*(a — b)(a + 5b) + Ta* — 24ab + 21b* > 0.
) 12\* 3,
(a—2b)*(a —b)(a+5b)+ 7 a—7b +?b > 0.
The proof is completed. The equality occurs fora =b=c=d = 1.

P 3.176. Let a,b,c,d be nonnegative real numbers such that
A+ +E+d* =4

Ifa>b>c>d, then

1

(a) 1 —+Vabed > 3

(b—d)?;

(b) 1 — (abcd)®* > —(b—d)>.

1
2
(Vasile Cirtoage, 2019)
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Solution. (a) Write the inequality in the homogeneous form
3(a + 0% + & + d*)? — 12Vabed > 4(b — d)?,
or F(a,b,c,d) > 0, where
F(a,b,c,d) = 3a> — b* 4 3¢* — d? + 8bd — 12V abcd.

We will show that
F(a,b,c,d) > F(b,b,c,d) > 0.

We have
F(a,b,c,d) — F(b,b,c,d) = 3(a®> — b*) — 12Vbed (va — V/b)

= 3(va—Vb) | (Va+ Vb)(a+b) — 4Vbed| > 0.

In addition,
F(b,b,c,d) = 2b* + 4(2d — 3Ved)b + 3¢ — d?

= 2(b+2d — 3Ved )? + 3(¢* — 6ed + 8dVed — 3d?)
= 2(b+2d — 3Ved )? + 3(ve — Vd P (Ve + 3Vd) > 0.
The equality occurs fora =b=c=d = 1.

(b) Let us denote

2 2 2 2
g:vM-+ch4wij h = Vabed.

which satisfy
a>g2=>h

For fixed b, ¢, d, write the inequality in the homogeneous form f(a) > 0, where

4h3

ﬂ@=ﬁ+§+8+¥——;—uw—@?
Since "
a
d@%=@, fﬂ@zza
we have 1202k 4h3¢g 3h3  ah?
f'(a):2a— + g2g:2a—E+C;—3
_@?2¢°+17) =3¢k g*(2° + 17) = 3¢°° _ 2(° — 1)
ag® - ag? ag T

hence f is increasing, therefore f(a) > f(b). So, we only need to prove that f(b) > 0, that is

8(b%cd)?/

20* + 2+ d* — —2(b—d)* >0,
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(4bd + & — d®)V20% + 2 + d? > 8(b*cd)/*.

Due to homogeneity, we may set (for the nontrivial case d > 0)
b=—,
cd

when the inequality becomes
d 2
<02—d2—|—4\/j> \ A+ d2+ = >8.
c cd

d:cx2, 0<z<1,

Denoting

we need to show that

2
(¢ — *at +4x)\/02 + 2t + —— > 8,
cr

or, by squaring,

> 8,

2
(¢ — at + 4x)? <c2 + P2t + @)

that is

2?(1— 2" (14 2*)® + 82° (1 — a*) (1 + 2*)c® + 2[(1 — 2*)* + 827 (1 + 2*))e*+

+162(1 — 2* — 42)c* + 322 > 0.
Write the inequality in the form

(14 2%) [z(1 — a*)c* + 4a?® — 4x}2 + Ac* + B + C,

where
A=2(1—a2%(42® — 2* + 42 +1 >0,

B = 162(22° — 2* + 22% — 4z + 1),
C =162*(1 —z*) > 0.

1
The inequality is true for 0 < x < 1 because
B > 16z[z*(1 — 2*) + 1 — 42] > 0.

1
For 1 < x <1, since

Ac* + Bé* +C > (2VAC + B)¢,

it suffices to show that 2/ AC 4+ B > 0. This is true if 4AC > B?, that is

4o — 9212 4 420 — 152% + 3227 — 42® — 162° — T2 + 322% — 362% + 162 — 1 > 0,
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which is equivalent to

(x —1)*f(z) >0,

where
f(x) = 42" +162° + 312 + 4427 + 542° + 602° + 462" + 282° + 182 + 120 — 1 > 0.

The equality occurs for a =b=c=d =1, and also fora =b =2 and c =d = 0.

P 3.177. Let a,b, c,d be nonnegative real numbers such that
at + b+t +d =4

Ifa>b>c>d, then

—_

(a) 1 —+Vabed > =(ac— bd)?%

i N

(b) 1 —abcd > — (ac— bd)>.

S

(Vasile Cirtoaje, 2019)

Solution. Firstly, we show that
atct + vrdt < 2. (*)

We have:
2 —a*ct —b*dt =24 (a* — b (b* — ) — bH(a" +ct +dt - b

=2+ (a* = b (b — ¢') — b'(4 - 20")
= (a* = ") (b* — ') +2(b* — 1)* > 0.

(a) Using the notation

z=+ac, y=bd,

and having in view (*), it suffices to show that 2% + ¢® < 2 yields
2—2zy > (a° — )",

that is
21 —wy + 2y%) > 2" + o,

By squaring, the inequality becomes
41 — oy + 2%y > 2® +° + 220"y

This is true if
2(1 — wy + 2%y%)* > 1+ 'y,
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that is equivalent to
(1—azy)* > 0.

The equality occurs fora=b=c=d =1.
(b) First Solution. Using the notation
T = ac, y = bd,
and having in view (*), it suffices to show that z* + y* < 2 yields
V2 (1—ay) > (x —y)%,
that is

V2 +V2(V2 — Day > 2 + 4.
2?42 = at oyt 4 2022 < /2 + 2222,

we only need to show that

Since

1+ (V2= 1Day > 1+ 222
By squaring, the inequality becomes
zy(1 —zy) > 0.

This is true because
2>zt + ot > 22%%

The equality occurs for a =b=c¢=d =1, and also for a = v/2, b=c=1 and d = 0.

Second Solution (by kiyoras_2001). Write the inequality in the homogeneous form f(a, b, ¢, d) >
0, where

fla,be,d) = a* + 0" + ¢ + d — 2v2(a? + V2d?) + 4(V2 — 1)abed.

We will show that
fla,b,c,d) > f(a,c,c,d).

We have:
f(a,b,e,d) — f(a,c,e,d) = b* — ¢t — 2242 (0% — ) + 4(V2 — Dacd(b — ¢)
—(b—c) [(b + ) (B + ) — 2V2d2 (b + ¢) + 4(VZ — 1)acd]

> (b—¢) [2d2(b Fe) = 2V2d2(0b + ¢) + 2(V2 — 1)(b + c)dﬂ —0.

Further, write the inequality f(a,c,c,d) > 0 as

2ct + [4(\/5 — 1)ad — 2v/2(a® + dz)] A+at+d >0
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Since

2¢* + a* 4 d* > 2¢3/2(at + d4) = 2¢2\/(2(a? + d?)? — 4a2d?,

we only need to show that
V2(a? + d?)2 — 4a2d? > V2(a® + d*) — 2(V2 — 1)ad.
This is true because, by squaring, it becomes

ad(a — d)* > 0.

Third Solution. Write the inequality in the homogeneous form
a* 4+ b* 4 ¢t 4 d* — dabed — 2v/2 (ac — bd)? > 0,
and use the substitution
a=x+d, b=y+d, c=z+d x>y>z>0.
For fixed z,y, z, we may write the inequality as f(d) > 0. Since
ad=b=cd=d =1,
we have

1
A—Lf’(d):a3+b3+c3+d3—(abc+bcd+cda+dab)—\/§(ac—bd)(a+c—b—d),

1
[ d) =3+ 0+ +d?) =2} ab— V2 (ate—b—d).

sym
Since
Ba*+ 07+ +d?)—2) ab—20a+c—b—d)P’=

sym
=(a—b—c+d?*+4(a—d)(b—c) >0,

it follows that f” > 0, f’ is increasing, hence
1 1
Z_lf/(d) > Zf’(O) = a® 4+ b° + ¢ — abe — V2 ac(a + ¢ — b)

=a® + b0+ + (V2= 1Dabe — V2 ac(a + ¢)
> a® + 263 + (V2 — 1)ac® — V2 ac(a + ¢)
=ala—c)? + (2 —V2)a%c — 2ac® + 263
> ala —c)® + %azc —2ac® +2¢* = ala — ¢)* + %c(a —2¢)* > 0.
Since f’ > 0, f is increasing, therefore
f(d) > f0)=a*+b* 4+ c* —2v2 a*? > a* + 2¢* — 2v/2 a*F
= (a* = V2 ) >0.
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P 3.178. If a,b, c,d are nonnegative real numbers such that a > b > c¢ > d and
at v+t dt =4,
then 3
1 —abed > Zl(ad — be)?.
(Vasie Cirtoaje, 2020)
Solution. Write the inequality in the homogeneous form f(a,b,c,d) > 0, where
f(a,b,c,d) = a* + b* + ¢* + d* + 2abed — 3(a*d® + b*d?).

We will show that
fla,b,c,d) > f(b,b,c,d) > f(c,c,e,d) > 0.

Since

f(a,b,c,d) — f(b,b,c,d) = (a* — b*) + 2bed(a — b) — 3d*(a® — b?),
we have f(a,b,c,d) > f(b,b,c,d) if

2bed
402+ 23>0,
a-+b
which is true if bod
a0+ 22 382 > 0.
a

We have

bed bed
a2+b2+i—3d2za2+i—2d2
a a

> 2V abed — 2d* > 0.

The inequality f(b,b,c,d) > f(c,c,c,d) is equivalent to
2(b* — ) + 2cd(b* — *) — 3(c* + d*)(B* — ¢*) > 0,

which is true if
2(b* + ¢*) + 2cd — 3(c* + d?) > 0.
Indeed,
2(b% + ) + 2cd — 3(c* 4+ d?) > 2(c* + ¢*) + 2¢cd — 3(c* + d?)

= (¢ —d)(c+3d) > 0.
Finally, we have
flc,c,c,d) = 3c* + d* + 2c3d — 3¢*(¢® + d?) = d(2¢° — 3c*d + dP)
=d(c—d)*(2c+d) > 0.
The proof is completed. The equality occurs for a = b = ¢ = d = 1, and also for

4
a:b:c:f/;anddzo.
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P 3.179. If a,b,c,d are nonnegative real numbers such that a > b > ¢ > d and

a+b+c+d=4,

then
(a) a4+b41—c4+d4 —abed > 2(b— ¢)?;
() “4+b4zc4+d4 — abed 2%(@—1))2;
(¢) a4+b41—c4+d4 — abed 2%(@—0)2;
(d) a4+b4zc4+d4 — abed z%(c—d)Q

(Vasile Cirtoaje, 2020)

Solution. (a) For fixed b, ¢, d. write the left inequality in the homogeneous form f(a) > 0,

where
fla) =2(a* + b+t + dY) — Sabed — (b—c)*(a+b+c+d)*

Since

1
§f'(a) =4a® — 4bcd — (b—c)*(a+ b+ c+d) > 4a® — 4acd — (a — ¢)*(2a + ¢ + d)

> 4a® — 4ac® — (a — ¢)*(2a + 2¢) = 2(a — ¢)(a® + 2ac + ¢*) > 0,
f(a) is increasing, hence
fla) > f(b) = 2(2b"* + ¢* + d*) — 8b%cd — (b — ¢)*(2b + c + d)*.
So, we need to show that g(d) > 0, where
g(d) = 2(2b* + c* +d*) — 8b*cd — (b — ¢)*(2b + ¢ + d)*.

Since .
§g'(d) = 4(d* — b*c) — (b—c)*(2b+c+d) <0,

g(d) is decreasing, hence
g(d) > g(c) = 4(b* + ¢*) — 8b*c> —4(b—¢c)*(b+¢)* = 0.

The equality occurs for a =b, c=d, a + ¢ = 2.

(b) Write the inequality as

(a—0b)*(a+b+c+d)?

ol w

fla,b,¢c,d) >
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where f(a,b,c,d) = a* + b* + ¢* + d* — 4abed. Since
fla,b,c,d) — f(a,b,c,c) = —(c* — d*) + 4abc(c — d)
= (c—d)(—c* — *d — cd®> — d* + 4abc) > 0,

it suffices to show that

fla,b,c,c) > =(a—b)*(a+b+2c)%

col| w

Since
f<a7 ba Cy C) - f(CL, b7 b7 b) = _2(b4 o C4) + 4a’b<b2 - 62)
=2(b* — ) (2ab — b* — ¢*) > 0,
it suffices to show that

f(a,b,b,b) > =(a — b)*(a + 3b)?,

| w

which is equivalent to
8(a — b)*(a® + 2ab + 3b%) > 3(a — b)*(a + 3b)?,

(a—b)*(5a + 3b) > 0.
The equality occurs fora =b=c=d = 1.

(c) Write the inequality as
fla,b,¢c,d) > é(a —c)*(a+b+c+d)?,
where f(a,b,c,d) = a* + b* + ¢* + d* — dabed. Since
f(a,b,c,d) — f(a,b,c,c) = —(c* —d*) + 4abc(c — d)

= (c—d)(—c* — *d — cd* — d® + 4abc) > 0,
it suffices to show that

fla,b,c,c) > =(a—c)*(a+0b+2c)

Wl =

that is
3(a* +b* +2¢) — 12abc® > (a — ¢)*(a + b+ 2¢)%.

Use the substitution
a=x+c, b=y+c, x>y >0,

and, for fixed x,y, write the inequality in the homogeneous form f(c) > 0, where

fe) = 3(a* +b* + 2¢*) — 12abc® — (a — c)*(a + b+ 2¢)%.

Since
ad=V=c=1,
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we have
1
Zf’(c) =3(a® + b + 2¢®) — 3(2abc + ac® + bc?) — (a — ¢)*(a + b+ 2c),
1
Zf"(c) = 9(a® + b* + 2¢*) — 6(ab + 2ac + 2bc + ¢*) — 4(a — ¢)?,
1
ﬂf”(c) =3(a+b+2c)—3(a+b+2c)=0,
therefore ) ]
Zf”(c) = Zf”(O) = 9(a® + b*) — 6ab — 4a® > 5a* — 6ab + 9b*

=4a® + (a — 3b)* > 0,

f'(¢) is increasing, hence

f(c) is increasing, hence
f(c) > f(0) = 3(a* + b*) — a*(a + b)* = 2a* — 2a®b — a®b* + 3b*
= (a — b)*(2a* + 2ab + b*) + 2b* > 0.
The equality occurs fora=b=c=d = 1.
(d) Write the inequality as f(a, b, c,d) > 0, where
F(a,b,c,d) = 3(a* +b* + ¢* + d*) — 12abcd — (¢ — d)*(a + b+ ¢ + d)*.
Denote

a+b
2 )

T = a>x>b,

and show that
F(a,b,c,d) > F(z,x,c,d) > F(c,c,c,d) > 0.

Since a* + b* > 22* and 22 > abe, we have

F(a,b,c,d) — F(z,z,c,d) = 3(a* + b* — 22%) + 12¢d(2® — ab) > 0.
Further, we have

F(z,z,¢,d) = 6x* +3(c* + d*) — 122%cd — (c — d)*(2x + ¢+ d)?,

F(z,z,¢,d) — F(c,c,c,d) = 6(x* — ¢*) — 12cd(z® — ¢*) — 2(c — d)*(z — ¢)(x + 2¢ + d)
=6(2® — ) (2® + ¢ — 2cd) — 2(c — d)*(x — ¢)(z + 2c + d)
> 6(z* — c)(c—d)* —2(c — d)*(x — ¢)(x + 2c + d)
=2z —c)(c—d)?*2r+c—d) >0
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and

F(c,c,c,d) = 9c¢* + 3d* — 12¢%d — (c — d)* (3¢ + d)?
= 3(c — d)*(3¢* 4+ 2¢d + d*) — (¢ — d)*(3c + d)*
= 2(c —d)*d* > 0.
The equality occurs fora =b=c=d =1, an also fora =b=c=4/3 and d = 0.

P 3.180. Ifa,b,c,d are nonnegative real numbers such thata >b>c¢ > d and a+d > b+c,

then
2
a+b+4c+d—4vVabed <2 <\/_—\/8> )
(Vasile Cirtoaje, 2020)

Solution. For fixed b, ¢ and d, write the inequality as f(a) > 0, where

2
f(a):2<\/_—\/a> —a—b—c—d+4Vabed
=a—b—c+d+4Vabed — 4V ad.

Denote
d
T =4/-, r<1
a
Since
,/bi— \[>1+{‘/d——2\[
=1+2°-22"=(1-2)(1+x—2%) >0,

f is increasing, therefore f(a) > f(b+c—d). So, we only need to show that f(b+c—d) > 0,
that is

V(b +c—dbed > /(b+c— d)d.

This is true if
be > (b+c—d)d,

which is equivalent to the obvious inequality
(b—d)(c—d) > 0.

The equality occurs for a = b= ¢ = d, and also for a = b+ ¢ and d = 0.
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P 3.181. Ifa,b,c,d are nonnegative real numbers such that a > b > c¢ > d and
a+kd>b+e, k= (14+v2)*~ 33.970,

then

2
a+b+c+d—4vVabed <2 <\/_—\/c_l> )
(Vasile Cirtoaje, 2020)

Solution. For fixed b, ¢ and d, write the inequality as f(a) > 0, where
2
f(a) :2<\/_—\/E> —a—b—c—d+4vVabed
—a—b—c+d+4Vabed — 4V ad.

Denote

Since
b a3
—1+\4/%— \/>>1+\4/——2\/7
a
=1+2°—22%2 = (1—2) 1—|—x—x

it follows that f(a) is increasing, therefore f(a) > f(b+ ¢ — kd) (if b+ c¢—kd > b) and
f(a) > f(b). There are two cases to consider: ¢ > kd and d < ¢ < kd.

Case 1: ¢ > kd. Since f(a) > f(b+ ¢ — kd), we need to show that

Fb+c—kd) >0,

that is
—(k —1)d +4:/(b + ¢ — kd)bed — 4+/(b + ¢ — kd)d > 0.
From
(b — kd)(c — kd) > 0,
we get

be > k(b+ ¢ — kd)d.
Thus, it is enough to show that

—(k = 1)d + 43/k(b + ¢ — kd)2d?> — 4/ (b + ¢ — kd)d > 0,

which is equivalent to

—(/c—1)d+4(<‘/E—1) Vbt c—kd)d > 0.
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For d = 0, the inequality is an equality. For d > 0, due to homogeneity, we may set d = 1
(hence ¢ > k), when the inequality becomes

1(VE-1)Vore—k2k-1.
Since b+ ¢ > 2¢ > 2k, we only need to show that
4(%—1)@2/&—1.

Denoting
m=vk=1+V2,

we have
4(%—1)@—(1«—1):4(m—1)m2—(m4—1)
= (m—1*(1+2m—m*) =0.

