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Chapter 1

Arithmetic Mean Method and
Arithmetic Compensation Method

1.1 Theoretical Basis

The Arithmetic Mean - Theorem (AM-Theorem) is useful to prove some symmetric inequal-
ities of n real variables ay, as,...,a,, where the equality occurs when n or n — 1 variables
are equal.

AM-THEOREM. Let
F(ay,as,...,a,): A = R A eR",

be a symmetric continuous function satisfying

ay + ay, a + ay
2 , A2, ..., Qp_1, 2

Flay,ag,...,an_1,a,) > F(

for all ay,as,...,a, € A such that a; < as < ---<a, ora; > as > -+ > a,. Then, for all
ai,as,...,a, € A, the following inequality holds:

a1+a2+~--—|—an

F(ai,as,...,a,) > Fl(a,a,...,a), a = -

Proof. Let
A; = (a1, a52,. .., a;n), 7=0,1,2, ...,

where each A; is constructed from the preceding A;_; by replacing its smallest and largest
elements with their arithmetic mean, and

Ao = (a1, apy, - - -, aon) = (a1, a9, . .., ay).
By hypothesis, we have

F(ay,ag,...,a,) > F(a11,a12,-..,a1,) > F(ag1, a0, ... ,a02,) > -+,
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2 Vasile Cirtoaje

and by Lemma below it follows that

F(ay,aq,...,a,) > lim F(aj,ajs,...,a5,) = F(a,a,..., a).
j—o0

Lemma. Let
A07 Al? A27

be an infinite sequence of n-tuples A; = (a1, a o, ..., a;,) € R™, where each A; is constructed
from the preceding A;_, by replacing its smallest and largest elements with their arithmetic
mean. Then

aj1+aj2+--~—|—ajn:a01+a02+-~+a0n

and

lim A; = (a,q,...,a), G0t A+t Ao

j—o0 n
Proof. For any n-tuple A;, define the closed interval J; = [a;, b;], where
a; = min{a;i, ajo, ..., ajn}, b; = max{a;1, aj2, ..., i},
and denote by |J;| the length of the closed interval J;:
|J;] = b; — a;.

Clearly, we have

Jo2di 22+, \Jo| > |1 > [Jo] > -+ .
We infer that for any integer j there exists an integer k; such that

2
) |"Hj+k'j| < _|°]]j|’

k; <
T 3

|3

Under this assumption, we have
lim |J;| =0,
Jj—o0

therefore

. apr + @2 + - -+ aopn
lim A; = (a,aq,...,a), a= :
Jj—00 n

To end the proof, let

Bj _ |:aj7 2aj+bj)’ (Cj _ [Qaj+bj7aj—l—2bj] , ]D)j _ (aj+2bj,bj:| .

3 3 3

Consider that A; has k;; elements in B, kjo elements in D; and n — kj; — kj2 elements in
(Cj. Let
kfj = min{k‘jl, k’jg}.
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If ¢, € B; and ¢y, € Dy, then

C1 —I-CQ > Clj—i— (aj+2bj)/3 . 2aj+bj

2 2 3 ’
1+ ¢ < (2aj + bj)/3 + bj B a; + 2b]
2 2 -3
therefore N
C1 T C
-— €C;.

As a consequence, Aj iy, has kj; — k; elements in By, kj» — k; elements in D;, and the other
elements in C;. Since

(kj1 — ki) (kjo — ky) = 0,

all elements of A;,, belong to

3
or
C,uD, = {2‘”; bﬂ,bjl
Because
B, UG = Ic;upy = 2 ) 2y
it follows that 5
551 < 51351

This Lemma is a known result (see, for example, problem 2389 in Crux Mathematicorum,
1999, page 171 and page 520).
Assuming that a, = min{ay, as,...,a,} or a, = max{ay, as,...,a,} and fixing it, we get

AM-Corollary (Vasile Cirtoaje, 2005). Let
F(ay,ag,...,a,) A - R, A e R"

be a symmetric continuous function satisfying

al + ap—1 ai + ap—1
F(a17a27'"7an—27an—17an) ZF( ; An

92 y @2, -+ .y Ap—2, 9

for all ay,as, ... a, € A such that a1 < ay < --- < a, (ora; >ay > --+>a,). Then, for
all ay,ag, ... a, € A such that a; < ay < --- < a, (oray > ay > -+ > a,), the following
inequality holds:

ap +ag+ -+ apq

F(ai,as,...,an_1,a,) > F(t,t,... t a,), t= .
n_
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From the AM-Theorem and the AM-Corollary, we get the SM-Theorem and the SM-
Corollary, respectively.

SM-THEOREM ( Vasile Cirtoaje, 2005). Let
G(ai,as,...,a,): A = R A e RY,

be a symmetric continuous function satisfying

9 y A2, -y Ap—1,

2 2 2 2
ay +a ai +a
G(alaa27"'7an—17an) Z G( 1 L ! n>

for ay,as,...,a, € A such that a; < ag < --- < a, ora; > ay > -+ > a,. Then, for
ai, as, ..., a, € A, the following inequality holds:

ai+as+---+a?

n

G(ay,as,...,a,) > G(tt,... 1), t:\/

Proof. Let
blza%, bgzag, , bn:ai
and
F(by,ba, ... bn) :G(\/E, \/E,...,\/bn> .
Since

ai+as+---+al=0b+by+ -+ by,

G<alaa’27"'7an> :G(\/b_la\/b_%?m) :F(b17b27"'7bn)7

[ 42 2 [ 42 2 /
G( (ZI_FT%7CL27"'7GTL—17 al_;_an>:G< bl_gbn7\/b_27"‘7\/bn—17 bl—gbn>

:F(M,bQ,...,bn_l,lerbn),
2 n

the SM-Theorem follows immediately from the AM-Theorem.

SM-Corollary (Vasile Cirtoage, 2005). Let
G(al,ag,...,an):A%R, AERC’;,

be a symmetric continuous function satisfying

2 2 2 2
G s ai +a,_4 ay +a;_4
(a17a27"'7an—27an—17an) = 9 y A2, ..., Ap—2, 9 y An
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- > ayp). For all
a,), the following

o< ay (or a;
a, (or ay > as

for all ay,as,...,a, € A such that a; < as
ai,as,...,a, € A such that a; < ag < ---
equality holds:

< 2
< >

+"'+ai_1
n—1 '

a? + a?
Glay, ag, ... a0 1,a,) > G(t,t, ...t ay), t:\/1 2

In addition, the GM-Theorem and the GM-Corollary are valid.
GM-THEOREM ( Vasile Cirtoaje, 2005). Let
G(ai,as,...,a,): A = R A e RY,
be a symmetric continuous function satisfying

G<a17a27 s 7a’n—17an> 2 G(\/ A1Qp, A2, . . ., Ap—1, V alan)

for ay,as,...,a, € A such that a1 < as < -+ < a, ora; > ay > --- > a,. Then, for
ai, as, ..., a, € A, the following inequality holds:

G(ay,ag, ... a,) > G(t,t, ... 1), t = aray - ap.

GM-Corollary (Vasile Cirtoaje, 2005). Let
G(ai,as,...,a,): A = R A e RY,
be a symmetric continuous function satisfying

G(ah ag,...,0p—2,0n—-1, an) Z G (\/ a10p—1,42,...,0n—2, vV a1lp—1, an)

for all ay,as,...,a, € A such that a; < as
ai,Qs,...,0, € A such that a; < ay < ---
inequality holds:

G<ala A2, ..., Qp_1, an) 2 G(ta t7 s 7t7 an)7 = ni\l/ a1ag - Qp_1.

o< ay (ora > ay > - > ay). For all

<
< a, (ora > ay > -+ > a,), the following

XKk

The Arithmetic Compensation - Theorem (AC-Theorem) is a power tool for solving some
symmetric inequalities of the form F'(aq, as, ..., a,) > 0, where ay, as, . . ., a, are nonnegative
real variables satisfying a; +as +--- +a, = s, s > 0. Notice that the AC-method can be
applied especially to those inequalities where the equality occurs when n — k variables are
zero and the other k are equal to s/k, where k € {1,2,...,n}.
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AC-THEOREM (Vasile Cirtoage, 2005). Let s > 0 and let F' be a symmetric continuous
function on the compact set in R"™

S={(ay,a9,...,a,) a1 +as+---+a,=s, a;>0,i=1,2,...,n}.

If
F(ai,as,a3,...,a,) >
Zmin{F (@1;‘@2?611—5@27&3"“’%) ,F(O,a1+a2,a3,...,an)} (*)

for all (ay,as,...,a,) €S, then

) s S
F(ay, ..., 0y gy Qn_gs1,---,0,) > min F(O,...,O,— —)
1<k<n

for all (ay,as,...,a,) €8S.

Proof The AC-Theorem is clearly true for n = 2. Consider further n > 3. Since the function
F'is continuous on the compact set S, F' achieves its minimum at one or more points of the
set. We need to show that among these global minimum points there is one having n — k
coordinates equal to zero and k coordinates equal to s/k, where k € {1,2,...,n}. Using the
mathematical induction, it is easy to prove that this is true if among the global minimum
points there is one having either a coordinate equal to zero or all coordinates equal to s/n.
Let
By = (b1,bs,...,b,), by <bg < -+ < by,

be a global minimum point of F over the set S. If by =0 or by = by = --- = b, then the
proof is completed. Consider further that

0<b <b,.
From the hypothesis (*), it follows that at least one of
Ay =(0,b2,...,b,_1,b1 +by)

by + b, b1 + by,
Blz<12 7b27"'abn—1a 12 )

is also a global minimum point of F' over the set S. In the first case, the proof is completed.
In the second case, starting from B; as a global minimum point of F', we repeat the process
infinitely to get A, with a coordinate equal to zero and, by Lemma above,

S S S
Bo=(35.5)
n n n

Since at least one of A, and B, is a global minimum point of F', the conclusion follows.

and

AC-Corollary. Let s > 0 and let F' be a symmetric continuous function on the compact set
in R
S=A{(a,a2,...,a,) a1 +as+---+a,=s, a; >0, i=1,2,...,n}.
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If

F(ay,a9,a3,...,a,) > F(0,a1 + as,as, ..., a,)

for all (ay,as, ..., a,) €S satisfying

ay +ags a;+as
F(&l,ag,ag,...,an)<F< 5 g @), ay # as,
then F(ay,as,...,a,) is minimal when n — k of the variables a1, as, ..., a, are zero and the

other k variables are equal to %, where k € {1,2,...,n}.

Proof. Consider the following two possible cases:

a1 +as a;+ as
F(CLl,CLQ,(Ig,...,CLn)ZF< A3, .., Ay

2 72

and

a1 +as ay + as
F(al,ag,ag,...,an)<F( , A3y 0oy | .

2 2
If the first case, the condition (*) in AC-Theorem is obviously satisfied. In the second case,
which implies a; # ao, the hypothesis in the AC-Corollary gives

F(ai,as,a3,...,a,) > F(0,a1 + as,as, ..., a,),

and the condition (*) in AC-Theorem is also satisfied.

AC1-Corollary. Let s > 0 and let G be a symmetric continuous function on the compact
set in R™

S={(ay,as,...,a,) a3 +a5+---+at=s,0a;>0 i=1,2,...,n}

G(ay,ag,as, ..., a,) ZG(O,\/a%—l—a%,ag,...,an)

for all (ay,as,...,a,) €S satisfying

a?+ a2 |a?+ a2
G(al,ag,ag,...,an)<G<\/ 12 2 12 2 as...,an |, ay # as,

then G(ay,as, ..., ay,) is minimal when n — k of the variables ayi, as, ..., a, are zero and the

other k variables are equal to \/%’ where k € {1,2,...,n}.

If

AC2-Corollary. Let s > 0 and let G be a symmetric continuous function on the compact
set in R™

S =A{(ar,as,...,a,) :a1as---a, =p, a; >0, i=1,2,... n}.



8 Vasile Cirtoaje

If

G(ay,a9,a3,...,a,) > G(1,a1a9,as,...,a,)
for all (a1, as,...,a,) € S satisfying
G(ah a2, asz, ... 7an) < G (\/ aiao, V a1as, as. .. 7an) ) ai 7& a2,

then G(ay,as,...,a,) is minimal when n — k of the variables ay,aq, ... ,a, are 1 and the
other k variables are equal to {/p, where k € {1,2,...,n}.
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1.2 Applications

1.1. If ay, as,...,a, are real numbers such that a; + as + - - - + a, = 2, then

(1+ad)(1+ad) - (1 +a2)> (1+%)n.

1.2. If a1, as,...,a, (n > 5) are real numbers such that a; + as + - - - + a,, = 4, then

(1+ad)(1+ad)---(1+ad%) > (1+£)n.

1.3. If a, b, ¢, d are nonnegative real numbers such that a + b+ ¢+ d = 4, then

V9(a? + 03+ 3+ d3) + 28 < 2(a® + b2 + & + d?).

1.4. If a,b,c,d,e, f > 0such that a+b+c+d+e+ f =6, then

5a+ 0+ dP e+ ) 136> 11(a® + 02 + 2+ d*+ e+ f?).

1.5. If a,b,¢c,d > 0 such that a + b+ c+d =4, then

abc + bed + cda + dab + a?b* 2 4+ b*Ad® + Ad?a® + d*a®V? < 8.

1.6. If a,b,c,d > 0 such that a+b+c+d =4, then

1 1 1 1

< 1.
5—abc+5—bcd+5—cda+5—dab_

1.7. Let ay, as, ..., a, (n > 3) be nonnegative real numbers such that

ay +az + -+ ap =M,

1\ —1)e,_

n—e€p-1

and let

Then,
1 1 n n 1 < n
k—ajay---an_1 k—asaz---a, k—apay---apo  k—1"
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1.8. If a,b,c,d > 0 such that a + b+ c+d =4 , then

1 n 1 n 1 n 1 <15
4—abc 4—bed 4—cda 4—dab — 11

1.9. Let ay, as,...,a, (n > 3) be nonnegative real numbers such that

ay +az + -+ ap =M,

and let )
1 \" e, _
en_1:<1+ > , en_1<kgu.
n—1 n —E€np-1
Then,
1 N 1 n n 1 <n—l+ 1
k—aias---a,_1 k—asas---a, k—apay---a,o — k k—e,q1

1.10. If a,b,¢,d > 0 such that a + b+ c+ d =4 , then

1 N 1 N 1 N 1 N 1 n 1
100—ab 10—bc 10—cd 10—da 10—ac 10—0bd

2
< -.
-3

1.11. If a,b,¢,d > 0 such that a+ b+ c+d =4, then

3@+ + 4+ —4) > (P + P+ P+ —4) (P ++d - 1).

1.12. If a,b,¢,d > 0 such that a + b+ c+d =4 , then

NP+ +E+d—4)> @+ + A+ d?—4) (> + 0+ A+ d? +11).

1.13. Let ay,as,...,a, (n > 3) be nonnegative real numbers such that
ar+as+---+a, =n.

Then

Wl N

(@f+a3+---+ad)+ Y ail%aiszg(a§+a§+m+ai).

1<41<i2<i3<n
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1.14. Let ay,as,...,a, (n > 4) be nonnegative real numbers such that

ay+az+---+a, =n.

Then
6
ai’+a§+---+ai+—3 Z i, ai,a;, > 2 (aj + a3+ +al).
n(n - 3) 1<y <iz<iz<n
1.15. Let ay,as,...,a, (n > 3) be nonnegative real numbers such that
a;+ag+---+a, =n.
Then
3., 3 3 6 2, 2 2
(n+1)(a1+a2—|—---+an)+n_2 Z @iy @i iy > 2n (aj + a3+ -+ al).
1<i1 <i2<izg<n

1.16. Let ay,as, ..., a, be nonnegative real numbers such that a; +as +---+a, = 1. If

me{1,2,...,n+ 1},

then
m(m—1)(a} +a5+---+a))+1>2m—1) (a] +a5+ - +a)).
1.17. If a1, as, ..., a, are nonnegative real numbers such that a; +as + --- + a,, = n, then
(n+1)(af+a3+---+a) >n’+al+a3+--+a,.
1.18. If a1, as, ..., a, are nonnegative real numbers such that a; + as + - - - + a,, = n, then
(m*+n+1)(af+a3+-+a—n) >aj+ay+--+a,—n
1.19. Let ay,as,...,a, be nonnegative real numbers such that a; + as + -+ +a, = n. If

m > 3 is an integer, then

nm 1l _1 2 2 2 m m m
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1.20. If a, b, ¢, d, e are nonnegative real numbers such that a + b+ c+ d + e = 5, then

5
a2+62+62~|—d2—|—62—52Z(l—abcde).

1.21. If a4, a9, ..., a, are nonnegative real numbers such that a; + as + - - - + a,, = n, then

ai+as+---+al—n>

1 — ceay).
— ( ajag -+ ayp)

1.22. If a,b, ¢, d, e are nonnegative real numbers such that a + b+ c+ d + e = 5, then

45
CHP+E+ B+ —5> E(l—abcde).

1.23. If a1, as, ..., a, are nonnegative real numbers such that a; +as + --- + a,, = n, then
3 3 3 n(2n —1)
a; +as+---+a, —n>— (1 —a1a2---a,).
1 2 n = (TL _ 1)2 ( 162 )
1.24. If a4, a9, ..., a, are nonnegative real numbers such that a; + as + - - - + a,, = n, then

n—2

1 2
E(ai’%—a%%—---%—af’l—n) Za%+a§+---+ai—n+( ) (arasg---ap, —1).

1.25. If a4, as, ..., a, are nonnegative real numbers such that a; + as + - - - + a,, = n, then

-1
\/ngln—l_l) (a:{,+a§+...+a;’3@_n)Za%jtag—i—...—i—ai—n.

1.26. If a, b, ¢, d are nonnegative real numbers such that a + b+ ¢+ d = 4, then

313 )
\/2(a4+b4—|—c4—|—d4)+—1 + §Za2—|—62+02—1—d2.

1.27. If a, b, ¢, d are nonnegative real numbers such that a + b+ ¢+ d = 4, then

>a?+ 0 +E+d -4

\/a4—|—b4—|—c4+d4—4
2 7
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1.28. If a, b, ¢, d are nonnegative real numbers such that a + b+ ¢+ d = 4, then

1 4
\/a4+b4+c4+d4+76§—82 (ﬁ_g) (> + b+ +d%).

1.29. If a, b, ¢, d are nonnegative real numbers such that a + b+ ¢+ d = 4, then

1
Var + 04+ A+ dA48(2—-V2) > (2—5) (a*> 4+ 0>+ +d%).

1.30. If a, b, ¢, d are nonnegative real numbers such that a + b+ ¢+ d = 4, then

1 1 3 2
Vat + b+ ct 4 dh + 16 (———) > <———> a’ + b+ +d%).
i) 2\ )t )
1.31. If a, b, ¢, d are nonnegative real numbers such that a? + b + ¢ + d?> = 1, then

a®+ 3+ S+ @@+ abe + bed + eda + dab < 1.

1.32. If a, b, ¢, d are nonnegative real numbers such that a? + b + ¢ + d? = 2, then

a®+ 03+ &+ @@+ abe + bed + eda + dab > 2.

1.33. If a, b, ¢, d are nonnegative real numbers such that a? + b + ¢ + d? = 3, then

3(a® +b* + ¢ + d*) + 2(abc + bed + cda + dab) > 11,

1.34. If a,b, ¢, d are nonnegative real numbers such that a? 4+ 0? + ¢ + d? = 4, then

4(a® +b* + ¢ + d*) + abc + bed + cda + dab > 20.

1.35. If a,b, ¢, d are nonnegative real numbers such that a? 4 b? + ¢ + d? = 4, then

< 28

@+ 4+ +d+3(a+b+c+d)
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1.36. If a,b, ¢, d are nonnegative real numbers such that a? + 0? + ¢ + d? = 4, then
A+ 4+ + P+ 4a+b+c+d) <20.
1.37. If a, b, ¢, d are nonnegative real numbers such that a? + b + ¢ + d?> = 4, then
A+ +E+B+2V2a+b+c+d) >42+V2).
1.38. If a, b, ¢, d are nonnegative real numbers such that a? + b + ¢? + d? = 4, then
a3+b3+03+d3+2\/§ (a+b+c+d) >4<\/§+i> .
3 - V3
1.39. If a,b, ¢, d are nonnegative real numbers such that a? + 0? + ¢® + d? = 4, then
2
A+ + +d -4+ —=(a+b+c+d—4)>0.
V3
1.40. If a1, ao, ..., a, are real numbers such that
a+as+---+a, =n,
then ( D
2 n(n —
(af4+a3+---+a2) —n®> Tﬂ_—m(a‘1‘+a;‘+---+a§—n).
1.41. If a, b, ¢, d are real numbers such that a + b+ ¢+ d = 4, then
2 12, 2, 12 2,2, 2, 2, 20 4 g4, Ao
(@40 ++d—4) (®+ 0+ +d T ) zd b+ d -4
1.42. If a, b, ¢, d are nonnegative real numbers such that a + b+ ¢+ d = 4, then
2 12, 2, 12 2,2, 2, 2, M 3 a4 4, p
(@®+b0+F+d—4) (a®+ 0+ +d +e > (@ +v'+ 4 dt -4
1.43. If a, b, ¢, d are nonnegative real numbers such that a + b+ ¢+ d = 4, then

(@®+0+F+d*—4) (20° + 20" + 27 +2d° — 1) > a* +b' + ' +d' — 4.
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1.44. If a, b, ¢, d are nonnegative real numbers such that a + b+ ¢+ d = 4, then

(@+V+P+d*—4) (P+ D+ P+ d+12) > = (' + 0"+ +d' —4).

Q| W~

1.45. If a, b, ¢, d are nonnegative real numbers such that a + b+ ¢+ d = 4, then

76 12
(a*> 4+ 0+ +d* —4) <a2+b2+c2+d2—|—ﬁ> Zﬁ(a4+b4+c4+d4—4).

1.46. If a1, ao, ..., a, are nonnegative real numbers such that
a +as + - +a, =m, me{1,2,...,n},

then
1 . 1 4oy 1 S m
DY n——.
1+a?  1+d3 1+a2 — 2

n

1.47. If a, b, ¢, d are nonnegative real numbers such that a + b+ ¢+ d = 2, then

1 n 1 + 1 n 1 >16
14+3a2 14362 1432 1+43d2— 7

1.48. If a, b, ¢, d are nonnegative real numbers such that a + b+ ¢+ d = 4, then

(1+a*)(1+0*)(1+ A1 +d*) < 25.

1.49. If a, b, ¢, d are nonnegative real numbers such that a +b+ ¢+ d = 1, then

(1+2a)(1 + 2b)(1 4 20)(1 +2d) _ 125
I-—al-0)1-0ol-d - s

1.50. If a1, ao,...,a, are nonnegative real numbers such that a; + as + - - - + a,, = =, then

3
a;a; 1
2 (—a)1—a) = 4

1<i<j<n
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1.51. If ay, as,...,a, are nonnegative real numbers such that a; +as+---+a, =1 and no
one of which is 1, then

2 (1 —a;)(1 = ay) - 2(n—1)

1<i<j<n

1.52. If a, b, ¢, d are nonnegative real numbers such that a + b+ ¢+ d = 4, then

(14 3a)(1 4 3b)(1 + 3¢)(1 + 3d) < 125+ 131abcd.

1.53. If a, b, ¢, d are nonnegative real numbers such that a + b+ ¢+ d = 4, then

(14 3a?)(1 + 3b*)(1 + 3¢*)(1 + 3d?) < 255 + a’b*cd>.

1.54. If a3, as,...,a, (n > 3) are nonnegative real numbers, then
Za1+22a1a2a3—|— >22a1a2
sym sym

1.55. If a, b, ¢, d are nonnegative real numbers such that a + b+ ¢+ d = /3 , then

ab(a + 2b + 3c¢) + be(b + 2¢ + 3d) + cd(c + 2d + 3a) + da(d + 2a + 3b) < 2

1.56. If a,b,c,d > 0 such that abcd = 1, then

a+b+c+d 1+1+1+1>9
16 a+1 b4+1 c+1 d+1— 4

1.57. Let
Fla,b,c,d) =4(a® + 0+ *+d°) — (a+ b+ c+d)?,

where a, b, ¢, d, e are positive real numbers such that a < b < ¢ < d and
alb+c+d) > 3.
Then,

1111
F(a,b,c,d) > F -, -, —,=|.
@b = F (1500
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1.58. Let

F(a,b,c,d,e) = vabcde — - >

i R

a c &

)
where a, b, ¢, d, e are positive real numbers such that

a = max{a,b,c,d, e}, bede > 1.

Then,

11111

F(a,b,c,d,e) > F | —,—, -, =, — )
(a7 7C7 76)— (a,’b’c,d’ €>
1.59. Let
F(ay,a9,...,a,) =a1+as+ -+ a, —najas---a, ,
where ay, as, ..., a, are positive real numbers such that a; > ay > --- > a, and
aLas - --an_laffl > 1.

Then,

1 1 1

F(ay,ag,...,a,) > F(—,—,...,—) )

a; Qo Qp,

1.60. Let

2 112 L 21 2 b d
4 4
where a, b, ¢, d are positive real numbers such that a < b < ¢ < d and

a*(b+c+d) > 1.

Then,

1111
F(a,bye,d) > F (=~~~ ).
(a’7 ’07 )_ (a’b’c’d)

1.61. If a, b, ¢, d are positive real numbers such that
a+b+c+d=4, d = max{a,b,c,d},

then L1 1
—t ot -t+1>a?+ 0+
a b ¢
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1.3 Solutions

P 1.1. Ifay,as,...,a, are real numbers such that ay + as + - - - + a, = 2, then
2 2 2 41"
(+a@)+ad) - (+a)2 (145
Solution. Clearly, it suffices to consider that a,as,...,a, are nonnegative numbers. As-

sume that 0 < a; < as < --- < a, and write the inequality as

F(ai,as,...,a,) >0,

where
4 n
F(ay,as,...,a,) = (14+a})(14a3)---(1+a?) — <1+ﬁ> ,
If
F(ay,ag,...,a,) > F(t,ag,...,a,-1,1)
for
ay + ap
t = :
2
then, by the AM-Theorem, we have
2 2 2
F(CLl,CLQ,...,O,n) EF(—,—,..,,—) = 0.
n'n n

The inequality F'(ay,aq,...,a,) > F(t,a9,...,a,-1,t) is equivalent to
(1+a])(1+a2) > (1+t%)?
(ay — a,)*(2 — t* — a1a,) > 0.

Since a;a, < t?, it suffices to show that ¢ < 1. We have

t:al—iz—angalnLag—;---—i-an:l.

2
The equality holds for ay =ay =--- =a, = —.
n

P 1.2. Ifaj,as,...,a, (n>5) are real numbers such that a; + as + - - - + a,, = 4, then

(1+a))(1+ad) - (1+a2)> (1+£)n.
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Solution. It suffices to consider that ay,as,...,a, are nonnegative numbers. Assume that
0<a <ay <---<a, and write the inequality as F'(ay,as,...,a,) > 0, where

16\"
F(al,ag,...,an):(1+a%)(1+a§)---(1+ai)— (14—?)

If
F(ay,as,...,a,) > F(x,a,... a0, 2,2, ay)
for
. a1+ ap_q
2 3

then, by the AM-Corollary, we have
F(ay,as,...,an_1,a,) > F(t,t,... t a,)

ay + Gz + -+ Gp_y

for t =
or m—

equivalent to

. The inequality F(ay,aq,...,a,) > F(z,a9,...,a4,_2,%,a,) is

(14+a))(14+a2 ) > (1+2%)3,
(ay — an_1)*(2 — 2* — aya,_,) > 0.
Since aja,_1 < 2, it suffices to show that £ < 1. We have
a1+ ap—1 _ay+ax+---+ay

’ 2 = 1
Thus, we only need to prove the original inequality for a; = as = - - - = a,,_1, that is f(x) > 0,
where 6\
fo) =y - (1453
where 4
y=4—(n—1z, 0<z<-—.
n
Since 3y = —n + 1, we have
flx) =2(n = Da(l+2°)" (L +y°) +2(1 +2%)""ly'y
=2(n— 1)1+ 2" 2[2(1+¢y*) — (1 +2%)y]

=2(n— 1)1+ 23" *(x —y)(1 —2y) <0.
Because r — y < 0 and

l—ay=1—-z[d—(n—1z]=1-4dx+ (n—1)2* = (1 - 22)* + (n — 5)a* > 0,

4
we get f'(x) <0, fis decreasing, hence f is minimal for # = — = y. Therefore
n

f()> f (%) -

The equality holds for ay =ay =--- =a, = —.
n
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P 1.3. Ifa,b,c,d are nonnegative real numbers such that a +b+ c+ d = 4, then

V(a3 4+ b3 + 3+ d3) + 28 < 2(a® + 1 + 2 + d?).
(Vasile C., 2006)

Solution. Assume that
a<b<c<d,

and write the inequality as F(a, b, c,d) > 0, where
F(a,b,c,d) =4(a® + 0> + & + d*)*> = 9(a® + b* + & + d°) — 28.
First Solution. If
F(a,b,c,d) > F(t,b,c,t)

for
a+d

2 ?

then, by the AM-Theorem, we have
F(a,b,c,d) > F(1,1,1,1) = 0.
Using the identities
a+d*—2t* =2 —ad), @’ +d®—2t> =3(t* — ad)(a + d),
we may write the inequality F(a,b,c,d) > F(t,b,c,t) as follows:
4(a® 4+ d = 2t%) (26° + 0> + 20" + 2" + d%) — 9 (o’ + d° = 2t°) > 0
8(t* — ad) (2t* + a® + 2b* + 2¢° + d*) — 27(t* — ad)(a + d) > 0.

Since

t* —ad = i(a—d)2 >0,
this inequality is true if
8(2t* + a* + 2b* + 2¢* + d*) — 28(a + d) > 0,
which is equivalent to the homogeneous inequalities
12(a® 4+ d*) + 8ad + 16(b* + ) — T(a+ d)(a + b+ c+d) > 0,

5(a* + d*) — 6ad + 16(b* + ¢*) = T(a+ d)(b+¢) > 0.

Since
200° +¢*) > (b+¢)?,

it suffices to show that

5(a*> +d*) —6ad +8(b+¢)* —T(a+d)(b+c) > 0.
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Using the substitution

b
r= 42rc’ a<x<d,

we may write the inequality as F(a,x,d) > 0, where

E(a,z,d) = 5(a* + d*) — 6ad + 322* — 14z(a + d).
We will show that
E(a,z,d) > E(z,z,d) > 0.

We have
E(a,z,d) — E(z,z,d) = (x — a)(92 + 6d — 5a) > 0

and
E(x,2,d) = 5d* — 20dz + 232* = 5(d — 2x)* + 32% > 0.

The equality holds for a =b=c=d = 1.
Second Solution. We will apply the AM-Corollary. Thus, we need to show that

a+c<d'

Pla.be,d) > P(tbtd), t=-0= <

As shown at the first solution, this inequality is true if
5(a* 4 ¢*) — 6ac + 16(b* + d*) — 7(a +¢)(b+d) > 0,

which can be written as

Ta+7c¢\> 49 2
5(a? + ) — 6ac + 1642 + (4b . ;F C) - <a61 L ot e)d>0.
It suffices to show that
3 2
5(a® + ¢*) — 6ac + 16d* — @ —7(a+c)d > 0.

Since
5(a® + ¢*) — 6ac > (a + c)* = 4%,

it suffices to show that
42 4+ 16d* — 6t* — 14td > 0,

which is equivalent to the obvious inequality
(d—1t)(8d+1t)>0.