Case 2: d < ¢ < kd. Since f(a) > f(b), we need to show that f(b) > 0, that is g(b) > 0,
where

g(b) = —c + d + 4Vb%cd — 4V/bd.
>

We will show that ¢g(b) > g(c) > 0. Since
2 (m - \/E>
'(b) = >0,
g'(b) 7 >

g(b) is increasing, therefore g(b) > g(c). The inequality g(c) > 0 has the form
—c+d+4Ve3d —4y/e > 0.

Due to homogeneity, we may set d = 1, when 1 < ¢ < k. We need to show that h(c) > 0,
where

hc) = —c+ 1+ 4V —4/c > 0.

Since h(c) is concave, it is enough to show that A(1) > 0 and h(k) > 0. Indeed, h(1) = 0
and
hk) = —k+1+4VEk3 — 4Vk = 0.

The proof is completed. The equality occurs for a =b=c=d, fora =b+cand d =0, and
fora=0=c=kd.

Remark. Let
ki <k=(1+v2)%

Since a + kid > b+ ¢ yields a + kd > b + ¢, it follows that the inequality is true for all
nonnegative real numbers a, b, ¢, d such that a > 0> ¢ > d and a + kyd > b+ c. For k; < k,
the equality occurs when a = b = ¢ = d, and when a = b+ c and d = 0. The particular cases
ki1 =—1, k; =0 and k; = 1 are relevant.

O
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P 3.182. Ifa,b,c,d are nonnegative real numbers such that a > b > c¢ > d and
a—+d > 2c,

then
a+b+c+d— 4vVabed

l\DIO‘l

<5 (va-va).
(Vasile Cirtoaje, 2020)
Solution. For fixed b, ¢ and d, write the inequality as f(a) > 0, where

2
f(a) :5([—\/@ —2(a+b+c+d)+8Vabed
— 3a — 2b — 2¢ + 3d + 8Vabed — 10V ad.

Denote

Since

s s

=3+ 222 — 5z? (1—2) 3—1—31:—21: >0,

it follows that f(a) is increasing, therefore f(a) > f(b) and f(a) > f(2¢ —d) (if 2¢ —d > D).
There are two cases to consider: b > 2c —d and ¢ < b < 2¢ — d.

Case 1: b > 2c¢ —d. Since f(a) > f(b), we need to show that f(b) > 0, that is equivalent

to g(b) > 0, where
g(b) = b—2¢+3d + 8Vb2ed — 10v/bd.
d d d? d
") =1+ 44 C——5\/j>1 4y ——5\/j
=1 b= TR b
d
=1—1/=>0
Jizo
g(b) is increasing, hence

g(b) > g(2¢ — d) = 2d + 8+/(2¢ — d)?cd — 10+/(2¢ — d)d
=24+ 23— d (1Wed - 5vd).

Since

So, we need to show that
d>V2e—d (5Vd - aved)

For d = 0, this inequality is an equality. For d > 0, due to homogeneity, we may set d = 1
(hence ¢ > 1), when the inequality becomes

1>V2c—1(5—-4vc).
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Since

V2c—1<g,
it suffices to show that
1>c(5—-4c).

By the AM-GM inequality, we have

L+ dey/e =1+ ey/e+ edfe+ efe+ edfe 2 575 = 5e.

Case 2: ¢ <b < 2c—d. Since f(a) > f(2¢ —d), we need to show that f(2¢c —d) > 0, that
is equivalent to h(b) > 0, where

h(b) = —2b + 4c + 8+/(2c — d)bed — 101/(2¢ — d)d.

We will show that
h(b) > h(2¢ —d) > 0.

\/T\/T

it follows that h(b) is decreasing, hence h(b) > h(2c—d). Further, the inequality h(2¢—d) > 0

is equivalent to
2d + 84/ (2¢ — d)?ed — 104/ (2¢ — d)d > 0,

which was proved in the case 1.

The proof is completed. The equality occurs for a = b = ¢ = d, and also for a = b = 2¢
and d = 0.

Since

O

P 3.183. If a,b,c,d are nonnegative real numbers such that a > b > ¢ > d and
a+b+c+d=4,

then T
(a —d)? Sa + ZC + —abed < 4(a — d)*.

(Vasile Cirtoaje, 2020)

Solution. (a) Write the left inequality in the homogeneous form

2(a* +b* +c* +d") — 8abed > =(a—d)*(a+b+c+d)>

l\')l»—t

Since 1
8:§m+b+c+df§(b+@?+m+dﬂ
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it suffices to prove the homogeneous inequality F'(a,b,c,d) > 0, where
F(a,b,c,d) = 2(a* +b* + ¢* + d*) — 8abed — (a — d)*[(b+ ¢)* + (a + d)?].

Denote
_btec

, a>x>d,
2

T

and show that
F(a,b,c,d) > F(a,z,z,d) > 0.

Since b* + ¢* > 22* and 22 > be, we have

F(a,b,c,d) — F(a,z,z,d) = 4(b* + ¢* — 22*) + 16ad(2* — bc) > 0.
Further, we have

Fla,z,z,d) = 4z* 4+ 2(a* + d*) — 8adz® — (a — d)* [42® + (a + d)?]

= (22° —a® — d*)* > 0.
The equality occurs fora=b=c=d =1.
(b) Write the right inequality in the homogeneous form
at + b+t +d* —dabed < (a — d)*(a+b+c+d)>.

Use the substitution

a=x+d, b=y+d, c=z+d, x>y >z2>0,

and, for fixed x,y, z, write the inequality in the homogeneous form f(d) > 0, where

f(d) =a* +b* + * +d* — dabed — (a — d)*(a+ b+ c+ d)*.

Since
ad=V=d=d=1,

we have

1
Zﬂ@%:ﬁ+h&+§+d&—Wﬂ+am+dw+ﬂmy—%a—@%a+b+c+@,

1
Zﬁﬁb:3mﬂuﬂ+8+d%—2§:w—8w—dﬁ

sym

1
Zf%®:6m+b+c+®—6m+b+c+®:0,

therefore

) =

4 4

—f"(0) = 3(a* + b* + ¢*) — 2(ab + bc + ca) — 8a® < —5a* + 3(b* + ¢*) — ab
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=3(0* —a*) +2(c* —a®) + 2 —ab <0,
f'(d) is decreasing, hence
1
—f( ) < Zf (0) = a® + b* + ¢ — abc — 2a*(a + b+ ¢)
<ad+ b+ —ad*(a+b+c)=b0b* —a?) +c(c* —a*) <0,
f(d) is decreasing, hence
fd) < f0)=a"+b' + ' —a*(a+b+c)* <a' +b' + ! —a®(a® + b° + &)
=b*(a® — b*) + *(* — a®) < 0.
The equality occurs for b =c=d = 0.

P 3.184. Ifa>b>c>d >0, then

(a) a+b+c+d—4m>g<\/5_2\/g+\/g>2;
(b) a+b+c+d— 4m>2(3\/5_2\/5_\/3>2;
(c) a+b+c+d—4\‘7m2_<3\/5_\/5_2\/3)2;
(d) a+b+c+d—4vabed > = <\/’ 3\/’+2\/_>
(¢) a+b+c+d—4Vabed <2f 3\/‘+\/‘)
(f) a+0b+c+d—4vabed (2\/+\/' 3[)

(Vasile Cirtoaje, 2010)

Solution. First, we show that
a — 4V abed > b — 4v/b%cd.

Write this inequality as

a—b24m<\“/_—%>,
and prove then the following sharper inequality
a—bz4x‘7b_3<<*/'—%).
Indeed,
a—b= V5 (Va—-Vb) = (Va—Vb) (Vao + Va4 Val? = 3957) > 0
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Thus, we have

a+b+c+d—4vVabed > 2b+ ¢+ d — 4Vh2cd,

which is equivalent to
2 2
a+b+ctd—4Vabed > 2 (\/13— \/4cd) + (ﬁ;— \/E) .

Since

\/E—\“@z\f—‘ﬁ%\/azo,

we have

a+b+c+d—44abcd2%(2\/1_)—\/5—\/g>2+(\/5—\/3>2.

Using the substitution
*T:\/B_\/E? y:\/E_\/Ev 357920,

we get
1
a+b+c+d—4vVabed > 5(2:c—|—y)2+y2,

that is )
a+b+c+d—4vVabed > 5(4x2 + dzy + 3y°).

The inequality (*) is an equality for a = b and ¢ = d.
(a) According to (*), it suffices to show that
42° 4 day + 3y° > 3(x — y)?,

which is equivalent to
x(x + 10y) > 0.

The equality holds for a = b =c¢ =d.
(b) According to (*), it suffices to show that
9(42% + 4zy + 3y*) > 4(3x +y)?,

which is equivalent to
y(12z 4 23y) > 0.

The equality holds for a = b and ¢ = d.
(¢) According to (*), it suffices to show that
19(42” 4 4ay + 3y*) > 8(3z + 2y)?,

which is equivalent to
(22 — 5y)? > 0.
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The equality holds for a = b =c¢ = d.
(d) According to (*), it suffices to show that
4(42* + 4wy + 3y*) > 3(x — 2y)?,

which is equivalent to
x(13x 4+ 28y) > 0.

The equality holds for a =b=c=d.
(e) According to (*), it suffices to show that
42° 4 day + 3y° > (22 — y)?,

which is equivalent to
y(dz +y) > 0.

The equality holds for a = b and ¢ = d.
(f) According to (*), it suffices to show that
3(4a® + 4oy + 3y*) > (2z + 3y)?,

which is equivalent to

2 > 0.
The equality holds for a = b =c =d.
[

P 3.185. Ifa>b>c>d >0, then
2
(a) a+b+c+d—4\4/abcd2(\/_—\/3> ;
2
(b) a+b+c+d—4\4/abcd22<\/l_)—\/5) :
4 2
(c) a+b+c+d—4\4/abcd2§<\/l_)—\/3> ;
2
(d) a+b+c+d—4\4/abcdzg<\/5—\/zl) :

(Vasile Cirtoage, 2010)
Solution. (a) Write the inequality as
b+ ¢+ 2Vad > 4V abed,

which follows immediately from the AM-GM inequality. The equality holds for

b=c=Vad.
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(b) First Solution. Since

2
a+b+c+d—4vVabed > 2vVab + 2Ved — 4/ abed = 2 (\4/@_— \7071) ,
we only need to show that
Vab—Ved > Vb — /e,

which is equivalent to the obvious inequality
Vo (Va - V) + /e (Ve - Vi) > 0.

The equality holds for a = b and ¢ = d.

Second Solution. According to the inequality (*) from the proof of the previous P 3.184,
it suffices to show that

4a% + dxy + 3y2 > 41’2,

which is obvious.

(¢) According to the inequality (*) from the proof of the previous P 3.184, it suffices
to show that

3(4a” + 4y + 3y*) > 8(x +y)?,

which is equivalent to
(22 —y)* > 0.

The equality holds for a = b =c¢ = d.

(d) According to the inequality (*) from the proof of the previous P 3.184, it suffices
to show that

4% + 4y + 3y® > 3y,

which is obvious. The equality holds for a = b = ¢ = d.

P 3.186. If a,b,c,d are positive real numbers such that
abcd > 1, a>b>c>d, ad > be,

then
1 1 1 1
at+b+e+d>—4-+-+-.
a b ¢ d

(Vasile Cirtoaje, 2018)
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Solution. It suffices to prove the homogeneous inequality

1 1 1 1
at+b+c+d>Vabed| —-+-+-+-|.
a b ¢ d

Replacing a, b, ¢, d with a2, b?, ¢?, d?, we need to show that

d
<a2+d2)+z_c(b2+c2)

be

A+ +E+d?>
ad

fora >b>c>dand ad > bc. Write the inequality as follows:

(a® + d?) (1—2—2) + (b + ¢?) (1—ﬂ> >0,

ac—bd bd— ac
(ad — be) < d + ) >0

(ad — be)(ac — bd)(ab — cd) >0,
abed -
Clearly, the last inequality is true. The equality occurs for ad = bec = 1.

Remark. The following extension is valid.

e Ifa,b, c,d, e are positive real numbers such that
abcde > 1, a>b>c>d>e, ae > bd > ¢,

then

1 1 1 1 1
at+btetdte> =4+ - +=+-,
a b ¢ d e

with equality for af = c¢* =cd =1

P 3.187. Ifa>b>c>d >0, then

(a — d)? . 3(a —d)?
< b d—4vVabed < ————.
2(a+d)—aJr e P = T sd

(Vasile Cirtoaje, 2009)
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Solution. (a) To prove the inequality

—d)2
a+b+c+d—44abcd2u,
a+ 3d
we will show that
(a —d)?
2(a+d)

a+b+c+d—4vVabed > a+d— 2Vad >

The left inequality is equivalent to

b+ c+ 2Vad > 4V abed,

which is a consequence of the AM-GM inequality. The right inequality in (*) can be written

as follows: )
2a+d) (Va-vd) = (a—dp
4
(f - x/E) > 0.
The equality holds for a = b =c¢ = d.
(b) To prove the inequality

2
a+b+c+d—44abcd§M,
a + 5d

we will show that

3(a —d)?

a+b+c+d—4vVabed < 2a+c+d— 4vVa2ed < Thd
a

Write the left inequality as

a—b—4m(\4/_—\4/5) >0,
({‘f—%) (W+m+m+%—s_4m) > 0.

The last inequality follows from the AM-GM inequality:
Va3 + Va2b + Vab? + Vb — 4Vacd > Va? + Va2b + Vb — 3Vab?
> Va3 + Vb3 + Vb3 — 3Vab? > 0.
Write the right inequality in (**) as
F(c) >0,

where

F(c) =3(a—d)* — (a+ 5d) <2a+c+d—4v4a2cd>.
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Since F'is a concave function and d < ¢ < a, it suffices to show that F'(d) > 0 and F'(a) > 0.
We have

F(d) = 3(a — d)? — 2(a + 5d) (f—\/ﬁ)Zz (\f—\/&f (Va+7vd) >0

and
F(a) = 3(a — d)? — (a + 5d) (3a+d—4m> .

Setting @ = 1 (due to homogeneity) and substituting d = 2%, 0 < x < 1, the inequality
F(a) > 0 becomes
3(1 —2*)? — (1 +52Y) (3 + 2* — 4) > 0.

Since 3 + 2! — 4z = (1 — x)*(3 + 2z + x?), we need to show that
3(1+x+2° + 2% — (14 52") (3 + 22 + 2%) > 0,

which is equivalent to
2(2 + 4z + 62 — 32° — 2% — 2°) > 0.

This inequality is true since
2+ dx + 627 — 323 — 22* — 2% > 622 — 32° — 22" — 2% > 0.
The equality holds for a = b = ¢ = d, and also for a =b = c and d = 0.

Remark. The following generalization holds:

o Ifay>ay>--->a, >0, then

(a1 — a,)? (n—1)(a; — ay)?
- - < e — n e <
2(a1 + ay,) SOF ot A TR Yme S a + kpa,
where
4
k’l’b et 7 —

P 3.188. Ifa>b>c>d>e >0, then

2
a+b—|—c+d—|—e—5v5abcd622(\@—\/3) .

(Vasile Cirtoaje, 2010)
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Solution. From the AM-GM inequality, we have

¢ + 4v abde > 5\5/abcde,

which can be rewritten as

¢ — 5V abede > —4v abde.

Thus, it suffices to show that
2
a+b+d+e—4v4abd622(\/5—\/3> )

Since

2
a+b+d+e—4<‘/abdez2\/%+2\/d_—4\4/abde:2(<7a_—\4@) ,

we only need to prove that

Vab— Vde > Vb - V4,
which is equivalent to the obvious inequality
I (- ¥B) + ¥ (Vi 1) 2o

The equality holds for
a=b, d=e, =ad.

P 3.189. Let a,b,c,d, e be nonnegative real numbers.

(a) If a+b+c=3(d+e), then
Aa*+b'+t+d ') > (P + 0P+ P+ )
(b) If a+b+c=d+e, then
12(a* + b+t +d' +et) <T@+ 0P+ F+dP + )
(Vasile Cirtoaje, 2010)
Solution. (a) Let
E(a,b,c,d,e) = 4(a* + b* +c* +d* +e*) — (a* + b* + & + d* + €°)°.

We will show that
E(a,b,c,d,e) > E(a,b,c,d+e,0) > 0.

The left side inequality is equivalent to

de(a® + b* + ¢ — 3d* — 3¢* — 5de) > 0.
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This is true since

a? +b* + ¢ — 3d* — 3e* — 5de > %(a+b+c)2—3d2—362—5d6

=3(d +e)* — 3d* — 3e? — 5de = de > 0.
Also, in virtue of the Cauchy-Schwarz inequality, we have
E(a,b,c,d+e,0) = 4la* +b* + 4+ (d+e)!] — [a* + b + 2 + (d +¢)** > 0.
The equality holds fora=b=c=dand e =0, or fora=b=c=e¢ and d = 0.
(b) Let
E(a,b,c,de) =T7(a* + 0>+ +d*>+e*)? — 12(a* + b* + * + d* +¢?).

We will show that
E(a,b,c,d,e) > E(a,b,c,d+e,0) > 0.

The left side inequality is equivalent to
de[12(d® + €*) + 11de — T(a® + b* + ¢*)] > 0.
This is true since

12(d® 4 €%) + 11de — T(a® + b* + ¢*) > 12(d* + €*) + 11de — 7(a + b + ¢)?
= 12(d* + €*) + 11de — 7(d + e)?
= 5(d* 4 €*) — 3de > 0.

Also, we have
1 1
ZE(a,b,c,djLe,O) = ZE(a,b,c,a—l—lH—c,O)

= a*+2) ab(a® + %) +3) _a’h’ —8abc Y a
>3 a4 P +3) a’h? —8abc ) a
_ (Z a2b? —acha)
=4 a’(b—c)*>0.
The equality holds for a =b=c=d/3 and e =0, or fora=b=c = ¢/3 and d = 0.

P 3.190. Let a,b,c,d, e be nonnegative real numbers such that
a+b+c+d+e=05.

Prove that
at + bt +ct Hdt et +150 < 31(a’ + b7+ &+ d +€?).
(Vasile Cirtoage, 2007)
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Solution. Write the inequality as
> (a* - 31a” + 30a) <0,
or

Z(l - a)f<a) < 07

where
f(a) = a* + a® — 30a.

Without loss of generality, assume that a > b > ¢ > d > e. Since a + b < 5, we have
fla) = f(b) = (a —b)(a® + ab+ b + a + b — 30)
< (a—"b)(a+b)*+a+b—30]
=(a—b)(a+b—5)(a+b+6)<0.