By the AM-Corollary, it suffices to prove the original inequality for a = b = ¢. That is, to
show that 3a + d = 4 involves

4[(3a® + d*)* — 16] — 9(3a® + d* — 4) > 0,
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which is equivalent to
4(3a* + d* — 4)(3a* + d* +4) — 9(3a® + d* — 4) > 0.

Since
3a° +d> —4=12(a — 1)%,  3a*+d*+ 4 =4(3a> — 6a + 5),
3a® + d* — 4 =12(a — 1)*(5 — 2a),

the inequality reduces to
(a — 1)%(48a* — 78a + 35) > 0,

which is true because
48a® — 78a + 35 > 3(16a”® — 26a + 11)

and

13\% 7
16a2—26a+11:<4a—z3> +—>0.

P 1.4. Ifa,b,c,d,e, f >0 such thata+b+c+d+e+ f =06, then
5@+ 0+ AP+ + f3) 436 > 11(a? + b2 + 2+ d> 4 + f2).
(Vasile C., 2006)
Solution. Write the inequality as F'(a,b,c,d, e, f) > 0, where
F(a,b,c,d,e, f) =5(a* +0° + +d° +e* + )+ 36 — 11(a® + b* + & + d* + &> + f?).
First Solution. Apply the AM-Corollary. We will show first that
F(a,b,c,d,e, f) > F(t,b,c,d,t, f)

for N
a+e
a>b>c>d>e>f, t= 5

Using the identities
a? +e* — 2t = 2(t* — ae), a® + e —2t* = 3(a + e)(t* — ae),
we write the desired inequality F'(a,b,c,d,e, f) > F(t,b,c,d,t, f) as
5(a® + € — 2t3) — 11(a* 4 e* — 2t%) > 0,

15(a + €)(t* — ae) — 22(t* — ae) > 0.
Since )
t? —ae = Z(a—e)2 >0,
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we only need to show that
15(a+e) —22 > 0.

This inequality is equivalent to
45(a+e)—1l(a+b+c+d+e+ f)>0,
34a —11(b+c+d) +34e —11f > 0,
a+1183a —b—c—d)+23e+11(e — f) > 0.

Clearly, the last inequality is true. By the AM-Corollary, it suffices to prove the original
inequality for a = b = ¢ = d = e. Thus, we need to show that 5a + f = 6 involves

5(5a% + f3) + 36 > 11(5a° + f?),

which is equivalent to
6 — 17a 4+ 16a® — 5a® > 0,

(1 —a)*(6 —5a) <0,

(1—a)’* > 0.

The equality holds fora =b=c=d =e = f =1, and also for
6

a:b:c:d:e—g, f=0

(or any cyclic permutation).

Second Solution. Apply the AC-Corollary. We will show that

F(a7 b? c? d? 67 f) < F(t7t7 C7 d? 67 f)

involves
F<a7 b7 C? d7 67 f) Z F(07 2t7 C? d? e? f)7
where ;
t= a—2|— , a # b.

As shown at the first solution, the hypothesis F(a, b, c,d, e, f) < F(t,t,c,d,e, f) involves
15(a + b) — 22 < 0. (*)
Write now the required inequality F'(a,b,c,d,e, f) > F(0,a + b,c,d, e, f) as follows:
5[a® + b — (a +b)*] — 11[a® + b* — (a + b)?] > 0,

—15ab(a + b) + 22ab > 0,
ab[15(a +b) —22] <0.

Clearly, this inequality follows immediately from (*).
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By the AC-Corollary, it suffices to prove that F'(a,b,c,d, e, f) > 0 when 6 — k of the vari-
ables a, b, ¢, d, e, f are zero and the other k variables are equal to T where k € {1,2,3,4,5,6};

that is,
6\° 6>
k- — 11k | = >
5 (k) + 36 <k) >0,

which is equivalent to the obvious inequality

(k — 5)(k — 6) > 0.

P 1.5. Ifa,b,c,d >0 such thata+b+c+d =4, then
abe + bed + cda + dab + a*b* + VPd? + AdPa® + dPa®b? < 8.
(Vasile C., 2006)
Solution. Write the desired inequality as F'(a,b,c,d) + 8 > 0, where
F(a,b,c,d) = —(abc + bed + cda + dab + a®b*c® + b?cd® + *d*a® + d*a®b?).
First Solution. According to the AM-Corollary, we need to show that
F(a,b,c,d) > F(t,b,t,d)

for

Taking into account that
F(a,b,c,d) = —ac(b+d) — (a + c)bd — a*c*(b* + d*) — (a® + *)b*d?,
we write the desired inequality F(a,b,c,d) > F(t,b,t,d) as
(t* — ac)(b+d) + (t* — a**) (> + &%) — (a® + & — 2t)b*d* > 0,

(t* —ac) [b+ d + (t* + ac)(b* + d°) — 2b*d*] > 0.
Since )
t? —ac = Z(G_C)Z >0,
this inequality is true if
ac(b* + d*) — 2b*d* > 0.

We have
ac(b2 + d2) —20%d? > bd(b2 + d2) —20%d? = bd(b — d)2 > (.



26 Vasile Cirtoaje

By the AM-Corollary, it suffices to prove the original inequality for a« = b = ¢; that is, to
show that 3a + d = 4 involves

a® + 3a%d + ab + 3a'd* < 8,
which is equivalent to
7a® — 18a° + 12a* — 2a® + 3a®> — 2 < 0,

(a —1)*(7a* — 4a® — 3a® — 4a — 2) < 0.
It suffices to show that

2
7a4—4a3—3a2—4a—2+§§0,

which is equivalent to
567a* — 32463 — 2434 — 324a — 160 < 0,

(3a — 4)(189a® + 144a* + 111a + 40) < 0,
d(189a® + 144a* 4 111a + 40) > 0.
The equality holds fora =b=c=d = 1.
Second Solution. Apply the AC-Corollary. First, we write F'(a, b, c,d) in the form

F(a,b,c,d) = —ab(c +d) — (a+ b)ed — a*b*( + d*) — (a® + b*)*d>.

We will show that
F(a,b,c,d) < F(t,t,c,d)

involves
F(a,b,c,d) > F(0,2t,c,d),
where .
t= G;L , a # b.

Write the hypothesis F(a, b, c,d) < F(t,t,c,d) as follows:
(t* — ab)(c + d) + (t* — a®b*)( + d*) — (a® + b* — 2t*)Pd* < 0,

(t* —ab) [c+ d + (t* + ab)(? + d°) — 2¢*d*] < 0.
Dividing by the positive factor t? — ab, the inequality becomes

c+d+ (t* +ab)( + d*) — 2¢°d* < 0. (*)
Write now the required inequality F'(a,b,c,d) > F(0,2t,c,d) as follows:
—ab(c+d) — a’b* (¢ + &) + [(a+ b)* — a® = V] *d® > 0,

—ab [c+d + ab(c® + d*) — 2¢*d*] > 0,



Arithmetic Mean Method and Arithmetic Compensation Method 27

ab[c+ d+ ab(c® + d*) — 2¢°d°] < 0.

Clearly, this inequality follows immediately from (*).

By the AC-Corollary, it suffices to prove the original inequality for a = b=c=d =1,
and for a = 0 and b+ ¢+ d = 4. In the first case, the equality occurs. In the second case,
the inequality becomes

bed + b2Ad? < 8.

By the AM-GM inequality, we have

3
bed < M - %7
3 27

therefore

64 64 8
bed +0*APd* < — (1+ = ) =8 — — < 8.
cd + b°c _27(+27) 8 729<8

P 1.6. Ifa,b,c,d >0 such thata+b+c+d =4, then

1 1 1 1

< 1.
5—abc+5—bcd+5—cda+5—dab_1

Solution. By the AM-GM inequality, we have

a+b+c)’ 4\* 71
ave = ( 3 ) = <3> o7 =

Write the desired inequality as F'(a,b,c¢,d) > 0, where

1 1 1 1
5—abc 5—bcd 5—cda 5—dab’

F(a,b,c,d) =1—

and apply the AC-Corollary. First, we will show that
F(a,b,c,d) < F(t,t,c,d)
involves
F(a,b,c,d) > F(0,2t,¢,d),

b
where ¢t = at

, a # b. Write the hypothesis F(a,b,c,d) < F(t,t,c,d) as

Lo L N (LN 2(5-ed) 2
5—ct? 5—abc 5—dt? 5—dab (5 —bcd)(5 —cda) 5 —cdt
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Dividing by the positive factor t? — ab, the inequality becomes

c d 202 d?
(5 — abe) (b — ct?) * (5 — dab)(5 — dt?) < (5 — bed) (5 — eda) (b — cdt)’
Since
c . d S c . d
(5 —abc)(5—ct?)  (5—dab)(5—dt?) ~ 5(5—abc)  5(5— dab)’
we get

c_ . d _ 10cd?
5—abc  5—dab ~ (5—bed)(5— cda)(b — cdt)
Similarly, write the required inequality F(a,b,c,d) > F(0,2t,c,d) as follows:

1+ 1 1 n 1 S 1 1 . 1 1
5 5 —2cdt 5—bcd 5—cda) — \H—abc 5 5—dab 5)°

200 —cdt)  10(5 — cdl) S abc n dab
5—2cdt  (5—bed)(5—cda) — 5—abc 5 —dab’
2¢%d?* (5 — cdt) c d

> .
(5 —bed) (5 — eda)(b — 2cdt) — 5 — abe * 5 — dab

Since
5 —cdt 5
>

5—2cdt — 5—cdt’

it suffices to show that
10c2d? ¢ d
> + .
(5 —bed)(5b —cda)(b—cdt) = 5—abc 5 —dab

Taking into account (*), the conclusion follows.
By the AC-Corollary, it suffices to prove the original inequality fora =b=c=d =1, and
for a =0 and b+ ¢+ d = 4. In the first case, the equality occurs. In the second case, since

b+c+d\® AN 71
Cbed>5 o (2retaNy o (2 _ 2
5= bed 23 < 3 ) g (3) 27’

we have

1 N 1 N 1 N 11
5—abc 5—bed 5—cda 5—dab 5 — bed

The equality holds fora =b=c=d = 1.

27

<L
71

+

3 3
< e
+5_ 5)

Remark. In the same manner, we can prove the following generalization:

e Ifay,as,...,a, (n>4) are nonnegative real numbers such that

ap+az+---+a, =n,
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then
1 1 1
+ +t <1
n+1l—aay---a,-1 n-+1—asas---a, n+1—apa--- a2
with equality for ay = ay =---=a, = 1.
m
P 1.7. Let ay,aq,...,a, (n > 3) be nonnegative real numbers such that
ap +ay + -+ a, = n,
and let .
1 " —1e,_
n—1 n—ep-1
Then,
1 N 1 P 1 n
k—aay---a,_1 k—asas---ay, k—apay---ayo  k—1"

Solution. By the AM-GM inequality, we have

(Vasile C., 2005)

—1 n—1
a +as+ -+ ap_1\" n
a1a2...an71§ < 1 2 n 1) S ( ) :€n71<k'

n—1

Write the desired inequality as

n
F(al,ag,...,(ln)"’k_l 207
where
1 1 1
F = —
(al)a% 7an) (k}—agag"'an+k5—a1a3"'an+ +k—a1a2---an_1

We assert that
F(ai,as,as,...,a,) < F(t,t,as,...,a,)

involves
F(al,ag,ag,...,an) 2 F(O,Qt,ag,...,an)

for any k > e, 1, where
a; + as

t= ,
2

aq 7é Q9.

Let us denote
b=asas---a,.
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Since

1 1 " a;
_F e, Qy) = T — aanh’
((11;&27a3> A ) L — alb + k — a2b + ; kai - CllClQb
and

2 - a;
—F(tt ey Q) = —— TR
(7 y A3, ,(l) k—tb—i_;k‘az—t?b

the hypothesis (1) is equivalent to

n

b(t? — ayay) 20 — i >0
(k= th)(k — a1b) (k — azb) & (ka; — £2b)(ka; — ayazb) ’

1=

which involves

2b a;
> .
(k — tb)(k — alb)(k — agb) i—3 (kaz — t2b)(k‘&l — alagb)
Because
a; 1
— >
ka; —t2b — k
this inequality involves
2kb & 1
—_ 3
(k — ) (k — axb)(k — azb) Z:; ks — aragh )

On the other hand, since

1 1 - a;
_F c Q) = ——
(a1,a2,a37 @ ) k — ayb - k — a9b + ; ka; — ajasb

and . )
n_
—F(0,2t =
(07 , g, 7an) L + k_2tb7

the required inequality (2) can be written as follows:

LN WA SN S N SR T L T S AU
k — 2tb k k—alb k k—azb k _i:3 kai—a1a2b 1{37

20(k — tb) _ 1
b -y ——— 120
e [(k —2tb)(k — arb) (k — asb) ; by — amb] =
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Because

k —tb k
>
k—2th — k—tb’
this inequality is true if

2kb N i 1
(k — tb)(l{? — alb)(k — CLQb) i3 kai — achQb’

which is exactly (3).
According to the AC-Corollary, it suffices to prove the original inequality for a; = a, =
-=a, =1, and for a; = 0 and as + a3 + --- + a, = n. For the first case, the original
inequality is an equality. For the second case, the original inequality becomes

1 n—1 n
< b
k — aqas---ay, kK — k-1

which is equivalent to

< kn
aoa3 -+ Uy < —————.
203 —T
Since asas - - - a, < e,_1, it suffices to show that
< kn
en— =~ T
'S kan—1

which is equivalent to the hypothesis

s o len

n—=€p
. s . (n - 1)en71
The equality holds for a; = as = --- = a,, = 1. In addition, if £k = ——— then the
n—=e€p1
equality holds also for
a; =0, Qg = a3z =+ = 0p = z
n—1

(or any cyclic permutation).
Remark. For n = 4, we get the following statement:

e Ifa,b,c,d are nonnegative real numbers such that a +b+c+d =4, then

1 ! ! 1 4
< =
1S — 1labe | 48 — 1lbed T 48 — 1lcda | 48 — 1ldab = 37

4
with equality fora =b=c=d =1, and also fora =0 andb=c=d = 3 (or any cyclic

permutation,).
0
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P 1.8. Ifa,b,c,d >0 such thata+b+c+d =4, then

1 n 1 n 1 " 1 <15
4—abc 4—bcd 4—cda 4—dab — 11°

Solution. The proof is similar to the one of the preceding P 1.7. Finally, it suffices to prove
the original inequality for a =b=c=d =1, and for a = 0 and b+ ¢+ d = 4. The first case
is trivial, while the second case leads to the inequality

1 +3<15
4 —bed 4~ 117

which is equivalent to

By the AM-GM inequality, we have

b+c+d\® 64
R (N Ry
¢ —< 3 ) 27

The equality holds for

(or any cyclic permutation).
Remark. In the same manner, we can prove the following generalization:

o Letay,as,...,a, (n>4) be nonnegative real numbers such that

ay+as +---+a, =n.

and let
1 n—1
en—1 = (1 .
=
Then,
1 1 1 €n—1
+ ot <1+ —
n—aiay- Ap_1 TN — Q203" Gy N — apay - y_o n(n —e, 1)
n
with equality for a; =0 and ay = --- = a, = 1 (or any cyclic permutation).
n —
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P 1.9. Let ay,as,...,a, (n > 3) be nonnegative real numbers such that
ay +az + -+ ap =M,

and let

1 \"! —1e,_
en_1:(1+ ) , en_1<k§w.
n—1 n—E€np-1
Then,
1 N 1 P 1 = 1 N 1
k—aiag---ap—1 k—asas---a, k—apay---ap_o ~ k k—en1
(Vasile C., 2005)
Solution. Write the desired inequality as
n—1 1
F e, Ay >0,
(a17a27 , a )+ k + k‘—en_l =
where
1 1 1
F Q) = — e _
(a1, 02, an) <k:—a1a2~--an_1+k—a2a3-~~an+ +k—ana1~~-an_2>

As shown in the proof of P 1.7, the inequality
F(ai,as,a3,...,a,) < F(t,t,as,...,a,)

involves
F(ay,as,a3,...,a,) > F(0,2t,as,...,a,)
for any k > e,,_1, where
a; + as
5
According to the AC-Corollary, it suffices to prove the original inequality for a; = ay =
- =a, = 1, and for a; = 0 and as + a3 + --- + a, = n. In the first case, the original
inequality becomes

t =

aq 7é Q9.

n n—1 1
< Y
k-1~ k k—en_q
which is equivalent to the hypothesis

(n—1)e,1
n—E€n-1 '

k<

In the second case, the original inequality becomes

1 1
<

k—asas---a, — k—e,_1
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which is equivalent to
a203 -~ p < €p_1.

By the AM-GM inequality, we have

ay + as NI A1 n—1 n n—1
10z -+ Ap_1 < 1 < =é€n_1.
n PR

The equality holds for

ap =0, Qo = Q3 =+ = Qp =

(n—1)e,1

(or any cyclic permutation). In addition, if k = , then the equality holds also

n—E€n
foray =ay=---=a, = 1.

]

P 1.10. Ifa,b,c,d > 0 such that a +b+c+d =4, then

1 n 1 L 1 L 1 L 1 L 1
100—ab 10—bc 10—cd 10—da 10—ac 10— 0bd

2
< -.
-3

Solution. By the AM-GM inequality, we have

2
10—abz10—("7+b) >10—4>0.

Write the desired inequality as
2
F(a,b,c,d) + 3 >0,

where

F( b d) 1 + ! + ! + L + L + L
a,b,c,d) = —
T 10—ab 10—ac 10—ad 10—bc 10—bd 10—cd)’

and apply the AC-Corollary. First, we will show that
F(a,b,c,d) < F(t,t,c,d)

involves

F(a,b,c,d) > F(0,2t,¢,d),

b
where ¢t = at

, a #b. Write the hypothesis F(a,b,c,d) < F(t,t,c,d) as

1 N 1 2 n 1 N 1 2 -
10 —ac 10— be 10 — te 10 —ad 10 —bd 10 — td
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- 1 1
10 — ¢2 10 —ab’
Dividing by the positive factor t? — ab, the inequality becomes

2c? 2d? 1
(10 — ac)(10 — be) (10 — te) * (10 — ad)(10 — bd)(10 — td) ” (10 — ab)(10 — #2)°
Since
1 S 1
(10 — ab)(10 — ¢2) — 10(10 — ab)’
we get

20c? . 20d? - 1
(10 — ac)(10 — be)(10 — te) (10 — ad)(10 — bd)(10 — td) = 10 — ab’

(*)

Similarly, write the required inequality F'(a,b,c,d) > F(0,2t,c,d) as follows:

1 1 i 1 n 1 (1 n 1
10—ab 10 10 —ac 10 —bc 10~ 10 — 2tc
n 1 n 1 (1 L 1 <0

10 —ad 10 —bd 10 10-2td)| — 7

ab 2(10 — te) 2(10 — tc)
10(10 — ab) - {(10 —ac)(10 —be)  10(10 — 2tc)}
2(10 — td) 2(10 — td)
{(10 —ad)(10 — bd)  10(10 — 2td)} <0,

abc*(10 — tc) abd?(10 — td) ab
+ > .
(10 — ac)(10 — be)(5 — te) (10 — ad)(10 — bd)(5 — td) — 10 — ab
This is true if

(10 — tc) N d*(10 — td) o1
(10 — ac)(10 — be)(5 — tc) (10 — ad)(10 — bd)(5 — td) — 10 — ab’

Since

10 — tc 20 10 — td 20

> , > ;

5—tc — 10 —tc 5 —td 10 — td

it suffices to show that
20c? 20d? 1

(10 — ac)(10 — bc)(10 — te) N (10 — ad)(10 — bd)(10 — td) = 10 — ab

According to (*), the conclusion follows.
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By the AC-Corollary, it suffices to prove the original inequality for a =b=c=d =1, for
a=0and b=c=d=14/3, and for a = b =0 and ¢+ d = 4. In the first case, the equality
holds. In the second case, the inequality becomes

3 N 27 < 2
10 74 — 3
We have
2 3 2 12 4
3 10 74 30 74 2220
In the third case, the inequality becomes
1 1
< o
10—cd — 6
cd < 4.

We have

2
cd < (C;d> = 4.

The equality holds for a = b = ¢ =d =1, and fora = b = 2 and ¢ = d = 0 (or any
permutation).

Remark. In the same manner, we can prove the following generalizations ( Vasile Cirtoage,
2005):

o Letay,as,...,a, (n>3) be nonnegative numbers such that a; + as + -+ + a,, = n.

n(n+1)

(a) If k> , then

with equality for ay =a, =--- =a, =1;

2
1
) If %<k§%, then

—  k—a;a; 2k 4k —n?
1<i<j<n
with equality for

a, = ay = —, a3 =--+-=a, =0

NS

(or any permutation).

o Letay,ay,...,a, (n>3) be nonnegative numbers such that a; +as + - -+ a, = n, and

let {
G(al,ag,...,an): Z

k—a . a. - -a
1<ty <-<im<n 172 ¢

m
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m
If k> th
() If k> " (T>m_1, en
m) \n
G(ahaQa aan) S G(17 17 7]-) ’
m
— <
) If (n) <h< (T)m—f then
m) \n
n n
G n) <G(—,....,—,0...,0).
(a17a27 , @ ) (m m )
O

P 1.11. Ifa,b,c,d > 0 such thata +b+c+d =4, then

3@+ 0P+ —4) > (AP + 0P+ P+ —4) (P + 0+ P+ A - 1).

Solution. Write the inequality as
F(a,b,c,d) > 0,

where

2
F<a7bac7d):3<a3+b3+03+d3_4)— (a2+bz—|—c2+d2—§> —|—9

and apply the AC-Corollary. We will show that

F(a,b,c,d) < F(t,t,c,d)

involves
F(a,b,c,d) > F(0,2t,¢,d),
where )
t= a—2|— , a #b.

Using the identities

(Vasile C., 2005)

2

a® + b =262 =2(t* —ab), a® + 0> — 2t =3(t* — ab)(a + b),
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we may write (*) as
3(a® +b° —2t%) — (a® + b* — 2t*)(2t* + a® + b* + 2¢* + 2d° — 5) < 0,

9(t* — ab)(a + b) — 2(t* — ab)(2t* + a* + b* + 2¢* + 2d* — 5) < 0,
9(a+b) —2(2t> + a® + b* + 2¢* + 2d*> — 5) < 0. (A)

Since
a’> +b* — (a+b)? = —2ab, a*+ b~ (a+b)>=—3abla+0),

we may write (**) as
3[a®+0* = (a+b)%] = [a®>+b° — (a+b)?] [(a+b)*+a® + V" +2¢° +2d° — 5] >0,

—9ab(a + b) + 2ab(4t> + a® + b* + 2¢ + 2d* — 5) > 0,
which is true if
9(a +b) — 2(4t* + a® + b* + 2¢% + 2d* — 5) < 0.

Clearly, this inequality follows immediately from (A). As a consequence, (*) implies (**).
Thus, by the AC-Corollary, we have

F(a,b,c,d) > min f(k),

1<k<4

where
k) = 16(k —;3(4 — k)

is the value of F' for the case where 4 — k of the variables a, b, ¢, d are zero and the other &
variables are equal to 4/k. We have

therefore F'(a,b,c,d) > 0.
The equality holds for e = b= ¢ =0 and d = 4 (or any cyclic permutation), and also for
a=b=c=d=1.
O

P 1.12. Ifa,b,c,d > 0 such thata+b+c+d =4, then
NP+ +E+d—4)> @+ 0+ d?—4) (> + 0+ A+ d? +11).

(Vasile C., 2005)



Arithmetic Mean Method and Arithmetic Compensation Method

39

Solution. Write the inequality as F'(a,b,c,d) > 0, where

2
22
F(a,byc,d) =7(a’ +0° + ¢ +d° —4) - (a2+b2+02+d2+;) :

First Solution. Apply the AM-Corollary. We will show first that
F(a,b,c,d) > F(t,b,t,d)

for

Using the identities
a? +c — 2t = 2(+* — ac), a® +c* — 2t = 3(a + ¢)(t* — ac),
we write the desired inequality F'(a,b,c,d) > F(t,b,t,d) as
7(a® 4+ & — 2t3) — (a®> + & — 2t3) (2t + a® + S +20* +2d* +7) > 0,

21(t* — ac)(a +c) — 2(t* — ac)(2t* + a* + ¢ + 26> + 2d* +7) > 0.

This is true if
21(a + c) — (4% + 2a® + 2¢* + 4b* + 4d* + 14) > 0.

Since
487 4 2a% + 2% + 46 + 4d* = (a + ¢)® + 2(a® + &) + 4(b* + d*) < 3(a + ¢)* + 4(b + d)?,
it suffices to show that
21(a+c) —3(a+c)* —4(b+d)> — 14 > 0.

Substituting
r=a+c, y=>b+d,

we need to prove that
2lx — 32? —4y* —14>0

forx +y =4, x > y. We have

21 7 2
21(5—3932—4y2—14: M_3$2_4y2_ (:L‘;—y)
112 + 28xy — 39y
B 8

(x —y)(11z + 39y) -

0.
3 =
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By the AM-Corollary, it suffices to prove the original inequality for a = b = ¢; that is, to
show that 3a + d = 4 involves

7(3a® + d® — 4) > (3a® + d* — 4)(3a* + &* + 11),
which is equivalent to
84(1 — a)*(5 — 2a) > 36(1 — a)*(4a* — 8a + 9),
(1 —a)*(1+ 2a)(4 —3a) >0,

(1 —a)*(1+ 2a)d >0,

The equality holds for a =b=c=d =1, and also for a =b=c=4/3 and d = 0 (or any
cyclic permutation).

Second Solution. Apply the AC-Corollary. We will show that

F(CL,Z), C, d) < F(t,t,c, d) (*)
involves
F(CL,ZL C, d) > F(O,Qt,c, d), (**)
where )
= a;— 3 a 7é b

As shown at the first solution, (*) involves
21(a+b) — 2(2t* + a® + b* + 2¢° + 2d* + 7) < 0. (A)
Since
>+ b — (a+b)?=—2ab, a*+b—(a+0b)®=—3ab(a+Db),

we may write (**) as
7[a®+0* = (a+b)°*] = [a® +0* — (a+b)*] [(a+b)*+a® + b+ 27 +2d° + 7] >0,

—2lab(a + b) + 2ab(4t* + a* + b* + 2¢* +2d*> +7) > 0,

which is true if
21(a +b) — 2(4t* + a®> + b* + 2% +2d° +7) < 0.

Clearly, this inequality follows immediately from (A). As a consequence, (*) implies (**).

Thus, by the AC-Corollary, we have

F(a,b,c,d) > min f(k),

T 1<k<n

where
k) = 16(k _ig(k —4)
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is the value of F' for the case where 4 — k of the variables a, b, ¢, d are zero and the other k
variables are equal to 4/k. We have

f(1) =96, [f(2)=8  f(3)=[(4)=0,
therefore F'(a,b,c,d) > 0.

P 1.13. Let ay,as,...,a, (n > 3) be nonnegative real numbers such that
art+as+---+a, =n.

Then

[SVIN )

(@ +ad+-+ad)+ Y ailaizaigZg(a§+a§+---+ai).

1<11<12<i3<n

(Vasile C., 2005)

Solution. Let
b=az3+---+a,

and

Flay, as,...,a,) = ki (af + - +add) + Z i, iy iy — kon(a? + - -+ a?),

1<91<12<13<n

where k; and ko are fixed real numbers. We claim that

F(ai,as,a3,...,a,) < F(t,t,as,...,a,)

involves
F(al,az,ag,,...,an) Z F(O,Zt,ag,...,an)
where .
a; + a
t= ! 2, aq 7& 9.
2

Since

Z Ay Ay Ay = alagb + (a1 —+ &2) Z A, Ay, + Z Ay Qg Qg s

1<i1<12<i3<n 3<11<i2<n 3<11<i2<i3<n

al+a; -2t =2t — a1ag),  al +ay —2t° = 3(a; + a9)(t* — ayay),

the inequality F'(ay,as,as,...,a,) < F(t,t,as,...,a,) is equivalent to

k(a3 4 a3 — 2t*) 4 (a1ay — t*)b — kon(a? + a3 — 2t%) < 0,

('[52 — a1a2)[3k‘1 (CLl + ag) —b-— 2]{?2%] < 0,
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3]{31 ((ll + CLQ) —b-— 2k2n < 0. (*)
On the other hand, since

a? + a3 — (a; + a2)* = —2ayas, al 4 ay — (ay + a)® = —3a1a(a; + ay),
the required inequality F'(ay,as,as,...,a,) > F(0,2t,as,...,a,) is equivalent to
ki [af + a3 — (a1 + a2)?] + arash — kan [af + a3 — (a1 + a2)?] > 0,

ai1ao [3k1(a1 + &2) —b— 2k2n] S 0.

Clearly, this inequality follows immediately from (*).

According to the AC-Corollary, F'(aj,as,...,a,) is minimal when n — k of the variables
ai,as,...,a, are zero and the other k variables are equal to n/k, where k € {1,2,... n}.
Thus,

3

n n n
_ _ > 1 — ..., — | = — mi
F(a17 y An—k, n k+1, 7an) = 121161211}7 (07 707 ka 7]{?) 6 1I§nkl£nf<k)7

n n\ /n\3 knd  kn®
/0= <3) (G) 5
k) =1 - 3(2k2—|— 1) N 2(3]{:};2—1— 1)

We only need to show that f(k) >0 for all k € {1,2,...,n}.
For the original inequality, we have

where

hence

Clearly, for k € {1,2,...,n}, we have
f(k) >0,

with equality when & = 2 and k£ = 3. The original inequality is an equality for

n
a1:a2:§, ag=---=a, =0

(or any permutation), and also for

n
a, =ay =az = —, ag=---=a, =0

3

(or any permutation).
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Remark. We can rewrite the inequality in the following homogeneous forms:

2(ai+aj+ - +al)+3 > aau0, > (ar+ay+o+ag)(ad +ad 4o +al)

1<41<i9<iz<n

and
alday+ - +ad+3 Z Uiy Ay Qg > Z ag, aiy (@i, + ag,).

1<i1<ig<iz<n 1<i1<i2<n

For n = 3, we get the third degree Schur’s inequality
a3 + aj + aj + 3arazas > ajas(ay + as) + azas(as + az) + azai(as + ay),

with equality for a; = as and a3 = 0 (or any cyclic permutation), and also for a; = as = as.
O

P 1.14. Let ay,aq,...,a, (n > 4) be nonnegative real numbers such that
ap+ag +---+a, =n.

Then

6
a?+a§+"'+ai+m Z @iy iy i > 2 (a] + a3+ +ap).
nn 1<11<12<i3<n

(Vasile C., 2005)

Solution. As shown at the preceding P 1.13, it suffices to show that f(k) > 0 for all
ke{l,2,...,n}, where

3(2ka+1) | 23k +1)

k)y=1-—
f( ) k k2 ’
with ( 3) .
n(n — n—
hi=—p—" l=——
We get
2n—3 (m—1)n-2) (k—n+1)(k—n+2)
Clearly, for k € {1,2,...,n}, we have
f(k) >0,
with equality when &k =n — 2 and kK = n — 1. The original inequality is an equality for
n
alz...:an72:n_2, an,lzan:()
(or any permutation), and also for
n
I = =poy = a, =0

(or any cyclic permutation).
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P 1.15. Let ay,as,...,a, (n > 3) be nonnegative real numbers such that

artas+---+a, =n.