Similarly,
f0) = fle) <0, fle)=f(d) <0, f(d)—f(e)<0
Since
a—1>b—-1>c—-1>d—-1>e—-1
and

fla) < f(b) < fle) < f(d) < f(e),
by Chebyshev’s inequality, we get

5 (a=1f(@) < | Y- |3 f@] =0

The equality holds for a = b =c¢=d = e = 1, and for (a,b,¢,d,e) = (5,0,0,0,0) or any
cyclic permutation.

Remark. Similarly, we can prove the following generalization:
o [fay,as,...,a, are nonnegative real numbers such that
ay +az + -+ ap =M,

then
ai+ay+ -+ a,+nPn+1) < (0P +n+1)(af +a5+ - +ap).

P 3.191. Let a,b,c,d, e be positive real numbers such that
a>+ b+ +d*+e? =5,

Prove that
abede(a* 4+ b* + ¢t +d* +e*) <5.

(Vasile Cirtoage, 2006)
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First Solution. Without loss of generality, assume that
a<b<c<d<e
First, we prove that the expression
E(a,b,c,d,e) = abcde(a* + b* + c¢* +d* + e*)

has the maximum value for a = d. We need to show that

2 2 22
E(a,b,c,d,e)SE(\/a;L .b, c, a; ,e).

This inequality is true if

dad(a* +b* + c* + d* + e*) < (a* + d*)[(a® + d*)* + 2(b" + ¢* + €],
which is equivalent to
(a* + d*)® — 4ad(a* + d*) + 2(b* + ¢* + ") (a — d)* > 0.
Since

(a® + d*)® — 4ad(a* + d*) = (a® + d*)* — 4ad(a® + d*)* + 8a’d’
= (a® + d*)[(a® + d*) — 2ad)? — 4a*d*(a® + d*) + 8a*d®
= (a® + d*)(a — d)* — 4a*d*(a — d)*

—4a*d*(a — d)?,

Vv

it suffices to show that
b+t 4 et > 2a2d2.

Indeed, we have
bt et + et —2a2d? > b+ at + d* - 2aPd? = b+ (o — d?)? > 0.

Since E(a, b, ¢, d, e) has the maximum value for a = d and, on the other hand, a < b < ¢ < d,
it follows that E(a,b,c,d, e) has the maximum value for a = b = ¢ = d. Then, it suffices to
show that the desired homogeneous inequality

2 2 2 2 2\ 9 4 4 4 4 4\ 2
(a +b +c5+d +e> Z(chde)Q(a +b +c5+d +e)

holds for @ = b = ¢ = d = 1. Denoting ¢? by x, we need to show that f(z) > 0 for z > 0,

where

4+ 4—1—352

f(z)=91In —Inz —21In

From
9 1 dr Az —1)(z—2)°

A4z x 4422 z(d+z)(d+a2)
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it follows that f(z) is decreasing for 0 < z < 1 and increasing for x > 1. Therefore, f(z) >
f(1) = 0. This completes the proof. The equality holds if and only ifa =b=c=d=¢e = 1.

Second Solution. Replacing a,b, ¢, d, e by \/a, Vb, /¢, Vd, /e, we need to show the homo-
geneous inequality

at+b+c+d+e)’ a2+ 02+ 2+ d% + e\’
: > abcde : ,

where a, b, ¢, d, e are positive real numbers. According to Remark 1 from P 3.57, it suffices
to prove this inequality for b = ¢ = d = e = 1; that is, to show that

9 2 2
a+4 > a®+4 ‘
5) - 5

Taking logarithms of both sides, we need to prove that f(a) > 0, where

f(a)=9In(a+4) —7In5 —Ina —2In(a® + 4).

From
9 1 4a 4(a—1)(a—2)?

a+d a a2+4 ala+4)(a®>+4)

f'(a) =
it follows that f(a) is decreasing for 0 < a < 1 and increasing for a > 1; therefore, f(a) >
f1)=0.

Remark. The following more general statement holds ( Vasile Cirtoaje, 2006):

o Ifay, as,...,a, are positive real numbers such that
ay +az+ -+ ap =n,

then

(alag---an)anTl(af+a§+-~~—|—an)<n.

P 3.192. Let a,b,c,d, e be positive real numbers such that
a+b+c+d+e=05.

Prove that
1+1+1+1+1+ 20 > 9
a b ¢ d e ad+b+cE+dr4der 7

(Vasile Cirtoaje, 20006)
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Solution. Without loss of generality, assume that
a<b<c<d<e

First, we prove that the expression

1 1 1 1 20
E(a,b,c,d,e) = =+ 7+ — + =
(CL, y Cy 76) a+b+c+e+a2+b2+02+d2+e2

has the minimum value when a = d. If this is true, then E(a,b,c,d,e) has the minimum
value when a = b = ¢ = d, and it suffices to prove the desired inequality for a = b = ¢ = d,
when it is equivalent to the obvious inequality

(a —1)*(6a —5)* > 0.

Therefore, it remains to show that

E(a,b,c,d, d) 2E<a+d “d,e).

? b? C7
2 2
This inequality is equivalent to

(a — d)? S 20(a — d)?
ad(a+d) = (@ + 02+ 2+ d? + e2)[(a + d)? + 202 + 2¢2 + 2¢2]

Since

P+ + P+ > —(a+bt+ct+dte)=a+b+c+d+e,

| =

it suffices to show that
(a+b+c+d+e)|(a+d)?+ 26+ 2¢% 4 2¢%] > 20ad(a + d).

Since
at+b+c+d+e>a+a+ta+d+d=3a+2d

and
(a+d)* +2b% +2¢ + 2¢* > (a + d)* + 2a* + 2a* + 2d* = 5a* + 2ad + 3d°,

it is enough to prove that
(3a + 2d)(5a* + 2ad + 3d*) > 20ad(a + d).
This is true, since

(3a + 2d)(5a* + 2ad + 3d*) — 20ad(a + d) = 15a* — 4a*d — Tad® + 6d°
> 5a® — 4a*d — Tad® + 6d°
= (a — d)*(5a + 6d) > 0.
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The proof is completed. The equality holds for a = b = ¢ = d = e = 1, and also for

55555
(a,b,c,d,e) = (—, - =, =, —) or any cyclic permutation.

Remark. The following more general statement holds ( Vasile Cirtoaje, 2006):

o Ifay, as, ..., a, are positive real numbers such that
ap+a+---+a,=n,
then

1 1 1 2nvn — 1
—_- 4+ -4+ —+ >n—+2vn—1.

a;  ap a, ai+ai+---+a2

P 3.193. Ifa,b,c,d,e > 1, then

D) e o

11 1 1 1
>4d(a+b+c+d+e) |- +-+-+-+—-].
a b ¢ d e
(Vo Quoc Ba Can and Vasile Cirtoaje, 2011)

Solution. Write the inequality as F(a,b,c,d,e) > 0, and denote

DD e

E(a,b,c,d,e) > E(a,b,c,d,1).

We claim that

If this is true, then (by symmetry)
E(a,b,c,d,e) > E(a,b,c,d, 1) > ... > F(a,1,1,1,1) =0,

and the proof is completed. Since

E(a,b,c,d,e) — E(a,b,c,d,1) = (e — 1) (B— g) ,

(&

we need to show that

where
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C=A—-4(a+b+c+d).
Since A > 16 and
1 1 1

1
Tttty
a+b+c+d_’

it follows that B > 0. For the non-trivial case C' > 0, we have

B—QZB—C’:4 a—l +4 b—1 +4 c—1 +4 d—1 > 0.
e a b c d

The equality holds for a = b = ¢ = d =1 (or any cyclic permutation).

P 3.194. Let a,b,c,d, e, f be nonnegative real numbers such that
A+ +E+ R+ P =6.
Ifa>b>c>d>e>f, then
1 — abedef < ;(a — )2

(Vasile Cirtoaje, 2019)

Solution. For a = f, the inequality is a trivial equality. Consider next that a > f, replace
the condition @ > b > ¢ > d > e > f with b,¢,d, e € [f,a]) and write the inequality in the
homogeneous form 7' > 0, where

T = 216abcdef + 9(a — f)*°G* -G, G=ad*+b ++d* +e+ f
For fixed a, ¢, d, e and f, T is a function of b, b € [f, a]. We have
T'(b) = 216acdef + 36(a — f)*bG — 6bG* = 6bGE(b),
where _ 36acde f

bG

Since F(b) is a decreasing function, there are three possible cases: (1) E(b) > 0 for b € [f, al,
hence T'(b) is increasing on [f,al; (2) E(b) > 0 for b € [f, f1] and E(b) < 0 for b € [f,a],
hence T'(b) is increasing on [f, f1] and decreasing on [f1,al; (3) E(b) < 0 for b € [f, al, hence
T'(b) is decreasing on [f, a]. In all these cases T'(b) has the minimum value when b € {a, f}.
As a consequence, we only need to prove the required inequality for b € {a, f}. Similarly,
we only need to prove the required inequality for ¢, d, e € {a, f}. So, we need to show that

E(b) +6(a—f)?—G.

216a* fO°F + 9(a — f)*[ka® + (6 — k) f?)* — [ka® + (6 — k) f*]* > 0,

where

ke {1,2,3,4,5}.
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For f =0, the inequality reduces to
k(9 — k)a* > 0,

which is true for k£ € {1,2,3,4,5}. Next, due to homogeneity, we may set d = 1 (which
involves a > 1). The required inequality becomes

9(a —1)%(ka® +6 — k)? > (ka® + 6 — k)* — 216a".
Case 1: k =1. We need to show that
9(a —1)*(a®* +5)* > (a* + 5)* — 216a,
9(a —1)*(a* +5)* > (a — 1)*(a* + 2a® 4 18a” + 34a + 125),
2(a — 1)*(4a* — a® + 36a* — 17a + 50) > 0.
The last inequality is true because

2a* — a® + 36a® — 17a + 50 > 4a*(a — 1)* + 2(2a — 5)* > 0.

Case 2: k = 2. We need to show that
9(a — 1)*(a® +2)* > 2(a® + 2)* — bda?,
9(a—1)*(a* +2)* > 2(a®* — 1)*(a® + 8),
(a —1)*(7a* — 4a® + 18a* — 32a + 20) > 0.
The last inequality is true because

7a* — 4a® + 18a® — 32a + 20 > 2a*(a — 1)* + 16(a — 1)* > 0.

Case 3: k = 3. We need to show that
3(a—1)*(a* +1)% > (a®> +1)% — 8a®,
9(a—1)*(a*+2)* > (a — 1)*(a* + 2a® + 6a® 4+ 2a + 1),
2(a —1)*(a* - 1) > 0.
Case 4: k = 4. We need to show that
9(a — 1)*(2a*> + 1)* > 2(2a® + 1)* — b4a*,
9(a — 1)%(2a* + 1)* > 2(a* — 1)%(8a* + 1),
(a —1)*(20a* — 320> + 18a® — 4a + 7) > 0.
The last inequality is true because

20a* — 32a® + 18a® — 4a + 7 > 16a*(a — 1)* +2(a — 1)* > 0.
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Case 5: k = 5. We need to show that
9(a — 1)*(5a* +1)* > (5a* + 1)* — 2164°,
9(a —1)*(5a® +1)* > (a — 1)*(125a* + 34a® + 18a® + 2a + 1),
2(a — 1)*(50a* — 17a* 4 36a* — a + 4) > 0.
The last inequality is true because
50a* — 17a* + 36a* — a + 4 > 2a*(5a — 2)* + 4(a — 1)* > 0.

The proof is completed. The equality occurs fora =b=c=d=e= f = 1.
Remark. The following more general statement holds:
o Ifay, as,...,a, are nonnegative real numbers such that

al+ay+ - +al=n, ap > az 2 -+ 2 ap,
then

1 —ajas--a, < —(a; _an)27

-3

with equality for a1 =ay=---=a, = 1.

To prove this inequality, we need to show that
4 — 4a*pF < n(a — b)2
fora>1>b>0 and

ka® 4 (n — k)b* = n, ke{l,2,...,n—1}.

P 3.195. Ifa>b>c>d>e> f >0, then
2
a+b+c+d+e+f—6€/abcdefz2(\/5—\/E) .
(Vasile Cirtoaje, 2010)

Solution. Since

a+b>2Vab, c+d>2Ved, e+ f>2\/ef,

it suffices to show that

\/%+\/@+\/3—3€/M2(\/6—¢E>2.
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By the AM-GM inequality, we have

Ved + 2/ abef > 3/ abedef,
which can be rewritten as
Ved — 33/ abedef > —2/ abef.

Thus, it suffices to show that

Vab+/ef —2/abef > (\/5—\@)2.

Since
Vab -+ /o] —23/abe] = (Vab— /T ).

we only need to prove that

Vab— /ef > Vb — /e,
which is equivalent to the obvious inequality
Vo (Va— V) + e (Ve = /T) 0.

The equality holds for

P 3.196. Ifa,b,c,d,e, f are nonnegative real numbers such that
a>b>c>d>e>f,

then
(a+b+c+d+e+ f)* > 8(ac+ bd + ce + df).

(Vasile Cirtoaje, 2005)
First Solution. Let us denote
r=b+c+d+e+f,
and write the inequality as follows:
(a+2)* — 8(ac+ bd + ce + df) > 0,

(a4 —4c)? +8(a+ x)c — 16¢* — 8(ac + bd + ce + df) > 0,
(a+x—4¢)? = 8[2 = (b+d+ fle+d(b+ f)] >0,
(a+2—4c)* —8(c—d)(c—b— f) >0,
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(a+x—4c)* +8(c—d)(b—c+ f) > 0.

The last inequality is clearly true. The equality holds for ¢ =d = (a+ b+ e+ f)/2, and for
c=b+ f=(a+d+e)/2; that is, for

and for

P 3.197. If a1 > ay > --- > ag > 0, then

a1ty + -+ as — 8anaz a5 > 3 (v/ag — V7).

Solution. Let us denote

T = Jaras--ag, Y =+/aras, T > ag> ar>Y.
By the AM-GM inequality, we have
ai+az+---+ag > 6x, ay+ag>2y.

Also, we have
Vs —var < VT — .
Thus, it suffices to show that

62 + 2y — 8v/28y2 > 3(Vr — /y)*.

For the nontrivial case y # 0, we can set y = 1 (due to homogeneity) and z = t*, t > 1. The
inequality can be restated as

6t +2 — 812 > 3(t* — 1),

which is equivalent to
(t—1)*3t+1)>0.

The equality holds for a; = as = - -+ = as.
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P 3.198. Let a,b,c and x,y, z be real numbers.
(a) If ab+ bc+ ca > 0, then
[(b+c)x + (c+a)y + (a+b)2]* > 4(ab+ be + ca)(zy + yz + 2x);
(b) If a,b,c >0, then
[(b+c)x + (c+a)y+ (a+b)z]* > 4(a+ b+ c)(ayz + bzx + cxy).
(Vasile Cirtoaje, 1995)

Solution. (a) First Solution. The condition ab+ bc+ ca > 0 yields b + ¢ # 0. Indeed, if
b+ c =0, then ab+ bc + ca = —b* < 0, which is false. The desired inequality is equivalent
to D > 0, where D is the discriminant of the quadratic function

f(t) = (at — z)(bt — y) + (bt — y)(ct — 2) + (ct — z)(at — ).

For the sake of contradiction, assume that D < 0 for some real numbers a,b, ¢ and x,y, 2.
Since the coefficient of ¢ is positive, we have f(t) > 0 for all real t. This is not true, because
for

(bt —y) + (ct — 2z) =0,

we get
y+z

t =
b+c

y+z bz — cy 2
— <
f(b+c) (b+c> =0

For pgr # 0, the equality holds when

and

a
Second Solution. If xy + yz + zx < 0, then the inequality is obviously true. Otherwise,
due to homogeneity in z,y, z, we may assume that

r+y+z=a+b+c

Then, by the AM-GM inequality, we have

2v/(ab + be + ca)(zy + yz + zx) < (ab+ be + ca) + (vy + yz + 2x)

(a+b+c)—a?>-0 - (v+y+2)?—a2—y*— 22
+
2 2

2 2 2
<(a+b+e)(z+y+z2)—ar—by—cz=(b+c)x+ (c+a)y+ (a+0b)z.

=(a+b+co)(z+y+2z2)—
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(b) Assume that x is between y and z, that is,
(z —y)(z = 2) <0

Consider the non-trivial case
a+b+c>0.

The desired inequality is equivalent to D > 0, where D is the discriminant of the quadratic
function

ft)=alt—y)(t—2)+bt—2)(t —x)+c(t—z)(t—1y).
For the sake of contradiction, assume that D < 0 for some a,b,c > 0 and real numbers

x,y,z. Since the coefficient of ¢* is positive, we have f(t) > 0 for all real t. This is false,
because

f(z) =alx —y)(zr —2) <0.

b
The equality holds for x = y = z, and also for a = 0 and =z = cyin’ or b = 0 and
c
az + cx br + ay
Y= ,orc=0and z = .
a+c b+a

Remark 1. For x = b, y = ¢, z = a, from the inequality in (b), we get the following cyclic
inequality:
(a®> 4+ b* + 2+ ab + bc+ ca)® > 4(a + b+ c)(ab® + be* + ca?),
V5 —1

b
where a,b,c > 0. The equality holds for a = b = ¢, and also for a = 0 and - = 5 (or
c

any cyclic permutation). Notice that this inequality is equivalent to

at + b+ ¢t — @b — b2 — Fa® > 2(ab® + b 4 ca® — aPb — b3c — Pa).

Remark 2. For z = 1/¢, y = 1/a, z = 1/b, from the inequality in (b), we get the following
cyclic inequality:

b 2 1 1 1
2424543 >4(a+b+co)(-+-+-),
b ¢ «a b

a c
which is the inequality in P 1.49-(c).

Remark 3. Fora=z(x —y+2),b=y(ly — 2+ ), c = 2(z — x + y), the inequality in (b)
turns into
(y + %2 + 2%2)? > ayz(z +y + 2) (2 + o + 27).

where z,y, z are the lengths of the sides of a triangle (see P 1.166).
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P 3.199. Ifa,b,c and x,y, z are nonnegative real numbers such that
PP+ P =d P+

then
(a+b+c)(x+y+2)>xy+yz+ 2z + ab+ be + ca.

(Vasile Cirtoaje, 2020)

Solution. Denote
t=x+1y+z.

From the known inequalities

(x4y+2)°>>a°+4°+ 22 (z+y+z)® <9 +y° + %),

we get
THy+z2> a3+ + 23 =V + b3+ 3,
r+y+z< {”/9(x3—|—y3+z3) = f/9(a3—|—b3—|—c3),
hence
1 <t <o,
where

ti=Vad+ B +c3,  ty= 9+ b+ 3).

On the other hand, it is enough to prove the inequality

(a+b+c)? (v4+y+2)?
3 * 3 ’

(a+b+c)(x+y+2z)>

or, better, the inequality

5(a+b+c)2+ (x+y+2)?
12 3 ’

(a+b+co)(z+y+2z) >

which is equivalent to
52 — 12z +y+2)t+4(x+y+2)* <0,
[t—2x+y+2)Bt—2x+y+2) <O0.

2
This is true if ¢; > 5(x +y+ z) and ty < 2(x + y + 2. Thus, we need to show that
o3yt > i(:v—i—y—f—z)3
— 125

and
4P+ 4 %) <8z +y+ 2)>
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These follow immediately from the known inequalities

PP+ > (vt y+2)?

O =

and
4y 428 < (v 4y +2)>
The equality holds fora =b=2x=y =2 = 0.
Remark 1. Using the same method, we can prove the stronger inequalities

3k(a+b+c)(x+y+2) > (vy +yz + 2x)* + (ab+ be + ca)?,

kla+b+c)(x+y+2) >zy+yz+zx+ ab+ be + ca,

where \3/_
1 3
k=—+ — ~0.8536.
B0

Remark 2. In the same conditions, the following inequality holds:

1
kla+b+c)(x+y+2) >zy+yz+ zx + ab+ be + ca, k=—~0.6934,

V3

with equality fora =b=c=x =y =2 If a > b > cand x > y > z, the equality occurs

alsofora:b:c:,iandy:z:(),andfora::y:z:%andb:c:O.

V3 V3

P 3.200. Let a, b, c and x, y, z be positive real numbers such that
(a+b+e)(z+y+2) =+ +)(2*+y* +2°) =4
Prove that

b < 1
aocryz —.
Y= 36

O

(Vasile Cirtoaje, 1997)

Solution. Using the AM-GM inequality, we have
4(ab+ be + ca)(xy + yz + zx) =

=[a+b+c)?—(A®+D*+A)[(x+y+2)?— (2% + 1>+ 2]
=20—(a+b+c)*(@®+y* +28) — (v +y+2)%a* + b+ &)

<20-2(a+b+c)(z+y+2)V (a2 +02 4 2) (a2 +y2 + 22) =4,

hence
(ab+ be+ ca)(zvy +yz + zx) < L.
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On the other hand, multiplying the well-known inequalities

(ab+ bc + ca)* > 3abc(a + b+ c)

and
(zy +yz + 22)* > 3ayz(z +y + 2),
we get
(ab+ be + ca)?*(zy + yz + zx)* > 36abexyz,
hence

1> (ab+ be + ca)*(xy + yz + 2x)* > 36abczyz.
In order to have 36abcxyz = 1, the following relations are necessary:

(ab + be + ca)? = 3abe(a + b + c)

and
(zy + yz + 27)? = 3zyz(z +y + 2).

These relations imply a = b = ¢ and x = y = 2z, which contradict the hypothesis

(a+bte)(z+y+2)=(@+0+) (2 +y°+2°) =4

Consequently, we have abcryz < TR

Remark. The following sharper result holds ( Vasile Cirtoaje and Vo Quoc Ba Can, 2008):

e Ifa,b, candx,y, z are positive real numbers such that

(a+b+c)(z+y+2)=(a*+b*+)(2*+y*+2%) =4,

then
b < —
aberyz < s
th lity for (a,b,c) 114( li tation) and ( ) L14
with equality for (a,b,c) = | =, =, = | (or any cyclic permutation) and (x,y,z) = | =, =, =
q y ) Y 37373 y y p 7y’ 37373
(or any cyclic permutation).
O]

P 3.201. Let ay,as,...,a, and by, bs, ..., b,be nonnegative real numbers such that
atait-Fad =042+ D2
Then, forn =3 and n = 4, the following inequalities holds:
(TL— 1)(a1+a2+~~—|—an)(bl+b2+ +bn) Z n (Zaiaj +Zblbj> .
i<j i<j

(Vasile Cirtoage, 2020)
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Solution. Denote

a=ar+ay+-+a,, b=b+by+--+by,, c:\/n(b%+b§+~~~+bg),
and write the inequality as
2(n — 1)ab + 2¢* > na® + nb*.

We have

a§\/n(a%+a§+---+a3):\/n(b§+b§+---+bg):c

and

C
az\/a%+a§+~-+a3:\/b%+b§+~~+b3:—.

NG

For fixed b and ¢, we may write the required inequality as f(a) < 0, where
f(a) =na* —2(n — 1)ab + nb* — 2¢

is a quadratic convex function. Thus, it is enough to show that f(c) < 0 and f(c/v/n) < 0.
We have
f(c) =nb*> —2(n — 1)bc+ (n —2)c® = (b—c)[nb— (n —2)c] <0.

Since b < ¢ and nb > (n — 2)c for n = 3 and n = 4, we have f(¢) < 0. The inequality
f(c/\/n) <0 is equivalent to

which is true for n = 3 and n = 4.
The proof is completed. The equality occurs when all a; and b; are equal.

P 3.202. Let ay, ag, -+, a, (n > 3) be positive real numbers such that

ayfag - ta,=a +ai+---+a>=n-—1

Prove that
1 1 1 n?(2n — 3)

4> )
a1+a2+ +an_2(n—1)(n—2)

(Vasile Cirtoaje, 2010)
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Solution. By the Cauchy-Schwarz inequality, we have

+as+ -+ an_1)?
n—lza%—i—a%—i—--o—i—aiZ(al az 1 an-1) —i—ai
n_
—1—a,)?
:(” an) + a2
n—1

n’

which provides
< 2(n—1)

An >
n

Similarly, a; < 2(n — 1)/n for all i. The hint for proving the given inequality is to apply
the Cauchy-Schwarz inequality after we made the numerators nonnegative and as small as
possible. So, since 2n — 2 — na; > 0, we have

2

n
Zal Z(al 2n—)+2n—2
2

1 2n — 2 —nay n
_2(n—1)z ay o2

I > (2n -2 —nay)]? n?
“2n—1) Y a1(2n—2—na;) 2n-—2
_ 1 [n(2n—2)—n} ar]? N n?
2n—1) 2n—2)>a—nd>. a? 2n—2
1 n*n-1) n*>  n*(2n-—3)

dn—1) m—Dn=2) 2m—=2 2n-1n-2)
from where the conclusion follows. The equality holds for a; = as =+ =a,_1 =1—-2/n

and a, = 2 —2/n (or any cyclic permutation).
[

P 3.203. Let ay, as, --- , a, be positive real numbers such that
ay +az+ -+ ap =n.
Prove that
n’ <i+i+~~+i—n) >4(n—1)(a +a3+---+a —n).
(Vasile Cirtoaje, 2004)
Solution. From

1
E(a1+a2+---+an)2Sa%+a§+---+ai<(a1+a2+---—|—an)2,
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it follows that
n§a%+ag+---+ai<n2.

Thus, we can use the substitution
ai+a3+-+a:=n+n(n— 1)
where 0 <t < 1. On the other hand, from

(az +--- +ay)?
n—1

(n —ay)?

n—1

ai+a3+---+ap >ai+ =aj+ ,

we get
(n—ay)?

—1)t* > a?
n+n(n—1)t°>aj + p—

which involves 1 — (n — 1)t < ay; < 1+ (n — 1)¢; similarly, we get
l—-(n—1t<a; <14+ (n-—1)

for any 7. We will apply now the Cauchy-Schwarz inequality after we made the numerators
nonnegative and as small as possible. Since

1 1 1 1
EZEFZE:L+W—1ﬁ+§:kZ_1+%n—DJ
n 1 Zl+(n—1)t—a1

1+(n—1)t+1+(n—1)t a

and
ai+ay+ - +al—n=n(n-— 1),

we can write the desired inequality as

Zl—l—(n—l)t—al Zn(n—l)t+4(n_1)2t2[1+(n_1)t].

aq n

By virtue of the Cauchy-Schwarz inequality, we have

l+(n—Dt—ar _ D0+ 0n—-1)t—a))
2 o =SS a1t (- Di—a)
_ n+n(n—1)t -3 a]
(14 (n—1)t) 3 a1 — 3 af
n(n — 1)t
1=t

Therefore, it suffices to prove that

n(n — 1)t > n(n— 1)t + 4(n — 1)*?[(1 + (n — l)t])'
1-t = n
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This inequality is true if
4n— 1)1 = )1+ (n —1)t] < n*
Indeed,

4n -1 =1+ m-Dt <[(n—1)(1 —t) + 1+ (n—1)t]> =n’

The equality holds for a; = ay = -+ = a,, = 1, and also for a; = g and ap = -+ = a,, =

5 5 (or any cyclic permutation).
n R—

P 3.204. If ay,ao, ..., a, are positive real numbers such that
a1+a2+"'+an:n; a27a3a"’7a7’l2]"
then
1 1 1 2 2 2
— 44 = Za1+a2+---+an.
ai a9 (079

(Vasile Cirtoaje, 2021)

Solution. We will use the induction method. For n = 2, we need to show that a; + as =2

involves

1 1 9 9
—+ — > ai +aj.
ai a2

This is equivalent to
(a1a2 - ]_)2 Z 0.

Next, assume n > 3 and
ap <1<a; <--- <ay.

For fixed a; and as, ..., a, 1, write the required inequality as f(ay) > 0, where
1 1 1 5 9 5
fla) = — 4 — 4+t — — (@ @G+ ), ap=n—a—ay— - —ay.
a; Qs an,

We will show that
flaz) > f(1) > 0.

Since
2a3a2 > 2a2 > 2a, > as + ay,

we have
—1 1 as + an,
f,(a2) = ?4——2—2(@2—&”) = (an_a2> (2_22—> >0,

2
2 = Asa;,



500 Vasile Cirtoage

f(az) is increasing, hence f(ag) > f(1). The inequality f(1) > 0 has the form

1 1 1 9 9 9

—+—+--+—2a7+a3+--+a,

aq as Qp,
where a, =n—1—a;—a3—---—a,_1and a; <1 < a3z <--- <a,. Clearly, this is true
by the induction hypothesis.

The equality occurs for ay =ay =---=a, = 1.
m

P 3.205. Let ay, as, --- , a, be nonnegative real numbers such that

ay+az+---+a, =n.

Prove that
(n+1)(af +a3+--+ay) >n’ +aj + a3+ +a,.
(Vasile Cirtoaje, 2002)
First Solution. If a; = a; = - -+ = a,, then the equality holds. Otherwise, as in the proof

of P 3.203, we will use the substitution
ai+ay+---+ai=n+nn-1t 0<t<I;
in addition, we have
l-(n—1t<ag; <14+n-10t, i=12,...,n.

From the Cauchy-Schwarz inequality

Z[l + (n— 1)t — a)ai > [Zz(:l[fin(n__l)f);_agjﬂ =n(n—1)t(1 —t)?

we get
Zai’ <[1+ (n— 1)t Za% —n(n — Dt(1 —t)?
=n[(n—1)(n —2)t* +3(n — 1)t* +1].
Therefore, it suffices to show that
(n+1D[n+nln—1t] >n*+n[(n—1)(n—2)t> + 3(n — 1)t* + 1],
which is equivalent to the obvious inequality
n(n—1)(n —2)t*(1 —t) > 0.

For n = 2, the original inequality is an identity. For n > 3, the equality holds for a; = ay =
-+~ =ua, =1, and also for a; =n and ay = --- = a,, = 0 (or any cyclic permutation).
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Second Solution. Assume that

ap 2> az 2> -+ 2a

- n-

Replacing n? by n(a; + as + - -+ + a,), the desired inequality becomes as follows

> [(n+1)a;i —nay — ai] > 0,

Z(al —1)(na; —a3) > 0.

Since
ag—1>2a—-1>--->a,—1

and
nal—aonag—agz---znan—a

we apply Chebyshev’s inequality to get

nZ(al —1)(nay —a?) > [Z(al - 1)} [Z(nal - a?)} = 0.

P 3.206. Let a1, as, --- , a, be nonnegative real numbers such that

G1+a2+"'+an:n'

Prove that
(n—1)(a} +as+---+a’)+n*>(2n—1)(a] + a5+ - +a2).
(Vasile Cirtoaje, 2002)
Solution. For a; = ay = --- = a,, the equality holds. Otherwise, as in the proof of P 3.203,

we will use the substitution
ai+ay+--+ai=n+nn-1t 0<t<I;
in addition, for any i, we have
l—(n—1t<a; <14 (n—1)4.
By the Cauchy-Schwarz inequality, we have

> (a; — 14+ (n — 1)t)a1)?
dllar — 14 (n—1)¢]

=n(n— 1)t{t+1)%

D o =1+ (n—1)tfaf >
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which yields
dal =nm-Dtt+ 1)+ [1—(n—- 1)t df
=n[l+3(n—1t"— (n—1)(n—2)t*.
Therefore, it suffices to show that
(n—1n[l +3(n—1t* - (n—1)(n—2)t1 +n* > (2n — 1)[n + n(n — 1),
which is equivalent to the obvious inequality

n(n —1)(n — 2)t*[1 — (n — 1)t] > 0.

The equality holds fora; = ay =--- =a, = 1,and also fora; =0and ay =--- =a, =

(or any cyclic permutation).

P 3.207. Let ay,as,...,a, (n > 3) be nonnegative real numbers such that
a;+ag+---+a, =n.

Prove that
ai+as+-4al—n>

n_l(l—a1a2~~an).

Solution. According to Remark 1 from P 3.57, for fixed a? + a3 + - -+ + a2, the product
aias - - - a, has the minimum value when one of a,ao,...,a, is zero or n — 1 numbers of
ai,as,...,a, are equal. Therefore, it suffices to consider these cases.

Case 1: a; = 0. We need to show that ay + a3 + - - - + a,, = n involves

a§+a§+---+a22n_1-

Indeed, by the Cauchy-Schwarz inequality, we have

a3 +a3+---+al > (az+az+-- +a,) =

n—1 n—1

Case 2: ay = az = --+ = a,. Setting a; = z and a, = y, we need to show that
r+(n—1y=n

involves
n

2+ (n—1y* —n+

m— (xy”_l — 1) > 0.
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By Bernoulli’s inequality, we have

1— n—1
y"—1:<1+ x) >14+(1-a)=2—u
n—1

Therefore, it suffices to prove that

2+ (n—1Dy* —n+

[x(2 —x)—1] >0,

n —
which is an identity. The equality holds for a; = a3 = --- = a, = 1/n, and also for a; = 0
and ay = --- =a, = " 7 (or any cyclic permutation).
O]
P 3.208. If ay,as,...,a, are positive numbers such that a; + as + ---+ a, =n and
< 1
109 Ay < ———,
102 (n—1)m2
then
1 1 1 9 9 9
— 4=+t —2>d +ai+ - tap
aq a9 (07%

(Vasile Cirtoaje, 2018)

Solution. According to Remark 3 from P 3.58, the following statement is valid:

e Ifay,as,...,a, are positive real numbers so that
ap+as+---4+a,=n, aias - - - a, = constant , aL > Qg >+ 2 Gy,

then the sums

1 1 1
- + J— _|_ .. + -
aq a9 (07%
and
—(a? + a3+ +a?)
have the minimum value when a1 > as = -+ = a,,.
Thus, it is enough to consider the case a; > ay = - - - = a,, that means to show that
1 n-1
-+ > 2%+ (n — 1)y?
T Y
for

1

_—(n—l)"—2’ n>xz>1>y>0.
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Write the inequality as follows:

(n-D—y") 2’1

— )

Y T
(n=DA-y(l+y+y") @-D@E+z+1)
y N z ’
(n=DA-y(l+y+y")  -D0—-y)@*+z+1)
y - x ’

1 1
(1-y) <—+y—x——) >0,
Yy T

(I=y)(z—y)(1 —=zy) >0,
(1—y)*(1—ay) >0.

So, we need to show that 1 — zy > 0. For x = 1, which implies y = 1, the inequality is an
equality. Consider further x > 1. Since

1_xy:1_(n—x)x: (m—l)(m—n%—l)’
n—1 n—1

we need to prove that x > n — 1. Write the hypothesis zy" ! < W as f(z) > 0,
n—1)"—
where
fx)=n—-1—z(n—z)" "
From

fl(x)=n(n—2)"*(z-1) >0,

it follows that f is strictly increasing. Since f(n — 1) = 0, the hypothesis f(z) > 0 involves

x>n—1.
1

n—1

The inequality is an equality for a; =n—1and ay = --- = a, = (or any cyclic

permutation).

]

P 3.209. Ifay > ay > --- > a, > 0 such that a1 + as + - - - + a,, = n, then

(Vasile Cirtoaje, 2009)
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Solution. Since

1 1 1 (n—1)? (n—1)2
as  as a, Qg +as+---+ay, n— aj
and
as +az+---+a, n—a; n(a—1)
ay —az < ap — =a; — = ,
n—1 n—1 n—1

it suffices to show that . 2 A
aq n—ap

S

This is equivalent to the obvious inequality

(ay — 1)*(2a; — n)* > 0.
The equality holds for

a1 =Gy = -+ = Gy = 1,

and also for
n

n
a1=—, GG=a3=- =0, =—-——.
1 27 2 3 2(n_1)

P 3.210. Ifay > ay > --- > a, > 0, then

a1+ ag+ -+ ap — nfarag - a, < (n—1)(Vai — an)’.
(Vasile Cirtoaje, 2010)

Solution. For n = 2, the inequality is an identity. Next assume n > 3. For a, = 0, the
inequality becomes as+- - -+a,_1 < (n—1)ay, which is true. For a,, > 0, due to homogeneity
we may set a,, = 1. For the nontrivial case a; > 1, consider a; fixated and denote a; = a > 1.
We need to show that f(ag,...,a,_1) <0 for ag,...,a,_1 € [1,a], where

2
flas,....an 1) =a+ar+ -+ a1 +1—naag-a,_1 —(n—1)(Va—-1)".
Since f is convex with respect to each variable, it has the maximum value when as, ..., a, 1 €

{1, a}, that is

ay = ...=a; = a, Ajp1=...=0p_1 =1,
where j € {1,2,...,n — 1}. So, it suffices to show that
ja+n—j—nad/™—(n—1)(vVa—-1)?<0,
that is
(n—7j—Da+na?/"+j—1>2n-1)o.
Clearly, this inequality follows from the AM-GM inequality applied to 2n — 2 numbers.

For n > 3, the equality occurs when a; = as = --- = a,, and also when a,, = 0 and
;) = a9 =+ = Qp—1-

O
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P 3.211. If0<a; <ay <--- < ay, then

k(a; — ay)?
al_’_aa_'_..._}_an_f_MS\/n(a%+a%_’_...+a%)7
ap + as

1
where k =

(Vasile Cirtoaje, Math. Reflections, 4, 2024)

Solution. Write the inequality as F'(ay,as,...,a,) < 0. We will show that
F(ay,as,...,a5-1,0,) < Flay,a9,...,60p-1,0,-1) < -+ < F(ay,as,...,a3) <0.