(n+1)(a} +a3+---+d)) + 0 > anana, >2n(af + a3+ +al).

1<i1<i9<izg<n
(Vasile C., 2005)

Solution. As shown at P 1.13, it suffices to show that f(k) > 0 for all k € {1,2,...,n},
where

32k +1) | 23k +1)

k)y=1-
with . 5 5
b (tDm=2)  n-2
6 3
We get
B 2n—1 n(n—-1) (k—n)(k—n+1)
flk)=1- A + 2 = 12 .

Clearly, for k € {1,2,...,n}, we have
f(k) >0,

with equality when £ =n — 1 and k£ = n. The original inequality is an equality for

n

ap =+ =Gp1 = ; an =0
n—1
(or any cyclic permutation), and also for
ap=ay=---=a, = 1.

Remark. For n = 4, we get the homogeneous inequality

2
a® +b* + & + d® + abe + bed + cda + dab > gz:a?(bJchrd),

where a, b, ¢, d are nonnegative real numbers. The equality holds for a = b = ¢ and d = 0 (or
any cyclic permutation), and also for a = b = ¢ = d.
O

P 1.16. Let aq,ao, ..., a, be nonnegative real numbers such that ay +as + -+ a, = 1. If
me{l,2,...,n+1},

then
m(m—1)(ai +a3+---+a))+1>2m—1) (af +a5+ - +a).
(Vasile C., 2005)
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Solution. We need to prove that F(ay,as,...,a,) > 0, where
Flai,as,...,a,) =m(m—1)(af+ a3+ +a))+1—2m—1)(a} +aj+---+a3).

Assume that

F(ay,a9,a3,...,a,) < F(t,t,as,...,a,) (*)
involves
F(ai,as,as,...,a,) > F(0,2t,as,...,a,), (**)
where N
a1 +a
t= 1 5 2, ay # as.

Then, by AC-Corollary, we have

F(ay,aq,...,a,) > min f(k),

~ 1<k<n
where ; (k )
—m)(k—m—+
F(h) = 9
is the value of F' for a; = -+ = a, = 0 and a,_g+1 = -+ = a, = 1/k. Obviously, for
ke {1,2,...,n}, we have
f(k) >0,

with equality when £ = m — 1 (m > 2) and & = m (m < n). From f(k) > 0 for k €
{1,2,...,n}, it follows that F(a,as,...,a,) > 0.
To prove that (*) implies (**), we write (*) as

m(m — 1)(a3 + a3 — 2t*) — (2m — 1)(a? + a5 — 2t*) < 0,

(t* — a1a2)[3m(m — 1)(a1 + az) — 2(2m — 1)] < 0,
3m(m —1)(a; + ag) —2(2m — 1) < 0, (A)
and (**) as
m(m — 1)(a} + a3 — 8*) — (2m — 1)(a] + a3 — 4t*) > 0,
ajas[3m(m — 1)(a; + az) — 2(2m — 1)] <0. (B)
Clearly, (A) implies (B), hence (*) implies (**). This completes the proof.
For m = 1, the equality holds when n—1 of the numbers a; are zero. For m € {2,3,...,n},

the equality holds when m or m — 1 of the numbers a; are equal and the other numbers are
zero. For m = n + 1, the equality holds when all numbers a4, as, ..., a,, are equal.

Remark. Actually, the inequality holds for all m € [0,1]U{2,3,...,n} U [n+ 1,00), but it
does not hold for m € (1,2) U (2,3)U---U (n,n+ 1).
]
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P 1.17. If ay,as, ..., a, are nonnegative real numbers such that a; + as + - - -+ a, = n, then
(n+1) (a%+a%+---+a%) >n?+ad+ai+---+ad.
(Vasile C., 2002)
Solution. Write the desired inequality as F'(aq,as,...,a,) > 0, where
Flai,as,...,a,) =(n+1)(al+a3+ - +al) —n*—a} —a)— - —a).

First Solution. Apply the AM-Corollary. First, we will show that

F(ay,ag,. .. a,_9,an_1,a,) > F(t,ag,...,a,_2,t,a;,)
for +
a1+ a,_
<< Sap Sap, b=t

Write this inequality as follows:
(n+ 1)(ay + ap_ = 2t%) = (af + ajy — 2t°) >0,

(t* — a1an_1)[2(n + 1) — 3(ay + a,_1)] > 0.

It is true if
2(n+1) = 3(a1 + an—1) > 0,

which is equivalent to the homogeneous inequalities
2(n+1)(ay +ag+ -+ a,) —3n(a; +a,_1) >0,

2(n+1)(az + -+ + ap2 + ay) — (n — 2)(a1 + ap—1) > 0.
It suffices to show that

2(n+ 1a, — (n—2)(ay + ap—1) > 0.

We have
2(n+ 1a, — (n—2)(a1 + an_1) > (n —2)(2a, — a3 — a,_1) > 0.

By the AM-Corollary, it suffices to prove the original inequality for a; = ay = -+ = a,_1;
that is, to show that (n — 1)a; 4+ a, = n involves

(n+1)[(n—1)a +a2] >n*+ (n—1)a} +a).
This inequality is equivalent to
n(n —1)(n — 2)ai(a; — 1)* > 0.
The equality holds when a1 = a3 = --- = a,, = 1, and also when

ap=--=a,-1=0, a,=n
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(or any cyclic permutation).

Second Solution. Apply the AC-Corollary. Assume that

F(al,ag,ag,...,an)<F(t,t,ag,...,an) (*)
involves
F(ai,as,a3,...,a,) > F(0,2t,as,...,a,), (**)
where N
t:a12a2, al#ag.

Then, by AC-Corollary, we have

~ 1<k<n
where 2 n®  n*k—-1)(n—k)
f(/f)_(nﬂLl)z—”Q—ﬁ: 2
is the value of F for a; =---=a,_x =0 and a,_p+1 = --- = a, = n/k. Obviously,
f(k) =0

for k € {1,2,...,n}.
To prove that (*) implies (**), we write (*) as

(n+ 1)(a} + a3 — 2t*) — (a3 + a3 — 2t%) < 0,
(t* — ayap)[2(n + 1) — 3(a; + ag)] < 0,

2(n+1) —3(a; + ag) <0, (A)

and (**) as

(n+1) [af + a3 — (a1 + a2)*] — [a] + aj — (a1 + a2)*] >0,

ajas [2(n+ 1) — 3(a; + a2)] < 0. (B)

Clearly, (A) implies (B), hence (*) implies (**). This completes the proof.
[
P 1.18. Ifay,as,...,a, are nonnegative real numbers such that a; +as+ - - -+ a, = n, then

(W*+n+1)(al+a3+-+a—n) >aj+ay+-+a,—n.

(Vasile C., 2002)
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Solution. We need to prove that F(ay,as,...,a,) > 0, where

Flai,as,...,a,) = +n+1)(af+a5+--+a,—n)— (a] +az+ - +a, —n).
First Solution. Apply the AM-Corollary. Let us show that
Flai,as,...,a5-2,a,_1,0,) > F(t,ag,...,a,_2,t ay,)
for
ay < ag < - < apog < Ay, t—%-

Since

a?+a? | —2t* =2(t* — aja,_1),

at +ap -2t = %(t2 — a1a,1)(7a3 + Ta2_, + 10aya, 1),

the inequality F(ay,aq,...,an_2,0n-1,a,) > F(t,as,...,a,_2,t,a,) can be written as fol-
lows:

(n*+n+1)(a3 +a | —2t%) — (af +ai_, —2t%) >0,

4n* +n+ 1)t — aran_1) — (t* — a1an_1)(7a] + 7a2_, + 10a,a,_1) > 0.

Since t? — a1a,—1 > 0, we need to show that
4(n* +n+1) > 7aj + 7a2_, + 10ara,_;.

It suffices to prove that
4n* > 7a3 + 7a>_, + 10a1a, 4

for n > 3, which is equivalent to the homogeneous inequality
4lay 4+ ag + -+ ap)? > Tad 4+ Ta_| + 10a1a,_;.

Since

ap+ay+-+a, > (n—2)ay + ap1 +a, = (n—2)ar + 20,1 > ay + 2,1,

we only need to prove that
4(ay + 2a,1)* > 7al + Ta>_, + 10a1a,_1,
which reduces to the obvious inequality

3a2 | +2a1a,_1 > aj.

By the AM-Corollary, it suffices to prove the original inequality for a1 = as = -+ - = a,_1;

that is, to show that (n — 1)a; + a,, = n involves

(n* +n+1)[(n—1al+a>—n]>(n—1)a; +a} —n.
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Since
(n—1)a?+a® —n=n(n—1)(a; — 1)
(n—1)ai +ay —n=n(n—1)(a; —1)* [(n* —=3n+3)a] —2(n* —n—1)a; +n* + n+ 1],

the inequality is equivalent to
n(n — Dai(a; — 1)*[2(n* —n — 1) — (n* — 3n + 3)ay] > 0.
It is true because

(n*=3n+3)n  n®—n*—3n+2

2(n* —n—1)— (n® — >2(n*—n—1) - :
(n"—n—-1)—(n"=3n+3)a; >2(n°—n—1) — — >0
The equality holds when a; =ay =--- = a, = 1, and also when
ap=-+=ap,_1 =0, ap ="n
(or any cyclic permutation).
Second Solution. Apply the AC-Corollary. Assume that
F(ay,a9,a3,...,a,) < F(t,t,as,...,a,) (*)
involves
F(al,ag,ag,...,an) 2F(O,2t,a3,...,an), (**)
where n
a; +a
t = L 9 2, aq 7é as.

Then, by AC-Corollary, we have

> i
F(ay,ag, ... a,) > lggnf(k),

where

f(k)Z(n2+n+1)(%2_n)_<n4 ) n2(k — 1)(n — k)(nk + n + k)

k3 k3
is the value of F' for a; = -+- =a,_ =0 and a, g1 = -+ = a, = n/k. Obviously,
f(k) >0

for k € {1,2,...,n}.
Let us show now that (*) involves (**). Since

1
a? +ai —2t* = 2(t* — ayay),  ai+ay—2t* = 5(752 — ayas)(7a% + Ta3 + 10a;as),

we may write (*) as follows:

(n® +n+1)(a® + a2 — 2t*) — (a] + a3 — 2t*) <0,
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4(n® +n+ 1)(t* — arag) — (t* — ayag)(7a? + 7a3 + 10a1az) < 0,
7al + 7a3 + 10a1as > 4(n* +n +1). (A)

Since
a? + a3 — (a1 + a2)? = —2a1ay,  ai +ay — (a1 + ax)* = —ajag(4al + 4a3 + 6aiaz),
we may write (**) as follows:
(n®+n+1)[a] + a3 — (a1 + a2)’] — [a] + a3 — (a1 +a2)*] >0,

arag[—2(n* +n + 1) + (4a? + 43 + 6a,a)] > 0.

This is true if
2(4a] + 4a3 + 6ajaz) > 4(n* +n+1). (B)

Taking intp account (A), it suffices to show that
2(4a? + 4a3 + 6aias) > 7at + Ta; + 10a1az,

which is equivalent to (a; — ag)? > 0.

P 1.19. Let ay,as,...,a, be nonnegative real numbers such that a1 + as + -+ a, =n. If

m >3 18 an integer, then
n™ ! 1 2 2 2 m
n 1 (al CL2 e an n) >— a71n agl T a’n n.

(Vasile C., 2002)

Solution. Let
nm 1l —1

T =
n—1

We need to prove that F'(aq,as,...,a,) > 0, where

F(al,ag,...,an):r(af~|—a§+---+ai—n)—(aT+a£”+~--—|—a?—n).

Assume that

F(ai,as,a3,...,a,) < F(t,t,as,...,a,) (*)
involves
F(ay,as,as,...,a,) > F(0,2t,as,...,a,), (**)
where n
a
t= @ 2 aq 7é 9.

2 Y
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Then, by AC-Corollary, we have

F(a1>a27"'7an) > min f(k)7

T 1<k<n
where )
n n'm
f(k)=r (? —n) = +n
is the value of F for a; = -+ = a,_ = 0 and a, 41 = -+ = a, = n/k. We need to show

that f(k) >0 for k € {1,2,...,n — 1}. Write the inequality f(k) > 0 in the form

nmfl _ kmfl

"= — k)
We have
nm -1 _— 5 nym—2 nym—3 nml — pm-t
T gme2 g gmes 1><_> <_> I I
r ] n +n +---+12> 2 + 2 + o+ 20 — )
Let us show now that (*) involves (**). We may write (*) as
a* +ayt — 2™
2 2 2~
o+ > 2. (A)

12 — ajas
For the nontrivial case ajay # 0, the desired inequality (**) is equivalent to

al + ab* — (ay + ax)™
a? + a3 — (a; + as)?

<r

)

ai' + ay' — (20)™
a10a9

> 2r.

This is true if
al> + ayr — (2t)™ S al* + agt — 2t™

a10a9 t2 — 109
al +ay + (2™ — 2)ajagt™? — (2t)™ < 0.

Y

For m = 3, the inequality is an identity. Consider next that m > 4. Due to homogeneity,
we may set ¢ = 1. Using the substitution

ap =142 a=1-—uz, 0<r<l,
we need to show that f(z) <0, where
f@)=Q4+2)"+(1—-2)"+ 2" -2)(1-2%)—-2", 0<z<1

We have
f'(x)=m [(1 ) A - x)m_l] — (2™ — 4)z,



52 Vasile Cirtoaje

0 = miom = 1) [(1+27 (1= 277 27 1,
f///(l’) = m(m — 1)(m — 2) [(1 + x)m—i& . (1 o w)m_ﬂ '

Since f"” > 0, f” is strictly increasing. Because
ff0)y=2m*-m+2-2") <0, f'(1)=2"%*m*—m—8)+4>0,

there exists z; € (0,1) such that f”(x;) =0, f’(z) < 0 for x € [0,21) and f"(z) > 0 for
x € (x1,1]. Consequently, f’ is strictly decreasing on [0, 1] and strictly increasing on [z, 1].
Since

f0)y=0 f(1)=4+(m-42"" >0,

there exists xo € (x1,1) such that f'(x9) = 0, f'(z) < 0 for x € (0,25) and f"(z) > 0 for
x € (x2,1]. Thus, f is strictly decreasing on [0, x] and strictly increasing on [z9,1]. Since
f(0) = f(1) =0, it follows that f(z) <0 for 0 <z < 1.

The equality holds when a1 = ay = --- = a,, = 1, and also when

ap=-=a,-1 =0, a,=n

(or any cyclic permutation).

P 1.20. Ifa,b,c,d, e are nonnegative real numbers such that a +b+c+d+e =25, then
5
VP +E+ P+ —-5> Z(l—abcde).

(Vasile C., 2005)

Solution. We apply the AM-Corollary to the function
5
F(a,b,c,de) =a* +b* + +d* +e* —5— Z(l — abcde).

So, we need to show that

for

We have
F(a,b,c,d,e) — F(t,b,c,t,e) = a® + d* — 2t* — Zbce(t2 — ad)
=2(t* — ad) — Zbce(i2 —ad)

Lo
:Z(t —ad)(8 — bbce).
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It suffices to show that
8 — bbce > 0,

which is equivalent to the homogeneous inequality
8(a+b+c+d+e)’ > 625bce.

By the AM-GM inequality, we have

a+b+c+d+e>2b+c+2e > 33/(2b)c(2e) = 3V 4dbce,

hence
8(a+b+c+d+e)’ >8-27- (dbce) = 864bce > 625bce.

According to AM-Corollary, it suffices to prove the original inequality for « = b = ¢ = d.
Thus, we need to show that 4a + e = 5 implies

5
4a* +e* — 5 > 1(1 —a'e),
which is equivalent to
5
20(1 —a)? > it a)?(4a® + 3a® + 2a + 1),

(1 —a)*(15 — 2a — 3a* — 4a*) > 0,
(1—a)*(3+ 2a+ a®)(5 —4a) >0,
(1 —a)*(3 + 2a + a*)e > 0.
The equality holds fora =b=c=d=e =1, andalsofora:b:c:dzgande:O

(or any cyclic permutation).

O
P 1.21. Ifay,as,...,a, are nonnegative real numbers such that a; + as+ - - -+ a, = n, then
a+ay++ai—n> — (1 —ajay---ay).
Solution. Write the inequality as F'(aj,as,...,a,) > 0, where
Flai,ay,...,a,) =a2 +a3+-+a>—n— nﬁl (1 —ajas---ay).
Assume that
F(ai,as,a3,...,a,) < F(t,t,as,...,a,) (*)

involves
F(ay,a9,a3,...,a,) > F(0,2t,as,...,a,), ()
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where
aq + a9

2 J
On this assumption, by the AC-Corollary, we have

t =

ay # as.

F(ay,aq,...,a,) > min f(k),

~ 1<k<n
where
f(n)=F(1,1,...,1) =0
and
o ke {1,2 1
f(k)_?_mﬂ 6{7 yeeey, I — }7
is the value of F for ay = +-- =a,_ =0 and a, 41 = --- = a, = n/k. Since f(k) > 0 for

ke {l,2,...,n— 1} (with equality when k =n — 1), we have
F(ay,as,...,a,) > 0.

To prove that (*) implies (**), we write these inequalities as

n
(t* — ayas) (2—n_1a3---an><0 (A)
and
n
aias (Q—n_lag---an>§0, (B)
respectively. Clearly, (A) implies (B), therefore (*) implies (**). This completes the proof.
The equality holds when ay =ay =--- =a, = 1, and also when
n
a; =0, azz"':an:n_l

(or any cyclic permutation).

P 1.22. Ifa,b,c,d, e are nonnegative real numbers such that a +b+c+d+ e =05, then
3,13, 3, 93, .3 45
a4+ 0" +c’+d°+e’—5> E(l—abcde).

(Vasile C., 2005)

Solution. We apply the AM-Corollary to the function

45
F(a,b,c,d,e) :a3+b3+c3—|—d3+63—5—E(l—abcde).
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So, we need to show that

for

We have

45
F(a,b,c,d,e) — F(t,b,c,t,e) = a® + d* — 2t3 — Ebce(t2 —ad)

4
=3(t* — ad)(a +d) — 1—2bce(t2 — ad)
= %(ﬂ — ad)(16a + 16d — 15bce).
It suffices to show that
a+d > bee,

which is equivalent to the homogeneous inequality
(a+d)(a+b+c+d+e)* > 16bce.

Let
z = Vbe.

Since
a+d>b+e>2x, a+b+c+d+e>2b+c+2e>4dr+c,

it suffices to show that
27 (4x + ¢)® > 16¢a?,

which is equivalent to
22(162% + ¢*) > 0.

According to AM-Corollary, it suffices to prove the original inequality for a = b = ¢ = d.
Thus, we need to show that 4a + e = 5 implies

45
4a° +e* — 5 > 1—6(1 —a'e),
which is equivalent to
45
60(1 —a)*(2 —a) > 1—6(1 —a)*(1 + 2a + 3a* + 4a*),

(1 —a)?*(125 — 70a — 9a* — 12a*) > 0,
(1 —a)?*(25 + 6a + 3a*)(5 — 4a) > 0,
(1 —a)*(25 + 6a + 3a®)e > 0.

5
Theequalityholdsfora:b:c:dzez1,andalsofora:b:c:dzzande:()

(or any cyclic permutation).
0
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P 1.23. If ay,as,...,a, are nonnegative real numbers such that a; + as + - - -+ a, = n, then

n(2n —1)

al +ay+ -+ i—an

(1 —ayag---ay).

Solution. Write the inequality as F'(ay,as,...,a,) > 0, where

2n — 1
F(al,ag,...,an):a:{’+a§+---+ai—n—% (1 —ajag---ay).

We claim that

F(ai,as,a3,...,a,) < F(t,t,as,...,a,) (*)
involves

F(ai,as,a3,...,a,) > F(0,2t,as,...,a,), (**)
where o +a

t= ! 5 2, al#ag.

On this assumption, by the AC-Corollary, we have

F(ahaQa"'?an) > min f(k)7

T 1<k<n
where
fn)=F(1,1,...,1) =0
and
U n ke {1,2 1
f(k)—ﬁ—m, G{, gy, — },
is the value of F for ay = -+ =a,_x =0 and a, 41 = --- = a, = n/k. Since f(k) > 0 for

ke {l,2,...,n— 1} (with equality when k =n — 1), we have
F(ay,as,...,a,) > 0.

To prove that (*) implies (**), we write these inequalities as

SN PN 1C ) SUN
(t 102) [3( 1+ a) (1) " n:| <0 (A)
and (20— 1)

a1Gs {3(a1+a2)—ma3“-an} <0, (B)

respectively. Clearly, (A) implies (B), therefore (*) implies (**). This completes the proof.
The equality holds when ay =ay =--- = a, = 1, and also when

w=0, a=-=a,=

(or any cyclic permutation).
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P 1.24. If ay,as,...,a, are nonnegative real numbers such that a; + as + - - -+ a, = n, then

n—2
2

)2@1@2...%_1).

1
E(a§+a§+---+ai—n)2a§+a§+---+ai—n+(

(Vasile C., 2005)

Solution. Write the inequality as F'(ay,as,...,a,) > 0, where

1
F(ay,aq,..., a,) :ﬁ(a?+a§+---+ai—n)—(a%+a%+---+ai—n)
n—2\2
_ coea, —1).
( 5 ) (aras---a )
If
F(a17a27a3a 7an) < F(t7t7a37 aan) (*)
involves
F(ay,as,as,...,a,) > F(0,2t,as,...,a,), (**)
where n
a1 +a
t= : 92 27 ai 7é asz,

then, by the AC-Corollary, we have

F(ay,aq,...,a,) > min f(k),

~ 1<k<n
where
f(n)=F(1,1,...,1) =0
and
2
f(k):%(z—z—n)—(%—n)+(”;2) :%, ke{l,2,...,n—1},
is the value of F' for ay = -+ = a,_y =0 and a,_4y1 = -+ = a, = n/k. Since f(k) >0

(with equality when k = 2), we have

F(ay,as,...,a,) > 0.

To prove that (*) implies (**), we write these inequalities as
3 n —2)?
(tQ — alag) |:E(OJ1 + ag) -2+ %&3 s CLn:| <0 (A)
and 5 o2
n J—
ai1as |:E(CL1 + ag) -2 + %ag cee an:| S O, (B)

respectively. Clearly, (A) implies (B), therefore (*) implies (**). This completes the proof.
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The equality holds when ay =ay =--- = a, = 1, and also when
a1 =+++ = Qp_o =0, Ap_1 = ap =1n/2

(or any permutation).

P 1.25. Ifay,as,...,a, are nonnegative real numbers such that a; +as+ - - -+ a, = n, then

n(n —1
\/% (a+a3+--+ad—n)>al+a3+--+a, —n

(Vasile C., 2006)

Solution. Write the inequality as F'(ay,as,...,a,) > 0, where

-1
F(al,ag,...,an):ngj—+1) (al4+a+-+a)—n)—(a]+a3+ - +al —n)’

If

F(al,ag,ag,...,an)<F(t,t,ag,...,an) (*)
involves

F(al,ag,&g, . ,an) 2 F(O,Qt, as, . .. ,&n), (**)
where n

a; +a
t= 12 2, a1 # az,

then, by the AC-Corollary, we have

> .
F(a17a27 s 7an) = 12}3;1”.][‘(]{;)7

where f(k) is the value of F for a; =---=a,_ =0 and a, 11 = -+ = a, = n/k; that is,

Since f(k) > 0 (with equality when k£ = 1 and k& = n), we have

F(ay,as,...,a,) > 0.
Using the identities
a? + a3 — 2t =2(t* — ayay), @’ +ad— 2t =3(a1 + ax)(t* — aja0),
we may write (*) as

nin—1 a? + a?
¥ 1 2+a§+...+ai_n><07

n—+1

(@ + ad — 2%) — 2(a? + a2 — 2%) (t2 i
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3 -1 2 2
(t* — araz) %(aﬂraz)—4<t2+%+a§+---+ai—n)1<0,
3n(n — 1 2 | g3
%(al—kag)—ll(t?—i-al—{_%+a§+---+ai—n><0. (A)
Since
ai + a3 — (a1 + a2)® = —2a1a9,  a@; +as — (a1 + a2)® = —3ayaz(a; + ay),

we may write (**) as
n(n —1)
Thrl [a} + a3 — (a1 + a2)*] —

a? + a’

—2[@%—#@%—(@1—1—@2)2](2752—1— +a§+---+ai—n>20,

3n(n—1) a? 4 a3
a1a9 n—H(a1+a2)—4(2t2+ 12 2—i—a§+—|—ai—n SO (B)
Clearly, (A) implies (B), therefore (*) implies (**). This completes the proof.
The equality holds when a1 = ay = -+ = a, = 1, and also when

@m=-=ap1=0, ap=n

(or any cyclic permutation).

P 1.26. If a,b,c,d are nonnegative real numbers such that a +b+ c+d =4, then

313 5
\/2(a4+b4—|—c4+d4)+—1 + §Za2+b2+02+d2.

(Vasile C., 2006)

Solution. Write the inequality in the form

4 4 4 4 313 2 2 2 2 5 ’
2 (a* 40" +¢ +d)+8—12 @+ +EHd o)

Consider the more general inequality F'(a,b,c,d) > 0, where
F(a,b,c,d) = ki (a* + 0" + '+ d*) + ks — [k3(a® +b° + F + d°) — k4}2,

with
2]{35 >k > 0, 4k‘3 > ky ]{73 > 0.

We will show that
F(a,b,c,d) < F(t,t,c,d) (*)
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60
involves
F(a,b,c,d) > F(0,2t,c,d), ()
where ;
=1 i a # b.

2 )
Using the identities

1
a® + b —2t* =2(t* —ab), a*+b* 2= 5(252 — ab)(7a® + Tb* + 10ab),

we may write (*) as

k?l (a4 + b4 — 2t4> — 2]63((12 —f- b2 — 2t2) (k’3(t2 —|—

2 b2
¢ ; +02+d2)—k4> <0,

k 2 b? + 10ab 24 b2
1(Ta” + 70" + Oa>—4k3<k3(t2+a ; +02+d2)—k4)] <0,

(t* — ab) 5
b (Ta” + 72b2 £ 100b) 4, [k;g(# B LA S k:4] <. (A)
Since
a> +0* —(a+0b)?=—2ab, a*+b"—(a+b)* = —ab(4a® + 4b* + 6ab),
we may write (**) as
Gl +02+d2)—k:4] >0,

kila* + 0" — (a+ b)*] — 2k3 [a® + b* — (a + b)?] [k3(2t2 +

2 b2
abky (4a? + 45 + 6ab) — Akgab [kg(%? L A ) @] <0

This inequality is true if
2 b2
v +02+d2)—k4}§0,

]{31 (4@2 + 4b2 + 66Lb) — 4]{?3 |:k53(2t2 +

which is equivalent to

2 2 1
ki(7a* + 7217 + 10ab) Lk Ay {k3(2t2 N

2 2
ot +c2+d2)—k4}§0. (B)

Clearly, (A) implies (B) if
2k t* — 4k3t* <0,
. Thus, by the AC-

which is true because k; < 2k3. As a consequence, (*) implies (**)

Corollary, we have
F(a,b,c,d) > 12%1£nf(k)’
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where

1 4 4 44k1 4.2]€3 2
f(k)—1131324F<0,...,0,E,...,E) _?Jr;@_ (——k4>

is the value of F' for the case where 4 — k of the variables a, b, ¢, d are zero and the other k
variables are equal to 4/k. Since

42k
T3—k4z4k3—k4zo,

we only need to show that g(k) > 0 for k € {1,2,3,4}, where

256k, 16k5

For the original inequality, we have

313 5
ki =2, k2=g7 ks =1, k’4:§,
9 5

Wi~k =0, Ak —hi=d— >0, k>0,

(k)— 5_12+§_1_6+§
=N T Tk Ty

/ 1
g(1) = 512+%—16+g>\/512—16>0,
/ 313 )
g(2): 64+8—1 —8—|—§>V64—8:0,

ke {1,2,3,4}.

Since

(3= 22 318 16,5 43 16,5,
IOI=\ 97 "’ "3T9 9 3 T9
313 5 31 5
1) = 00 220 gy
g(4) 8+81 —|-9 9 +9 0,

the conclusion follows.
The equality holds for a = 0 and b = ¢ = d = 4/3 (or any cyclic permutation), and also

fora=b=c=d=1.
[

P 1.27. If a,b,c,d are nonnegative real numbers such that a +b+ c+d =4, then

> a4+ 024+ 2+ d? -4

2\/a4+b4—|—c4—|—d4—4
7

(Vasile C., 2006)
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Solution. Write the inequality as F'(a,b,c,d) > 0, where
F(a,b,c,d) = ki (a* + 0%+ ¢+ d*) + ky — [ks(a® + 0> + & + d?) — ki)’

with 4 16
k1:?7 k2:_77 k3:17 k4:47

4
2k§—k1:2—?>0, dks —ky =0 k3> 0.

As shown in the proof of the preceding P 1.26, we only need to show that g(k) > 0 for

k=1,2, 3,4, where
256/{:1 16k3 4 64—k 16
—\ Tk - = k= _ 2y
2 TRE T T T

We have

4 137 16 1 16
Y B T Bk N/ g
9(3) sV~ 3 T334l
g(4) =0.

The equality holds for a = b = ¢ =0 and d = 4 (or any cyclic permutation), for a = b =0
and ¢ = d = 2 (or any permutation), and also fora =b=c=d = 1.
m

P 1.28. Ifa,b,c,d are nonnegative real numbers such that a +b+ c+d =4, then

16 4 3
Vat + b+ A dt = -8 > (-——) a’ + b 4+ d?).

(Vasile C., 2006)
Solution. Write the inequality as F'(a,b,c,d) > 0, where

F(a,b,c,d) = ky (a* + 0% + ¢+ d*) + ky — [ks(a® + 0> + 3 + d%) — ki]”,

with 4 5 16
ki=1, ko=0, ks=——2° ky=-——-28
1 ) 2 ) 3 \/g 27 4 \/g )
91 — 48v/3
2k — k) = f>4(3—2\/§)>0, Ay —ky =2 > 0.
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As shown in the proof of P 1.26, we only need to show that g(k) > 0 for k = 1,2, 3,4, where

256k 16k
g(k) =/ 5 Lfky — T3+k4 — 8h(k),

2 2 (4 3
h(k):k—\/%—%(g—1)+g—1.

We have
h(1)=2(2-V3) >0,
o L2 1
i it
h(3) =0,
h(4) =0
The equality holds when a = 0 and b = ¢ = d = 4/3 (or any cyclic permutation), and also
whena=b=c=d=1.
]

P 1.29. Ifa,b,c,d are nonnegative real numbers such that a +b+ c+ d = 4, then

1
Vat + b+ et +dh 4 8(2 — V2) > (Q_E) (a® + 0%+ +d?).

(Vasile C., 2006)

Solution. Write the inequality as F'(a,b,c,d) > 0, where
F(a,b,e,d) = ky (a* + b+ ¢+ dY) + ky — [ks(a® + 02 + 2 + d%) — k],

with .
kr=1, k=0, ky=2——, |k =802-v2),
1 2 3 \/5 4 ( )

2 —ky >2—1>0, 4ky—ky=2(3vV2—4) > 0.