Firstly, we show that
Fay, ... 1, @nj, @njy1, - Onji1) < Flay, ..o @ jo1,Gn gy Q)

for j e {1,...,n—2} ie.

a1+ ot + Ao+ e+ E(Var = /az)? — V n(af+---+aq_;+jai_; ) <

St (G Dan + k(Var = V@) = foled 4 ka4 (G e )

or

H@ngi1 = ang) S /0@ + @+ jaR) = fnlad 4@+ G+ e,

. jnlan i —ap_;)

J(an—jr1 = anj) < : - - : :
V@ b ad e ) felad @+ (G Dl

We need to show that

\/n(a% e dar +jan )+ \/n[a% +odan o+ (G Dal ] < nan— i+ any).

It is true because

2

2 2
aj+ - +a,

. 9
T J0n i S na,_ iy

and

ai + - ap_i oy + (5 + Vap_; < nap_j.

The inequality F'(aq,as,...,as) < 0 is equivalent to

k:(al — a9y

2
a1+ (n—1)ag + ) < \/na% +n(n —1)dl.

ai + as
For ay = 0, this inequality is an identity. For a; > 0, due to homogeneity, we may set a; = 1.
Denoting as = = (x > 1), the inequality becomes
k(1 —xz)?
1+=x

1+(n—1z+ <+/n+nn—1)a2,
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k(1—x)? - (n—1)(z —1)?
I+x — \/n—i-n(n—l)ﬂ—l—(n—l)x—i—l'

So, we need to show that

p < (n—1)(z+1) ’
T Vn+nn—1224+ (n—1x+1

i.e.

kv/n+nn—1)22<(1-k)(n—1z+n—k—1.
It is true if
Ehn+nn—-12" <(1—-k)?*n—-1%"+n—k—1)3
which is equivalent to
En < (n—k—1)2
ie.
kvn <n—k—1,
n—1 1
=+/n—1
vn+1

The inequality k < /n — 1 is true, with equality for n = 2. Thus, the proof is completed.
The equality occurs for a; = as = -+ = a,, and also for a; =0 and as = - -+ = a,.

k<

Remark. Since

Gool > va - var,

CL1+CL2

we get the following statement:

o [f0<a <ay<---<a,, then

a1+a2+--~+an+k(\/a_1—\/@)2§\/n(a§+a§+~--+a3),

1
where k =

P 3.212. For given n > 2, find the largest integer k such that

(a1+a2+---+an)2>a%+a§+---+az

n k

for all nonnegative numbers a; satisfying a1 < as < -+ < ay,.

(Vasile Cirtoaje, Crux Mathematicorum, 7, 2024)
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Solution. Setting a; =0 and as; = --- = a,, = 1, the inequality leads to

(n—1)2 E—1 n? n n
> , k< = -+
n

n 1

Si —_ < = h
ince 2 =1) = 2 we have
n
k<h=|3].

To show that kg is the largest value of k£, we need to prove the inequality for

n
First Solution. For n = 2 and n = 3 (when k& = 1), the inequality reduces to ay > a; and
as + az > 2ay, respectively. Next assume n > 4, when k£ > 2. Since a; < agpiq < -+ < ay,
we have

artas+--+a, >ar+ -+ a1+ (n—k+1)ag.
So, it suffices to show that F' > 0, where
2

n
F:[a1+---—l—ak,l—l—(n—k—l—l)ak]z—?(a%—l—---—l—ai_l—i—ai).

We will prove this inequality for the hypothesis ay = max{ay,as,...,a;}, which is weaker
than the original hypothesis a1 < ay < --- < a. For fixed as, ..., ag, the inequality F' > 0
can be written as f(a;) > 0, where a; € [0, a;]. We have

flar) = flar) = (a1 —ax)[ar +2(az +- - -+ak_1)+(2n—2k+3)ak]—%Q(af—ai) = (a1 —ay) A,

where ,

A=a;+2(ag+ - +ax_1)+ (2n — 2k + 3)ay, — %(a1+ak).

. n
Since k£ < 5 we have

A < a;+2(ag+- - Hag—1)+(2n—2k+3)ar—2n(a1+ax) = —(2n—1)a1+2(as+- - -+ax—1)—(2k—3)ay

<2(ag+ -+ ar-1) — 2k —3)ar, < 2(k —2)ap — (2k — 3)ar, = —a <0,

therefore

flar) = f(ar) = (a1 — ay)A > 0.
Thus, F' has the minimum value for a; = a;. Similarly, F' has the minimum value for
as = ag, ..., ar_1 = ag. Consequently, it suffices to consider the case a; = -+ = ax_1 = ay,

when the desired inequality F' > 0 is an identity.

The proof is completed. For k = ky = {gJ, the equality occurs when a; = as = -+ = a,.
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Second Solution. First consider the case n is even. So, for n = 2m, we need to show that
(a1 +ay + -+ agy)® > 4m(as +a3 +--- +a2)

= al+as+ - +ay,+ Z 2a;a; > 4m(al + a5+ -+ +al,).

1<i<j<2m

Since
a?4as+---+ad, >2ai+as+ - +add),

it suffices to show that

Z a;a; > (2m —1)(aj + a3+ -+ + a2,).

1<i<j<2m
We get this inequality by adding the following inequalities:
ay(ay + ag + -+ + agy) > (2m — 1)aj,
as(as + ay + -+ + aom) + Gom_102m > (2m — 1)a3,
as(ay + as + -+ + o) + Gom—o(Aom_1 + a2m) > (2m — 1)a3,

am<am+l + Am+2 + -+ a2m) + am+1(am+2 + -+ a?m) Z (2m - 1)am'

Consider now the case n is odd. For n = 2m + 1, we have

ttayt o) (i tart o ta)  aftait o tay
2m + 1 - 2m - '

P 3.213. For given n > 2, find the largest integer k such that

(a1+a2+--~+ak)2>a§+a§+---+ai

k n

for all nonnegative numbers a; satisfying a1 > as > -+« > ay,.

(Vasile Cirtoaje, Mathematical Reflections, 2, 202/)

Solution (by Nermin Hodzic). Setting a; = 1 and ay = - -+ = a,, = 0, the inequality leads
to k < /n, hence
k <ko=|vn|.

To show that kg is the largest value of k, we need to prove the inequality for k = ky < v/n.
For n = 2 and n = 3 (when k = 1), the inequality reduces to a? > a3 and 2a? > a3 + a2,
respectively. Next assume n > 4, hence £ > 2. Since ap > apy1 > -+ > a,, we have

2
a1+ as+ - -+ ag 1
< k ):ﬁ<a?+a§+“-+ai+2 > aﬂj)

1<i<j<k
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k‘2
1 1
> ot +ai+ ok h(k - )ak+1}>z—(ai+a§+---+ai+Za?)

The last inequality follows from k2 < n.
The proof is completed. For k = kg = |\/n], the equality occurs when a; = ay = - -+ = a,.
If n is a perfect square, then the equality also occurs when ay = --- =a, = 0.

P 3.214. If a1 > ay > --- > a9 > 0, then

(5a1+a2+~~+a8)2> al+a3+--+a
12 - 9 .

(Vasile Cirtoaje, SSMJ, 5, 2024)

Solution. Since
A tai+--+ai<al+adt---+ a2+ 24,

it suffices to prove that F(ay,as,...,as) > 0, where

F(a1,as,...,a8) = (5a; + ay + - -+ + ar + ag)* — 16(a? + a3 + - - - + a2 + 2a3).
We will show that

F(ay,a9,a3,...,a8) > F(as,as,as,...,as) > -+ > F(ar,ar,...,a7,ag) > 0.
Since
F(az,ar,...,a7,a8) = (1la; + ag)? — 16(7@? + 2a§) = (a7 — ag)(9a7; + 3lag) > 0,
we only need to show that
F(ag,...,a;,Gi11,049,...,08) > F(aj11,...,0i11,041,049,...,0a3)

forv=1,...,6. Write the inequality as follows:

(i +4)a; + @i + aigo + -+ + as]® — 16(ia} + afyy + @iy + - + a7 + 2a3) >

> [(4+ 5)ai1 + aiva + -+ +ag)® — 16[(i + 1)az,, +a; o + -+ + a2 + 2ag),

(Z + 4)(&2 — ai-l—l)[(i + 4)&2 + ('l + 6)ai+1 + 2&,‘_;,_2 + -4 2&8]2 Z 162(&12 — Cl?_,_l),
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(a; — aip1)[(i — 4)%a; + (12 — 60 + 24)a;4 1 + 2(i + 4)ago + -+ 2(i + 4)ag] > 0.

Since the last inequality is true, the proof is completed. For k = 5, the equality occurs when
a1 = as = - -+ = ag, and also when a; = ay = a3 = a4 and a5 = ag = a; = ag = a9 = 0.

Remark. Similarly, we can prove the following generalization:

o Letn >4 be a perfect square, and let k = (\/n — 1>+ 1. If ay > ay > -+ > a, >0,

then )
kay +as + -+ ap_ >a%+a§+---—|—a%
k4+n—2 - n ’
with equality for a1 = ay = -+ = ay,, and also fora; =as =---=ap_1 and ap, = -+ = a, =
0.

]

P 3.215. Ifa; > ay > --- > a, > 0, then
(a) a; +as+ -+ a, —nfajas - a, >
(b) a; +as + -+ a, —nYaraz---a,

(Var + az — 2y/a,)";

(2var — anT — va)'.
(Vasile Cirtoaje, 2010)

AV
B~ = Wl

Solution. (a) For n = 2, the inequality is equivalent to (\/E — \/a_Q)Q > 0. Consider
further n > 3. By the AM-GM inequality, we have

as+ -+ a,—1 + 3Farasa, > nJajas - a,,.
Therefore, it suffices to prove that
1
ay + az + a, — 33/araza, > 3 (Va1 + /as — 2\/%)2 .
Setting

2
- (Y s,

since a; + ay > 2z and ajas < 2, it suffices to show that

2¢ + a, — 3+ x2an2§(\/_—\/ﬁ)2.

For the nontrivial case a, # 0, we may consider a,, = 1 (due to homogeneity). In addition,
substituting x = y°®, y > 1, the inequality can be restated as

4
2" +1=3y" > S (y' = 1)%,
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(y— 1By +1)%2y* +1) —4(y> +y + 1)*] > 0.
This inequality is true if
(y+1)v/3(2y2 4+ 1) > 2(> +y + 1).

Since
32y2+1) > 2y + 1,

we have
(y+DV3Q2y2+1) =20 +y+1) > (y+1)(2y +1) = 2(y* +y+1) =y -1 > 0.
This completes the proof. The equality holds for a; = as = -+ - = a,.

(b) For n = 2, the inequality is equivalent to (\/a_l — a2)2 > 0. Consider further
n > 3. By the AM-GM inequality, we have

as +as+ -+ ap—o + 3Ya104,-10, > nJaras - ay.

Therefore, it suffices to prove that

1
a; + An—1 + Qpn — 3\3/ a1Gp—-10p Z Z (2\/CL_1 -V Ap—1 =/ an)2 .

Setting

T = \/Up_ 10y, T < a1,
since a,_1 + a, > 2z and /@, _1 + \/a, > 2+/x, it suffices to show that
a + 2x — 3/ a2 > («/al — \/5)2

Due to homogeneity, we may consider a; = 1. In addition, substituting = = 3%, y < 1, the
inequality becomes
1+2y° = 3y* > (1 - y°)?,

which is equivalent to the obvious inequality
vy =17y +2) =0

The equality holds for a; = as = --- = a,. If n > 3, then the equality also holds for
as=---=a, =0.

]

P 3.216. Ifa, > ay > --->a, >0, n > 3, then

n—1

ay +as + -+ a, —nifaiaz - a, > on (vVan—2 + /an—1 — 2\/%)2-

(Vasile Cirtoaje, 2010)
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Solution. Let us denote

ap +ag+ -+ Ay
xr = , T .
n—1

By the AM-GM inequality, we have

1y -y < "L

Also,

\/an—Q;—\/an—l S\/0171—2—;an—1 S\/a1+a2+"'+an—l_\/5.

n—1 -

Then, it suffices to show that

(n—1)z+a, —niy/z" ta, > @ (Vz — \/a—n)2.

For the nontrivial case a, # 0, we may consider a,, = 1 (due to homogeneity). In addition,
substituting x = t?*, ¢ > 1, the inequality becomes g(t) > 0, where

gt)=(n— 1" +1—nt*"? — M(t” —1)%4
n
We have
g'(t) = 2(n — )" h(t),
where
h(t) = n(t™ —t"2) — 2(t" — 1).
Since

R(t) =n(n—2)t"3(t* - 1) >0,

h(t) is increasing, h(t) > h(1) =0, ¢'(t) > 0, g(t) is increasing, hence g(t) > g(1) = 0. This
completes the proof. The equality holds for ay = as = -+ = a,.
O

P 3.217. Leta; > as > -+ > a, > 0. If
1<k<j<n, k+j>n+1,

then
(Var - va;)*.

(Vasile Cirtoaje, 2010)

2k(n —j +1
a1+a2+"'+an—n\n/a1a2"'a”2n—i(—nk——jj—{:{—i
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Solution. Let us denote

k(n—7+1)
P=—+=
n+k—75+1
and
T = {aiay - - - a, Yy = "TIR/aiai1 - an
where

T Zag > aj >y.
By the AM-GM inequality, we have

al—i—ag—i—“'—l—akax, aj—l—aj+1+~~+an2(n—j+1)y

and
agy1+ -t a1 > (G —k—1) Y ag o ago
Also, we have
Va, — faj < Vo —\/y.

Thus, it suffices to show that

kr+n—j+1Dy+(G—k—1) i Yagg- a1 —n{/aiaz - a, > 2Pz — /y)*.

By the AM-GM inequality, we have

(k=) a4 1) (e a)(ag - aa) 2 0/ an,

which is equivalent to

(G — k= 1) /@G — n{faay o ay >

> —(n—j+k+1) 7 (e a)(a - an)

n—j+1

=—(n—j+k+ 1)xn—iik+1yn—ﬂ'+k+1.

Therefore, we only need to show that

kx+n—j7j+l)y—(n—j+k+ 1)$n*jik+1y"i;gil > 2P (Vr — \/§)2

For the nontrivial case y # 0, we can set y = 1 (due to homogeneity). Thus, we need to
prove that f(x) > 0 for x > 1, where

f@)=kr+n—j+1—(n—j+k+)zset —2P (Vo —1)°.
We have the derivatives

1
f(z)=Fk— kpriierit L op <ﬁ _ 1) ,
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f"(x)="P (mm_z — x%g> :

Since k 4+ 7 > n+1 and « > 1, we have f”(z) > 0, f’ is increasing, f'(x) > f'(1) = 0,
f(z) is increasing, f(z) > f(1) = 0. This completes the proof. The equality holds for

a3 =as =---=a,. If k+j =n+ 1, then the equality holds for a; = ay = -+ = a, = «,
a; = @j41 = =ay, = [ and a1 = -+ = aj1 = Vaf, where a > 8 > 0.

Remark 1. For k+ j =n + 1, we get the statement:

. ]fa,lzan---zanzOandlgkgg, then

ap+as+ -+ a, —nYaras - -a, > k(\a — ‘/an_kH)Q,

with equality for ay =as = =apr = Q, Qp_g11 = Ap_pr2=""+=0a, =0 and agy1 = -+ =
an_1 = vaf, where a > > 0.

In addition, for k = 1, we get:

o Ifag>ay>--->a, >0, then
ay+az+ -+ a, —nYaiaz o a, > (Va - Vag)?,
with equality for ay = «, a, = 0 and ay = -+ = a,_1 = Jaf, where a« > 3 > 0.

Remark 2. For j = k + 1, we get the the statement:

o letay>ay>--->a, >0. If ggk‘gn—l, then

2k(n — k
ay +as + -+ a, —nYaiag - ay > %(\/a _\/ak+1)27
with equality for a; = as = --- = a,. If n is even and 2k = n, then the equality holds for
a1 =G =+ =ag and Qg1 = Qo = - = Uy

]

P 3.218. Ifa; > ay > --->a, >0, n>4, then

2
2
(b) a1+ as+ -+ a, —nJaras - a, > (1 — E) (2«/an—2 —3y/A,_1 + \/an)Q.

(Vasile Cirtoaje, 2010)



516 Vasile Cirtoage

Solution. Let

=02 — U120, y=\/a,1—+a,=>0.
For k=n—2and j =n—1, and for K = n—1 and j = n, the inequality in P 3.217 becomes
respectively

4(n — 2)x?
a1+a2+-~-+an—nm2¥
n
and
2(n — 1)y?
a1+ ag + -+ ap — nfarag - ay >
n
Therefore,

2
ay +ay + -+ a, —nYaiag - a, > —max{2(n — 2)z%, (n — 1)y*}.
n

(a) It suffices to show that
max{8(n — 2)z°%, 4(n — 1)y*} > (n — 1)(z — 2y)*.

This is true since
8(n —2)x* > (n—1)2* > (n— 1)(z — 2y)*

for z — 2y > 0, and
4n—1)y* > (n—1)(2y — x)?

for 2y — x > 0. The equality holds for a1 = ay =--- = a,.
(b) First Solution. It suffices to show that
max{4(n — 2)z%, 2(n — 1)y*} > (n — 2)(2x — y)*.

This is true since
4(n —2)2* > (n —2)(2r — y)?

for 2x —y > 0, and
2(n —1)y* > (n—2)y* > (n—2)(y — 22)

for y — 22 > 0. The equality holds for ay = as = --- = a,. If n = 4, then the equality holds
for a; = ay and as = aq.

Second Solution. Let us denote
A= "Yaay--an—o, B=\la,_10,, A>a,o>DB.
By the AM-GM inequality, we have
a;+ag+ -+ a,_o>(n—2)A,

p-1 + ay Z 2B7



Symmetric Polynomial Inequalities in Nonnegative Variables 517

and
N Ap_1 + \a, > 2\/5.
Then, it suffices to show that
n 4(n —2) 2
(n—2)A+2B —n¥/Anzpz > "2 <\/Z— JE) .
n
For the nontrivial case B # 0, we may consider B = 1 (due to homogeneity). In addition,

substituting A = ¢*", ¢ > 1, the inequality becomes g(¢) > 0, where

4(n — 2)

gt) = (n—2)t*" +2 —nt*"* — (t" — 1)
n
We have
g'(t) = 2(n — 2)t"""'h(t),
where
h(t) = (n —4)t" — nt"* 4 4.
Since

R(t) =n(n — 4" 5@#* - 1) >0,

) pu—
h(t) is increasing, h(t) > h(1) =0, ¢'(t) > 0, g(t) is increasing, hence g(t) > ¢g(1) = 0. This
completes the proof.
[

P 3.219. Let ay,as,...,a, (n > 4) be nonnegative real numbers such that

ap > az > -2 a

and
(ay+ay+ - +a,)? =4(a? +a3+---+a).

Prove that

1§ ai + as §1+ 2’/1,—8
az+ag+ -+ ay n—2

(Vasile Cirtoaje, 2007)
Solution. Denote
A:a1+a2, B:a3+a4+---+an.
Since

2(a%+a§)2A2, (n—2)(a§+ai+---—l—a2)232,

n

from the hypothesis

(a1 + a2 + -+ an)” = 4(ai + a3) + (a3 + - + ay),
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we get

(A+ B)* > 2A* + ——B?%

n—2

2 _
A§<1+ n 8)3
n—2

The right inequality is an equality for

n—2++/2(n—2)(n—4)

a1 = as = kag = - - - = ka,, k=

To prove the left inequality, let

From
A 1 1 1 1 2
=+ <-4 =1,
a1az a as X X x
we get
2a1a9 > Ax,
hence

al+a; = A* — 2a1ay < A* — Ax.

In addition,

a§+---—|—ai§a3x+---+anx:Bx.

Therefore, from the hypothesis

(ay+ag+ - +a,)?* =4(al +a3) +4(a3 + - +a2),

we get
(A+ B)* < 4(A* — Ax) + 4B,
4(A - B)x —3A* + 2AB + B* <0,
(A—B)(3A+ B —4x) > 0.
Since

3A+ B —4x > 3A —4x > 6x —4x > 0,

it follows that A — B > 0. The left inequality is an equality only for n = 4 and a; = ay =
as — Q4.

]

P 3.220. Let ay,as,...,a, and by, bs, ..., b, be real numbers. Prove that

2
(afl+"'+an)(b1+"'+bn)-

@by by (@ @) ) 2

(Vasile Cirtoage, 1989)
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First Solution. Write the inequality as

\/(a§+---+ag)(b%+---+b%) > a1(2b —by) + -+ 4 a, (20 — by,),
where .
bzﬁ(bl—i_"'—i_bn)-

Using the substitution
l’ZZQb—bz, i:1,2,...,n,

we have
n n

in:2nb—2bi:2nb—nb:nb,

i=1 i=1

Zzﬁ ZQb—xz) = dnb? — 4b2x2+2x _ZI

Therefore, the desired inequality can be restated as

\/(a%—l—---—l—a%)(:v%%—---%—m%)2a1$1+---+anxn,

which is just the Cauchy-Schwarz inequality. If ajas - - - a, # 0, then the equality holds for

2b — by :21)—62 :..‘ZZb—bn > 0.
a1 a2 ap,

Second Solution. Consider the nontrivial case where a?+- - -+a? # 0 and b2+ - -+b2 # 0,
denote

b4+ 02
ai 4+ a2’

and use the substitution
bi:pﬂfi, 2':1,2,...,77,

to have

The desired inequality becomes
2 2 2
(@121 + -+ apxy) + (af + -+ +a;) > 5(a1+ tay) (T 4+ ),

4
(a1 +20)* 4 oo (an 4 20)” 2 (a4 F an) (@ + - 4 ).

Since
dlag 4+ ap) (@ 4+ xn) <[(ar+ - +an) + (v 4+ +x)),
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it suffices to show that

1
(al + £E1>2 4+ 4 (an —|-1'n)2 > E[(al + 513'1) + -+ (an +xn)]2

This follows immediately from the Cauchy-Schwarz inequality.

Remark. Substituting b; = 1/a; for all i, we get the following inequality

1

1 1 1
nz—i—n\/(a%‘i‘""i‘a%) <¥+...+_2> 22(a1+...+an) (__|_..._|__)_

1 n ai

If a; <ay <---<a, and n is even, n = 2k, then the equality holds for

Ay =Gy =+ =, Aps1 = Qpra = - = Aok
If n is odd, then the equality holds only if a; = as = - -+ = a,.
Conjecture. If ay,as, ..., a, are positive real numbers and n is odd, then

1 1
n2+1+\/(n2_1)(a%+...+a%) <_2+...+_2)_n2+12

(11 an
1 1
22(a1_|_..._|_an) — 44— .
aq (07%
Ifay <as <---<a, and n is odd, n = 2k + 1, then the equality holds for
ap = Qg = " =0k, Q41 = Q42 = = 241,
and for
a1 = Qg =+ = 041, QAky2 = A3 = * " = A241-
P 3.221. Let ay, ag, ..., a, (n > 3) be positive real numbers such that

a; < ax < - < ay,

1 1 1
(a1 +as+---+ay) <—+—+---+—):k:.

a as Qp,

(a) If n? <k <n®+ z(n2—z)’ i€{2,3,---,n— 1}, then a;_1,
lengths of the sides of a non-degenerate or degenerate triangle.

2
(b) If n* <k < a,, where a, = —— for even n, and o, =

a; and a;.1 are the

In? —1
n for odd n,

then there exist three numbers a; which are the lengths of the sides of a non-degenerate or

degenerate triangle.

(Vasile Cirtoage, 2010)
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Solution. From the AM-HM inequality, we have
11 1 ,
(a1 +ax+-+a,) | —+—++—) 2n,
a;  as an
with equality if and only if a; = ay = - - - = a,,. Therefore, the hypothesis & > n? in (a) and
(b) involves a1 < ay,.

(a) For the sake of contradiction, assume that a;_1, a; and a;41 are not the lengths of
the sides of a triangle; that is,
Qi1 > Aj—1 + a4

Let us denote

ap + -+ a1

x = - ,
11— 1

Qiy1 + -+ ay

n—i ’

Alz,y) = (i — 1)z +a; + (n — 1)y,
B o
B(J;7y):Z +_+n 27

T a; Yy

f(x,y) = Az, y)B(x,y).

We have
r<ai1<a¢<a41 <y, x<Uy,

Alz,y) =a1 +as+ -+ ay,

1 1 1 1 1 1 1 1
B(%?J)S —+-- 4+ + — 4+ +ooit— )= —F — e —

a1 a;—1 a; Q41 Qp,

1 1 1
f(x,y)é(a1+a2+...+an) (—+—+...+_) —
ay  az Ay,

On the other hand, we claim that
f(x,y) > flaior, ain + aq).
This inequality is equivalent to
[ai1y — (ai—1 + ai)@][(ai-1 + a;)y — a;_17] > 0,
and is true since y > a;41 > a;—1 + a; and x < a;_; imply
a1y — (a;—1 + a;)x > a;_1(a;—1 + a;) — (a;—1 + a;)a;—1 = 0.
Then, we have

k> f(z,y) > flai—1,ai—1 + a;)

= [(n = Dai—1 + (n — i+ 1)ay (i_1+i+n—_i)

a;—1 a; Q1+ ay

i(n —1)

)

>n® +
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which contradicts the hypothesis k < n? + . Setting a;_; = 1 and denoting a; = t,

i(n—1)
. : 2
t > 1, the last inequality becomes

n—1+ (n—i+ D[l +nt+ (i— 1) , i(n—1)
t(1+1) =T

or

(t—1)(Ct* + Dt + E) > 0,

where
C=20i-1)(n—-i+1), D=(i-2)(n—1), E=-2(n-1).

This is true, since

Ct?+Dt+E>C+D+E=3(i—2)(n—1i) >0.

(b) We apply the result of (a). If n is even, then n? + w attains its maximum
9 —1 In? —1 +1
i for i = —. If n is odd, then n? + <—Z attains its maximum n for i = n .
8 2 2 8 2
]
P 3.222. Let ay, ao, ..., a, (n > 3) be positive real numbers such that
ap < ag < - <G,
(ap +ay+ - +a,)*=k(a®+a2+---+ad?).
(a) If (2n _2 <k<n,i€{23,- — 1}, then a;—1, a; and a;41 are the lengths
of the sides of a non-degenerate or degenemte tm’angle.
8 1
(b) If nt < k < n, then there exist three numbers a; which are the lengths of the

sides of a mon-degenerate or degenerate triangle.

(Vasile Cirtoaje, 2010)

First Solution. From the the Cauchy-Schwarz inequality, we have
(a1 4 as+ -+ a,)? <n(a?+ a2+ - +a?),

with equality if and only if a; = ay = - -+ = a,,. Therefore, the hypothesis £ < n in (a) and
(b) involves a1 < a,.
(a) For the sake of contradiction, assume that a;_1, a; and a;41 are not the lengths of
the sides of a triangle; that is,
Air1 > Q-1 + Q5.
Let us denote
ap + -+ a1

T = - ,
7 —1
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923

Qi1+ +ap

. 9
n—1

Alx,y) = (1 — 1)z + a; + (n — 1)y,
B(x,y) = (i — Da® + af + (n — i)y,
A*(z,y)
flayy) = 208
9 =B y)
We have
r<ai1<a¢<a41 <y, x<Uy,

Alz,y) =a1 +as+ -+ ay,

B($7?/)§(a%++az2_1)+a?+(af+1++ai):a%+a%++a

(a1 +ag+---4a,)*
ai +a3+---+a?

flz,y) >

On the other hand, from
of(x,y) 2(i—1)AC

ox - B2 >0
and 9 9n — i)AD
fle.y) _2n-0AD
dy B2
where

C=uai(a;—z)+(n—19)y(ly —x) >0,
D =a;(a; —y)+ (i — 1)x(z —y) <0,

2

n’

it follows that f(z,y) is strictly increasing with respect to x and strictly decreasing with

respect to y. Then, since x < a;_1 and y > a;41 > a;_1 + a;, we have

flz,y) < flaio1,ai1 + a;).

This involves
k< flai-1,ai-1 + a;),

hence
[(Z — 1)(11'_1 +a; + (n - i)(ai_l + (IZ‘)P
(i = Daj 4+ ai + (n —i)(a;1 + a;)?
B (n—1)a;_1 + (n —i+ 1)a)?
(n—1)a2 | +2(n—i)a;_1a; + (n —i+ 1)a?

k<

< (2n — z').2 |
T dn— 3t
2n —i)?
which contradicts the hypothesis k > u
n—3

the last inequality becomes

[n—1+(n—i+ 1)t <(2n—i)2
n—1+2n—it+n—i+1)? = 4n—3i’

—. Setting a;_1 = 1 and denoting a; = ¢, ¢t > 1,
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or

(t—1)(Et—F)>0,
where

E=(n—i+1)[(3i —4)n — 2i* + 3],
F=(n—1)[4—1in+i*—3i.
Since
E=Mn—i+1)[3i—4)(n—i—1)+i>+2i —4] >0,
we get
Et—-F>E—-F=2i-2)(n—14)(2n—1) >0.
(b) According to (a), it suffices to show that there exists ¢ € {2,3,---,n— 1} such that

(2n —1)? c 8t 1;

n—-3c — 9
that is,

dn — 3i > (2n — 3i)*.

2n—1 2n 2n+1
7?and

Since one of the numbers

2n—1 2n 2n+1
3 737 3
2n > 0 and 2n — 2 > 0, respectively.

is integer, it suffices to prove this inequality

for all 7 €

. Indeed, for these cases, the inequality reduces to 2n > 0,

[]

P 3.223. Let q be a fized real number such that there exist three nonnegative real numbers
a, b, c satisfying

a>1>b>c>0, a+b+c=3, ab+ bc+ ca = q.

Prove that the product r = abc has the maximum value for b = ¢, and the minimum value
forb=1 orc=0.

(Vasile Cirtoaje, 2015)

First Solution. According to the proof of P 3.57-(a), r(b) has the maximum value when
b is minimum, i.e. when b = ¢, and has the minimum value when b is maximum or c is
minimum (because ¢(b) < 0), hence when b =1 or ¢ = 0.

Second Solution. By P 3.57-(a), under the weaker condition @ > b > ¢ > 0 instead
ofa >12>0b2>c > 0, the product » = abc has the maximum value for b = ¢. Since
a + b+ ¢ = 3, this maximum case remains valid even for the constraint b > 1. Indeed, if

b=c, thenb=(b+c¢)/2<(a+b+c¢)/3=1.
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For ¢ =0, when a +b =3 and ab = ¢, from (¢ —1)(b—1) <0, i.e. ab+1 < a+b, we get
g+ 1 < 3, hence ¢ < 2. So, to prove that r has the minimum value for b =1 or ¢ = 0, we
only need to show that if ¢ > 2, then r has the minimum value for b = 1. Indeed, from

(a—1)(b—1)(c—1) >0,

we get
r>q—2,

with equality for b = 1. O

P 3.224. Let p and q be fixed real numbers such that there exist three nonnegative real
numbers a, b, ¢ satisfying

a>1>b>c>0, a+b+c=p, ab+ bc + ca = q.
Prove that the product r = abc has the mazximum value for b = ¢, and the minimum value

fora=1orb=1o0rc=0.

(Vasile Cirtoaje, 2015)

Solution. According to the proof of P 3.57-(a), 7(b) has the maximum value when b is
minimum, i.e. when b = ¢, and has the minimum value when b is maximum (a and c are
minimum), i.e. when b=1ora=1 or ¢ =0.

Remark. If ab+bc+ca =3 and a = 1, then a = b = ¢ = 1. Therefore, the product r = abe
has the minimum value only for b =1 or ¢ = 0. m

P 3.225. (a) If p and q are fized real numbers such that there exist three positive real
numbers a, b, c satisfying

a>b>c>1, a+b+c=p, ab + bc + ca = q,

then the product r = abc has the maximum value for b = ¢, and the minimum value for
a="borc=1.
(b) If p and q are fived real numbers such that there exist three nonnegative real numbers
a, b, c satisfying
1>a>b>c>0, a+b+c=p, ab + be + ca = q,
then the product r = abc has the maximum value for a = 1 or b = ¢, and the minimum
value for a =b or ¢ = 0.

(Vasile Cirtoaje, 2015)
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Solution. (a) According to the proof of P 3.57-(a), r(b) has the maximum value when b is
minimum (c is maximum), i.e. when b = ¢, and has the minimum value when b is maximum
or ¢ is minimum (because ¢(b) < 0), i.e. when b =a or ¢ = 1.

(b) According to the proof of P 3.57-(a), r(b) has the maximum value when b is minimum
or a is maximum (because a’(b) < 0), i.e. when a =1 or b = ¢, and has the minimum value
when b is maximum or ¢ is minimum (because ¢/(b) < 0), i.e. when b =a or ¢ = 0.

]

P 3.226. Let q be a fized real number such that there exist three nonnegative real numbers
a, b, c satisfying

a>b>1>c¢c>0, a+b+c=3, ab + bc+ ca = q.

Prove that the product r = abc has the maximum value for b = 1, and the minimum value
fora=1>borc=0.

(Vasile Cirtoaje, 2015)

First Solution. According to the proof of P 3.57-(a), 7(b) has the maximum value when
b is minimum, i.e. when b = 1, and has the minimum value when b is maximum or c is
minimum (because ¢’(b) < 0), hence when b = a or ¢ = 0.

Second Solution. By P 3.57-(a), under the weaker condition @ > b > ¢ > 0 instead of
a>b>12>c>0, the product » = abc has the minimum value for a = b or ¢ = 0. Since
a + b+ ¢ = 3, these minimum cases remain valid even for the constraint b > 1. Indeed, if
a=0b,thenb=(a+b)/2>(a+b+c)/3 =1, and if ¢ = 0, then the minimum value of r is
0 for any value of b.

To prove that r = abc has the maximum value for b = 1, we use the inequality

(@a=1)b-1)(c—-1) <0,

which is equivalent to
r<q-—2,

with equality for b = 1.

P 3.227. Let p and q be fized real numbers such that there exist three nonnegative real
numbers a, b, ¢ satisfying

a>b>1>c¢>0, a+b+c=p, ab + be + ca = q.

Prove that the product r = abc has the mazximum value for b=1 or ¢ =1, and the minimum
value fora =0 or ¢ = 0.

(Vasile Cirtoage, 2015)
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Solution. According to the proof of P 3.57-(a), 7(b) has the maximum value when b is
minimum or ¢ is maximum (because ¢/(b) < 0), i.e. when b = 1 or ¢ = 1, and has the
minimum value when b is maximum or ¢ is minimum, i.e. when b = a or ¢ = 0.

Remark. If a + b+ c= 3 and ¢ = 1, then a = b = ¢ = 1. Therefore, the product r = abc

has the maximum value only for b = 1.
O

P 3.228. (a) If p is a real number such that there exist three positive real numbers a,b, c
satisfying
a>1>b>c, a+b+c=p, abc =1,

then the sum q = ab+ bc + ca has the mazimum value for b = 1, and the minimum value
for b= c.

(b) If pis a real number such that there exist three positive real numbers a,b, ¢ satisfying
a>b>12>c, a+b+c=p, abc =1,

then the sum q = ab+ bc + ca has the maximum value for a = b, and the minimum value

forb=1.
(Vasile Cirtoaje, 2015)

Solution. (a) According to the proof of P 3.58, ¢(b) has the maximum value when b is
maximum, i.e. when b = 1, and has the minimum value when b is minimum, i.e. when b = c.
The maximum value of ¢ can be also find from

(a—1)b—=1)(c—=1) >0,
which is equivalent tot ¢ < p, with equality for b = 1.

(b) According to the proof of P 3.58, ¢(b) has the maximum value when b is maximum
(@ is minimum), i.e. when a = b, and has the minimum value when b is minimum, i.e. when
b = 1. The minimum value of ¢ can be also find from

(@a—1)(b—1)(c—1) <0,

which is equivalent tot ¢ > p, with equality for b = 1.

P 3.229. Ifa>1>b>c>0 such that a4+ b+ c = 3, then

9

abc + ———
ab+bc+ca —

(Vasile Cirtoaje, 2015)
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Solution. Let
q = ab+ bc + ca.

First Solution. According to P 3.223, for fixed ¢, the product abc has the minimum value
when b =1 or ¢ = 0. Therefore, it suffices to consider these cases. If b =1, then a + ¢ = 2,
and the inequality becomes

>4,
24+ac —

(ac —1)* > 0.

ac +

For ¢ = 0, we need to show that a + b = 3 involves 4ab < 9. Indeed,
4ab < (a +b)? = 9.
The equality holds for a =b=c=1.
Second Solution. From (a —1)(b—1)(c —1) > 0, we get
abc > q — 2.