As shown in the proof of P 1.26, we only need to show that g(k) > 0 for k = 1,2, 3,4, where

256k 16k
g(k) =4/ 5 Lk — 73 + ky = 16h(K),

We have
h(1)
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h(3):%(1+%—\/§)>0

h(4) = # >0,

The equality holds when a = b = ¢ =0 and d = 4 (or any cyclic permutation), and also

when a = b =0 and ¢ = d = 2 (or any permutation).
O]

P 1.30. Ifa,b,c,d are nonnegative real numbers such that a +b+ c+d =4, then

\/a4+b4+c4+d4+16(\/_ \}_) > (%-%) (a®>+ b+ +d?).

(Vasile C., 2006)

Solution. Write the inequality as F'(a,b,c,d) > 0, where

F(a,b,c,d) = ki (a* + 0% + ¢+ d*) + ky — [ks(a® + 0> + & + d?) — ki)’

with 3 2 1 1
k=1, ko=0, hy3=———, |ky=16(—=——
! ? ’ 2 V3 o (f f)
2k2 —ky >0 Aks — k —4(i—i)
3 1 ) 3 4 \/— \/—

As shown in the proof of P 1.26, we only need to show that g(k) > 0 for k = 1,2, 3,4, where
256k 16ks
g(k) = \| =5 + ke — —— +ku = 16h(k),
1 1 3 1 2
hk)= ——+—(1-2) - —(1-2).
w=it-1) -5 0-7)

()_1—f+\}§ g+§:o,

We have

o3l g)

The equality holds when a = b = 0 and ¢ = d = 2 (or any permutation), and also when
a=0and b=c=d=4/3 (or any cyclic permutation).
0
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P 1.31. If a,b,c,d are nonnegative real numbers such that a® + b* + ¢ + d* = 4, then
a® + b+ A 4+ & + abe + bed + eda + dab < 8.
(Vasile C., 2006)
Solution. Write the inequality as G(a,b,c,d) > 0, where
G(a,b,c,d) =8 —ac(b+d) — (a+ c)bd — (a® + b* + * + d*),

and apply the SM-Corollary. First, we will show that

G(a,b,c,d) > G(t,b,t,d)
for

a? + 2

a<b<c<d, t = ;

Write this inequality as follows:
(t* —ac)(b+d) + (2t —a — ¢)bd — (a® + & — 2t*) > 0,

4t? — (a +¢)? (a3 + c3)* — 4t°

2 — b+d bd — >

( ac)(b+d) + 2t +a+c ad + ¢+ 23 20,

(a—c)*(b+d) N (a—c)? b — (a — c)*[(a® + ac + *)? — 3a*c?| >0,
2 2t+a+c 2(a® 4 2 + 213)

which is true if
2bd (a® + ac + ¢?)?

b+d .
+ +2t+a+c_ ad + 3 + 2t3
Since
b+d>a+c, bd > ac,
2t+a+c<3(a+c)
and

1
a’+c +2t° > a3—|—03—|—§(a—|—c)(a2—|—02) > a® + & +acla+c) = (a+c)(a® + ),

it suffices to show that
2ac (a® + ac + c*)?

>
a+c+3(a+c) ~ (a+c)(a?+ )’

which is equivalent to

3(a® + ac + *)?
a? + ¢?

2ac(a® + c*) > 3a*c?,

2ac(a — c)? + a*c® > 0.

3(a® + %) + 8ac >

I
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By the SM-Corollary, it suffices to prove the original inequality for a = b = ¢; that is, to
show that 3a* + d* = 4 involves

4a® + d® + 3a%d < 8.

This inequality is equivalent to
4a® + 4d < 8,
2—a®>d.
Since 3a? < 4, we have
2—a322——§->g

3v3
Thus, we only need to show that
(2 - CL3)2 Z d2,

which is equivalent to
(2 —a*)* >4 — 3a?,

a*(a* —4a +3) >0,
a*(a —1)*(a* +2a +3) > 0.

The equality holds for a = b =c¢ =d =1, and also for a = b =c =0 and d = 2 (or any
cyclic permutation).

]

P 1.32. Ifa,b,c,d are nonnegative real numbers such that a* + b* + ¢* + d* = 2, then
a® 4+ b* + ¢ + d* + abc + bed + cda + dab > 2.
(Vasile C., 2006)
Solution. Write the inequality as G(a, b, c,d) > 0, where
G(a,b,c,d) = a®> +b* + ¢ + d* + kab(c + d) + k(a + b)ed — m, k=1, m=2,
and apply the AC1-Corollary. First, we will show that
G(a,b,c,d) < G(t,t,c,d)

involves

G(a,b,c,d) > G(0, V2t e, d)

21 2
t:\/a;— , a # b.

for any k£ > 0 and real m, where
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Write the hypothesis G(a, b, ¢,d) < G(t,t,c,d) as
(a® +b* = 2t°) — k(t* — ab)(c + d) — k(2t —a — b)ed < 0,
((13 + b3)2 _ 4t6 4t2 _ (CL + b)2
ad + b3 + 2t3 2t+a+0b
(a = b)*[a* +b" +2ab(a® + V)] k(a—=b)*(c+d)  k(a—1b)? .
2(a3 + b + 2t3) 2 2t4+a+0
a* + b* + 2ab(a® + b?) cilerds 2cd
ad + b3 + 23 2t+a+b)
Write now the required inequality G(a,b,c,d) > G(0,v/2 t,c,d) as follows:
kab(c +d) + k(a+b— V2 t)ed > 2V2 12 — a® — 1%,
(a+0)* —2t? 8t — (a® + 1?)?
cd > ,
a+b+2t 22 t3 4 a3 + b3
2kabced a’v*(3a® + 3b* — 2ab)
>
a+b+v2t 2v2 13 4+ a® + b3
2kcd ab(3a? 4 3b* — 2ab)
> .
a+b+V2t 22 t3 + a3 + bd

— k(t* — ab)(c+d) — k -

kab(c +d) + k -

kab(c + d) +

k(c+d)+

This inequality is true if

2kcd ab(3a? + 3b* — 2ab)
k d >
(e+d)+ a+b+2t— 234+ a3+ 03
Having in view (*), it suffices to show that
ab(3a* + 3b* — 2ab) < a* + b* + 2ab(a* + b?),

which is equivalent to
(a® + b*)(a® + b*> — ab) > 0.

By the AC1-Corollary, it suffices to prove that

G(0,0,1,1) >0,  G(0,0,0,v2) > 0.
We have

[\

V2 V2 V2 V2 2 2 [2) 86
G<7,7,7,7>:4\/§—2, G(O,\/;,\/;,\/;>:T—2,

G(0,0,1,1) =0,  G(0,0,0,v2) =2v2 —2.
The equality holds for a = b =0 and ¢ = d = 1 (or any permutation).

cd <0,

d < 0,
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P 1.33. If a,b,c,d are nonnegative real numbers such that a® + b* + ¢ + d*> = 3, then
3(a® + 0 4 & + d®) + 2(abe + bed + cda + dab) > 11.
(Vasile C., 2006)
Solution. Write the inequality as G(a, b, ¢,d) > 0, where
G(a,b,c,d) = 3(a® + b* + ¢ + d*) + 2ab(c + d) + 2(a + b)ed — 11,
and apply the AC1-Corollary. As shown at the preceding P 1.32, if

G(a,b,c,d) < G(t,t,c,d),

then
G(a,b,c,d) > G(0,V2 t,c,d),
where
2 B2
t= a;— , a # b.
By the AC1-Corollary, it suffices to prove that
V3 V3 V3 VB
—_— | > 1,1,1) >
(27 27 27 2 —O’ G(07 ) ) )—07
(oof{) G(0,0,0,V3) >
We have
V3 V3 V3 VB 15V3
————:——11 1,1,1) =
G<2’ 2) 2 2 O G<O’ Y 7) 07
3 /3 3
G(OO\/;\/;>:9 5~ 1>0. G(0,0,0,v/3) = 9v3 — 11 > 0.

The equality holds for a = 0 and b = ¢ =d =1 (or any cyclic permutation).

P 1.34. If a,b,c,d are nonnegative real numbers such that a® + b* + ¢ + d? = 4, then
4(a®> + b* + ¢ + d*) + abe + bed + cda + dab > 20.

(Vasile C., 2006)
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Solution. Write the inequality as G(a, b, c,d) > 0, where
G(a,b,c,d) = 4(a® + 0>+ * + d*) + ac(b + d) + (a + ¢)bd — 20.
First Solution. Apply the SM-Corollary. First, we will show that
G(a,b,c,d) > G(t,b,t,d)

for

a? + c2

a>b>c>d, t= 5

Write this inequality as follows:
4(a® + = 2t%) — (1? —ac)(b+d) — (2t —a — c)bd > 0,
4[(a® + 3)? — 4t°]

4% — (a+c)Qb

a3 + ¢3 + 213 — (* —ac)(b+d) - 2 tate 70
da—cPla’ + b +2ab(a +8%)]  (a=)’(b+d) (a—0¢ ,
2(a® + A+ 269) 2 Aates
which is true if 4a4+4c4—|—8ac(a2+02) 2bd
¢ o >btdt o— .
ad + 3+ 2 2t+a+c
Since
2% < a® + ¢, 2t > a+c,

it suffices to show that

4a* 4 4c* + 8 242 2bd
a+c+ac(a+c)2b+d+ 7
2(a® + 3) 2(a+c)

which is equivalent to

2a* + 2t + dac(a® + )
a? + c2 — ac

> (a+c)(b+d)+ bd,

Since b+ d < a + ¢ and bd < ac, we only need to prove that

2a* + 2¢* + dac(a® + ¢?)

2
a? 4+ 2 —ac > (a+c)” +ac,

which is equivalent to
2a* + 2c* + dac(a® + *) > (a* + & — ac)(a® + ¢ + 3ac),

a* + c* + 2ac(a* + ¢*) + a*c* > 0.

By the SM-Corollary, it suffices to prove the original inequality for a = b = ¢; that is, to
show that 3a? + d? = 4 involves

4(3a* + d*) + a® + 3a*d > 20,
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which is equivalent to
13a® + 4d® 4 3a*d > 20,

13a® + 4d(4 — 3a*) + 3a*d > 20,
(16 — 9a®)d > 20 — 13a°. (*)

Since 3a? < 4 involves 16 — 9a? > 0, we only need to show that

(16 — 9a®)%d* > (20 — 13a®)?
for a® < L which is equivalent to

312 — 960a? + 260a® 4+ 594a* — 206a°® > 0,

312
a(l—a)’f(a) >0,  f(a) = — + 624 — 24a — 412a* — 206a°.
a

Since f is decreasing, it suffices to show that f(a) > 0 for a® = & This is true because (*)
20

holds for a3 = I
The equality holds fora =b=c=d = 1.
Second Solution. Apply the AC1-Corollary. As shown at P 1.32, if
G(a,b,c,d) < G(t,t,c,d),

then
G(a,b,c,d) > G(0,V2 t,c,d),

2 1 2
t—\/a; , a # b.

Therefore, by the AC1-Corollary, it suffices to prove that

where

2 2 2
G(1,1,1,1) > 0, G(O,———)g(},
>

G(0,0,v2,v/2) >0,  G(0,0,0,2)
We have

— 20 >0,

G(1,1,1,1) =0, G( 2 2 2)—104

07_7_7_ o =
V3 V3 V3 3V3
G(0,0,V/2,v/2)=16v/2-20>0,  G(0,0,0,2) = 12.



Arithmetic Mean Method and Arithmetic Compensation Method 71

P 1.35. If a,b,c,d are nonnegative real numbers such that a® + b* + ¢ + d* = 4, then

28

A+ +E+E+3a+b+e+d < —.
( )_\/3

(Vasile C., 2006)

28
Solution. Write the inequality as G(a,b,c¢,d) + — > 0, where

V3
G(a,b,c,d) = —(a®>+ b+ +d*) —k(a+b+c+d), k=3,
and apply the SM-Corollary. First, we will show that
G(a,b,c,d) > G(t,b,t,d)
for £k > 3 and

a? + 2

2

a<b<c<d, t=
Write this inequality as follows:
k(2t —a—c)— (a® + & —2t%) > 0,

k4t = (a+c)’]  (a®+c°)? —4t°

>0,

2t+a+c ad+c3 423
k(a—c)?  (a—c)?*a* + c* + 2ac(a® + 2)] =0
2t+a+c 2(a3 + 3 + 2t3) -

which is true if

2k S a' + ¢t + 2ac(a® + 2)
2t+a+c” a+A+(aP+A)t
Write this inequality in the homogeneous form
k(a® + b* + & + d?) S a' + c* + 2ac(a® + 2)
22t +a+c) T A+ A+ (a2 + A

Y

Since
k(a* + b* 4 & 4 d?) > 2k(a® + ¢2) > 6(a® + ),

it suffices to show that
3(a? + ) - a* + c* + 2ac(a® + @)
2t+a+c ad+S+(a®+A)t

which is equivalent to

(a —c)*t + (a — ¢)*(2a* + 2¢* — ac) > 0.
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By the SM-Corollary, it suffices to prove the original inequality for a = b = ¢; that is, to
show that 3a* + d* = 4 involves

28
33+ d®+3Ba+d) < =—.
( ) V3
Using the substitution
_ 7T _ Y >0
a = ) c= ) LU, - I
NE v Y

we need to prove that
322 942 =12, <2

involves )
x3+%+9x+3y§28,

which is equivalent to
2° + (4 — )y + 9z + 3y < 28,

(7 — 2%y <28 — 9z — 2°.

Since x < 2 implies

28 —9r — 13 =2+ 9(2 —2) + (8 — 2°) > 0,
we only need to show that
(7T —2%)%y* < (28 — 9z — 2°)?,
which is equivalent to
(7T — 2%)%(12 — 32%) < (28 — 92 — 2%)?,
28 — 9zt — 1423 4+ 9922 — 1262 + 49 > 0,
(z—=1)*f(z) >0,

where

f(z) = 2" + 22° — 62° — 28z + 49

=(x—2)>*2*+6z+14) +42 -7
=(2—2)(24 — 22 — 42® — %) + 1.

RN

Since f(x) > 0 for 4x — 7 > 0, it suffices to show that 24 — 2x —42% — 23 > 0 for 0 < z <

Indeed, we have

1 3 105
24—23:—4;1:2—333:(4—2;B)—|—(13—4:1:2)+(7—x3)2§—|—Z+6—4>0.

The equality holds for a = b = ¢ = and d = /3 (or any cyclic permutation).

1
%
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P 1.36. If a,b,c,d are nonnegative real numbers such that a® + b* + ¢ + d* = 4, then
>+ 0+ AP+ 4a+b+c+d) <20
(Vasile C., 2006)
Solution. Write the inequality as G(a, b, c,d) 4+ 20 > 0, where
G(a,b,c,d) = —(a®> + b+ +d*) —k(a+b+c+d), k=4,
and apply the SM-Corollary. As shown at the preceding P 1.35, we have
G(a,b,c,d) > G(t,b,t,d)

for £k > 3 and
a? + c?
2
By the SM-Corollary, it suffices to prove the original inequality for a = b = ¢; that is, to
show that 3a% + d? = 4 involves

a<b<c<d, t =

3a® + d® 4 4(3a + d) < 20,

which is equivalent to
3a® + (4 — 3a*)d + 12a + 4d < 20,

(8 — 3a*)d < 20 — 12a — 3d®.

Since 3a? < 4 implies
20 — 12a — 3a® > 20 — 12a — 4a = 4(5 — 4a) > 0,
we only need to show that
(8 — 3a?)*d* < (20 — 12a — 3a®)?,
which is equivalent to
(8 —3a*)?(4 — 3a%) < (20 — 12a — 3a*)?,

3a® — 9a* — 10a® + 44a* — 40a + 12 > 0,
(a—1)*f(a) >0,  f(a)=3a*+6a*> — 16a + 12.
It suffices to show that f(a) > 0. We have

f(a) > 6a®> —18a + 12 = 6(a — 1)*(a +2) > 0.

The equality holds for a =b=c=d = 1.
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P 1.37. If a,b,c,d are nonnegative real numbers such that a® + b* + ¢ + d* = 4, then
@+ 0+ +d+H2V2 (a+btetd) >42+V2).
(Vasile C., 2006)
Solution. Write the inequality as G(a, b, ¢,d) > 0, where
Gla,bye,d) =+ 0P+ +d +k(a+b+c+d) —m, k=2V2, m=42+V2),
and apply the AC1-Corollary. First, we will show that
G(a,b,c,d) < G(t,t,c,d)

involves

G(a,b,c,d) > G(0,V2 t,c,d)

for any k£ > 0 and real m, where
2 1 p2
=1/ ¢ ; , a #b.

Write the hypothesis G(a, b, c,d) < G(t,t,c,d) as

(a® +b* —2t3) — k(2t —a — b) < 0,

3 13)2 _ 446 2 _ 2
(a° 4+ 0°)% — 4t _k_4t (a+ D) ed <0,
a® + b3 + 213 2t+a+0b
(a = b)*[a* +b* 4 2ab(a® +b*)]  k(a —D)°
2(a’ + 0% + 2t3) 2t+a+b 7
[a* + b* + 2ab(a® + b?)](2t + a + D)
a3 + b3 + 2t3
Write now the required inequality G(a,b,c,d) > G(0,v/2 t,c,d) as follows:

kla+b—v21t)>2v2 1 —a® — 1P,

k[(a+b)? —2t*] _ 8t° — (a® + b?)?
> ;
a+b+vV2t T 2V/28 +ad+ b3
2kab a?b?(3a® + 3b* — 2ab)
>
a+b+v2t 2V2 13 +ad + b3
a+b++/2t)(3a® + 30> — 2ab)
2v2 3 + @ + b?
Having in view (*), it suffices to show that

< 2k. (%)

Y

ok > ab(

[a® + b* + 2ab(a® + b?)](2t + a + b) S (a4 b+ /2 t)ab(3a® + 30> — 2ab)]
a3 + b3 + 2t3 - N2 3+ a3 + b3 '




Arithmetic Mean Method and Arithmetic Compensation Method 75

We can get this inequality by multiplying the inequalities
2[a* + b* + 2ab(a® + b*)] > 3[ab(3a® + 3b* — 2ab)]

and
32t +a+b) _ 2atb+v2i)
a+ 03+ 205 T 2\/2 43 4 a3 + b3
The first inequality is equivalent to

(a — b)*(2a* + 2b* — ab) > 0,
and the second inequality to
8V2t' +2(3V2 — 2)(a + b)t* + 2(3 — V2)(a® + %)t + (a + b)(a® + b%) > 0.

By the AC1-Corollary, it suffices to prove that

G(1,1,1,1) >0, G( —7>
G(0,0,v2,v/2) >0,  G(0,0,0,2) > 0.

We have
G(1,1,1,1) =4(vV/2 - 1) > 0,

(o) s (5-5) o0

G(0,0,v/2,v/2) =0,  G(0,0,0,2) = 0.

The equality holds for & = b = 0 and ¢ = d = /2 (or any permutation), and also for
a=b=c=0and d =2 (or any cyclic permutation).
O

P 1.38. If a,b,c,d are nonnegative real numbers such that a® + b* + ¢ + d*> = 4, then

2 2
a3+b3+c3+d3+2\/j a+b+c+d >4(\/§+—>.
3( )2 V3

(Vasile C., 2006)
Solution. Write the inequality as G(a, b, ¢,d) > 0, where

2 2
G(a,b,c,d) =a®*+ b+ +d* +k(a+b+c+d) —m, k_2\/;, m_4(\/§+ﬁ)7

and apply the AC1-Corollary. As shown at the preceding P 1.37, if
G(a,b,c,d) < G(t,t,c,d),
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then
Gla,b,c,d) > G(0,V2 t,c,d)

for any k£ > 0 and real m, where
2 | B2
=1/ a ; , a # b.

As a consequence, by the AC1-Corollary, it suffices to prove that

2 2 2
G(1,1,1,1)>0, G0, =, = =) >0,
(h1.1,1) (% v vs)
G(0,0,v2,v/2) >0,  G(0,0,0,2) > 0.
We have

G(1,1,1,1) =4(vV/2 — 1) (i—l) >0, G(o,i

2 i)zo
V3 V3 V3 V3
G(0,0,v2,v2) =0,  G(0,0,0,2) = 4(2 — V2) (1 - %) > 0.
2

The equality holds for a = 0 and b = ¢ = d = —= (or any cyclic permutation), and also

w

for a = b= 0 and ¢ = d = v/2 (or any permutation).
[l

P 1.39. Ifa,b,c,d are nonnegative real numbers such that a* + b* + ¢* + d* = 4, then

2
A+ +E+dP -4+ —=(a+b+c+d—4)>0.

V3
(Vasile C., 2006)

Solution. Write the inequality as G(a,b,c,d) > 0, where

e

G(a,b,e,d) =a* + P+ +d> —4+k(a+b+c+d—4), k

First Solution. Apply the SM-Corollary. First, we will show that

G(a,b,c,d) > G(t,b,t,d)

4
for k < 3 and
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Write this inequality as follows:
(a® +c* —2t%) — k(2t —a —c) >0,

(@®+ ) —at®  k[4t® — (a+¢)’]

ad 4¢3 + 263 2t+a-+c 20
(a — c)*[a* + c* + 2ac(a® + ?)] _ kla—c¢)? S
2(a® + 3 + 2t3) 2t+a+c
which is true if
a* + c* + 2ac(a® + @) 2k

> .
AB+A+(@+A)t T 2t+a+c
Write this inequality in the homogeneous form

at + ¢t + 2ac(a® + ) _ k(a®>+b* + P+ d?)

>

ad+c3+ (a®+ )t 22t+a+c)
Since
k(a® +b* + 4 d*) < 2k(a* + ) < w,
it suffices to show that
at + c* + 2ac(a® + 2) 4(a® + )

> .
ad+cA+(a2+A)t ~32t+a+c)

This inequality can be written in the form 2At + B > 0, where
A =a*+ c* + 6ac(a® + 2) — 4a*c”.

a+c . . . a+c
, it suffices to prove the inequality (*) for ¢ = — That means

Since A > 0 and ¢t >

to show that
at + ¢t + 2ac(a® + 2) 4(a* + )

a4+ (a2+A)a+c)/2 ~ 6(a+c)

?

which is true if

a* + c* + 2ac(a® + %) S 2(a* + %)
a’?+c?—ac+ (a®?+¢%)/2 — 3 ’
which is equivalent to
a* + c* + 2ac(a® + ) S a’ + c?
3(a+c*)—2ac — 3 7
ac(4a® + 4¢* — 3ac) > 0.

According to the SM-Corollary, it suffices to prove the original inequality for a = b = c.
Write the original inequality

A+ +E+ P+ k(a+b+e+d) >4(1+k), k=

S
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in the homogeneous inequality

4(a® +0* + & + d)
%+ b? + ¢ + d?

+k(a+b+c+d) >21+k)Va2+b%+c2+d>

We only need to prove this inequality for a = b = ¢ = 0 and for a = b = ¢ = 1. The first
case reduces to (2 — k)d > 0, while the second case to

4(d® + 3)

g tRdE3) =201+ VP £,

By squaring, the inequality becomes
Ak* + 2Bk + C > 0,

where

—1)2
A:—§(d—1)2, B:M

o 3(d — 1)*(d* + 2d* + 6d + 3)
. —

?+3 7 (d? +3)?

Thus, we need to show that

—sz(dZ + 3)? + 6kd(d® + 3)? + 3(d* + 2d* + 6d + 3) > 0,

which is equivalent to
—(d* 4 3)* + 6kd(d* + 3) + 3(d* + 2d°* + 6d + 3) > 0,
6kd(d* + 3) + 2d(d* + 3d*> — 3d + 9) > 0.

The equality holds fora =b=c=d =1, and also fora=b=c = and d = 0 (or any

Sl

cyclic permutation).
Second Solution. Apply the AC1-Corollary. As shown at P 1.37, if
G(a,b,c,d) < G(t,t,¢,d),

then
G(a,b,c,d) > G(0, V2t e, d)

2 12
t:\/a; , a #b.

Therefore, by the AC1-Corollary, it suffices to prove that

for any k£ > 0, where

2 2 2
G(1,1,1,1)>0, G (0, = = —> >0,
3 V3 V3
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G(0,0,v2,v/2) >0,  G(0,0,0,2) > 0.
We have 5 9 o
G(1,1,1,1) = 0, G(O,—,—,—)zo
3 V3 V3

1
G(0,0,0,Z):4(1——) > 0.

60.0.V2.V2) =12~ v2) N

L—L)>O
V2o V3T
O

P 1.40. If ay,as,...,a, are real numbers such that
ay +az +---+a, =n,

then

n(n —1)

> n2_—n+1(a‘1‘+a;‘+---+a§—n).
(Vasile C., 2006)

Solution. Write the inequality as F'(ay,as,...,a,) > 0, where

F(ay,az,...,a,) = (a%+a§+---~|—ai)2—nz—kz(a‘fjtag—l—---—l—ai—n),
with
n(n —1)

k= ——~.
n2—n+4+1

Without loss of generality, assume that

a<ap<---<a

— n

or
ay 2> Qg 2 -+ 2 Qp,
such that
a2 = max{a2,a3,...,a>}.
If
Flai,ag,...,ah 2,05 1,a,) > F (t,ag,...,an_9,t,a,), t = %7

then, by the AM-Corollary, it suffices to prove the original inequality for
ap = az = -+ = QGnp-1.

That means to show that
(n—1a+a,=n

involves
[(n— 1)a2+ai]2 —n*>k|[(n—1)a*+a, —n].
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Since

[(n—1)a*+ ai]Q —n?=[(n—1)a*+a’ —n] [(n—1)a*+a}, + n]

=n’(n—1)(a—1)*[(n—1)a* —2(n— Da+n+1]
and

(n—1a*+ay, —n=n(n—1)(a—1)*[(n* —3n+3)a®> —2(n* —n—1La+n*+n+1],

the desired inequality can be written in the obvious form

(a—1)*[(n —1)a—1]* > 0.
Using the identities

al+a? | —2t* =2(t* — aja,_1),

1
ai +ap 2t = 5(752 — aya,_1)(7a% + 7a?_, + 10a,a,_1),
we may write the inequality F'(aq, as,

ey 0, G, Gy) > F (t,ag,. .. a,_o,1,a,) as follows:

(af + ap_y — 2%)(2t* + af +2a3 + - -+ + 2a5,_y + ap_y +2a3) > k(ag + a,_y — 2tY),

2(t* — ayan_1)(2t* +at +2a5 + - +2a2_, +a’ | +2d2) >

5 (t* — a1an—1)(7aj + Ta2_y + 10a1a,_1).

Since t* — aja,_; > 0 and 2a2 + - -+ + 2a%_, > 0, we only need to prove that

426 +af +ap_y +2a2) > k(7a] + Tal_, + 10a1a,_1).
Since

2 2 2
2a; > ai +a,_q,

it suffices to show that

8 (£ +al+a’_y) > k(7a; + 7al_; + 10a1a,_12).
This is true because k < 1 and

8 (t2 +a + ai_l) = 10a? + 10a2 | + 4aya,_1 > 7a3 + 7a®_, + 10a1a,_;.
The equality holds when a1 = ay = - - -

a, = 1, and also when

1
ap=--- P a, =n—1

(or any cyclic permutation).
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P 1.41. Ifa,b,c,d are real numbers such that a +b+ c+ d =4, then
26
(a® + 0>+ + d* — 4) (a2+62+62+d2+€) >at+ 0t d -4

(Vasile C., 2006)
Solution. Write the inequality as F'(a,b,c,d) > 0, where
3\* /17"
F(a,b,c,d) = (a2—|—b2+02+d2+g) — (3) — (a*+ b+t +dt —4).

Without loss of generality, assume that a < b < ¢ < dora > b > ¢ > d, such that
d?> = max{a? b?, c* d*}. We will show that
a-+c

F(a,b,c,d) > F(t,b,t,d), t= 5

Using the identities
1
a’?+c* =2t =2(t* —ac), at+ct-2t= 5(252 — ac)(7a* + 7¢* + 10ac),

we may write the inequality F'(a,b,c,d) > F(t,b,t,d) as follows:

6
(a® 4 % — 2t%) (2752 +a® +20* + ¢ + 2d% + 3) — (a* +ct —2t*) >0,

6 1
2(t* — ac) (2t2 +a® 4 20% + ¢ 4 2d* + 5) - §(t2 —ac)(Ta® +7¢* + 10ac) > 0.

The inequality is true if
6
4 (2752 +a? + 20 + 2 4 2d* + 5) — (7a® + 7¢* + 10ac) > 0,
which is equivalent to

—5(a* + ¢®) — 30ac + 40(b* + d*) + 24 > 0.

It suffices to show that
—5(a® + ¢*) — 30ac + 40d* > 0.

Since 2d? > a? + ¢%, we have
—5(a* + ¢®) — 30ac + 40d* > —5(a® + ¢*) — 30ac + 20(a® + ¢*) = 15(a — ¢)* > 0.

By the AM-Corollary, it suffices to prove the original inequality for a = b = ¢. That is, to
show that 3a 4+ d = 4 implies

2
(3a* + d* — 4) <3a2+d2+€6> > 3a" +d* — 4.
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Since
3a> + d*> — 4 =12(a — 1)?,
2 2 2 _
802 4 2 + _6 _ (30a* — 60a + 53)
5 5
and

3a* +d* — 4 =12(a — 1)*(7a® — 22a + 21),
the desired inequality can be written in the obvious form
(a—1)*(5a — 1)* > 0.
: 1 17
The equality holds fora =b=c=d =1, and also fora =b=c = R and d = 5 (or any

cyclic permutation).

P 1.42. Ifa,b,c,d are nonnegative real numbers such that a +b+ c+d =4, then

A~ w

11
(a®> + b+ +d*—4) (a2+b2+c2+d2—|——) > (a* 4+ b+t +dt—4).

6

(Vasile C., 2006)

Solution. Write the inequality as F'(a,b,c,d) > 0, where

13\? /35\* 3
F(a,b,c,d):(a2+b2+62+d2—ﬁ) _<E) —Z(a4+b4+c4+d4—4),
Assume that a < b < ¢ < d and show that
Fla,be,d) > F(t,bt,d), {—= “;c.

Using the identities
1
a?+c* =22 =2(t* —ac), at+ct-2t = 5(252 —ac)(7a® + 7¢* + 10ac),
we may write the inequality F'(a,b,c,d) > F(t,b,t,d) as follows:

13 3
(a® 4 c* — 2t%) (2152 +a® + 26 + ¢ + 2d* — g) — Z(a4 +ct =2t >0,

13 3
2(t* — ac) <2t2 +a® +20* + & + 2d* — €> - g(t2 — ac)(7a® 4+ 7¢* + 10ac) > 0.
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The inequality is true if

13
16 (2t2 +a® 4+ 20 4+ 4 2d* — E) —3(7a® 4 7¢* + 10ac) > 0,

which is equivalent to
13
3(a* + c*) — l4ac + 32(b* + d?) — E(a +b+c+d)? >0,

18(a”® + ¢®) — 84ac + 192(b* + d*) — 13(a + b+ c+d)* > 0,
18(a® + ¢*) — 84ac + 179V + 192d* — 26b(a + ¢+ d) — 13(a + ¢ + d)* > 0,
18(a® + ¢*) — 84ac + 106* + 192d* + (13b — a — ¢ — d)* — 14(a + ¢+ d)* > 0.
The inequality is true if
18(a” + ¢®) — 84ac + 192d*> — 16(a + c + d)* > 0,
which is equivalent to
9(a® + ¢*) — 42ac + 96d* — 8(a + ¢+ d)* > 0.
Since
9(a® + ¢*) — 42ac > —6(a + ¢)* = —24t%

it suffices to show that
—241% + 96d* — 8(2t 4 d)* > 0,

which is equivalent to the obvious inequality
(d—1t)(11d +7t) > 0.

By the AM-Corollary, it suffices to prove the original inequality for a = b = ¢. That is, to
show that 3a 4+ d = 4 implies

11
(3a® + d* — 4) (3a2+d2—|—€> 2%(3@4—{—(14—4).

Since
3a* +d* — 4 =12(a — 1)?,
11 72a* — 144a + 107
a2 4 d? + — = ot
6 6
and

3a* +d* — 4 =12(a — 1)*(7a® — 22a + 21),
the desired inequality can be written in the obvious form
(a—1)*(9a —5)* > 0.
The equality holds fora =b=c=d =1, and also fora=b=c = g and d = g (or any

cyclic permutation).
0
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P 1.43. If a,b,c,d are nonnegative real numbers such that a + b+ ¢+ d = 4, then
(@40 ++d*—4) (2a*+ 20 + 27+ 24> — 1) > a* + b + ' + d* — 4.
(Vasile C., 2006)

Solution. Write the inequality as F'(a,b,c,d) > 0, where

2
4
F(a,b,c,d):2<a2+b2+02+d2—z> —gg—(a4+b4+c4+d4—4).

Assume that a < b < ¢ < d and show that

Fla,b,e,d) > F(t,b,t,d), {—= “‘2”.

Using the identities
1
a? +c* =22 =2(t* —ac), a*+ct-2t= 5(252 — ac)(7a* + 7¢* + 10ac),

we may write the inequality F'(a,b,c,d) > F(t,b,t,d) as follows:

9
2(a* + ¢ — 2t%) (2252 +a® +20* + 2 + 2d* — 5) — (a* +c* —2tY) >0,

8(t* — ac) (2152 +a® +20* + 2+ 2d* — g) — (£* — ac)(7a* 4+ 7¢* + 10ac) > 0.

The inequality is true if
9
8 (2752 +a® 4+ 20* + 2+ 2d* — 5) — (7a® + 7¢* + 10ac) > 0,

which is equivalent to

5(a® + ¢?) — 2ac + 16(b* + d*) — 36 > 0,

20(a* + ¢*) — 8ac + 64(b* + d*) = 9(a+b+c+d)* >0,
20(a* + ¢*) — 8ac + 64d* + 556 — 18b(a + ¢+ d) — 9(a + ¢+ d)* > 0,
9 2 522
20(a® + ¢*) — 8ac + 64d* + 6b* + | 7b — ?(a+c+d) — E(a+c+d)2 > 0.

The inequality is true if

2, 2 o D22 2

20(a” + ¢*) — 8ac + 64d* — E(a—i—c—l—d) >0,

which is equivalent to

261
10(a* + ¢*) — 4ac + 32d* — E(a +c+d)*>0.
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Since
10(a* + ¢*) — 4ac > 4(a + ¢)* = 16t*
and
201 _ 16
49 37

it suffices to show that
16
16t + 32d* — 3(275 +d)* >0,

which is equivalent to the obvious inequality

(d —t)(5d +t) > 0.

According to the AM-Corollary, it suffices to prove the original inequality for a« = b = c.

That is, to show that 3a + d = 4 implies

(3a* + d* — 4)(6a> + 2d* — 1) > 3a* + d* — 4.

Since
3¢+ d* —4=12(a —1)?

6a’ + 2d*> — 1 = 24a® — 48a + 31

and

3a* +d* — 4 =12(a — 1)*(7a® — 22a + 21),

the desired inequality can be written as
(a — 1)*(17a* — 26a + 10) > 0.

This is true because

17(17a® — 26a + 10) = (17a — 13)* 4+ 1 > 0.

The equality holds fora =b=c=d = 1.

P 1.44. If a,b,c,d are nonnegative real numbers such that a +b+ c+d =4, then

(a2+b2+cz+d2—4) (a2+b2+cz+d2—|—12) >

| W~

(a4+b4+c4+d4—4).

(Vasile C., 2006)
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Solution. Write the inequality as F'(a,b,c,d) > 0, where
4
F(a,b,c,d) = (a* + b+ +d* +4)* — 64 — §(a4+b4+c4+d4—4).

Assume that a < b < ¢ < d and show that

F(a,b7C,d)ZF(t,b7t’d)7 t:a—z{—c.

Using the identities
1
a? +c* =22 =2(t* —ac), a*+ct-2t= 5(2?2 — ac)(7a® + 7¢* + 10ac),
we may write the inequality F'(a,b,c,d) > F(t,b,t,d) as

4
(a® +c* —2t%) (22 + a® + 2b* + & + 2d° + 8) — g(a4 +ct =2t >0,

2
2(t* — ac)(2t* + a® + 20> + 2 + 2d* +8) — g(ﬂ —ac)(7a* + 7¢* + 10ac) > 0,

(t* — ac)(—5a® — 5c* — ldac + 12b* + 12d* + 48) > 0.

This inequality is true if

—5a? — 5¢% — 1dac + 12b* + 12d* + 48 > 0,
which is equivalent to

—5a® — 5¢® — 1dac + 12b% + 12d* + 3(a + b+ c + d)* > 0.

It suffices to show that

—5a® — 5¢% — ldac + 12d* + 3(a + ¢)* > 0.
Since 2d? > a® + ¢%, we only need to show that

—5a% — 5¢® — 1dac + 6(a® + ¢*) + 3(a + ¢)* > 0,

which reduces to
4(a —c)* > 0.

By the AM-Corollary, it suffices to prove the original inequality for a = b = ¢. That is, to
show that 3a + d = 4 involves

3(3a% + d* — 4)(3a® + d* + 12) > 4(3a" + d* — 4).

Since
3a* +d* — 4 =12(a — 1)?,
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3a* + d* 4+ 12 = 4(3a® — 6a + 7)

and
3a* +d* — 4 =12(a — 1)*(7a® — 22a + 21),

the desired inequality can be written in the obvious form
ala —1)*(a+2) > 0.

The equality holds for a =b=c¢=d =1, and also for a = b =c =0 and d = 4 (or any
cyclic permutation).
m

P 1.45. If a,b,c,d are nonnegative real numbers such that a +b+ c+d =4, then

76\ _ 12
(a>+ 0"+ +d* —4) <a2—|—b2+02+d2+ﬁ> zﬁ(a4+b4—|—c4+d4—4).

(Vasile C., 2006)

Solution. Write the inequality as F'(a,b,c,d) > 0, where

16\ 212
F(a,b,c,d):<a2+b2+62+d2+1—?> —(%) —ﬁ(a4+b4+c4+d4—4).

Assume that ¢ < b < ¢ < d and show that

Fla,be,d) > F(t,bt,d), t="2 ; ¢

Using the identities
1
a’?+c* =22 =2(t* —ac), a*+ct-2t= 5(252 — ac)(7a* + 7¢* + 10ac),
we may write the inequality F'(a,b,c,d) > F(t,b,t,d) as follows:

32\ 12
(a® + & —2t%) <2t2+a2+262+c2+2d2+ﬁ> -1 (a* +c* —2t) >0,

32
22(t* — ac) (2t2 +a? + 26 + &+ 2d* + ﬁ) — 6(t* — ac)(7a® + 7¢* + 10ac) > 0,

(t* — ac)(—9a® — 9c* — 38ac + 44b* + 44d* + 64) > 0.

This inequality is true if

—9a® — 9¢% — 38ac + 44b* + 44d*> + 4(a + b+ c+ d)* > 0.
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It suffices to show that
—9a® — 9¢* — 38ac + 44d* + 4(a + ¢)* > 0.
Since 2d? > a® + ¢2, we only need to show that
—9a® — 9¢® — 38ac + 22(a* + ¢*) + 4(a + ¢)* > 0.

which reduces to
2(a® + c*) + 15(a — ¢)* > 0.

By the AM-Corollary, it suffices to prove the original inequality for a = b = ¢. That is, to
show that 3a + d = 4 involves

(3a® +d* — 4) (33a® 4+ 11d* + 76) > 12 (3a* + d* — 4) .

Since
3a* +d* — 4 =12(a — 1)?,
33a? + 11d* 4+ 76 = 12(11a* — 22a + 21)

and
3a* +d* — 4 =12(a — 1)*(7a® — 22a + 21),

the desired inequality can be written in the obvious form
a*(a—1)*>0.

The equality holds for a =b=c¢=d =1, and also for a = b =c =0 and d = 4 (or any
cyclic permutation).
m

P 1.46. If ai,as,...,a, are nonnegative real numbers such that
a, +as + -+ a, =m, m e {1,2,...,n},
then
1 n 1 n n 1 S m
o .. n —_ —.
14+a? 1+a3 14+a2 — 2
(Vasile C., 2005)
Solution. We need to prove that F(ay,as,...,a,) > 0, where
1 1 1 m
F(ay,as,... a,) —n4 —

= o e n .
1+a%+1—|—a§+ +1+a% 2

Assume that
F(ay,a9,a3,...,a,) < F(t,t,as,...,a,) (*)
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involves
F(ai,as,a3,...,a,) > F(0,a1 + as,as, ..., a,), (**)
where N
t= @ a2, ay 7é as.
2
Then, by AC-Corollary, we have
F(al, az, . .. ,an) > 1I§nkl£nf(k),
where ,
m  m(m—k)
B =n—k+— " m_mm=r
SRy =n =kt i =" 2 T )
is the value of F' fora; =---=a,_=0and a,_ 1 = - =a, = % Obviously, we have
f(k) > 0 (with equality for k = m), therefore F(ay,as,...,a,) > 0.
To prove that (*) implies (**), we write (*) as
! + ! 2 <0
14+a? 1+4+a3 1+41¢2 ’
(CLl — CZQ)Z(CZ% + CL% + 4&1&2 — 2) <0
(1+af)(1+a3)(1+1t?) ’
a2 + a3+ 4ajay — 2 <0,
(a1 + az)? < 2 — 2ayas, (A)
and (**) as
1 1 1
S P )
1+a%+1+a§ 1+(CL1+CL2>2_ ’
a1as[2 — 2a1as — ayas(a; + as)?] -
(1+a2)(1+a3)(1+4t?) -
We need to show that
2— 2&1&2 - alag(al + a2)2 Z 0.
Using (A), we have
2 — 2a1a2 — a1a2(a1 + CLQ)Q Z 2 — 2(11&2 — a1a2(2 — 2&1&2) = 2(&1&2 — 1)2 Z 0.
The equality holds for a; = -+ = a,—p, = 0 and ap_py1 = -+ = a, = 1 (or any
permutation).

]
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P 1.47. If a,b,c,d are nonnegative real numbers such that a + b+ c+ d = 2, then

1 n 1 n 1 n 1 >1
14+3a2 14302 1432 1+43d2 7

(Vasile C., 2005)

Solution. Write the inequality as F'(a,b,c,d) > 0, where

1 L 1 n 1 n 1 16
14+3a2 14302 1432 1+ 3d2 7

F(a,b,c,d) =

Assume that

F(a,b,c,d) < F(t,t,c,d) (*)
involves
F(a,b,c,d) > F(0,a+b,c,d), (**)
where
t=2 ;L b, a # b.

Then, by AC-Corollary, we have

F(a,b,c,d) > min f(k),

~ 1<k<4
where k 16 12(k — 3)(k — 4)
N P . - -
SR ==k e ~ 7 T 1)

is the value of F' when 4 — k of the numbers a, b, ¢, d are zero, and the other £ numbers are
2

equal to T Obviously, we have f(k) > 0 for k € {1,2,3,4} (with equality for £k = 3 and

k = 4), therefore F(ay,as,...,a,) > 0.

To prove that (*) implies (**), we write (*) as

1 n 1 2 -
14+3a® 14302 14312

0,

(t? — ab)(6t> — 1 + 3ab)
(1+3a2)(1+ 3b)(1 + 3t2)

6t < 1 — 3ab, (A)

<0,

and (**) as
1 1 1

S [ — )
1+3a2+1+3b2 1+3(a+b)?2 = 7
ab(1 — 3ab — 18abt?) S

(14 3a?)(1+3b%)(1+ 12¢%) —
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For the nontrivial case ab # 0, this is true if

612 < L—l.
— 3ab

Using (A), we only need to show that

1
1—3ab< — —1
=30 ’

which is equivalent to
(3ab —1)% > 0.

1 2
The equality holds fora =b=c=d = 5 and also fora =0and b=c=d = 3 (or any

cyclic permutation).
0

P 1.48. If a,b,c,d are nonnegative real numbers such that a +b+ c+d =4, then
(1+a*)(1+0*)(1+A)(1+d*) < 25.
(Vasile C., 2005)
Solution. Write the inequality as F'(a,b,c,d) > 0, where
F(a,b,c,d) = 25— (14 a®)(1 +b*)(1+ *)(1 + d*).

Assume that

F(a,b,c,d) < F(t,t,c,d) (*)
involves
F(a,b,c,d) > F(0,a+ b,c,d), (**)
where ;
t= G;L , a # b.
By the AC-Corollary, it suffices to prove that
4 4 4
F(1,1,1,1) >0 Fl0,-,=,=]1>0
( ? J Y ) — Y ( ) 37 37 3) — )

F(0,0,2,2) >0,  F(0,0,0,4) > 0.
We have
'3'3'3) 129’
F(0,0,v/2,v/2)=0,  F(0,0,0,4) = 8.

44 4\ 2600
F(1,1,1,1) =9, F(O )—
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To prove that (*) implies (**), we write (*) as

[(1+)—(14+a)A+0)] Q1+ (1 +d%) <0,

1+ = (1 +a*)(1+b%) <0,
(t* — ab)(t* + ab—2) < 0,
2 —ab > t* (A)

and (**) as
1+ (a+b)?—(1+a®)(1+0b)] (1+)(1+d*) >0,

1+ (a+0b)?—(1+a*)(1+b*) >0,
ab(2 — ab) > 0.
This inequality is true if 2 —ab > 0. Using (A), we have

2—ab>t*>0.

The equality holds for a = b =0 and ¢ = d = 2 (or any permutation).

]
P 1.49. Ifa,b,c,d are nonnegative real numbers such that a +b+ c+d =1, then
(14 2a)(142b)(1 + 2¢)(1 + 2d) S 125
1—a)(1-0)1—-c)(1—-d) — 8
Solution. Write the inequality as F'(a,b,c,d) > 0, where
125
F(a,b,c,d) = (1+2a)(1+2b)(1+2c)(1+2d) — k(1 —a)(1—=0)(1—c)(1 —d), k= =
If
F(a,b,c,d) < F(t,t,c,d) ()
involves
F(a,b,c,d) > F(0,a+ b, ¢, d), ()
where )
t= a;— , a # b.

then, by the AC-Corollary, it suffices to prove that

11
F(0,0,0,1) >0, F <o,0,§,§) >0,
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111 1111
Flo,=,2,-)> F(==>=)>o0.
<0’3’3’3) 20, (4’4’4’4) =
11
F(0,0,0,1) =3 = =
0000 =3 (00,5

111 1111 243
F<Q?§€)_Q F(111@>—§m§

The inequality (*) is equivalent to

We have

[(142a)(1+2b) — (1 +2t)*] (1 + 2¢)(1 + 2d)—
—k[(1=a)(1-b)—(1—t)? (1-¢)(1—-d) <0,
—4(t* — ab)(1 4 2¢)(1 + 2d) + k(t* — ab)(1 — ¢)(1 — d) < 0,
41+ 2¢)(1 +2d) > k(1 —¢)(1 - d), (A)

and (**) to
[(142a)(1+2b) — (1+2a+2b)] (1+2¢)(1+ 2d)—

—k[(l—a)(1=b)—-(1—-a—-b)](1l—-c)(1—d) >0,
4ab(1 + 2¢)(1 + 2d) — kab(1 — ¢)(1 — d) > 0.
This inequality is true if
41+ 2¢)(1 +2d) > k(1 — ¢)(1 — d) > 0,
which follows immediately from (A); therefore, (*) implies (**).

1
The equality holds fora =0 and b=c=d = 3 (or any cyclic permutation).

2
P 1.50. If ay,as, ..., a, are nonnegative real numbers such that ay +as+ -+ -+ a, = 3 then

a;a; 1
Z ( | . SZL'

1S1§]Sn 1 - al)(l - a])

(Vasile C., 2005)

Solution. We need to prove that F'(aq,as,...,a,) > 0, where

1 a;a;
F(al,ag,...,an)zl—l— Z ( ]

Assume that
F(ay,a9,a3,...,a,) < F(t,t,as,...,a,) (*)
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involves
F(ah a2, as, . . . 7an> Z F(O7 a1 + a2, as, . . . 7an)7 <**)
where n
a; +a
t= ! 2, ap 7é as.
2
Then, by AC-Corollary, we only need to prove the original inequality for the case when
2
n — k of the variables a1, as, ..., a, are zero and the other k variables are equal to 3 where

ke {1,2,---,n}; that is, to show that

which is equivalent to

2k(k—1) _ 1
(3k—2)2 — 4
(k—2)*>0.

To prove that (*) implies (**), we write the inequality (*) as

t2 a1a9 2t aq (05} a;
- — — <0,
TEE (1—a1)(1—a2)+(1—t e Tom) 2T a

=3

2 — ajay "o
(1T —a)(1—az)(1—t)? [1—%—2(1—’5)21_%] <0,

=3
1—2t—2(1—t L <0, A
=03 =5 (4)
and (**) as
—a10a9 4 2t _ aq _ (05} a; 2 O,
(1—@1)(1—a2) 1—2t 1—a1 1-@2 izgl—ai

a1a9 “ a;
1—-2t—-2(1—-1¢ <0.
0= an)(1 = ap)(1 = 20) [ ( )iz_;l—ai] =0
Clearly, this inequality follows immediately from (A), therefore (*) implies (**). This com-

pletes the proof.

1
The equality holds when a1 = ay =--- =a, o =0and a, 1 = a, = 3 (or any permuta-

tion).
[
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P 1.51. If ay,as,...,a, are nonnegative real numbers such that a1 +as + -+ a, = 1 and
no one of which is 1, then

2 U—aml—%)22m—1Y

1<i<j<n
(Gabriel Dospinescu, 2005)

Solution. For n = 2, the inequality is an equality. Consider next that n > 3. We need to
show that F(ay,as,...,a,) > 0, where

a;a; n
F(ay,as,...,a, = d — ,
1§§§n (1—a)(1—a;) 2(n-—1)
Assume that
F(ay,a9,a3,...,a,) < F(t,t,as,...,a,) (*)
involves
F(ah Gz, as, . . . 7an> Z F(O7 a1 + G2, as, . . . 7an)7 <**)
where N
a; +a
t= ! 2, ay 7é as.
2
Then, by AC-Corollary, we only need to prove the original inequality for the case when
n — k of the variables a1, as, ..., a, are zero and the other k£ variables are equal to T where

ke {1,2,---,n}; that is, to show that

@ (1@;2 > S

which is equivalent to n — k > 0. As shown at the preceding P 1.50, the inequalities (*) and
(**) are equivalent to

n
a;

2% —14+2(1—t <0
+2( );1_%
and
ai1a2 = a;
2% —14+2(1—t <0
<1—a1><1—a2><1—2t>[ DL =0

respectively. Thus, (*) involves (**).

1
The equality holds when a1y =ay =--- =a, = —.
n
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P 1.52. Ifa,b,c,d are nonnegative real numbers such that a + b+ c+ d = 4, then

(14 3a)(1 4 3b)(1 + 3¢)(1 + 3d) < 125+ 131abcd.

(Pham Kim Hung, 2005)

Solution. Write the inequality as F'(a,b,c,d) > 0, where

F(a,b,c,d) =125 — (1 4+ 3a)(1 + 3b)(1 + 3¢)(1 + 3d) + 131abcd.

! F(a,b,c,d) < F(t,t,c,d)
involves
F(a,b,c,d) > F(0,a+ b,c,d),
where 0
t= 5 a # b.

then, by the AC-Corollary, it suffices to prove that

F(0,0,0,4) >0, F(0,0,2,2) > 0,
4 4 4
Fl0O - - —-]>0 F(1,1,1,1) > 0.
(737373) — ) (7 b M )_
We have
F(0,0,0,4) = 112, F(0,0,2,2) =76,

44 4
F(0,-,2,-)=0, F(1,1,1,1)=0.
(737373> ? (777)

The inequality (*) is equivalent to

[(1+43t)> = (14 3a)(1+ 3b)] (1 + 3c)(1+ 3d) — 131(t* — ab)ed < 0,
9(t* — ab)(1 + 3¢)(1 + 3d) — 131(¢* — ab)ed < 0,
9(1 + 3¢)(1 + 3d) — 131cd < 0,
and (**) to
[(1+3a+ 3b) — (14 3a)(1 4 3b)] (1 + 3¢)(1 4 3d) + 131abed > 0,
—9ab(1 + 3¢)(1 + 3d) + 131abed > 0,
ab[9(1 + 3¢)(1 + 3d) — 131cd] < 0,

This inequality follows immediately from (A); therefore, (*) implies (**).

The equality holds fora =b=c=d =1, and also fora=0and b=c=d =

cyclic permutation).

L W~

(**)

(or any
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P 1.53. Ifa,b,c,d are nonnegative real numbers such that a + b+ c+ d = 4, then
(14 3a?)(1 + 3b*)(1 + 3¢)(1 + 3d?) < 255 + a*b*cd>.
(Vasile C., 2005)
Solution. Write the inequality as F'(a,b,c,d) > 0, where

F(a,b,c,d) =255 — (1 + 3a”)(1 4 3b*)(1 + 3¢*)(1 + 3d*) + a*b*Pd>.

! F(a,b,c,d) < F(t,t,c,d) (*)
involves
F(a,b,c,d) > F(0,a+b,c,d), (**)
where
t=2 ;— b, a # b.

then, by the AC-Corollary, it suffices to prove that

F(0,0,0,4) > 0, F(0,0,2,2) >0,
4 4 4
Fl0, - - —=]>0 F(1,1,1,1) > 0.
(73’373) — ) (7 b) b )_
We have
F(0,0,0,4) = 206, F(0,0,2,2) = 86,

44 4\ 404
F(0,-,2,5)=—, F(1,1,1)=0.
<O737373) 37 (777) 0

The inequality (*) is equivalent to
[(143t%)% — (1 +3a®)(1 + 3b%)] (1 +3¢%)(1 + 3d%) — (t* — a®b*)Pd* < 0,
3(t* — ab)(3t* + 3ab — 2)(1 + 3¢?)(1 + 3d?) — (t* — ab)(t* + ab)c*d* < 0,
3(3t% + 3ab — 2)(1 + 3¢%)(1 + 3d*) — (£* + ab)*d® < 0,

3t? 4+ 3ab — 2 - Ad?
t2 +ab 3(1+3c¢?)(1 + 3d?)’

and (**) to
[1+3(a+b)*— (1+3a®)(143b*)] (1+3¢°)(1 + 3d*) + a’b°c*d® > 0,

—3ab(3ab — 2)(1 + 3¢*)(1 + 3d*) + a*b*c*d* > 0.

This inequality is true if

—3(3ab — 2)(1 + 3¢*)(1 + 3d?) + abc*d* > 0,
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c2d? - 3ab — 2
3(14+3c?)(1+3d%) = ab

Having in view (A), it suffices to show that

3t? + 3ab — 2 S 3ab — 2
t2 + ab -  ab

9

which reduces to t? > 0; therefore, (*) implies (**).
The equality holds fora =b=c=d = 1.

P 1.54. If ay,aq,...,a, (n > 3) are nonnegative real numbers, then

dn(n — 2
Za%+22a1a2a3+ﬁ > 22@1@2.
sym sym

(Vasile C., 2005)

Solution. Let us denote
s=a1+ax+ -+ ap.

Since
QZalag = g —Zaf,
sym
we need to show that F(ay,as,...,a,) > 0, where
2n(n —2) s?
_ 2 _ 2
F(al,am---aan)—Za1+wzma102a3+m 5
Assume that
F(ay,as,a3,...,a,) < F(t,t,as,...,a,) (*)
involves
F(ah a2, az, ... 7an> Z F(07 ay + ag, Az, ... 7an)7 (**>
where N
a; +a
t= ! 9 2, ay 7é as.

Then, by AC-Corollary, we only need to prove the original inequality for the case when
. ) S
n — k of the variables aq, as, ..., a, are zero and the other k£ variables are equal to T where

ke {1,2,---,n}; that is, to show that

<) e2(s) ) s =2() ()
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which is equivalent to

(k—1)(k—2)s* 8n(n—2) - 6(k — 2)s

2.
12 HECESE p

This inequality is clearly true for £ = 1 and k = 2. For k € {3,...,n}, using the AM-GM
inequality to three numbers, it suffices to show that

o (B—1)2(k —2)2s6 8n(n —2) _ 6(k —2)s?
3\/ 4 -1z T &

which is equivalent to

n(n —2) < k(k —2)

-T2 = k-12
(n—1P2-1_ (k—1)2—1
12 = (k-1

1 1

> .
(k=127 (n—1)?
The inequality (*) is equivalent to

(a3 + a5 — 2t*) — (t* — araz)(az + -+ +a,) <0,

2(152 — ajag) — (t2 —ajaz)(az + -+ +a,) <0,
2<az+---+ap, (A)

and the inequality (**) to
a2+ a5 — (ay + az)* + aras(as + - - +a,) >0,

—2ayas + arasz(ag + - -+ +a,) >0,

ajas(2 —az — - —a,) <0.
This inequality follows from (A), therefore (*) involves (**).
2
The equality holds when a1 =ay =---=a, = T
n p—

P 1.55. If a,b,c,d are nonnegative real numbers such that a +b+c+d =+/3 , then

ab(a + 2b + 3c¢) + be(b + 2¢ + 3d) + cd(c + 2d + 3a) + da(d + 2a + 3b) < 2.
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Solution. Write the inequality as F'(a,b,c,d) < 2, where

F(a,b,c,d) = ab(a + 2b+ 3c) + be(b + 2¢ + 3d) + cd(c + 2d + 3a) + da(d + 2a + 3b).

From

F(a,b,c,d) — f(a+¢,0,0,d) =c(b—d)(a+c—b—d)
and

F(a,b,c,d) — f(0,b,a + ¢,d) = a(d —b)(c+a—d—Db),
we get

[F(a,b,c,d) — f(a+¢,b,0,d)] [F(a,b,c,d) — f(0,b,a+ ¢,d)] =
= —ac(b—d)*(a+c—b—d)*> <0,

hence

F(CL, b7 G, d) < max{f(a +¢ b7 07 d)7 f<07 ba a+c, d)}
Similarly, we have
F(CL, b7 G, d) < max{f(a, b+ d7 G, 0)7 f(a7 07 &) b+ d)}

Therefore, f(a,b,c,d) is maximal when one of a and ¢ is zero, and one of b and d is zero.
Thus, it suffices to consider one of these cases. For instance, for ¢ = d = 0, we need to show
that a + b = v/3 involves

ab(a + 2b) < 2.

We have

2 —ab(a + 2b) = 2 — b(a® + 2ab) = 2 — b[(a + b)* — b
=2-3b+b0=(1-b)22+b) >0.

The equality holds fora =v3 —1,b=1,¢c=d=0 (or any cyclic permutation).

P 1.56. Ifa,b,c,d > 0 such that abcd = 1, then

a+b+c+d 1+1+1+1
16 a+1 b+1 c+1 d+1

9

> —.

4
(Vasile C., 2018)

Solution. Write the inequality as F(a,b,c,d) > 0 and assume that a > b > ¢ > d, which
implies a?c? > (ab)(cd) = 1, therefore ac > 1. We will show that

F(a,b,c,d) > F(v/ac,b, vac, d).

We have

a—+ c— 2\/ac 1 1 2
F(a,b,¢,d) — F(Vac,b,/ac,d) = 16\/_+a+1+c+1—w_c+12

0,
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because
a+c—2vac >0

and

PR R Vac+1  (a+1)(c+1)(Vac+1) ~
According to GM-Corollary, we have

1 2 (Va—Ver(yac—1) _

F(a,b,c,d) > F(t,t,t,d),

where t = v abe. So, we need to shoe that t3d = 1 implies

3t+d n 3 n 1 S 9
16 t+1 d+1~ 4
which is equivalent to
3tt+1 3 t3 9

6t TTiri TRy
3tT — 2065 + 48t° — 45t* + 12¢3 + 1 > 0,
(t —1)%(3t° — 14t + 178 + 3t + 2t + 1) > 0.
The last inequality is true because

3t° — 14t + 178 + 387 + 2t + 1 > £3(3¢> — 14¢ + 17) > 0.

The equality holds fora=b=c=d = 1.

P 1.57. Let
F(a,b,c,d) =4(a> + b+ +d*) — (a+b+c+d)?,

where a,b, c,d, e are positive real numbers such that a < b <c < d and
a(b+c+d) > 3.

Then,

1111
F(a,bye,d) > F =~~~ ).
(a’7 ’07 )_ (a’b’cjd)

(Vasile C., 2018)

Solution. For fixed a, write the inequality as E(b, c,d) > 0, where

Eb,c,d) =4(a*> + 0>+ +d*) — (a+b+c+d)?

A 1+1+1+1 +1+1+1+12
a2 b2 2 2) \a b ¢ d)’
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and show that
E(b,c,d) > E(t,t,t) >0,
where
t:b+c+d
3
According to AM-Theorem, the left inequality is true if

at > 1.

E(b,c,d) > E(z,c, ),

where
_b+d
S
We have , , ,
E(b,c,d)—E(:r;,c,x):4(b2+d2—2x2)—4(b—2+$_;)
1 1 1 1\? 1 1 1 1\2
e e e e e I (R
a b ¢ d a x* ¢ x
4(b — d)*(b* + d? + 4bd)
=2(b—d)* — C
(b=d) REGTE
where

oo (L, 1o 2y(2 1 2. 1 2

\b d =z a c d =z
L (b=dp? (3 3.4 (b= d)*(3b* + 3d* + 10bd)
“bdb+d)\b d b+d) b2d2 (b + d)?

Thus, we need to show that

AV + d2 + 4bd)  3b% + 3d2 + 10bd

92— >0
PEGLdE | REG+dE
that is
b? + d? + 6bd
= R2(b+d)?’
Since

3<alb+c+d) <bb+2d),
it suffices to prove the homogeneous inequality

18 - b? + d? + 6bd
p2(b+2d)2 = L2d2(b+d)?

Due to homogeneity, we may set b = 1 (which involves d > 1), when the inequality becomes

18 - 1+ d>+6d
(1+2d)2 - d2(1+d)2’
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14d* + 8d® — 11d*> — 10d — 1 > 0,
(d —1)(14d® + 22d* + 11d + 1) > 0.

Also, we have

Bt 1) = 4(a® + 3t2) — (a + 31)? _4< ) (1 _)2

:3(a_t)2_3(a_t)2 _ 3(a2t2 — 1)(a — 1)?

a?t? a?t?

| \/

1
The equality occurs fora=b=c=d>1and for —=b=c=d > 1.
a

Remark 1. Similarly, we can prove the following statement:

o Let
F(al)aﬁw"aan) :n(a%—i_ag—’_'”—i_ai)_(a1+a2+"'+an)2 5
where ay, asq, . .., a, are positive real numbers such that a; < as < --- < a, and

aj(as +as+---+a,) >n—1

1 1 1
F(al,ag,...,an)ZF(—,—,...,—),

1
with equality for — = ag = -+ = a,.
a

1
Actually, the inequality holds for all n > 2.

Ifn <6, then

Remark 2. The inequality

1 1 1
F(al,ag,...,an)ZF(—,—,...,—)

is also valid in the particular case

al,ag,...,anZL

P 1.58. Let .
F(a,b,c,d,e) = Vabede — -

1 1 1 1
a b c d e
wheve a, b, C, d, e are pOSitiU@ 76al numbe7s SUCh that

a = max{a,b,c,d, e}, bede > 1.