Therefore,

9 9 — 3)2
et —2 4 g_oy oy l=d

> 0.
ab + be + ca q q -

P 3.230. Ifa>1>b>c¢ >0 such that a4+ b+ c = 3, then

2 5
> .
ab+bc+ca ~ a2+ b2+ c?

abc +

(Vasile Cirtoaje, 2015)

Solution. Write the inequality as

2 5
abc + — > ,
g 9—2q
where ¢ = ab + bc+ ca, ¢ < (a +b+¢)?/3 = 3.
First Solution. According to P 3.223, for fixed ¢, the product abc has the minimum value
when b = 1 or ¢ = 0. Therefore, it suffices to consider these cases. For b = 1, when a +c¢ = 2
and ¢ = a + ¢+ ac = 2 + ac, the inequality becomes

N 2 S 5
c
24ac — 5 —2ac’

a

ac(l —ac)(1 + 2ac) > 0.
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The last inequality is true since
4 = (a+ c)* > 4dac.

For ¢ = 0, we need to show that a + b = 3 involves

5

>
— 9 —2ab’

2

ab

that is ab < 2. Indeed,
ab—2=ab—a—-b+1=(a—1)(b—1)<0.

The equality holds for a =b=c¢ =1, and also fora =2, b=1 and ¢ = 0.

Second Solution. If ¢ < 2, then

2 5 _2 5 9q -2
abe + = — > 2 _ a2

g 9-2¢ q 9-2¢ q9-2q) =

If2<¢g<3, from(a—1)(b—1)(c—1) >0, we get

abc > q — 2,
hence
2 5 2 5 3— —2)(2¢ -3
abe+ 2 — Sg—24 2 _ B=49)(e—2)(2¢ )20_
g 9-2 g 9-2 q(9 —2q)

P 3.231. Ifa>b>12>c>0 such that a+ b+ c =3, then

—_— 42> ——
abc+ ~ ab+bc+ca
(Vasile Cirtoaje, 2015)

Solution. Let
q = ab+ bc + ca.

First Solution. According to P 3.226, for fixed ¢, the product abc has the maximum value
for b = 1. Therefore, it suffices to consider the case b = 1, when a+ ¢ = 2, and the inequality
becomes

1 9

— 42> ,
ac 2+ ac
(ac —1)*>0.

The equality holds for a =b=c=1.
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Second Solution. From (a —1)(b—1)(c—1) <0, we get
abc<q—2, q>2.

Thus, it suffices to show that

1 9
—— 2>,
q—2 q
which is equivalent to
(q—3)*>0

P 3.232. Ifa>b>12>c>0 such that a+ b+ c = 3, then
1 1 1
— -+ = 11> 4(a® B+ ).
a b ¢
(Vasile Cirtoaje, 2015)

Solution. Let
q = ab+ bc + ca.

First Solution. Write the inequality as
L 18>0
abc

According to P 3.226, for fixed ¢, the product abc has the maximum value when b = 1.
Therefore, it suffices to consider the case b = 1, when a + ¢ = 2, and the inequality becomes

1
— 4+ 4ac > 4,
ac

(2ac —1)* > 0.

1 1
The equality holds fora =14+ —,b=1anda=1—- —.

V2 V2

Second Solution. From (a —1)(b—1)(c—1) <0, we get
abc <q—2, q>2.

Thus, it suffices to show that
q
—— 4+ 11>4(9-2
which is equivalent to
(2¢ —5)* > 0.
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P 3.233. Ifa>b>12>c¢ >0 such that a4+ b+ c = 3, then

1 2 5
— > _
abc+a2+b2+02 ~ ab+bc+ca

(Vasile Cirtoaje, 2015)

Solution. Let
q = ab + bc + ca.

First Solution. According to P 3.226, for fixed ¢, the product abc has the maximum value
when b = 1. Therefore, it suffices to consider the case b = 1, when the inequality becomes

1 2 5
- > ,
ac b —2ac~ 2+ac

(ac —1)*>0.
The equality holds for a =b=c=1.

Second Solution. From (a —1)(b—1)(c—1) <0, we get
abc < qg—2, q>2.

Thus, it suffices to show that

which is equivalent to

P 3.234. Ifa>b>12>c¢ >0 such that a4+ b+ c = 3, then
9 15
Fibre S arpie
(Vasile Cirtoage, 2015)
Solution. Write the inequality as

3 15
—+2§ ,
abc +9 — 3q 9 —2¢q

where ¢ = ab + bc + ca. From
3g<(a+b+c)P=9

and

0>(1—-a)(l-b)(l—c)=abc—qg+(a+b+c)—1>—qg+(a+b+c)—1=2—¢q,
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it follows that
2<q<3.

First Solution. Consider the following two cases.

Case 1: 2 < q <9/4. Since abc > 0, it suffices to prove that

15

49« T

3—¢q ~9-2¢
which is equivalent to the obvious inequality
(49 —9)(¢—2) <0.
Case 2: 9/4 < q < 3. By Schur’s inequality of third degree

(a+b+c)* + 9abe > 4(a + b+ c)(ab + be + ca),

we get
3abc > 4q — 9.
Therefore, it suffices to show that
9 15
+2< ;
49— 9+ 3(9 — 3q) 9—2¢q
which is equivalent to
15
+2< ———,
18 — 5q 9 —2¢q
4 —21¢+27 <0, (g —3)(4g—9) <0.

The equality holds for a =b=c=1, fora =b=3/2 and ¢ = 0, and also fora =2, b =1
and ¢ = 0.

Second Solution. According to P 3.226, for fixed ¢, the product abc has the minimum
value when a = b or ¢ = 0. Therefore, it suffices to consider these cases.

Case 1: a =b € [1,3/2]. The desired inequality is equivalent to

9 15

2 <
2P+ (3—20p  ~ 221 (3=20)

(a—1)*(3 — 2a)(9a — 24> — 3) > 0,

which is true since
9a — 2a*> —3 > 3(3a —a®> —2) =3(a—1)(2 —a) > 0.

Case 2: ¢ = 0. Since

q=ab< —(a+b)

2 _ 7
47

A
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we have 2 < ¢ < 9/4. The desired inequality is equivalent to

1 15
__|_2§—7
3—q 9 —2¢q

(49 -9)(¢—2) <0.
Clearly, the last inequality is true.

P 3.235. Ifa>b>12>c¢ >0 such that a4+ b+ c = 3, then

36 Lg< 65
a3 + b3+ 3 T a2 4 b% 4%

(Vasile Cirtoaje, 2015)

Solution. Write the inequality as
12 65

7 49g<
oabc+9—3q+ —9-2¢
where
q = ab+ bc + ca.
From
3¢<(a+b+c)=9
and

¢g=1—-a)1-0)(1-c)+abc—14+a+b+c>—-1+a+b+c=2,

it follows that
2<q<3.

First Solution. Consider the following two cases.

12 4
Case 1: 2 < q < 7/3. Since < , it suffices to prove that
abc+9 -3¢~ 3—¢q

which is equivalent to the obvious inequality
(3¢ —T)(¢—2)<0.
Case 2: 7/3 < g < 3. By Schur’s inequality of third degree

(a+b+c)®+9abc > 4(a+ b+ c)(ab + be + ca),
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we get
3abc > 4q — 9.
Therefore, it suffices to show that
36 o< 65
49— 9+ 3(9 — 3q) —9-2¢’

which is equivalent to
198 — 45¢q < 65

18 =5 — 9—2¢
We will prove the sharper inequality
200 — 45¢q < 65
18 —5q — 9—2¢

which is equivalent to
40 — 9¢q < 13

18 =5 — 9—2¢°
(g—3)(3¢—17) <0.
The last inequality is clearly true. The equality holds for a = 2, b =1 and ¢ = 0.

Second Solution. According to the preceding P 3.234, it suffices to show that

15 65
4l ——-—-2)+9< ——+—
(a2+b2+c2 >+ T a4 b+

which is equivalent to
a? +b* 4+ > 5,
ab+ bec+ ca > 2.

P 3.236. If a,b,c are real numbers such that

a>b>1>c, a + b2+ =3,
then

(a) 1 —abc < 2(b—c)%
(b) 1 — abc > 2(a — b)?;

1
(c) 1 — abc > 5(@—0)2;

3 2
(d) 1—abc§1(a—c).

(Vasile Cirtoage, 2020)
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235

Solution. (a) Write the inequality as follows:
1 — abe < 2(3 — a® — 2be),

5—2a% > (4 —a)be.
From (b* —1)(¢* — 1) < 0, we get

b202§b2+02—1:2—a2, bch/m,
Thus, it is enough to show that
5—2a2> (4 —a)V2 — a2,
which, by squaring, becomes
5a* — 8a® — 6a® + 16a — 7 > 0,

(a —1)*(5a+7) > 0.

The equality occurs for a = b =c = 1.

(b) From
3:a2+b2—|—c221—|—1—|—02,

a§\/§.

it follows that ¢ € [—1,1]. Write the required inequality as follows:

1 —abc > 2(3 — ¢* — 2ab),

(4 —c)ab > 5 — 2¢°.
From (a* — 1)(b* — 1) > 0, we get

ab> Va2 4+ —1=+v2— 2.
Thus, it is enough to show that
(4—c)V2—c2>5-22,
which, by squaring, becomes
5¢t — 8¢® — 6¢2 4 16¢ — 7 < 0,
(c—1)3(e+7) <0.
(c) Write the inequality as follows:
2 — 2abc > 3 — b* — 2ac,

b* — 1> 2ac(b— 1),
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which is true if

b+1> 2ac.
It is enough to show that
b+1>a*+
which is equivalent to
b+1>3—1,

(b—1)(b+2)>0.
The equality occurs for a =b=c = 1.
(d) Write the inequality as follows:
4 — 4abe < 3(3 — b?) — 6ac,

2(3 — 2b)ac < 5 — 3b*.

From

(a®> =) (b* — *) >0,
it follows that

ac < \/b2(a2+c2)—b4:bm, 1< < g
Thus, it suffices to show that
2b(3 — 2b)v/3 — 22 < 5 — 3b2.
By squaring, the inequality becomes

320% — 96b° + 33b* + 14463 — 1382 4 25 > 0,

(b—1)*(32b* — 32b® — 63b* + 50b + 25) > 0.

It is true because
326% — 326% — 63 + 50b + 25 > 32b* — 320% — 64b% + 48b + 24

= 8(3 — 20%)(1 + 2b — 2b*) > 0.

The equality occurs for a = b =c = 1.

P 3.237. If a,b, c are real numbers such that
a>1>b>c, a2+62+c2:3,

then 5
1 —abe < g(a — )2
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First Solution. There are two cases to consider: b < 0 and b > 0.

Case 1: b < 0. Since 0 > b > ¢, hence ¢ > b?, we have
3abc +2(a —¢)* =3 >2(a—c)* -3
>a?+2%-3>a®+bv¥+2-3=0.
Case 2: b > 0. Write the inequality as follows:
3abc + 2(3 — b* — 2ac) > 3,
3 —2b* > (4 — 3b)ac.
From (b* — ¢®)(b* — a?) < 0, we get
a? <V(a?+A) - =023 -0%) bt ac < bV3— 202
Thus, it is enough to show that
3 — 2% > b(4 — 3b)V/3 — 212,
which, by squaring, becomes
605 — 16b° 4 3b* + 24b% — 200° + 3 > 0,
(1 —0)*(3 4+ 9b — 2b* — 6b°) > 0.
(1 —=0)°[3+ b+ 2b(1 — b) + 6b(1 — b*)] > 0.
The equality occurs for a =b=c = 1.

Second Solution ( by Mudok). We will prove the stronger inequality

1 —abec <

[(a—0)* = (a=b)(b—0)],

Wl Do

which is equivalent to
2
1 —abc < 5(3—ab—bc—ca),

3—3abc§9—p2,

where
p=a+b+c.
From
(@a—1)(b—=1)(c—1) >0,
we get
2_92p—1
abc > %

2
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Thus it suffices to show that

which is equivalent to

P 3.238. Ifa>1>b>c>0 and a®> + b> + ¢ = 3, then

1 —abec <

(a —c).

Sl

(Vasile Cirtoaje, 2020)

Solution. Denoting = = ac, we need to show that f(z) > 0, where

f(x):bx—i-\/g_bQT_%—l.

For fixed b, we have z € [0, M], where
M = bv/3 =202,
Indeed, (b* — a?)(b? — ) < 0 yields
a? <ba? +A) - bt =30 — 2%, & < bV3 202 = M.
We have x =0 for c =0, and x = M fora=0=1 or b = c¢. Since

1 1

f'(x) = _E ' (3 — b2 — 21)3/2 <0,

f is a concave function, therefore it suffices to show that f(0) > 0 and f(M) > 0. We have

f(0) = 3_252—120.

Since

\/3—b2—2M:\/3—b2—2b\/3—2b2:\/3—2b2—b,

we have

2
FM) = bM + 5 V3= —2M —1= - V317 —2M — (1 - bM)

[GCIN )
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=2 (VBm2R b) - (1 - VB )

2 2
:(b2+§)m_§_1.

So, we need to show that

(30> +2)V3 — 202 > 2b + 3.

By squaring, the inequality becomes
60° — bt —8h? +4b—1 <0,

(b—1)(6b° + 6b* + 5b° + 56> —3b+1) < 0.

It is true because
56° —3b+1="0+b+ (20— 1)* > 0.

The equality occurs for a =b =c¢ =1, and also for a = /2, b=1, ¢ = 0.

P 3.239. Ifa>1>b>c>0 and a®> +b*> + 2 = 3, then

1 —abe < (1+V2)(a—1b).

(Vasile Cirtoaje, 2020)
Solution. Denoting x = ab, we need to show that f(z) > 0, where
f@)=cr+kvV3—c2 =20 -1, k=1+V2
For fixed ¢, we have x € [m, M|, where
m = cm, M=+2—¢.
Indeed, (a? — c®)(b* — ¢*) > 0 yields
a®b? > A(a® + %) — ¢* = 3c¢* — 2¢%, x> cV3—2¢2=m,

and (a? — 1)(b* — 1) < 0 yields

ab<Va2+b2—-1=v2—-c2= M.
We have x = m for b = ¢, and x = M for b = 1. Since

" —k
@) = (3 —c%—2x)3/? =

0,
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f is a concave function, therefore it suffices to show that f(m) > 0 and f(M) > 0. We have
f(m):cz\/m—l—k\/?)—&—%\/m—l
:CQW—Fk(m—C) -1
202\/m+2(m—0) —1
— (@ 4+ 2V3 -2 —2— 1> (2¢+ 1) (\/mq) > 0.

Also,

f(M):cx/2—02+k\/3—02—2\/2—02—1
:cx/2—02—1+/{:(\/2—02—1>
—(1 —c*)? k(1 —c?)

— + )
cv2—c24+1 V2—-c2+1
So, we need to show that
k - 1—¢2
V2=—2+1  evV2—-+1
It is true because
k 1—¢?

1>

V2—c24+17 T 14+cevV2—¢2

The equality occurs for a =b=c¢ =1, and also for a = /2, b=1, ¢ = 0.

P 3.240. Ifa>1>b>c >0 and a®> + b*> + 2 = 3, then

1 —abe < (34 2v2)(a — b)*.

(Vasile Cirtoaje, 2020)

Solution. Write the inequality as follows:
abc + k(3 — ¢ — 2ab) > 1,

3k —1—Fke® > (2k —c)ab,  k=3+2V2.
From (a? — 1)(b* — 1) < 0, we get

ab < Va2 +b—1=+v2-—c2
Thus, it is enough to show that

3k —1—ke> > (2k — c)vV2 — c2.



Symmetric Polynomial Inequalities in Nonnegative Variables 541

Write this inequality as follows:
k:(3—c2—2\/m> > l—cm,
k(1 — c?)? - (1—c%)?
3—+2v2—c " 1+cev/2 -2
k(l—l—cx/ﬂ) 23—02+2m,
k—3+>(2—ke)V2—¢2

For the nontrivial case 2 — k¢ > 0, we have

k—34+>k—3=2V2>(2—ke)V2 - 2.

which is true if

The equality occurs for a =b=c¢ =1, and also for a = v2, b =1, ¢ = 0.

P 3.241. If a,b,c,d are nonnegative real numbers such that
a>b>1>c>d, a+b+c+d=3,

then
a® + b2+ + d? + 10abed < 5.

(Vasile Cirtoaje, 2015)
First Solution. Let
E(a,b,c,d) = a® + b* + ¢ + d* + 10abcd.

We will show that
E(a,b,c,d) < E(a,b,z,x) <5,

where
r=(c+d)/2, a+b+2r=3.

The left inequality is true since
Bla,b,c,d) — E(a,b,z,7) %(c — d)2(1 - 5ab) < 0.
The right inequality can be written as follows:
a4+ % + 222 + 10abx? < 5,

(a+b)* + 227 + 2ab(5z* — 1) < 5,
25? + (3 — 5)* + ab[5(3 — s)* — 4] < 10,



542 Vasile Cirtoage

where
s=a+b, s€[2,3].

Case 1: 5(3 —5)? —4 > 0. Since ab < s%/4, it suffices to show that

1
252 + (3 — 5)* + 132[5<3 —5)? — 4] <10,

which is equivalent to the obvious inequality
(s —1)(s—2)[bs(s—3)—2] <0.

Case 2: 5(3 —s)> —4 < 0. From (a —1)(b—1) > 0, we get ab > s — 1. Therefore, it
suffices to show that

252 + (3 —5)% + (s — 1)[5(3 — 5)* — 4] < 10,
which is equivalent to the obvious inequality
(s—=2)(s—=3)(bs—T7) <0.

The equality holds fora=b=1,¢c=d=1/2,and fora=2,b=1,c=d=0.

Second Solution. From

(a—1)(b—1)(c—1)(d—1) >0,

we have
—2+Zab—2abc+abcd20.
sym
Since
22@bz9—a2—b2—02—d2,
sym
we get
9 — 2_b2_ 2—d2
-2+ a 5 ¢ —Zabc+abcd20,

>+ d*<5 - 2Zabc—|—2abcd.
Therefore, it suffices to show that
(5—2 Z abc + 2abed) + 10abed < 5,
which is equivalent to
Z abc > 6abced.

For the non-trivial case d # 0, this inequality is equivalent to

1+1+1+1>6
a b ¢ d—
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Since
4
T,
a “a+b
and
1+1> 4
c d - c+d
it suffices to show that 5 )
>3
a+b+c+d_’

which is equivalent to
(a+b—1)(a+b—2)>0.

P 3.242. If a,b,c,d are nonnegative real numbers such that
a>b>12>c>d, a+b+c+d=6,

then
a? 4+ 0%+ A+ d® + dabed < 26.

(Vasile Cirtoaje, 2015)
First Solution. Let
E(a,b,c,d) = a* + b* + ¢* + d* + 10abcd.

We will show that
E(a,b,c,d) < E(a,b,z,x) <5,

where
r=(c+d)/2, a+b+2r=3.