Then,

(Vasile C., 2018)
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Solution. Assume that
a>b>c>d>e.

For fixed a, write the inequality as E(b, c,d,e) > 0, where

5 1 D
E(b,c,d,e) = Vabede — - + ’
(b ¢, d,e) = Vabede T Ty T I T ™ de  at+btetd+e

c €

and show that
E(b,c,d,e) > E(t,t,t,t) >0,

where
t = Vbede > 1.
Let as denote
1 1 1 3
a+c+d=3p, -+ -+5=-.
a ¢ d q

According to GM-Theorem, the left inequality is true if
E(b,c,d,e) > E(Vbe,c,d,Vbe),

which is equivalent to

1 1 1
> -
3ptbte 244+ i T 3p+2vbe o+

9

1 1 1
> - )
+3+2 7 3p+2vbe 3ptb+te

(VD= Ve)? - (VD= Ve)?
be(2+ &) (2+3+1)  Grt2vboBp+bte)

After dividing by (Vb — /)

ESEI°Y
§|M
®

+

QW

N

, we need to show that

3 2 3 b+e
3p+2vVbe) 3p+b+e Zbe(——i——)(—-i-—), 1
(30 -+2vbe) (Gp bt ) 2 be (o= ) (0 M
that is
Alb+e)+B >0,
where
A=3p+2vbe— o 2
¢ Voe
Since
Lot
e b’
we have A > C, where
2

3
C=3p+2Vbe — = — —.
P q be
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By Lemma 1 below, we have C' > 0, hence A > 0. Since
A(c+d)+ B > 2AVed + B,

we need to show that 2Av/ed + B > 0. This is equivalent to (1) if the sum b + e is replaced

by 2v/be:
(3p + 2v/be) (3p + 2v/be) > be (§ + i) <§ + i) ,

¢ Vbe) \q Vbe
that is )
2 3 2
3p + 2Vbe Zbe<—+—>,
(p ) ¢ Ve
1 1 1
a+c+d+2\/ﬁz@(—+—+3)+2,
a C
Since
a

it suffices to show that

1 1 1
b+C+d+2\/b_€2\/E(E+E+E) 12,

By Lemma 2, this inequality is true.
The right inequality E(t,¢,t,t) > 0 is true for a > ¢ > 1 if

5 1 5
1 42 5 - :
—+¥ at4 a/+4t

a

5
at4 _

It suffices to prove the homogeneous inequality

5/_(It4— 5at >t2< 1 5 )

4da+1t — ws/at4_a+4t

Setting ¢ = 1 and substituting

the inequality becomes as follows:

5x° >1 5
x_— S ——
d254+1 — o 25+ 47

22(425 — 5ot 4+ 1) - 2 —br +4
4a° + 1 - 2P +4
(. — 1)*(4a® + 322 + 22 4+ 1) - (x —1)%(2® 4+ 22° + 3z + 4
4a5 4+ 1 - o +4
(z — 1)°(42” + 152° 4 312° + 452* + 452° 4 312* + 152 + 4) > 0.

Y

Y
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This completes the proof. The equality holds fora=b=c=d=e > 1.

Lemma 1. If b, c,d, e are positive real numbers such that
b>c>d>e, bede > 1,

then L1 5
b d+2Vbe > - + - + - 4+ —.
+c+d+ €_b+c+d+ =

Proof. Tt suffices to consider the case bede = 1, when the inequality becomes

2 1 1 1
b dd —— > -+ =+ - +2Vcd.
Fetdt T=> 4 o+ g2V

Since

c+d—2Ved = (e —Vd)? >0,

it suffices to show that

Write this inequality as

It is true because

1 bce b
__—}p— pp— — — >
b——=b y d(\/b_d Vee) >0,
1L 1 _b—ed
cd b Wed ~ 7

1 1 | d -0
Ved ¢ Ved c| —
Lemma 2. Ifb,c,d, e are positive real numbers such that
b>c>d>e, bede > 1,
then

1 1 1
b+c+d+2\/%2\/5(g+g+a) 1 2.

Proof. Replacing b, c,d, e by b*, c*, d*, e*, we need to show that

1 1 1
bt 4+t + dt + 2b%e% > bPe? <b_4+§+¥)+2
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for
b>c>d>e>0, bede > 1.

It suffices to prove the homogeneous inequality

bt + ¢t + d* + 2b%e? 1 1 1
> | =4+ =+ = | +2

bede =re\mtata)te
which is equivalent to

b3+c3+d3+2be €2+b22+b22+2
cde  bde  bce cd — b2 d4
or

A+B+C >0,

where
d? e?
bee b2’
? be
B=—+—-22>0,
bde | cd

where

We will show that

b+1> c+1>d2+c
2 b~ d> ¢T3 dF
Indeed, the left inequality is equivalent to
_ o
(b —¢)(bc — d?) >0

bed? -
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and the right inequality is equivalent to

?—d?

3

> 0.

Remark 1. The inequality
11111
F(a,b,c,d,e) 2F<—,— -, = —>
a c

is also valid in the particular case
a,b,c,d,e > 1.

Note that the property is not valid for six numbers a,b,c,d, e, f > 1.

Remark 2. We claim that the following generalization is valid:

o Let n
F(ay,as, ... a,) = Jaras---a, — ,
( 1 2 ) 102 i—f—é—’——i—i
where ay, as, . .., a, are positive real numbers such that
k (n—=1)(5—n)
ajas---a, > 1, k= )
1 = An —5
Then,
1 1 1
F<a1aaf27 7an) > F (_7_7 a_)
a;’ Qs anp
O
P 1.59. Let
F(ay,ag,...,an) = a1 +ag + -+ a, —n/araz---a, ,
where ay, asq, . .., a, are positive real numbers such that a; < as < --- < a, and
a?’1a2a3-~an > 1.
Then,
1 1 1
F(al,ag,...,an) ZF(—,—,...,—) .
a; ag Qp

(Vasile C., 2018)

Solution. By the AM-GM inequality, both sides of the inequality are nonnegative. For
fixed a;, write the inequality as E(as,as, ..., a,) > 0, where

1 1 1 n

E(as,as,...,a,) =a1+as++--+a, —n{/ajag---a, —————-+-— e

a1 a2 (02% V/a1a2 - - - Ay
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and show that
E(ag,as,...,a,) > E(t,t,...,t) >0,

where
t = "Vasasz: - ay, at>1, t>a;, t>1.
According to GM-Theorem, the left inequality is true if

E((lg, ag,...,0p—1, an) 2 E (\/ 20n, A3, ..., Qp—1, 4/ a2an) )

which can be written as

1
a - va (1- ) 2o
Thus, we need to show that
20, Z ]-7

that is true if
(aga,)"" ' > alazas - - - ay,.

This follows by multiplying the inequalities

n—1 n—1
%) 2011 ’
a

al™' > asaz - ay.

Write now the right inequality E(t,¢,...,t) > 0 in the form

1 —1
a1+(n—1)t—n\”/a1t”_12—+n - — n — .

aq t

Since ait > 1, it suffices to show the homogeneous inequality

1 -1
a; + (n— 1)t —ny/ait"=t > agt (— + n - " ) ,

ay t \n/ alt”—l

=2t =) 2 (Y = ifare)

Setting a; = 1 and substituting ¢t = 2™, x > 1, we need to show that

that is

(n—2)(z" —1) > n(a"! — ),

that is
n(z —1)(a" ' +1) = 2(a" - 1) >0,

(z—D[n—2)(@" +1)—2@" 2+ + 3] >0,

n—2
(=1 (@ -1 =1)>0.
i=1
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The equality holds for a1 = ay =--- =a, > 1.
Remark 1. The inequality

1 1 1
F(ay,aq,...,a,) > F(—,—,...,—)
ap Qg Qn
is also valid in the particular case
ay,as,...,a, > 1.

Remark 2. Since aas---a, > 1, from P 1.59 it follows that

1 1 1
Gt ag ot a, > = — e —
aq (05} Qp,

for
a?’lagag ceeapn > 1

P 1.60. Let

4 - 4 ’

where a,b, c,d are positive real numbers such that a < b < c <d and

2402+ 2+ d? b d
(abcd%z%a%_ + e+ a+b+c+

a*(b+c+d)>1
Then,

1111
F(a,b,c,d) > F .
(a’7 7C7 ) <a b7c7d)

Solution. For fixed a, write the inequality as F(b,c,d) > 0, where

E(b,c,d) = \/4(a2 + 02+ 2+ d?) — (a+ b+ c+d)

4 1+1+1+1 +1+1+1+1
b2 d? a b ¢ d’

and show that

where

(Vasile C., 2020)
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According to AM-Theorem, the left inequality is true if
E(b,c,d) > E(z,c,x),

where

Write the inequality E(b, ¢, d) > E(x, ¢, x) in the form
A+ B>C,

where

A= /42 + b2+ 2+ d2) — /4(a? + 2% + 2 + 22)

_ (b—d)?
V@ TR FE RV 222
(b—d)’

>
T V202 4+ 242 + V02 + @2 + 222

11 2 (h—d?
B:— —_———_—= ——--
b d 7 bdb+d)

1 1 1 1 1 1 1 1
C:\/4(@4—?4—0—24-@)—\/4(?4-;%—;4—;)

1 (b — d)*(b* + d* + 4bd)

WO JErgrdrdefE b ath
__ 1 (b dP@ &+ abd)
Y R e

1 (b— d)*(b* + d* + 4bd)

T 2de? VAR 2B 4 It B 2P
Thus, we need to show that
1 1
+ >
V202 4+ 2d2 + /b2 + d2 + 222 bd(b+d)
L1 b? 4+ d? 4 4bd
T 2bdx? /267 4 2d% + \/b? + d® + 2b2d% /22

Since
b + d* + 4bd = 42° + 2bd,

the inequality is true if

1 1 42
> .
bd(b+d) — 2bdx® /202 +2d% + \/1? + d + 20°d? [
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and

1 1 2bd
> . .
V202 + 242 + Vb2 + d? + 222 T 2bdx? \/2b2 + 242 + \/52 + d? + 2b%d? [x?

(*)

Rewrite the first inequality in the form

V202 4 2d2 + /% + d? + 2b2d2/x2 > 2(b + d).

By squaring, it becomes

24/2(b% + d2)(b% + d? + 2b%d%/x2) > b* 4 d* 4 8bd — 2b%d* ) x*.

Since

V2(02 4 d2) (b2 4 d? + 202d2 /x2) > \/(b% + d? + 222) (b2 + d? + 202d2 ) x2)

> b% + d? + 2bd,
it suffices to show that
2(b* + d® + 2bd) > b* + d° + 8bd — 2b°d* /2,
which is equivalent to
b2 + d* > 4bd — 2b*d? /2,
4bd(V* + d?)
(b+d)? ~’

(1 + d)(b — d)?
brdz -

b+ d* >

From a(b+ ¢+ d) > 3, it follows that
b b+ 2d) > 3,

hence y > 1, where
b*(b+ 2d)
(AR

To prove the inequality (*), it suffices to show that the following homogeneous inequality
holds:

VIR T OE + T E T 2R > VY V220 VP P 207
€T

Due to homogeneity, we may set b = 1. Thus, we need to show that d > 1 implies

x/2+2d2+¢1+d2+2d2/x2z%y[¢2+2d2+\/1+d2+2xﬂ],
xXr
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where d+1 2d +1
S T !
Since +1 d+2 d+1
)
< = < —
\/g— 9 3 = 92 xz,

it is enough to show that

1
V2H2P 4T+ & 2B)a? > — \/2+2d2+\/1+d2+2:c2].

Since

1
V2 +2d%2 > —V/2 + 2d?,
X

it suffices to show that

1
V14 d242d2 /22 > =1+ d? + 222
x
By squaring, we need to show that
(d* 4+ 1)(d + 1)? + 8d> > 2(3d> + 2d + 3),

which is equivalent to
d* +2d + 4d* — 2d — 5 > 0,
(d—1)(d* +3d* +7d +5) > 0.
Write the inequality E(t,t,t) > 0 in the form

1 3 1 3
Wa +32 —a—3t>2/—=+——-—°.
a? 2 a t

Since a®*t > 1, it suffices to show that the following homogeneous inequality holds:

1 3 1 3
2vVa? + 3t —a — 3t > Vadt (2“_2+t_2___¥>'
a a

Due to homogeneity, we may set a = 1. Thus, we need to show that ¢ > 1 implies

[ 3 3
2\/1+3t2—1—3t2\/5<2 Ht_?_l_Z)’

that is
2Vt2+3—-t—3
2vV1+3t2 -3t —1> + ,
Vit
12 12
3(t—1) S 3(t—1)

WI+32+3t+1 Vt (2VE2+3+t+3)
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This is true if

Vi (V43 +t4+3) > 21+ 362+ 3t + 1.

Since

Vi (t+3)—(Bt+1) = (Vi—1)> >0,

it is enough to show that

2¢/t(t2 4 3) > 21 + 3¢

By squaring, the inequality becomes
(t—1)>>0.

The proof is completed. The equality occurs fora =b=c=d > 1.

1111
F(a,bye,d)>F (== =, =
<a’7 7C7 )_ (a’b’c’d)

Remark. The inequality

is also valid in the particular case
a,b,c,d > 1.

P 1.61. Ifa,b,c,d are positive real numbers such that
a+b+c+d=4, d = max{a,b,c,d},

then L1 1
—t ot -t1>a?+ 0+
a b ¢

(Vasile C., 2021)

Solution. Assuming that a < b < ¢ < d, we have

a+b c+d
< = 2.
a+c< 5 + 5
Write the inequality as F'(a,b,c) > 0, where
111 2,12 2, 2
F(a,b,c):—+g+—+1—(a +b°+c+d°), d=4—a—-b—c,
a c

and show that
F(a,b,c) > F(t,t, t) >0,

where
B a+b+c

t ;
3

t<1.
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By the AM-Theorem, the left inequality is true if

F(a,b,c) > F(x,b,x),

where
a+tc
r = :
2
Since
F(a,b,c) — F(x,b x):1+1—2—(a2+02—2x2)
) ) a c T
(a=c¢? (a—¢)® (a—c)*[2—acla+c)
~ acla+c) 2 2ac(a + ¢)
and

8 —4dac(a+c) >8—(a+c)® >0,

we have F(a,b,c) > F(z,b,x).
The inequality F'(¢,t,t) > 0 is equivalent to

3
E+1231&2+(4—3t)2,

1 —5t+ 82 — 43 > 0,
(1—1)(1—2t)* > 0.

The proof is completed. The equality occurs fora =b=c=d =1, and alsofora=b=c =

1
—anddzi
2 2

Remark 1. Similarly, we can prove the following nice statement:
e [fa,b,c,d, e are positive real numbers such that
a+b+c+d+e=25, e = max{a,b,c,d, e},
then
L1 1 1 2 32 2 g2 2
S5(—4+—-+-+-=| >4 +b" +c+d° +¢€),
a b ¢ d

1
with equality fora=b=c=d=e¢ =1, andalsofora:b:c:d:§ and e = 3.

d
For a <b < ¢ <d < e, the inequality F(a,b,c,d) > F(x,b,c,z) with x = @t is true if

2ad(a + d) <5 for 3a + 2d < 5. So, it suffices to show the homogeneous inequality

50ad(a + d) < (3a + 2d)?,

which is equivalent to
270> + 4a*d — 14ad® + 84> > 0,
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25a® 4 2(a — d)*(a + 4d) > 0.
The inequality F'(t,t,t,t) > 0 is equivalent to

(1—1)(1—2t)2 > 0.

Remark 2. The following more general statement is valid:

o Ifay,as,...,a, (n>4) are positive real numbers such that
a +as+ -+ a, =n, a, = max{ay,as,...,a,},
then
1 1 1 9 o 9
n|l—+—+--+ >4(a] +a3+---+a;)+n(n—>5),
3] a2 Ap—1
with equality for ay = as = -+ = a, = 1, and also for ay = ay = -+ = a,_1 = 3 and
n+1
ap = )
2



Chapter 2

pqr Method

2.1 Theoretical Basis

The pgr method is applicable to prove symmetric and cyclic polynomial inequalities of the

form
P(a,b,c) > 0.

If P(a,b,c) is a symmetric polynomial having the degree not very large (practically, less than
or equal to eight), then the inequality can be written in the polynomial form

Pl(pJQJT> Z OJ

where
p=a+b+c, q = ab+ bc + ca, r = abc.

In addition, the pgr method can be applied to prove inequalities where P;(p,q,r) is not a
polynomial function.

The pgr method enables to prove an inequality P;(p,q,r) > 0 using the theorems below.

Theorem 1 (see P 2.53 in Volume 1). If a > b > ¢ are real numbers such that
a+b+c=p, ab+bc+ ca = q,

where p and q are fived real numbers satisfying p*> > 3q, then the product r = abc is minimal
only when a = b, and mazximal only when b = c.

Theorem 2 (see P 2.54 in Volume 1). If a,b, ¢ are real numbers such that
a+b+c=p, abc =,

where p and r are fixed real numbers, then the sum q = ab + bc + ca is mazximal only when
two of a, b, c are equal.

Theorem 3 (see P 2.54 in Volume 1). Ifa > b > c are real numbers such that

ab + bc + ca = q, abc =1 # 0,

117
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where q and r are fized real numbers, then the product py = abc(a + b+ ¢) is mazimal only
when two of a, b, c are equal.

Theorem 4 (see P 3.57 in Volume 1). Ifa > b > ¢ > 0 are nonnegative real numbers such
that

a+b+c=p, ab + be + ca = q,

where p and q are fized nonnegative real numbers satisfying p*> > 3q, then the product r = abe
18 mintmal only when a = b or ¢ = 0, and mazximal only when b = c.

Theorem 5 (see P 3.58 in Volume 1). Ifa > b > ¢ > 0 are positive real numbers such that
a+b+c=p, abc =,

where p and v are fived positive real numbers satisfying p® > 27r, then ¢ = ab + bc + ca is
manimal only when b = ¢, and maximal only when a = b.

Theorem 6 (see Remark 2 from P 3.58 in Volume 1). Ifa > b > ¢ > 0 are positive real
numbers such that
ab + bc + ca = q, abc =,

where q and r are fized positive real numbers satisfying p*> > 27r, then the sum p =a+b+c
1s manimal only when a = b, and maximal only when b = c.

For cyclic polynomial inequalities, the pgr method can be applied by using the formulae

20 a®b+2D ab’=(C+D)Y abla+b)+(C—D)> abla—Db)
= (C+ D)(pq — 3r) = (C' = D)(a = b)(b - c)(c — a),

20 a®b+2DY ab®=(C+ D)) ab(a®+b*)+ (C— D)y _ab(a® —b°)
= (C+ D)(p*q — 2¢* — pr) — (C = D)p(a = b)(b — ¢)(c — a),

[(a=b)(b—c)(c—a)l = V/(a—)*(b—c)*(c — a)?

4(p? — 39)* — (2p® — 9pg + 27r)? «
= 5 , (*)

and

Lemma. If o, 3, x,y are real numbers such that
a>0, x>0, x22y2,

then
By +ay/a® — i < v /a? 1 B,
with equality for
Br = y\/a? + 2.
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Proof. Since
zva? + 2 = By = |Ble — By = [Blly| — By = 0,

we can write the desired inequality as follows:

ay/2? —y? < zy/a? + B2 — By,
a*(a® —y*) < (»Woz? + 52— 62/)2 :
(52— yv/? + ) >0,
Using (*) and Lemma above for
—3¢)%2,  y=2p® — 9pq + 27r,

we get the following theorem:

Theorem 4. Let a,b, c be real numbers. For any real (3, the following inequality holds

27Br + [(a = 0)(b — ¢)(c — a)| < 9Bpq — 28p° + 24/ 2—17 + 82 (p?—3¢)",

with equality for
1
28(p* = 39" = \[ 5= + B2 (20" = 9pg + 277) .

From Theorem 4, we get

Corollary 1. Let a, b, ¢ be real numbers such that a+b+c =1 For any real 3, the following
inequality holds:

1+ 27432

278r + |(a —b)(b—c)(c —a)| <9Bq — 28 + 2 5

(1—3¢)°, (**)
with equality for

1+ 2782

28(1 — 3¢)*/? = o

(2 —9q + 27r). (**%)
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2.2 Applications

2.1. If a, b, c and k are real numbers, then

> (a—b)(a—c)(a— kb)(a—ke) > 0.

2.2. If a, b, c are real numbers such that

a+b+c>0, ab+ bc+ ca > 0,

then
(a) 3(a*+ 0¥+ ) > (a+b+c)(a® +b* + 2);
1
(b) a’+ b+ 4+ ZS(Lbc > 0;
(c) 4(a® + b® + ) + 15abe > 3(a + b+ ¢)(ab + bc + ca).

2.3. If a, b, ¢ are real numbers such that
a+b+c>0, a® +b* + ¢ + 3(ab + be + ca) > 0,

then
2(a® + %+ *) > ab(a + b) + be(b + ¢) + calc + a).

2.4. If a, b, c are real numbers such that
a+b+c>0, 33(ab + be + ca) > 8(a* + b* + ),

then
8(a® +b* + c*) + 39abc > 7(a + b+ c)(ab + bc + ca).

2.5. If a, b, ¢ are real numbers such that

a+b+c>0, ab + bc+ ca > 0,

11
(a) a4+b4+c4+zabc(a+b+c)20;

(b) 4(a* + b* + c*) + abc(a + b+ ¢) > 5(a*b* + b + *a?).
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2.6. If a, b, ¢ are real numbers such that
a+b+c>0, ab+ bc+ ca > 0,

then
81(a® + b° + ¢*)* > 25(a® + b* + ).

2.7. If a, b, c are real numbers such that
a+b+c>0, ab + bc + ca > 0,

then
a*(a—2b+c) +b*(b—2c+a) + c*(c—2a +b) > 0.

2.8. If a, b, ¢ are real numbers such that

a+b+c>0, ab+ bc+ ca > 0,

then
(a) 2(a® + b + ) + Tabc > (a — b)(b — ¢)(c — a);
(b) a® + b + ¢ + 2abc > ab® + bc? + ca?;
(c) 9(a® 4+ b + ) + 12abc > 2> a?b+ 113 ab®.

2.9. If a, b, ¢ are real numbers such that

a+b+c>0, ab + bc+ ca > 0,

then
11
(a) a3—|—b3—|—c3+zabcz(a—b)(b—c)(c—a);
(b) 4(a® 4+ 0> + ) + babc + 2> a%b > 6> ab?;
(c) 36(a® + b3 + ) + 30abc + 13> a®b > 59 ab®.

2.10. If a,b, ¢ are real numbers such that
a+b+c>0, ab + bc+ ca > 0,

then )
a®+b* +c* — Zabc > 2(a —b)(b—c)(c—a).
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2.11.

then

2.12.

then

2.13.

then

2.14.

2.15.

2.16.

2.17.

If a,b, c are real numbers such that

a+b+c>0, ab + bc + ca > 0,

(a) 2(a® + b* + ) + 3(3v/3 — 2)abc + 6v/3 (a®b + b?c + a) > 0;

3v3

(b) a® + b + ¢ — 3abe > T(a—b)(b—c)(c—a).

If a, b, c are real numbers such that

a+b+c>0,  2(a®+b*+c*) +7(ab+ b+ ca) >0,

a*(a —b) +b*(b—c) + *(c—a) > 0.

If a,b, c are real numbers such that

a+b+c>0, 3(ab+ bc+ ca) > a® + b* + 2,

a*(a+2b — 3c) + b*(b+ 2¢ — 3a) + *(c + 2a — 3b) > 0.

If a, b, c are real numbers, then

(a* + 0>+ c*)? > 3(a®b + bPc + Pa).

If a,b, c are real numbers, then

a*(a—2b+c) +b*(b— 2c+a) + (c — 2a+b) > 0.

If a,b, c are real numbers, then

a4+ 0+ —abc(a+b+¢) > V3 (a+b+c)(a—Db)(b—c)(c—a).

If a,b, c are real numbers, then

a*(a+0) +03(b+c) + (c+a) > Z(ab + bc + ca)?.

[GVRIN
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2.18.

2.19.

2.20.

then

2.21.

2.22.

2.23.

2.24.

2.25.

If a, b, c are real numbers such that ab + bc + ca = 3, then

a’(a — 2b) + b*(b — 2¢) + *(c — 2a) +3 > 0.

If a, b, c are real numbers such that ab + bc + ca > 0, then

a4+b4+c4—abc(a+b+c)zg (a+b+c)(a—0b)(b—c)(c—a).

If a,b, c are real numbers such that

2(ab+ bc+ ca) > a® +b* + ¢,

at +b* +c* —abe(a+b+c) > (a+b+c)a—=0)(b—c)(c—a).

©

If a,b, c are real numbers, then

a* +b* + c* + 2abc(a + b+ c) > ab® + be® + ca®.

If a,b, c are real numbers, then

a* + b+ V2 (a®b + bPe + Pa) > 0.

If a,b, c are real numbers, then

(a® + 0>+ *)? +2(a’b + bPc + a) > 3(ab® + bc® + ca®).

If a,b, c are real numbers, then

(a® + %+ *)* + i(cﬁ”b +bic+ a) > 0.

VT

If a, b, c are real numbers such that ab + bc + ca < 0, then

(a? 4+ 0>+ )% > (2V7 — 1)(ab® + be® + ca®).
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2.26. If a,b, ¢ are real numbers such that ab + bc + ca > 0, then

(a® 4+ 024+ A2+ (1 +2V7) (@b + bPc + a) > 0.

2.27. 1If a,b, ¢ are real numbers such that ab + bc + ca < 0, then

at + b+ > (2v3 — 1) (ab® + be® + ca?).

2.28. If a, b, ¢ are real numbers such that ab + bc + ca > 0, then

a + 0+t (14 2V3)(a®b+ bPe+ Ba) > 0.

2.29. If a, b, ¢ are real numbers such that ab + bc + ca > 0, then

at + b+ A 4 2v2 (@Pb+ P+ Ba) > ab® + beP + ca®

2.30. If a, b, ¢ are real numbers such that ab + bc + ca > 0, then

(a+b+c)(a®+ b+ ) +5(a’b + bPc+ *a) > 0.

2.31. If a, b, ¢ are real numbers such that

1+ /21
Kab+be+ca) =a® + 02+, k> — 2+8ﬁ%3.7468,

then
b+ bdc+ a > 0.

2.32. If a,b, ¢ are nonnegative real numbers, then

3(a* +b* + ) + 4(a®b + bPc + Pa) > T(ab® + be® + ca®).

2.33. If a,b, ¢ are nonnegative real numbers, then

16(a* +b* + ¢*) + 52(a’b + b*c + ca) > 47(ab® + be® + ca®).
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2.34.

2.35.

2.36.

2.37.

2.38.

2.39.

2.40.

then

2.41.

If a, b, c are nonnegative real numbers, then

a* + b+t 4+ 5(aPb + bPc + a) > 6(a’b® + b + Fa?).

If a,b, c are nonnegative real numbers such that a + b+ ¢ = 4, then

473
a’b + b3c + a + 6—4abc < 27.

If a, b, c are positive real numbers such that a + b + ¢ = 3, then

a? b P
— + — + — +5(ab+ be + ca) > 18.
b c a

If a,b, c are positive real numbers, then
b ¢ 5(a® 4+ b* + ¢* — ab — bc — ca)

a
-+ -4+-=-3>
b+c+a T a?+b2+c2+ab+be+ca

If a,b, c are positive real numbers, then

a+b+c_ >16(a2+bz+c2—ab—bc—ca)
c a T a4+ b0+ A +6(ab+ be+ca)

b

If a,b, c are real numbers such that ab + bc + ca > 0, then

(a® +b* + A)(a® + b* + ) + 5(a’b + b*c+ c*a) > 0.

If a,b, c are real numbers such that

a+b+c=3, ab + bc+ ca > 0,

a®b + bPc + ca + 18V/3 > ab® + bed + ca’.

If a,b, ¢ are real numbers such that a? + b + ¢? = 3, then

1vV2
a’b+ bPc + Pa + %_ > ab® 4 bc® + ca®.
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2.3 Solutions

P 2.1. Ifa,b,c and k are real numbers, then

> (a—b)(a—c)(a—kb)(a—ke) > 0.

(Vasile C., 2005)

Solution. Let
p=a+b+ec, q = ab + bc + ca, r = abc.

Write the inequality as
Z(a2 + 2bc — q)[a® + k(k + 1)bc — kq] > 0,

which is equivalent to
Ay — Asq + 3kq® > 0,

where

A=) (a®+2b0)[a® + k(k+1)b],  Ay=(k+1)> a®+k(k+3)> be.

We have
at + b+t = (a® + 07+ )P = 2(aP + b + Pa?)
= (p* —2q9)> — 2(¢* — 2pr)
= p' — 4p*q + 2¢° + 4dpr,
therefore

Ay = a*+ (K +k+2)abe) a+2k(k+1)Y v
=p* —dpPq+2¢° +4pr + (K> + k + 2)pr + 2k(k + 1)(¢* — 2pr)
=p' —dpPq+2(K* + k + 1)¢* — 3(k* + k — 2)pr,

For given p and ¢, the left hand side of the desired inequality A4 — Asq+3kq? > 0 is a linear
function of r. Therefore, this function is minimal when r is either minimal or maximal.
Thus, according to Theorem 1, it suffices to prove the original inequality for b = ¢. In this

case, the inequality becomes
(a —b)*(a — kb)* > 0.

The equality holds for a = b = ¢, and also for % = b = ¢ (or any cyclic permutation). If

k = 0, then the equality holds for a = b = ¢, and also for a = 0 and b = ¢ (or any cyclic

permutation).

]
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P 2.2. Ifa,b,c are real numbers such that

a+b+c>0, ab+ bc+ ca > 0,
then
(a) 3@+ 0+ %) > (a+b+c)(a® + b+ c?);
(b) a3+b3+c3+14—5ab020;
(c) 4(a® 4+ b3 + ) + 15abc > 3(a + b+ ¢)(ab + be + ca).

(Vasile C., 2006)

Solution. (a) Write the inequality as

3(3r +p° — 3pq) = p(p” — 2q),

2p° — Tpg + 9r > 0,

where
p=a-+b+c, q = ab + bc + ca, r = abc.

According to Theorem 1, for fixed p and ¢, the product r is minimal when
a=0b>c.
Thus, it suffices to prove the original inequality for a = b > ¢. Since
a+b+c=2a+c, ab + bc + ca = a(a + 2¢),

we need to show that
a>c, 2a +c > 0, a+2c>0

involve
3(2a° + ¢*) > (2a + ¢)(2a* + ¢2),

which is equivalent to
(a —c)*(a+c) > 0.

This inequality is true because
3(a+c¢) = (2a+c)+ (a+2c) > 0.

The equality holds for a = b= ¢ > 0.
(b) Write the inequality as

3 15
3r+p —3pq+zr20,

4p® — 12pq + 27r > 0.



par Method 129

According to Theorem 1, for fixed p and ¢, the product r is minimal when a = b > ¢. Thus,
it suffices to prove the original inequality for a = b > ¢. Since

a+b+c=2a+c, ab + be + ca = a(a + 2¢),

we need to show that
a>c, 2a +c > 0, a+2c>0
involve
3, 3, 19,
2a° + ¢® + Za c>0,
which is equivalent to
(a+2¢)(8a® — ac + 2¢%) > 0.
The equality holds for a = b= —2¢ > 0 (or any cyclic permutation).
(c) Write the inequality as

4(3r + p* — 3pq) + 157 > 3pgq,
4p® — 15pq + 27r > 0.
According to Theorem 1, it suffices to prove the original inequality for a = b > ¢. Since
a+b+c=2a+c, ab+ bc+ ca = aa + 2¢),

we need to show that
a>c, 2a + ¢ > 0, a+2c>0

involve
4(2a* + ¢*) + 15a%c > 3(2a + ¢)(a® + 2ac),

which is equivalent to
a® — 3ac® 4+ 2¢* > 0,

(a+2c)(a—c)*>0.

The equality holds for a = b = ¢ > 0, and also for a = b = —2¢ > 0 (or any cyclic
permutation).

Remark. The inequality in (c) is sharper than the inequalities in (a) and (b) because these
last inequalities can be obtained by summing the inequality in (c) to the obvious inequalities

2(a® + b + ¢* — 3abc) > 0

and
3(a+b+c)(ab+ bc+ ca) > 0,

respectively. The inequality a® + b + ¢3 — 3abe > 0 is equivalent to

(a+b+c)(a®+b* +c* —ab—bc — ca) > 0.
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P 2.3. Ifa,b,c are real numbers such that
a+b+c>0, a? +b* + 2 + 3(ab + be + ca) > 0,

then
2(a® + % + ¢*) > ab(a + b) + be(b + ¢) + calc + a).

(Vasile C., 2006)
First Solution. Write the inequality as
2(3r + p* — 3pq) > pq — 3,
2p* — Tpq + 9r > 0.
According to Theorem 1, it suffices to prove the original inequality for a = b > ¢. Since
a+b+c=2a+c, a®+b+c+3(ab+bc+ca) = (a+c)(5a+c),

we need to show that
a>c, 2a +c > 0, a+c>0

involve
2(2a® + ¢*) > 2a(a® + ac + ),

which is equivalent to
a® —ad*c—ac® +c >0,

(a+c)(a—c)* > 0.

The equality holds for @ = b = ¢ > 0, and also for a = b = —¢ > 0 (or any cyclic
permutation).

Second Solution. Assume that a > b > ¢, and write the inequality as follows:

Z(a3 +b® — a®b — ab*) > 0,

> (a+b)(a—1b)’>0.
(a+b)(a—b)2+(b+c)b—c)*+ (c+a)(c—a)? >0,
(a+b)(a—b?+(b+c)b—c)+ (a+c)(a—b)+ (b—c)]* >0,
(2a+b+c)(a—b)?+(a+b+2c)(b—c)*+2(a+c)(a—b)(b—c)>0.
Case 1: a+ b+ 2¢c > 0. The AM-GM inequality yields

2a+b+c)a—b)2 4+ (a+b+20)(b—c)*>2/(2a+b+c)a+b+2c) (a—Db)(b—c).

Thus, it suffices to show that

V2a+b+e)at+b+2e)+ate>0,
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which is true if
(2a +b+c)(a+b+2c) > (a+c)

This inequality is equivalent to the hypothesis a® + b* + ¢* + 3(ab + bc + ca) > 0.

Case 2: a+ b+ 2c < 0. This case is not possible because, as shown at the preceding case 1,
the hypothesis a® + b* + ¢® + 3(ab + bc + ca) > 0 involves

(a+c)?

b+2c> ——~
ato+ C_2a+b—|—c_

P 2.4. Ifa,b, c are real numbers such that
a+b+c>0, 33(ab + be + ca) > 8(a* + b* + ),

then
8(a® +b* + ¢*) + 39abc > 7(a + b+ c)(ab + bc + ca).

(Vasile C., 2006)

First Solution. Write the inequality as
8(3r + p® — 3pq) + 39r > Tpg,

8p® — 31pg + 63r > 0.
According to Theorem 1, it suffices to prove the original inequality for a = b > ¢. Since
a+b+c=2a+c, 33(ab + bc + ca) — 8(a* + b* + ¢*) = (17a — 2¢)(a + 4c),
we only need to show that
a>c, a+4c >0

involve
8(2a* + ¢*) + 39a’c > 7(2a + ¢)(a* + 2ac),

which is equivalent to
a’® + 2a*c — Tac® + 4¢3 > 0,
(a+4c)(a—c)* > 0.

The equality holds for a = b = ¢ > 0, and also for a = b = —4¢ > 0 (or any cyclic
permutation).
]
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P 2.5. Ifa,b,c are real numbers such that
a+b+c>0, ab+ bc+ ca > 0,
then
4 g4, a4, U
(a) a*+b* +c +Zabc(a+b+c)20;
(b) 4(a* +b* + ) + abe(a+ b+ ¢) > 5(a®b? + b + *a?).
(Vasile C., 2006)
Solution. We have
a' + b+t = (a® + 07+ PP =200’V + 0P + Pa)

= (p* — 29)*> — 2(¢* — 2pr)
=p"' — 4p*q + 2¢* + 4pr.

(a) Write the inequality as
27
pt—4p*q+2¢° + 2P0

According to Theorem 1, it suffices to prove the original inequality for a = b > ¢. Clearly,
the original inequality is true for a = b > ¢ > 0. Consider further that a = b > 0 > ¢. Since

a+b+c=2a+c, ab + bc + ca = a(a + 2c¢),
we need to show that
a>0>c, 2a 4+ c > 0, a+2c>0

involve 1
2a* + c* + Za20(2a +¢) >0,

which is equivalent to
8at + 22a3¢c + 11a*¢® + 4¢* > 0,

(a+ 2¢)(8a® + 6a*c — ac® + 2¢*) > 0.

The last inequality is true since a + 2¢ > 0 and

8a® 4 6a’c — ac® + 263 > 8a® + 6a%c — ac® + 38¢3
= (a + 2¢)(8a* — 10ac + 19¢%) > 0.

The equality holds for a = b= —2¢ > 0 (or any cyclic permutation).
(b) Write the inequality as

4(p* — 4p°q + 2¢* + dpr) + pr > 5(¢° — 2pr),
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4p* — 16p*q + 3¢ + 27pr > 0.

According to Theorem 1, it suffices to prove the original inequality for a = b > ¢. Since
a+b+c=2a+c, ab+ bc+ ca = a(a + 2¢),

we need to show that
a>c, 2a + ¢ > 0, a+2c>0

involve
4(2a* + c*) + a®c(2a + ¢) > 5(a* + 2a*c?),

which is equivalent to
3a* + 2a3c — 9a°c* + 4¢* > 0,

(a —¢)*(a +2¢)(3a + 2¢) > 0.

The equality holds for a = b = ¢ > 0, and also for a = b = —2¢ > 0 (or any cyclic
permutation).

Remark. The inequality in (b) is sharper than the inequalities in (a) because this last
inequality can be obtained by summing the inequality in (b) to the obvious inequalities

(ab+ be+ ca)* > 0.

P 2.6. If a,b,c are real numbers such that
a+b+c>0, ab+ bc+ ca > 0,

then
81(a® +b* 4+ ¢*)? > 25(a® + b* + ¢?)°.

(Vasile C., 2006)

Solution. Write the inequality as
81(3r +p° — 3pq)* > 25(p* — 2¢)°,
27
Pt —4p’q+2¢° + 2P =0
According to Theorem 1, it suffices to prove the original inequality for a = b > ¢. Since
a+b+c=2a+c, ab+ bc+ ca = a(a + 2¢),

we need to show that
a>c, 2a + ¢ > 0, a+2c>0
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involve
81(2a® + ¢*)? > 25(2a* + ¢*)°.
Since the inequality is trivial for ¢ = 0, consider further the cases ¢ > 0 and ¢ < 0.

Case 1: ¢ > 0. Due to homogeneity, we may set ¢ = 1. So, we need to show that a > ¢ =1
involves
81(2a® + 1) > 25(2a* + 1),

which is equivalent to
62a% — 150a* + 162a® — 754 + 28 > 0.

It suffices to show that
25(a® — 6a* + 6a* — 3a® + 1) > 0,

which is equivalent to
(a —1)*(2a* 4 4a® + 24+ 1) > 0.
Case 1: ¢ < 0. Due to homogeneity, we may set ¢ = —1. So, we need to show that
a—22>0
involves
81(2a* — 1)* > 25(2a* + 1),

which is equivalent to
62a% — 150a* — 162a® — 754 + 28 > 0.

Since
62a° — 150a* — 162a>® > 248a* — 150a* — 1624°

= 98a* — 162a® > 196a> — 162a> = 34a®,

it suffices to show that
34a® — T5a* +28 > 0,.

which is equivalent to
(a —2)(34a® — Ta — 14) > 0.

This is true because
34a® —Ta— 14 > T7a* — Ta — 14 = T(a + 1)(a — 2) > 0.

The equality holds for a = b= —2¢ > 0 (or any cyclic permutation).

P 2.7. If a,b, c are real numbers such that
a+b+c>0, ab+ bc+ ca > 0,

then
a*(a —2b+c) +b*(b—2c+a) +c*(c—2a+b) > 0.

(Vasile C., 2006)
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Solution. Let
p=a+b+c, q =ab+ bc+ ca, r = abc.

Due to homogeneity, we may set

2
P 1
=1 0<g< — ==,
p ) _q_3 3

Write the inequality as follows:
2(a®> +b* + %) > Zab(a +0b)+ 3Zab(a -b),
2(a® +b* + ¢*) + 3abe > (a + b+ c)(ab + be + ca) — 3(a — b)(b — ¢)(c — a),
2(3r +p° = 3pq) +3r = pg — 3(a — b) (b — c)(c — a),
2p° — Tpq + 9r > —3(a — b)(b — ¢)(c — a),
2—7¢>-9r—3(a—b)(b—c)(c—a).

This inequality is true if

2-7
3 q > =3r+|(a—"0b)(b—c)(c—a)l.
Applying Corollary 1 for
-1

ﬁ = ?7

we have 5 4
—3r (@ = Db e —a) < —g+ 5 +5(1- 30"
with equality for
(1—3¢)%? =9q—27r — 2. (*)

Therefore, it suffices to show that

2—-"Tq 2 4 3
> —q+ =+ (1 —3¢)%?
7 2 ¢t 5+ 5(1=39",

which is equivalent to
1—3q> (1—3¢)%?,

(1=3¢)(1—+/1-3q) 20,

3a(1—3¢)

1+v1—-3q —
The last inequality is true, with equality for ¢ = 1/3 and ¢ = 0. According to (*), ¢ = 1/3
involves r = 1/27, and g = 0 involves r = —1/9. Thus, the original inequality is an equality

for a = b= c > 0, and also for

ab+bc+ca=0, (a+b+c)+9%bc=0, a+b+c>0 (a—0b)(b—c)c—a)<O0.
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The last equality conditions are equivalent to the condition that a, b, ¢ satisfy
(a—b)(b—c)(c—a)<0
and are proportional to the roots of the equation

9w® —9w? +1=0.

P 2.8. Ifa,b,c are real numbers such that

a+b+c>0, ab+ bc+ ca > 0,

then
(a) 2(a® + b + ) + Tabc > (a — b)(b — ¢)(c — a);
(b) a® + b® + ¢ + 2abe > ab® + bc? + ca?;
(c) 9(a® 4+ b + ) + 12abc > 25" a?b + 115 ab®.

(Vasile C., 2006)
Solution. Denote
p=a+b+ec, q = ab + bc + ca, r = abc.
Due to homogeneity, we may set
p=1 URSI/S %2 = %
(a) Write the inequality as
2(3r +p* = 3pg) +Tr > (a —b)(b—¢)(c — a),
2p® — 6pg > —13r + (a — b)(b — ¢)(c — a),
2—-6g>—13r+(a—"b)(b—c)(c—a).

It suffices to show that

2—6q>—13r+|(a—"0b)(b—c)(c—a)l.

—13
Applying Corollary 1 for 5 = =7 we have

—13 26 28
—13r+{(a=0b)(b—c)(c—a)| < i + — +

_1_ 3/2
5 T op T r(1 =307
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with equality for
13(1 = 3¢)*% = 7(9q — 27r — 2). (*)
Therefore, it suffices to show that

~13¢ 26 28
2 6g> 24+

_1_ 3/2
5 Tor torl=307

which is equivalent to
28 — 45q > 28(1 — 3¢)*/2.

t:\/l_v?)q, Ogtg]-a

28 — 15(1 — t?) > 2813,
13 + 15¢% — 28t > 0.

Using the substitution

the inequality becomes

We have
13+ 15t% — 28t% = (1 — t)(13 + 13t + 28t%) > 0,

with equality for ¢ = 1. Notice that ¢ = 1 involves ¢ = 0, and (*) gives r = —1/7. Thus, if

p = 1, then the original inequality is an equality for ¢ = 0, r = —1/7 and (a—b)(b—c)(c—a) >

0. More general, the equality holds for

ab+bc+ca=0, (a+b+c)+Tabc=0, a+b+c>0, (a—>b)(b—c)(c—a)>0.

These equality conditions are equivalent to the condition that a, b, ¢ satisfy
(a=b)(b—c)(c—a)>0

and are proportional to the roots of the equation

Tw — Tw?> +1 = 0.

(b) Write the inequality as
2(a® + b® + ¢*) + dabc > Z ab(a + b) — Z ab(a — b),

2(a3+b3+c3)+4abc—Zab(aer) > (a—b)(b—c)(c—a),
2(a® +b* + ¢*) + Tabc — (a + b+ ¢)(ab + be + ca) > (a — b)(b— c)(c — a),
2(3r +p* — 3pq) + 7r — pqg > (a — b)(b— ¢)(c — a),
2p® — Tpg > —13r + (a — b)(b — ¢)(c — a),
2—-7¢>—13r+ (a—b)(b—c)(c—a).
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It suffices to show that
2—79>—13r+|(a—0b)(b—c)(c—a)l.

As shown at (a), we have

~13¢ 26 28

—13r+{(a—=0b)(b—c)(c—a)| < 5 + 77 - —27(1 —3¢)%?,
Therefore, it suffices to show that
—13¢ 26 28 3
2—Tqg> — + = 4 (1 —3¢)%?
12 5 T T30

which is equivalent to
7—18¢ > 7(1 — 3¢)*>.

t:\/l_gq, Ogtglu

7—6(1—t%) > Tt
1+ 6t> — 7t* > 0.

Using the substitution

the inequality becomes

We have
14612 — 763 = (1 —t)(1L + 7t + 7t%) > 0,

with equality for ¢ = 1. The original inequality is an equality for
ab+bc+ca=0, (a+b+c)+Tabc=0, a+b+c>0, (a—>b)(b—c)(c—a)>0.
These equality conditions are equivalent to the condition that a, b, ¢ satisfy
(a—b)(b—c)(c—a)>0
and are proportional to the roots of the equation
Tw® — Tw® +1 = 0.
(c) Write the inequality as
18(a® 4+ b* + ¢*) + 24abc > 13 Z ab(a +b) — 9 Z ab(a —b),
18(a® + b* + ¢*) + 24abc — 13 Z ab(a +b) > 9(a — b)(b—c)(c — a),
18(a® 4+ b* + ¢*) + 63abc — 13(a + b+ c)(ab + be + ca) > 9(a — b)(b — ¢)(c — a),

18(3r + p® — 3pq) + 63r — 13pg > 9(a — b)(b — ¢)(c — a),
18p® — 67pg > —117r + 9(a — b)(b — ¢)(c — a),
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18 —67¢ > —117r +9(a — b)(b — ¢)(c — a).
It suffices to show that

2——>-13r+|(a—0b)(b—c)(c—a)l

As shown at (a), we have

~13¢ 26 28 ,
-1 —B)(b—c)c—a)| < — 1 2 4 221 — 3¢)%2,
3r+](a=0)(b—c)lc—a)l < —= + 5= + (1 = 3¢)

Therefore, it suffices to show that

67 —13 26 28
o 670, Z13¢ 26

28 o 32
g =3 Togrtor—307

which is equivalent to
1—3q> (1-3¢)°%?,

(1-3¢)(1-+/1-3q) >0,

3a(1—3q)
1-1-3¢

The last inequality is true, with equality for ¢ = 1/3 and ¢ = 0. The original inequality is
an equality for a = b = ¢ > 0, and also for

ab+bc+ca=0, (a+b+c)P+Tabc=0, a+b+c>0, (a—0b)(b—c)(c—a)>0.

The last equality conditions are equivalent to the condition that a, b, ¢ satisfy
(a=b)(b—c)(c—a)>0

and are proportional to the roots of the equation

Tw? — Tlw? +1 = 0.

Remark. The inequality (c) is sharper than the inequalities (b), and the inequality (b) is
sharper than the inequalities (a). Indeed, the inequalities (b) can be obtained by summing
the inequality in (c) to the obvious inequality

2(a+ b+ c)(ab+ bc+ ca) >0,

and the inequalities (a) can be obtained by summing the inequality in (b) to the inequality

1
§(a+b+c)(ab+bc+ca) > 0.
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P 2.9. Ifa,b,c are real numbers such that

a+b+c>0, ab+ bc+ ca > 0,

then
11
(a) a3+b3+c3+zabcz(a—b)(b—c)(c—a);
(b) 4(a® + 0>+ ) + babc + 2> a%b > 6 ab?;
(c) 36(a® + b3 + ) 4+ 30abc + 13> a®b > 59 ab?.

(Vasile C., 2006)
Solution. Consider
p*_ 1
p ) >4 3 3
(a) Write the inequality as

11
3r+p® — 3pg + 7= (a=b)(b=c)(c—a),

923
p® — 3pg + 7= (a=b)(b=c)c—a)

1—3q2_T23T+(a—b)(b—c)(c—a).

It suffices to show that

1-30> " 4 |(a = b)(b~ (e~ a).

—23
Applying Corollary 1 for 5 = 108 we have

—23 —23 23 31
Tr+ l(a—b)(b—c)(c—a)| < T +

= _1_ 3/2
S T tat307

with equality for
46(1 — 3¢)%? = 31(9q — 27r — 2). (*)

Therefore, it suffices to show that

—93¢ 23 31
1-3¢g> 4424

_1_ 3/2
5 T tall o307

which is equivalent to
62 — 117¢ > 62(1 — 3¢)%/.

t=+1-3¢ 0<t<lI,

Using the substitution
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the inequality becomes
62 — 39(1 — t*) > 62t°,

23 + 392 — 62¢3 > 0.

We have

23 + 392 — 62t3 = (1 — t)(23 + 23t + 62t?) > 0,
with equality for ¢ = 1. Notice that t = 1 involves ¢ = 0, and (*) gives r = —4/31.
Thus, if p = 1, then the original inequality is an equality for ¢ = 0, r = —4/31 and

(a —b)(b—c)(c —a) > 0. More general, the equality holds for

ab+bc+ca=0, 4la+b+c)+3labc=0, a+b+c>0, (a—b)(b—c)(c—a)>D0.

These equality conditions are equivalent to the condition that a, b, ¢ satisfy
(a=b)(b—c)(c—a)>0

and are proportional to the roots of the equation

3lw® — 31w? +4 = 0.
(b) Write the inequality as
4(a® 4+ b* + ) + babe > ZZab(a +b) — 4Zab(a —b),
4(a® + 6 + ) + babe > 2~ ab(a +b) +4(a — b)(b — ¢)(c — a),

4(a® +b* + ¢*) + 11labe > 2(a + b+ ¢)(ab + be + ca) + 4(a — b)(b — ¢)(c — a),
4(3r + p® — 3pq) + 11r > 2pq + 4(a — b)(b — ¢)(c — a),

P o> B @b — (e —a),

2 4
-2
1_%2 43T+(a—b)(b—c)(c—a).
It suffices to show that
—2
1= 2B )b - e —a)l.
2 4
As shown at (a), we have
93 ~93¢ 23 31 ,
— —B)(b—c)(c—a)| < —2 + 22 4 Z5(1 — 3¢)%/2.
B a0 —a) < 1+ By 2 g

Therefore, it suffices to show that

Tq _ —23¢q 23 31 3/2
TR A O A
> 2 1g Tty 307
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which is equivalent to
62 — 171q > 62(1 — 3¢)%/2.

t=11-3¢, 0<t<I,

62 — 57(1 — t) > 62t
5+ 57t* — 62t° > 0.

Using the substitution

the inequality becomes

We have
5457t — 62t° = (1 —t)(5 + 5t + 62t*) > 0,

with equality for ¢t = 1. The equality holds for

ab+bc+ca=0, 4(a+b+c)+3labc=0, a+b+c>0, (a—b)(b—c)ic—a)>0.

These equality conditions are equivalent to the condition that a, b, ¢ satisfy
(a=b)(b—c)(c—a)>0

and are proportional to the roots of the equation

3lw® — 31lw? +4 = 0.

(c) Write the inequality as
36(a® + b” + c*) + 30abc > 23 ) " ab(a +b) — 36 Y _ ab(a — b),

36(a® + b” + ¢*) + 30abc > 23) " ab(a + b) + 36(a — b)(b — ¢)(c — a),
36(a” + b + ¢*) + 99abe — 23(a + b + ¢)(ab + be + ca) > 36(a — b)(b — ¢)(c — a),
36(3r + p* — 3pq) + 99r — 23pg > 36(a — b)(b — c)(c — a),
36p® — 131pq > —207r + 36(a — b)(b — ¢)(c — a),
36 — 131qg > —207r + 36(a — b)(b — ¢)(c — a).
It suffices to show that
36 — 131q S —23r

+[(a—=0)(b—c)(c—a)l.

36 - 4
As shown at (a), we have
23 ~23¢ 23 31 ,
= B (b—o)(c—a)| < =24 L 22 L 20 _3g)32,
1 r+l(a—=0)b-c)(c—a)l < 15 —1—54—1—54( 3q)

Therefore, it suffices to show that

36 — 131q S —23q 23 31

—(1
36 - 12 54+54(

- 3q>3/27
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which is equivalent to
1 -3¢ > (1-39)"?

(1-3¢)(1—-+/1-3q) >0,

3a1—3q)
1—-V1-3¢q

The last inequality is true, with equality for ¢ = 1/3 and ¢ = 0. The original inequality is

an equality for a = b = ¢ > 0, and also for

ab+bc+ca=0, 4la+b+c)+3labc=0, a+b+c>0, (a—b)(b—c)(c—a)>0.

The last equality conditions are equivalent to the condition that a, b, ¢ satisfy

(a=b)(b—c)(c—a)>0
and are proportional to the roots of the equation

3lw® — 31lw? +4=0.

Remark. The inequality (c) is sharper than the inequalities (b), and the inequality (b) is
sharper than the inequalities (a). Indeed, the inequalities (b) can be obtained by summing

the inequality in (c) to the obvious inequality

5(a+ b+ c)(ab+ bc+ ca) > 0,

and the inequalities (a) can be obtained by summing the inequality in (b) to the inequality

2(a+b+c)(ab+ bc+ ca) > 0.

P 2.10. If a,b,c are real numbers such that
a+b+c>0, ab+ bc+ ca > 0,

then

s 1
a®+ b+ — Z&bc > 2(a—b)(b—c)(c—a).

Solution. Assume
P 1
— 1’ 0 < < —_— = =,
p =1= 3 3
and write the inequality as

1
3r+p® — 3pg — 12 2(a —b)(b—c)(c —a),

(Vasile C., 2006)
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11
P’ =3pg+ r =2 2(a=b)(b - c)c —a),

—11
1—-3¢> 7 +2(a —b)(b—c)(c—a).
It suffices to show that

521> 4= a),

—11
Applying Corollary 1 for 5 = 206 we have

—11 —11q 11 43
- —b)(b— —o)l < —/—L 4 T 4 T (1= 3g)3/?

with equality for
22(1 — 3¢)%/* = 43(9q — 27r — 2). (*)
Therefore, it suffices to show that

1 3 —11q 11 43
>_ 1

o _1_ 3/2
5292 51 tigs t st 307

which is equivalent to
86 — 225¢ > 86(1 — 3¢)*/>.

t=+1-3¢ 0<t<lI,

86 — 75(1 — t*) > 86t°,
11 + 75¢% — 86t° > 0.

Using the substitution

the inequality becomes

We have

11+ 75t% — 86t° = (1 — t)(11 + 11t + 86t%) > 0,
with equality for ¢ = 1. Notice that t = 1 involves ¢ = 0, and (*) gives r = —4/43.
Thus, if p = 1, then the original inequality is an equality for ¢ = 0, r = —4/43 and

(a —b)(b—c)(c —a) > 0. More general, the equality holds for

ab+bct+ca=0, 4la+b+c)+43abc=0, a+b+c>0, (a—0b)(b—c)(c—a)>0.

These equality conditions are equivalent to the condition that a, b, ¢ satisfy
(a—b)(b—c)(c—a)>0

and are proportional to the roots of the equation

43w — 43w* + 4 = 0.
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P 2.11. If a,b,c are real numbers such that
a+b+c>0, ab+ bc+ ca > 0,

then
(a) 2(a® + b% 4 ) 4 3(3v/3 — 2)abc + 6+/3 (a?b + b*c + c2a) > 0;

(b) a3+b3—|—c3—3abcz%g(a—b)(b—c)(c—a).

(Vasile C., 2006)

Solution. Due to homogeneity, we may set

2
p=1 Oéqép—zl-
33

(a) Write the inequality as

2(a® + 0 + *) + 3(3V3 — 2)abe + 3v/3 > _ab(a+b) +3v3 Y _abla —b) >0,

2(a® + b + *) + 3(3V3 — 2)abe + 3v/3 > _ab(a+b) > 3v3 (a—b)(b - ¢)(c — a),
2(3r + p* — 3pq) — 6r + 3vV/3 pg > 3v/3 (a — b)(b— ¢)(c — a),
2p* —3(2 = V3)pqg = 3V3 (a = b)(b — ¢)(c — a),
2 —3(2 —v3)q > 3V3(a —b)(b—c)(c — a).
It suffices to show that
2 —3(2—v3)g > 3V3|(a—b)(b—c)(c—a)l.

Applying Corollary 1 for f = 0, we have

S

[(a=0)(b—c)(c—a)] < -—=(1—39)*?,

B

3
with equality for
27r = 9q — 2. (*)
Therefore, it suffices to show that
2 —3(2—V3)qg > 2(1—3¢)*>
Using the substitution

t=+1-3¢, 0<t<1,

2—(2—V3)(1—1?) > 2,

the inequality becomes
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V34 (2 V32 -2t >0,
(1-t)(V3+V3t+2t%) >0,

with equality for ¢ = 1. Notice that ¢t = 1 involves ¢ = 0, and (*) gives r = —2/27.
Thus, if p = 1, then the original inequality is an equality for ¢ = 0, r = —2/27 and
(a—b)(b—c)(c—a) > 0. More general, the equality holds for

ab+bct+ca=0, 2a+b+c)®+27abc=0, a+b+c>0, (a—0b)(b—c)ic—a)>0;

that is,
b c

a = =
1+v3 1-3

>0

(or any cyclic permutation).

(b) Write the inequality as

p® —3pq > %g(a = b)(b—c)(c—a),

1—-3¢> %(a —b)(b—c)(c—a).

It suffices to show that

3\/§|

1 =3¢ 2 ——[(a="b)(b—c)(c—a)l.

As shown at (a), we have

E

[(a=0)(b—c)(c—a)] < —=(1-3¢)*2

=

3
Therefore, it suffices to show that

1 -3¢ > (1-3¢)"*
which is equivalent to
(1-3¢) (1 V1-3¢) 20,

3¢1-3q)

1++/1-3¢ —
The equality holds for ¢ = 1/3 and ¢ = 0. The original inequality is an equality for
a="b=c>0, and also for

ab+bct+ca=0, 2a+b+c)+27abc=0, a+b+c>0, (a—0b)(b—c)ic—a)>0;

this means that
b c

a: =
1+v3 1-3

>0

(or any cyclic permutation).
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Remark. The inequality (b) is sharper than the inequality (a), because the last inequalities
can be obtained by summing the inequality in (b) to the obvious inequality

3T\/g(aﬂ)—irc)(ab—i—bcjtca) > 0.

P 2.12. If a,b,c are real numbers such that
a+b+c>0, 2(a® +b? + ) + T(ab + be + ca) > 0,

then
a*(a—b) +b*(b—c) + *(c—a) > 0.

(Vasile C., 2006)

Solution. Due to homogeneity, we may set p = 1. From p? > 3¢ and
2(a® +b* + ) + T(ab+ be + ca) = 2p* + 3¢ =2+ 3¢ > 0,

we get

_2< <
5 Sa<

W =

Write the inequality as
2a® +b*+ %) > > abla+b)+ Y abla—b),

2(a® +b* + ¢*) + 3abc > (a + b+ c¢)(ab + be + ca) — (a — b)(b— c)(c — a),
2(3r +p° = 3pg) +3r > pg — (a — b)(b— ¢)(c — a),
2p® — Tpg > —9r — (a — b)(b — ¢)(c — a),
2—-7¢> -9 —(a—0b)(b—c)(c—a).
It suffices to show that
2—79> -9+ |(a—0)(b—c)(c—a)l

Applying Corollary 1 for § = —1/3, we have

—9r + |(a—0)(b—c)(c—a)| < =3¢+ g + 3i\/§(1 —3¢)%2,

with equality for

V3 (1-3¢)*%=9q —27r — 2. ()
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Therefore, it suffices to show that

2 4
2-7q> -3¢+ -+ —=(1—3¢)%?,

3 3/3

which is equivalent to
V3(1 - 3q) > (1-3¢)"?,

(1-3¢)(vV3—+/1-3¢) >0,
(1-3¢)2+3q) _
V3+VI=3¢
with equality for ¢ = 1/3 and ¢ = —2/3. According to (*), ¢ = 1/3 involves r = 1/27, and
q = —2/3 involves r = —17/27. Thus, the equality holds for a = b = ¢ > 0, and also for

17(a+b+c)* +27abc =0,  2(a+b+c)? +3(ab + bc + ca) = 0,

a+b+c>0, (a—=b)(b—c)(c—a)<0.

The last equality conditions are equivalent to the condition that a, b, ¢ satisfy
(a=b)(b—c)(c—a) <0
and are proportional to the roots of the equation

27w — 27Tw? — 18w + 17 = 0.

P 2.13. If a,b,c are real numbers such that
a+b+c>0, 3(ab+ bc+ ca) > a® +b* + 2,

then
a*(a+ 2b — 3c¢) + b*(b + 2¢ — 3a) + ¢*(c + 2a — 3b) > 0.

(Vasile C., 2006)

Solution. Due to homogeneity, we may set p = 1. From p? > 3¢ and
3(ab+ b+ ca) — (a> + b+ %) =3¢ — (p* —2¢) =5¢— 1 >0,

we get

IA
2
IN

O] =
Wl =

Write the inequality as follows:

2(a® +b* + %) > Zab(a—i—b) — SZab(a— b),
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2(a® +b* + ¢*) + 3abc > (a + b+ ¢)(ab + be + ca) + 5(a — b)(b — ¢)(c — a),
2(3r +p° — 3pq) + 3r = pg + 5(a — b)(b — c)(c — a),

2p° — Tpq > —9r +5(a — b)(b — ¢)(c — a),
2—79> -9 +5(a—0b)(b—c)(c—a).
It suffices to show that

Applying Corollary 1 for 8 = —1/15, we have

—9r —3q 2 4
—r Db e—a)l< 2222 0
z +(a—=0b)(b—c)(c—a)|l < : + 1 + R (

with equality for
V3 (1 —39)** =7 (9¢ — 27r — 2).
Therefore, it suffices to show that

2-7¢_ 3¢ 2 4

7
— /= (1 =23g)%2
5 275 Tty (80T

which is equivalent to

V3 (1-3q) > V7 (1-3¢)*?,
(1— 3¢) [f— V71— 39) ] >0,

This is true if
3>17(1-3q),

4
which is equivalent to ¢ > o7 Indeed, we have

4
> —.