The left inequality is true since
E(a,b,c,d) — E(a,b,x,z) = %(c —d)*(1 — 2ab) < 0.
The right inequality can be written as follows:
a’ + % + 222 + daba? < 26,

(a+ b)? 4+ 22 + 2ab(22* — 1) < 26,
25? + (6 — 5)* 4+ 2ab[(6 — s)* — 2] < 52,

where
s=a+b, se€[4,6].
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Case 1: (6 —s)? —2 > 0. Since ab < s?/4, it suffices to show that
252 4 (6— 5)2 + %s%’ 29 <52,
which is equivalent to the obvious inequality
(s —2)(s—4)[s(s —6) —4] <0.

Case 2: (6—35)>—2<0. From (a—1)(b—1) > 0, we get ab > s — 1. Therefore, it suffices
to show that
25% 4+ (6 — 5)* +2(s — 1)[(6 — 5)* — 2] < 52,

which is equivalent to the obvious inequality

(s—2)(s—6)(2s—7) <0.
The equality holds fora =b=2,c=d=1,and fora=5,b=1,c=d=0.
Second Solution. From

(a—1)(b—1)(c—1)(d—1) >0,

we have

—5+» ab—Y _abc+ abed > 0.

sym

Since

QZab:36—a2—b2—C2—d2,

sym
we get
36 —a®> —b*> — ? — d?
-5+ 5 —Zabc—i—abcdzo,

a? + b+ +d* < 26 — 2Zabc+2abcd.
Therefore, it suffices to show that

(26 —2) _ abe + 2abed) + dabed < 26,

which is equivalent to
Z abc > 3abcd.

For the non-trivial case d # 0, this inequality is equivalent to

Since
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and
1 . 1 S 4
c d - c+d
it suffices to show that 1 4
>3
a+b + c+d 7
which is equivalent to
(a+b—2)(a+b—4) >0,
(a+b—2)2—c—d)>0
O

P 3.243. If a,b,c,d are nonnegative real numbers such that

a>b>1>c>d, a+b+c+d=4,

then
a® + b* + & + d? + 6abed < 10.

First Solution. Let

E(a,b,c,d) = a®> 4+ b* + ¢* + d* + 6abcd.

We will show that
E(a,b,c,d) < E(a,b,z,x) < 10,

where
r=(c+d)/2.

The left inequality is true since

1
E(a,b,c,d) — E(a,b,z,z) = E(C —d)*(1 — 3ab) <

The right inequality can be written as follows:

a’ + b* + 22° + 6abz® < 10, a4+ b+ 2z =4,

(a +b)* + 22% + 2ab(32* — 1) < 10,
25% + (4 — 8)* + ab[3(4 — s)* — 4] < 20
where

s=a+b, se€[2,4].

Case 1: 3(4 — s5)*> — 4 > 0. Since ab < s?/4, it suffices to show that

232+(4—3)2+4

1
~s%[3(4 — s)* — 4] < 20,

(Vasile Cirtoaje, 2015)
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which is equivalent to the obvious inequality
(s —2)%[3s(s — 4) — 4] < 0.

Case 2: 3(4 —s)*> —4 < 0. From (a —1)(b—1) > 0, we get ab > s — 1. Therefore, it
suffices to show that

25% 4 (4 — 5)* 4+ (s — 1)[3(4 — 5)* — 4] < 20,
which is equivalent to the obvious inequality
(s —2)*(s—4) <0.
Second Solution (by Linqaszayi). From

(a—1)(b—1)(c—1)(d—1) >0,

we have
—3+Zab— Zabc+abcd > 0.
sym
Since
22abzl6—a2—b2—02—d2,
sym
we get

10—a?2=0p* -2 —d? ZZZabc—Zabcd.

Therefore, it suffices to show that
2 Z abc — 2abed > 6abed,

which is equivalent to
Z abc > 4abcd.

For the non-trivial case d > 0, this inequality is equivalent to the Cauchy-Schwarz inequality

1 1. 1 1
b d{-+-+-+=)>16.
(a+ +c+)<a+b+c+d)_

Third Solution (by Nguyen Van Quy). Write the inequality as
a® + (b + ¢+ d)* + 6abed — 2(be + cd + db) < 10,

3abcd — (be + cd + db) < (a —1)(3 — a).
By the AM-GM inequality or the Cauchy-Schwarz inequality, we have

9bcd

beted+dh> 224
creatab 2T
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hence

9cd  3bed(a —1)(3 —a)

_ < - =
3abed — (be + ed + db) < 3abed Lot d btctd

Since
3—a>4—a—-b=c+d>0,

it suffices to show that
3bed

b+c+d~
Indeed, using the AM-GM inequality and b+ c+d =4 — a < 3, we get
2
3bed <(b+c+d) -1
b+c+d ™ 9 -

P 3.244. If a,b,c,d are nonnegative real numbers such that
a>b>1>c>d, a+b+c+d=4,
then
a2 + b2+ 2+ d* + 6vabed < 10.
(Vasile Cirtoaje, 2015)

Solution. Let
E(a,b,c,d) = a®> + b* + 2 + d* + 6V abcd.

We will show that
E(a,b,c,d) < E(a,b,z,x) < 10,
where
ctd 4—a—10
2 2
The left inequality can be reduces to the obvious form

2 2
(ve-va) [6\/a_— (ve+va) } >0,
while the right inequality is equivalent to
a® + b + 222 + 6avab < 10.

Since 2vab < a + b, it suffices to show that
a® + b+ 22* + 3z(a + b) < 10.

which can be rewritten as
2@+ )+ (4—a—b*+3(4—a—"b)(a+b) <20,
2(a+b)*> —4ab+ 16 — 8(a + b) + (a + b)* + 12(a + b) — 3(a + b)* < 20,
4(a—1)(b—1) > 0.



548 Vasile Cirtoage

P 3.245. If a,b,c,d are positive real numbers such that
a+b+c+d=4, a<b<1<c<d,

then

1 1 1 1
I =+ +-4=) >4+8(@+V"++d°).
a b ¢ d

(Vasile Cirtoaje, 2021)

Solution. For fixed b and d, write the required inequality as f(c) > 0, where

1 1 1 1
f(c)=9<5+g+g+3>_4—8(a2+62+c2+d2), a=4-b—c—d.
We will show that
fle) > f(1) > 0.
Since b d
a+ c+
< =2
a+c< 5 + 5 )
a-+c 16
> > 2
a’c® T (a+c)P T
we have
9 9 a+c 16
f’C’Z;‘z“W‘C):g(C‘“)(a%z—5)
a+c
29(0—@)(@202—2)20,

f(c) is increasing, hence f(c) > f(1). The inequality f(1) > 0 has the form

1 1 1 2 2 )
—_ —_ i — J— >
9( +b+ ) 3—8(a*+b°+d°) >0,

where

a=3—-b—d.
We may write this inequality as g(a,b) > 0, where

1 1 1
gla,b) =9 -+ -+-)-3-8c*+b*+d*), d=3—-a—0.
a b d
We will show that
g(a,b) > g(z,x) >0,
where
a+b
2

T = , O0<z <1
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We have
(a,b) — g(z,x) =9 l—l—l—g —8(a* + b* — 22%)
g\a, g ) - a b T
9(a — b)? 5 (a—0)?*9— 8abx)
= —4(a —b)° = >0
2abx (a—b) 2abx -
and 5 1
g(x,x) = <_+8) — 3 —8(22% + d*), d=3-2x,
x
(z,2) = 2+ ! — 3 — 162 — 8(3 — 21)?
RET =9I\ T3 2
_ 6(16a" — 56x° + 732% — 422 + 9)
z(3 — 2x) ’
_ 6(x — 1)%(4x — 3)? >0
z(3 — 2z) -
: 3 3
The equality holds for a =b=c=d =1, and also for a = b = 1 ¢= 1,d= 7
O

P 3.246. Let ay,as,...,a, (n > 3) be real numbers such that a; + as + - -+ + a, = n.

(a) If a1 >1>as>---> ay, then
al+as+---+ad+2n>3(a+a3+ - +ad).
(b) If a1 <1<ay<---<a,, then

al+as+--+ad+2n<3(ai+ay+---+ad).

(Vasile Cirtoaje, 2007)

Solution. (a) Write the inequality as
Z(a? —3a® +3a; — 1) >0,
D (a1 —1)* >0,

(@ — 12> (1 —a)® +-+ (1 —an)?,
{(1—a2>+~..+(1—an)]32(1—a2)3_|_...+(1_an>3.

Clearly, the last inequality is true. The equality holds for a; = a3 = --- = a,, = 1, and also

fora;=2,a0=---=a,.1=1,a, =0.

(b) Similarly, write the inequality as

> (a} =37 +3a; — 1) <0,



550 Vasile Cirtoage

> (1) >0,
(1—a1)32(a2—1)3+...+(an_1)37
{((Iz—l)—i-...—l—(an—l)]?’z(a2—1)3+...+(an_1)3'

The last inequality is obviously true. The equality holds for a; = as = --- = a, = 1, and
also fora; =0, a,=---=a,.1 =1, a, = 2.

O

P 3.247. Let ay,as,...,a, (n > 3) be nonnegative real numbers such that ay+as+---+a, =
n.

(a) If a1 >1>as >+ > ay, then
ai +ay+---+at+5m>6(a?+ai+ -+ ad);
(b) If a1 <1<ay<---<a,, then
at+ay+---+al+6mn<7aita;+ - +ad).
(Vasile Cirtoaje, 2007)

Solution. (a) Write the inequality as

> (af —6a] +8a; — 3) > 0,

> (a1 = 1)*(a1 +3) >0,
(ap —1)*(a1 +3) > (1 —a)®*(ay + 3) + -+ + (1 — a,)*(a, + 3).

Since
(01 = 1P = [ = @) b (L= a)P > (1= a4+ (1= ),

it suffices to show that
(1= a2)® + -+ (1= an)’[(ar +3) 2 (1 = az)’(az +3) + - + (1 = an)*(an + 3),
which is equivalent to the obvious inequality
(1—a2)* (a1 —ag) + -+ (1 — an)*(a1 — a,) > 0.

The equality holds for a1 =as =---=a, = 1.
(b) Write the inequality as

> (a} = 7ai + 10a; — 4) <0,

D (a1 = 1)*(af + 201 — 4) <0,
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(ag — 1)2(a§ +2ay —4)+ -+ (a, — 1)2(a31 +2a, —4) < (1-— a1)2(4 —2a; — a%).

Since
(1—a)?*=[ag—1)+ -+ (an— D> (ag— 1>+ + (an, — 1)?,

it suffices to show that
(ag—1)*(a3+2a9—4)+- - -+ (a, —1)*(a2 +2a, —4) < [(ag—1)*+- -+ (a, —1)?](4—2a; —a?),
which is equivalent to

(ag — 1)*(a} + a3 + 2a; + 2ay — 8) + - - - + (a, — 1)*(a® + a2 + 2a; + 2a, — 8) < 0.

This inequality is true if
a%+ai+2a1+2an—8§0.

Since
ait+a,=n—(ag+-+a,1)=2+1—a))+ -+ (1—a, 1) <2,

we have

a? + a2 +2a; + 2a, — 8 = (a1 + a, +1)> — 9 — 2a1a, < (a1 +a, +1)* -9 <0.

The equality holds for a1 = a3y = --- =a, = 1, and also for a; =0, as = -+ = a,_1 = 1,
an, = 2.
Remark. The inequality in (a) remains valid for all real aq, as, ..., a, such that
a +as+ -+ a, =n, ay>1>ay > - > ay.
m
P 3.248. If ay,as, ..., a, are positive real numbers such that
1 1 1
ap > 1>ay > -+ > ay, —F+ =t —=mn,
a;  a a,
then

al+as+---+a:+2n>3(a fag+ -+ ay).
(Vasile Cirtoaje, 2008)

Solution. Write the inequality as follows:
(Cll — 1)(0,1 — 2) + (0,2 — 1)(0,2 — 2) =+ 4 (an — 1)(an — 2) Z 0,

(e —1)(a1 —2) > (1 —ag)(ag —2) + -+ (1 — a,)(a, — 2),

>
(1- )22 (£ 1) @204t (1) @ - 200

aq Qn,
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Ka% _ 1) 4ot (i — 1)} (a2—2a,) > (aiz — 1) (a§—2a2)+...+(a_1n — 1) (a2 —2ay),

1 1
(——1) (a%—Qal—a§+2a2)+---+(——1) (a? — 2a; — a® + 2a,) > 0,

as Qp,

1 1

a——l (a1 —ag)(ay +ag —2) 4+ -+ + a__l (a1 —ay)(ay +a, —2) > 0.

2 n
Clearly, it suffices to prove that a; + a,, — 2 > 0. Indeed,

apt+a,—2=n—-2—(ag+--4+a,1)=(1—ay)+---+(1—a,1)>0.
The equality holds for a; = as =---=a, = 1.

n

P 3.249. If ay,a.,...,a, are real numbers such that

ap <1<ay <--- <ay, ay +ag + -+ ap =n,

then
(14+a))(14a3)---(1+a?) > 2"

(Vasile Cirtoaje, 2009)
Solution. Use the substitutions a¢; =1 — S and
as=by+1, ..., a,=0b,+ 1,
where S and by, ..., b, are nonnegative real numbers such that
S =1by+ -+ by.
We have ] 1
5(1+a§) = 1—S+§SQ,
1 9 1, ,
§(l—l—ai):1+bi+—b- i=2,...,n,

27"
and, by Lemma below,

1 1 1
s (L as) - (L+ay) = <1+bz+§b§)~-<1+bn+§bi> >1+5+ 5%

Therefore, it suffices to show that

<1—S+%SQ) (1+S+%SQ) >1,

which is equivalent to S* > 0. The equality holds for a; = as = --- = a,, = 1.
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Lemma. If ¢y, co, ..., ¢, are nonnegative real numbers such that ¢; +co+---+ ¢ = 5, then

1 1 1 1
(1+q+§ﬁ)(1+@+§£)~-Oﬂﬂ%+§i)21+S+§S?

Proof. We have

1 1 1 1
H (1 + ¢+ 503) > 1+ Z (Ci + 5012) + Z (Ci+ EC?) (Cj + 503)
1<i<k 1<i<k 1<i<j<k
1
>1+ Z (ci+§c?) + Z CiCj
1<i<k 1<i<j<k
1
=1+5+=5
2
O]
P 3.250. If ay,ao,...,a, are positive real numbers such that
ar>1>ay > > ay, ajag - a, =1,
then
n n n 2 1 1 1
a; +ay +---+a,—-n>2n"|—+—+--+—-—n|.
a; G a,

(Vasile Cirtoaje, 2009)

Solution. We use the induction method. For n = 2, the desired inequality is equivalent to
(ap —1)* > 0.

Let us denote
n n n 2 1 1 1
En(al,ag,...,an) = aq —|—a2—|—---—|—an—n—n —_t 44— —n.

We will show that
E.(ay,a9,a3,...,a,1,a,) > E,(a1,1,a3,...,a,_1,a2a,) > 0.
The right inequality can be written as
En1(ay,as,...,a,-1,a02a,) > 0.

Since
20, < ap < Ap—1

and
ajasz - ap_1(asa,) =1,
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the inequality follows by the induction hypothesis.
The left inequality is equivalent to

1 1 1
ag—i—aZ—l—agaZZ?f(——i———l— >,
a9 (07% A2Qy,

I (i . 1) (i . 1) > (1 - ap)(1—a),

n?

which is true if

> +ag+---+ay (1 +a,+-+at).
A2Qy,

Since as < 1 and a, < 1, this inequality is clearly true. The equality holds for a; = ay =
ce=a, = 1.

]

P 3.251. If ay,aq,...,a, (n > 3) are real numbers such that
ap+az+---+a, =n, ap Zay 21 >a3 > = ay,

then 14
a‘f—i—a%—k---%—ai—nzg(af—l—a%%—---—i—ai—n).

(Vasile Cirtoaje, 2009)
Solution (by Linqaszayi). Using the substitution
a; =1+, 1=12,...,n,
which implies
r1 22020223222y, x1+220+---+x,=0,

we need to show that E(zy,xs,...,x,) > 0, where

E(xy,x9,23,...,2,) = Bixi‘l—i— 12ix13+4ix12.
i=1 i=1 i=1

We will prove that

T1+ Ty T1+ T2
2 72

E(xl,xQ,...,xn)ZE( ,mg,...,xn)zo.

The left inequality is true because

4 3 2
x§+x322(“”2>, x?{+x§22(xl+w2>, xf+x§22(xl—;m2>

2 2
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To prove the right inequality, we replace x3, ..., z, with —x3,..., —z,. So, we need to show
that

T+ T =23+ +Tp,  T1,T2,23,...,Tp =0,
involves

E+3(xy+ - +ah) =123+ +ad) +4(z5 + - +22) >0,

n

where
T1 + 22 4 T+ X ’ 1+ X ? 4 3 2
E=6 5 + 24 5 + 8 5 =6A" +24A° + 8A*,
with
A_«'E3+' +mn
N 2
Since
U A AT ki ST RO T i ke
16 ’ 8 ’ 4 ’
we have

3
Ezg(x§+---+x;§)+3(x§+---+xi)+2(x§+---+xi).

Therefore, it suffices to show that

3
(§+3) (x5 + a2+ B —12)(@s+ - +ad)+ 2+ 4) (2 + - +22) >0,

which is equivalent to the obvious inequality

23313 — 4)* 4+ - + 25322 — 4)* > 0.

This completes the proof. The equality holds for a; = as = --- = a, = 1, and also for
5 -1
a =ay =3, az=---=ap-1 =1, n = ==
O
P 3.252. If ai,as,...,a, are nonnegative real numbers such that at most one of them 1is

larger than 1 and aqas---a, =1, then

1 1 1
ai+a+---+a,>—+—+---+—.
ay a2 ap,

(Vasile Cirtoaje, 2009)
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Solution. For n = 2, the inequality is an identity. Consider now n > 3 and use the induction
method. Assume a; > 1> ay > --- > a, > 0 and denote

1 1 1
E.(ay,a9,...,a,)=a1+ay+---+a,— (—+—+-+— .
ay Gz an

We will show that
E.(ay,a9,as,...,a,) > E,(a1a9,1,as,...,a, 1,a,) > 0.
The right inequality can be written as
E, 1(aiaz,as,...,a,_1,a,) > 0.

Since .
a1y = —— > 1

ag---Qap-10an
and
(araz)az -« a,_1a, =1,
the inequality follows by the induction hypothesis.
The left inequality is equivalent to

1 1
a+ay——— — 2> a1as — )
aq (05} a1a9
1 aijas + 1)(ajas — 1
(a1+a2)<1— )2(12 Jaraz )
a1asg @109

This inequality can be written in the obvious form

(a1a2 — 1)(&1 — 1)(1 — ag) Z 0.
The proof is finished. The equality occurs when n — 2 numbers a; are equal to 1 and the
product of the other two is 1.
O
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