>
1= 21

O] =

The equality holds for a = b= ¢ > 0.

P 2.14. If a,b, c are real numbers, then

(@® + b+ ) =2 3(a’b + Ve + Ca).

- 3Q)3/27

(Vasile C., 1992)
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Solution. Write the inequality as follows:

2(a* + b* +c*)? >3 Z ab(a® + b*) + 3 Z ab(a® — b?),

>3 <Zab> (Z az) - 3acha -3 <Za) (a—b)(b—c)(c—a),
2(p" — 29)* = 3a(p” — 2q) > —3pr — 3p(a — b)(b — ¢)(c — a),
2p* — 11p°q + 14¢* > —3pr — 3p(a — b)(b — ¢)(c — a).
It suffices to show that

2

2 (Xe)

2p* — 11p?q +14¢° > 3p[—r +[(a = 0)(b — ¢)(c — a)|].

Since the inequality remains unchanged by replacing a,b,c with —a, —b, —c, respectively,
we may assume that p > 0. For the nontrivial case p # 0, we may set p = 1 (due to
homogeneity). Thus, we need to show that

2 — 11q + 14¢*
3

> 1+ |(a— )b~ &)(c — a).

Applying Corollary 1 for § = —1/27, we have

—q 2 4T 5
_ _ _ _ <242 2V /2
r+](a—=0b)b—c)(c—a)l < 3 + 27—1— o7 (1—3q)>7,
with equality for
(1—39)** =7 (9¢ — 27r — 2). (%)

Therefore, it suffices to show that

2 — 11q + 144> = 4T

3 _3+27+ 27

(1 - BQ>3/27

which is equivalent to
8 — 45q + 63¢° > 2V (1 — 3¢)*?,

(1-3q)(8 —21q) > 2V7 (1 —3¢)*/?,
(1 - 3q) [8—21q—2 7(1—3q)] > 0.
Since 1 — 3¢ > 0, this is true if
(8 —21¢)* > 28(1 — 3¢),

which is equivalent to
(7q — 2)* > 0.
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According to (*), ¢ = 1/3 involves r = 1/27, and ¢ = 2/7 involves r = —1/49. Thus, the
original inequality is an equality for a = b = ¢, and also for

2p® —7q =0, p® 4+ 49r =0, (a+b+c)a—0b)(b—c)(c—a)<0.
The last equality conditions are equivalent to the condition that a, b, ¢ satisfy
(a—b)(b—c)(c—a)<0
and are proportional to the roots of the equation
49w® — 49w” + 14w + 1 = 0;

this means that
a b c
2

sin?

(or any cyclic permutation).

P 2.15. If a,b,c are real numbers, then
a*(a—2b+c)+b*(b—2c+a)+c*(c—2a+0b) >0.
(Vasile C., 1998)

Solution. Write the inequality as follows:

2(a* +b* 4+ c*) > Z ab(a* +b*) + 3 Z ab(a® — b?),

22@4 > (Zab) <Za2> —acha—Z& <Za> (a—0b)(b—c)(c—a),
2(p" — 4p*q +2¢° + 4pr) = q(p* — 29) — pr — 3p(a = b)(b — ¢)(c — a),
2p* — 9p?q + 64> > —9pr — 3p(a — b)(b—c)(c — a).

Since the inequality remains unchanged by replacing a, b, ¢ with —a, —b, —c, respectively, we
may assume that p > 0. For the nontrivial case p > 0, it suffices to show that

2p* — 9p%q + 6¢° = 3p[=3r +|(a = b)(b — ¢)(c — a)].
Due to homogeneity, we may set p = 1. Thus, we need to show that

2 — 9q + 64>

3 > —3r+|(a —b)(b—c)(c—a).

Applying Corollary 1 for § = —1/9, we have

2 4
=3r+la=b)(b—c)(c—a)] < —q+ 5 + 5 (1 - 3¢)%2,



152 Vasile Cirtoaje

with equality for
(1—3¢)*%=9q—27r — 2. (*)
Therefore, it suffices to show that

2 — 9q + 6¢° 2 4 3/2
> g+ =+-(1-3¢%
3 z—q+5+5(1-3¢977

which is equivalent to
2 —9g +9¢* > 2(1 — 3¢)%/?,

(1—-3¢)(2 —3q) > 2(1 - 39)*,
(1 - 3q) [2—@—2@} > 0.
Since 1 — 3q > 0, this is true if
(2= 3¢)* = 4(1 - 39),

which is equivalent to ¢ > 0. According to (*), ¢ = 1/3 involves r = 1/27, and ¢ = 0
involves r = —1/9. Thus, the original inequality is an equality for a = b = ¢, and also for

q=0, PP+ 9r =0, (a+b+c)(a—b)(b—c)(c—a)<0.
The last equality conditions are equivalent to the condition that a, b, ¢ satisfy
(a=b)(b—c)lc—a) <0
and are proportional to the roots of the equation
9w — 9w* + 1 = 0;

this means that

. T T o 137
a81n§:bsm—:csm—

9 9

(or any cyclic permutation).

P 2.16. If a,b,c are real numbers, then
a* + 0+t —abc(a+b+¢) > V3 (a+b+c)(a—Db)(b—c)(c—a).

(Vasile C., 2006)
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Solution. Since the inequality remains unchanged by replacing a, b, ¢ with —a, —b, —c, re-
spectively, we may assume that p > 0. For the nontrivial case p > 0, it suffices to show
that

a* + b+t —abc(a+b+¢) > V3 (a+b+c)|(a —b)(b—c)(c—a),

which is equivalent to
p* = 4p*q + 24" + 3pr > V3 pl(a —b)(b— ¢)(c — a)|.
Due to homogeneity, we may set p = 1. Thus, we need to show that
1—4g+2¢2 >3 —\/§r+|(a—b)(b—c)(c—a)|] .
Applying Corollary 1 for 3 = —/3/27, we have

—/3q \/_ 2v/10

—V3r+|(a—=b)(b—c)(c—a)| < + + —3¢)%/,
((a=b)(b—c)c—a)l < — W (1—3q)
with equality for
2(1 — 3¢)*? = V10 (9¢ — 27r — 2). (*)
Therefore, it suffices to show that
2
1—4g+2¢° > —q+ ¢ +£ (1—3¢)°2,

9

which is equivalent to
7 —27q + 18¢> > 2V/10 (1 — 3¢)*/2,

(1 - 3q)(7 - 6g) > 2V10 (1 — 3¢)*?,
(1-3g) [7—@—%/@] > 0.
Since 1 — 3q > 0, this is true if
(7 —69)* > 40(1 — 3q),

which is equivalent to

(2¢+1)*>0.
According to (*), ¢ = 1/3 involves r = 1/27, and ¢ = —1/2 involves r = —1/3. Thus, the
original inequality is an equality for a = b = ¢, and also for

(a+b+c)*+2(ab+bctca) =0, (a+b+c)*+3abc=0, (a+b+c)(a—b)(b—c)(c—a)>0.

The last equality conditions are equivalent to the condition that a, b, ¢ satisfy
(a—b)(b—c)(c—a) >0

and are proportional to the roots of the equation

6w® — 6w? — 3w +2=0.
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P 2.17. If a,b,c are real numbers, then

2
a*(a+0) +03(b+c)+cE(c+a) > g(ab + be + ca)?.
(Vasile C., 2006)
Solution. Write the inequality as follows:
4
2a’ + b+ ')+ abla® +57) + Y ab(a® — b?) > Slab+be+ ca)?,

(ab + be + ca)?,

QO W~

2(a’ + b+ )+ abla® + %) — (a+b+c)(a—b)(b—c)(c—a) >
2(p" — 4p*q + 2¢° + 4pr) + q(p® — 2q) — pr — pla —b)(b — ¢)(c — a) > %cﬂ

2
2p" = TP°q+ 30" + Tpr = pla—b)(b = ¢)(c — a).
Since the statement remains unchanged by replacing a, b, ¢ with —a, —b, —c, respectively, we
may assume p > 0. For the nontrivial case p > 0, it suffices to show that

2
2p' =g+ 3¢° + Tpr 2 pla—b)(b = o)(c —a)].

Due to homogeneity, we may set p = 1. From p? > 3¢, we get

1

< —.
=3

Thus, we need to show that

2
2—Tq+ ng > —Tr+|(a—b)(b—c)(c—a)l

Applying Corollary 1 for g = ;—77, we have

—7r+|(a—=0b)(b—c)(c—a)| < —7q , 14 4V19

A SR E T
5 o Ty (=307

with equality for
7(1 - 3¢)%?* = V19(9¢ — 27r — 2). (*)
Therefore, it suffices to show that

2., —7¢ 14 419
29— Tg4 o> L 2 TV T (1 gg)32
G302 5ot (1307

which is equivalent to
20 — 63¢ + 9¢* > 2v/19(1 — 3¢)*/?,



par Method 155

(1 —3¢)(20 — 3¢) > 2V19(1 — 3¢)*?,

(1 3q) [20 ~ 3¢ —2/19(1 — 3¢) } >0,

Since 1 — 3¢ > 0, this is true if
(20 — 3¢)* > 76(1 — 3q),

which is equivalent to
(q+6)* >0,

According to (*), ¢ = 1/3 involves r = 1/27, and ¢ = —6 involves = —7. Thus, the original
inequality is an equality for a = b = ¢, and also for

ab+bc+ca+6(a+b+c)*> =0, abct+T(a+b+c)®> =0, (a+b+ec)la—b)(b—c)(c—a)>0.

The last equality conditions are equivalent to the condition that a, b, ¢ satisfy
(a—b)(b—c)(c—a)>0

and are proportional to the roots of the equation

w? —w? —6w+7=0.

P 2.18. If a,b,c are real numbers such that ab + bc + ca = 3, then
a’(a — 2b) + b*(b — 2¢) + *(c — 2a) +3 > 0.
(Vasile C., 2006)

Solution. Write the inequality in the homogeneous form
1
4 34 | 4 2 | 72 2 12 2
b — b b*) — b(a® — b —(ab+0 >0
at+b"+c E:a(a—i-) Ea(a )+3(a+c+ca)_,
which is equivalent to

1
at + b+t - Zab(oa2 +b?) + g(ab+ bc + ca)? > Zab(az —v?),

1
(p* — 4p°q +2¢° + 4pr) — q(p* — 2q) + pr + ng > —pla—1Db)(b—c)(c— a),
13
p* —5p°q + gtf + 5pr > —p(a — b)(b — ¢)(c — a).

Since the inequality remains unchanged by replacing a, b, ¢ with —a, —b, —c, respectively, we
may assume p > 0. For the nontrivial case p > 0, it suffices to show that

13
' =5’ + =¢* +5pr > pl(a = b)(b—¢)(c - a)l.
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Due to homogeneity, we may leave out the hypothesis ab + bc + ca = 3 for p = 1. From
p* > 3q, we get

q=<

W

Thus, we need to show that

1
=504 ng > _5r 4 |(a—b)(b— c)(c—a).

Applying Corollary 1 for 5 = 57 we have

10 4v13

—oq
3+

—5r+|(a—b)(b—c)(c—a)|< 274‘7

(1—3q)°2,
with equality for

5(1 = 3¢)%? = V13(9q — 27r — 2). (*)
Therefore, it suffices to show that

13, —5¢ 10 413
1—5g+ —g2> 20 = ZV29 (1 34)3/2
G+ 2 5 gt (=307

which is equivalent to
17 — 90q + 117¢% > 4v/13(1 — 3¢)*/?,

(1—3q)(17 — 39¢) > 4v/13(1 — 3¢)*/,
(1—3¢) |17 — 39¢ — 4 13(1—3q)} >0,
Since 1 — 3¢ > 0, this is true if
(17 — 39¢) > 208(1 — 3q),

which is equivalent to
(13¢ —3)* > 0,

According to (*), ¢ = 1/3 involves r = 1/27, and ¢ = 3/13 involves r = —1/169. Thus, the
homogeneous inequality is an equality for a = b = ¢, and also for

13(ab+bc+ca) =3(a+b+c)* =0, 169abc+ (a+b+c)* =0,
(a+b+c)(a—0b)(b—c)(c—a)<O.

Since ab + bc + ca = 3, the original inequality is an equality for

a+b+c=+13, abc= , (a=b)(b—c)(c—a)<O.

|
—
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The last equality conditions are equivalent to the condition that a, b, ¢ satisfy
(a=b)(b—c)(c—a) <0

and are the roots of the equation

1
w? — V13 w? + 3w+ — = 0.
/13

Remark 1. The inequalities in P 2.14, ... | P2.18 are particular cases of the following
generalization:

o Let A, B,C, D be real numbers such that
1+ A+B+C+ D=0, 3(1+A)>C*+CD+ D,

Then, for any real a, b, c, the following inequality holds:

Za4 —l—AZcﬂbz +Bacha+CZa3b+ DZab3 > 0.
To prove this inequality, we write it in the form
Za4+A (Za%z —acha) —(1 +C’+D)abcz:a%—C’Z:CL?’ZH—DX:CLZ)3 > 0.
Since >~ a?b? — abc_ a > 0, it suffices to consider the case
3(1+A)=C?+CD + D>
Proceeding as in the preceding problems (with p = 1), we need to show that
T+2A+C+D-32+A—-C—-D)g>

>2y/(1-A)2—(1-A)(C+D)+C>~CD+D? -\/1-3q.

Since C?>+CD + D? C + D)?
3 4
we have
D2
2+A—C’—D:(1+A)+1—C’—DZM%—I—C’—D
_ 9\2
:w>07
1 =
hence

T+2A4+C+D—-324+A-C—-D)q>74+2A+C+D—-(2+A-C—-D)
=(1+A)+4+2(C+D)

C + D)?
%+4+2(C+D)

2
:WZO'

>
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Thus, we only need to show that
[7T+2A+C+D—-302+A—C—D)g)* >
4[(1-AP-(1-A)(C+D)+C*—-CD+D*(1-3q),
which is equivalent to
(24 A—C—D)’q—4-5A+(1+A)(C+D)+C*+D**>0.

Remark 2. Replacing A, B,C, D with A/Aq, B/Ay, C /Ay, D /Ay, respectively, the statement
from Remark 1 becomes as follows:

o Let Ay, A, B,C, D be real numbers such that
Ay >0, Ay+A+B+C+ D=0, 3A0(Ag+ A) > C* +CD + D

Then, for any real a,b,c, the following inequality holds:

AOZa4+AZa2b2+Bacha+CZa3b+DZab3 > 0.

P 2.19. If a,b,c are real numbers such that ab + bc + ca > 0, then

a4+b4+c4—abc(a+b+c)2@ (a+b+c)a—=0)(b—c)(c—a).

(Vasile C., 2006)

First Solution. Since the statement remains unchanged by replacing a, b, ¢ with —a, —b, —c,
respectively, we may assume that p > 0. For the nontrivial case p > 0, it suffices to show
that

V15
a* + b+t —abe(a+b+c) > 5 (a+b+c)|(a—0)(b—c)(c—a),
which is equivalent to
V15
' —4pq 424"+ 3pr > == pla=b)(b — c)(c — a)].

Due to homogeneity, we may set p = 1. From p? > 3¢, we get

1
0<g< =,
_q_3
We need to show that
V15 | —6r
1—4g+2¢>—|—+|(a=b)b—c)c—a
4+ 2 5 | [(a = b)(b—c)(c—a)
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915
—67 —2q 4 14
\/—1_5—l—](a—b)(b—c)(c—a)]S\/ﬁ-i-g\/ﬁ—l—g\/E

with equality for

Applying Corollary 1 for g = , we have

(1 - 3Q>3/27

4(1 —3¢)3* =7(9q — 27r — 2). (*)
Therefore, it suffices to show that

\/ﬁ[—Qqu 4 N 14
2 [V15  9v15  9V15

1 —4q+2¢* >

(1- 3q)3/2] ,

which is equivalent to
7 —27q 4 18¢> > 7(1 — 3¢)*/,

(1= 3q)(7 - 6g) > 7(1 — 3¢)*/?,
(1 3q) <7—6q—7 1—3q> > 0.
Since 1 — 3q > 0, this is true if
(7 —69)* > 49(1 — 3q),

which is equivalent to
q(4q+7) =0,

According to (*), ¢ = 1/3 involves r = 1/27, and ¢ = 0 involves r = —2/21. Thus, the
original inequality is an equality for a = b = ¢, and also for

ab+bc+ca=0, 2labc+2a+b+c)*=0, (a+b+c)la—0b)(b—c)(c—a)>0.
The last equality conditions are equivalent to the condition that a, b, ¢ satisfy
(a=b)(b—c)(c—a) >0
and are proportional to the roots of the equation
21w’ — 21w + 2 = 0.
Second Solution. We will find a stronger inequality
fla,b,¢) 20,

where

f(a,b,c) =a* +b* + ¢* — abc(a+b+c) + g (Za3b—2ab3>

— k(ab + bc + ca)(a® + b* + ¢ —ab — bc — ca), k>0,
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satisfies f(1,1,1) = 0. Since
(ab + be + ca)(a® + b* + ¢* — ab — be — ca) = —Za2b2 —acha—l—Za%—i—Zabg,

the inequality can be written as

Za4+AZaQb2+Bacha—|—C’Za3b—l—DZab3 > 0,

where

v1 V1
A=k, B=k-1, C:—k+75, D:—k—T5.
We see that 1+ A+ B+ C 4+ D = 0. According to the statement in Remark 1 from P 2.18,
if
31+ A)=C?+CD + D?

then the inequality holds for all real a,b, c. It is easy to show that this condition is satisfied
for k = 1/2. Since the inequality f(a,b,c) > 0 for k = 1/2 is stronger than the original
inequality, the proof is completed.

m

P 2.20. If a,b,c are real numbers such that
2(ab+ be+ ca) > a® + b* + ¢,

then

Nej

at +b* +ct —abe(a +b+c) > (a+b+c)a—0b)(b—c)(c—a).
(Vasile C., 2006)

Solution. Since the statement remains unchanged by replacing a, b, ¢ with —a, —b, —c, re-
spectively, we may assume that p > 0. For the nontrivial case p > 0, it suffices to show
that

at+ bt +ct —abe(a+b+c) > @ (a+b+¢c)|(a—"0b)(b—c)(c—a)l,
which is equivalent to
V39
p' = 4pq + 24" + 3pr > == pl(a=b)(b — o)(c — a)].

Due to homogeneity, we may set p = 1. From p? > 3¢ and 2(ab + bc + ca) > a® + b* + %, we
get

1< <1
1=1=3
We need to show that
V39 | —6r
1—4g+2¢> = |—+|(a=b)b—¢c)lc—a
4+20 2 5 | [(a = b)(b—c)(c—a)
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9/39
—6r o 4 22
\/ﬁ—ﬂ(a_b)(b_c)(c_aﬂg\/@+9\/E+9\/E

with equality for

Applying Corollary 1 for g = , we have

(1 - 3(])3/2,

4(1 = 3¢)*% = 11(9¢q — 27r — 2). (*)
Therefore, it suffices to show that

\/@[—Qqu 4 N 29
2 V39 9v39 939

1—4q+2¢* >

(1- 361)3/2} ,

which is equivalent to
7 —27q +18¢% > 11(1 — 3¢)*?,

(1= 3¢)(7 = 6g) > 11(1 - 3¢)*?,
(1-3q) (7— 69— 11/T=3¢ ) > 0.
Since 1 — 3¢ > 0, this is true if
(7—69)* > 121(1 — 3¢),

which is equivalent to
(49— 1)(¢+8) =0,

According to (*), ¢ = 1/3 involves r = 1/27, and ¢ = 1/4 involves r = 1/132. Thus, the
original inequality is an equality for a = b = ¢, and also for

4(ab+bc+ca) = (ab+c)®,  132abc+(a+b+c)* =0, (a+b+c)(a—0b)(b—c)(c—a) > 0.
The last equality conditions are equivalent to the condition that a, b, ¢ satisfy
(a=b)(b—c)(c—a) >0
and are proportional to the roots of the equation
132uw® — 132w + 33w — 1 = 0.
Second Solution. We will find a stronger inequality
fla,b,c) >0,

where
f(a,b,c) —a4+b4+c4—abc(a+b+c)+g <Za3b—2ab3>
—k(22ab—2a2) (Zcﬂ—zab), k>0,
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satisfies f(1,1,1) = 0. Since
— (22ab— Za2> (ZQQ — Zab) =

= (@) 3 (X w) () +2 (S w)
:Za4+42a262+ab02a—BZagb—?)Zabg,

the inequality f(a,b,c) > 0 can be written as

A02a4+AZa2b2+Bacha+CZa3b+DZab3 >0,

where

9 9
Ao=k+1, A=4k, B=k-1, C=—3k+§, D=—3k;—§.

We see that Ag+ A+ B+C+ D = 0. According to the statement in Remark 2 from P 2.18,
if Ag > 0 and
3A0(Ag+ A) =C*+CD + D?

then the inequality holds for all real a, b, c. It is easy to show that this condition is satisfied
for k = 3/4. Since the inequality f(a,b,c) > 0 for k = 3/4 is stronger than the original
inequality, the proof is completed.

O

P 2.21. If a,b,c are real numbers, then
a' + b + ¢t + 2abe(a+ b+ ¢) > ab® + be® + ca®.
(Vasile C., 2009)

First Solution. Write the inequality as follows:
2(a* +b* + c*) + 4abc(a + b+ c) > Z ab(a® + b*) — Z ab(a* — b*) >0,

2(p* — 4p*q + 2¢° + 4pr) + 4pr > q(p* — 2q) — pr + p(a — b)(b — ¢)(c — a) > 0,
2p* — 9p?q + 6¢* > —13pr + p(a — b)(b — ¢)(c — a) > 0,
Since the statement remains unchanged by replacing a, b, ¢ with —a, —b, —c, respectively, we
may assume p > 0. For p = 0, the inequality is clearly true. For p > 0, it suffices to show

that
2pt — 9p?q + 6¢° > —13pr +p|(a—=b)(b—c)(c—a)| >0.

Due to homogeneity, we may set p = 1. From p? > 3¢, we get

1

< —.
=3
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Thus, we need to show that

2 —9q +6¢°) > —13r + |(a — b)(b—c)(c — a)| >0,
: —13
Applying Corollary 1 for § = =7 we have

~13¢ 26 28 ,
~1 —h)b—e)(c—a)| < —=H 4 222 (1 3q)32

with equality for
13(1 — 3¢)%? = 7(9¢ — 2 — 27r). (*)
Therefore, it suffices to show that

~13¢ 26 28
2—9¢+6¢> > — + = 4 22 (1—3¢)*?

which is equivalent to
14 — 63¢ + 81¢> > 14(1 — 3¢)*/%.

Using the substitution

t=+1-3q, t>0,
the inequality becomes

ot — 143 + 3t2 +2 >0,

which is equivalent to
(t —1)%(9t* + 4t +2) > 0.

The last inequality is true, with equality for ¢ = 1, that is for ¢ = 0. From (*), we get
r = —1/7. Thus, the original inequality is an equality when a, b, ¢ satisfy

(a=b)(b—c)(c—a) >0
and are proportional to the roots of the equation
Tw® — Tw? +1=0.
The equality conditions are equivalent to

a b c
s 27 i 4w T i 8w
Sin 7 Sin 7 S1n 7

(or any cyclic permutation).

Second Solution. We will find a stronger inequality

fla,b,¢) =0,



164 Vasile Cirtoaje

where

20 +m —3g)’, meR,

f(a,b,c) = a* +b* +c* + 2abc(a+b+c) — (ab® + be® + ca®) — o

satisfies f(1,1,1) = 0. The inequality can be written as
Za4 —|—A2a2b2 +Babc2a+02a3b+ DZab?’ >0,
where 1 + A+ B+ C + D = 0. According to the statement in Remark 1 from P 2.18 if
31+ A)=C?+CD + D?,

then the inequality f(a, b, c) > 0 holds for all real a, b, c. It is easy to show that this condition
is satisfied for m = —1, when

2
fla,b,c) = a* +b* + c* + 2abc(a + b + ¢) — (ab® + bc® + ca®) — g(ab—k be + ca)?.

P 2.22. Ifa,b,c are real numbers, then
a* +b* + ¢t 4+ V2 (a®b 4 bPe + Pa) > 0.
(Vasile C., 2009)
Solution. We will prove a stronger inequality
fla,b,¢) 20,

where

k
Fla,b,c) = a* + b* + ¢+ k(a®b + bPe + Pa) — (a+b+c), k=2,

27
satisfies f(1,1,1) = 0. Since

(a+b+c) Za +62a262+12acha+4ZaBb+4Zab3

the inequality can be written as

A02a4+AZa2b2+Bacha+CZa3b+DZab3 >0,

where

Ag=26—k, A=-6(1+k), B=-12(1+k), C=23k—-4, D=—4(1+k).
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We see that Ag+ A+ B+ C + D = 0. According to the statement in Remark 2 from P 2.18,
if Ag > 0 and
3Ag(Ag+ A) > C* +CD + D?,

then the inequality holds for all real a, b, c. We have
3A0(Ag 4+ A) — (C? + CD + D?) = 54(28 — Tk — 8k?) = 54(12 — 7v/2) > 0.

Thus, the proof is completed. The equality holds for a = b = ¢ = 0.
Remark. From the proof above, it follows that the inequality

a* + b+t + k(a®b+ bPc+ Pa) > 0

holds for all real a, b, c and

—1<k< VI =7 1.4838,
16
3v105 -7
where k = — 15 is a root of the equation 28 — 7k — 8k% = 0. Actually, the inequality
holds for
—1 S k S kOa

where ko ~ 1.4894 is a root of the equation

TS + 17k* + 16k + 16k% — 64k — 128 = 0.

P 2.23. If a,b,c are real numbers, then
(a® + 0>+ *)? +2(a’b + bPc + a) > 3(ab® + be® + ca®).
(Vasile C., 2009)

First Solution. Write the inequality as follows:
2(a® +b* + *)? > Z ab(a® 4+ b*) — 5 Z ab(a® — b*) > 0,

2(p* — 29)* > q(p® — 2q) — pr + 5p(a — b)(b — ¢)(c — a),
2p* — 9p*q + 10¢*> > —pr + 5p(a — b) (b — ¢)(c — a) > 0,

Since the statement remains unchanged by replacing a, b, ¢ with —a, —b, —c, respectively, we
may assume p > 0. For p = 0, the inequality is clearly true. For p > 0, it suffices to show
that
2p* — 9p°q + 104>
5

> —pr 4 pl(a— B)(b— e~ a)] >0
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Due to homogeneity, we may set p = 1. From p? > 3¢, we get

< 1
3.
Thus, we need to show that

2-9¢g+10¢° _ 1
2290 L - b - e —a) > 0.

) )
. —1
Applying Corollary 1 for 5 = T35 Ve have
1 —5q 10 52
—= —b)(b—c)(c—a)| < —2 + — 4+ —— (1 —3¢)*?
with equality for
(1—3¢)%? =13 (9¢ — 2 — 27r). (*)

Therefore, it suffices to show that

2—-9¢+10¢> _ —q 2 52 3/9
ST T, 2 92 g g8
5 > 15 Tzt gy (1307

which is equivalent to
26 — 117q + 135¢> > 26(1 — 3¢)%/>.

t=1+/1-3q, t>0,

15(t% — 1) > 13(2t> = 3t* + 1) > 0,

Using the substitution
the inequality becomes

which is equivalent to
(t — 1)*(15t° + 4t +2) > 0.

The last inequality is true, with equality for ¢ = 1, that is ¢ = 0. From (*), we get r = —1/13.
Thus, the original inequality is an equality when a, b, ¢ satisfy

(a—b)(b—c)(c—a)>0
and are proportional to the roots of the equation

13w — 13w? +1=0.

Second Solution. We will find a stronger inequality

fla,b,¢) 20,
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where

2
fla,b,c) = (a®> +b* + ) +2(a’b + b*c + a) — 3(ab® + be® + ca®) — ﬁ[p2 +m(p* — 3¢))?

satisfies f(1,1,1) = 0. The inequality can be written as

Za4+AZa2b2—i—Bacha—i—C’Za%—i—DZabg >0,

where 1 + A+ B+ C + D = 0. According to the statement in Remark 1 from P 2.18, the
inequality holds for all real a, b, c if

3(1+A)=C?+CD + D>

It is easy to show that this condition is satisfied for m = —1, when
2
fla,b,c) = (@®> +b* + c*)? + 2(ab + b*c + c*a) — 3(ab® + bc® + ca®) — g(ab + be + ca)’.

]

P 2.24. If a,b,c are real numbers, then

(a® + 0>+ *)* + i(a3b + 3¢+ a) > 0.

v&i
Solution. Write the inequality as follows:

\/T?(Cﬂ + b 4+ )2+ Z ab(a® + b*) + Z ab(a® — b*) > 0,

\/77(]32 —2q)* + q(p* — 2q) — pr — p(a — b)(b—¢)(c — a) > 0.

Since the statement remains unchanged by replacing a, b, ¢ with —a, —b, —c, respectively, we
may assume p > 0. For p = 0, the inequality is clearly true. For p > 0, it suffices to show
that

VT
- (P =20)° + (0" = 29) 2 pr +pl(a = b)(b = c)(c —a)| 2 0.
Due to homogeneity, we may set p = 1. From p? > 3¢, we get
< 1
q= 3

Thus, we need to show that

g(l —2¢)* +q(1 —2q) > r+[(a—b)(b—c)(c—a)|.
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1
Applying Corollary 1 for g = we have

27’
q 47 32,
_ _ —a) < o2 2Vqo
r+|(a—"0b)(b—c)(c a)]_3 27—1— o7 (1—3q)
with equality for
(1—3¢)%2 =V7(2 —9q + 27r). (%)
Therefore, it suffices to show that
\/7 q 4\/_ 3
Y1 = _ i_ = _ /2
T(1—20"+4¢(1-29) > 2 27+ 5 (1=3¢)7"
Using the substitution
t=+/1-3q, t>0,
(*) turns into
£ = V7 (3t =1+ 27r), (%)

and the desired inequality becomes
12(V7 — 2)t* — 16V7 12 +12(V7 4+ 2)t + 3V7 +8 > 0,

which is equivalent to

(t—3+2\/7) [6(f7—2)t2+2(3—f7)t+1 > 0.

3 7
The last inequality is true, with equality for ¢t = +2\/_, hence for

1= 247
3 2

From (**), we get

347
47

Thus, the original inequality is an equality when a, b, ¢ satisfy

(a—b)(b—c)(c—a)>0

and are proportional to the roots of the equation

3
4w —4w? =22+ VT )w+1+ —==0.

VT
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P 2.25. If a,b,c are real numbers such that ab + bc + ca < 0, then
(a® + b + )% > (2V7 — 1) (ab® + be® + ca®).
(Vasile C., 2009)

First Solution. Write the inequality as follows:

4\/_71L 2( + 0+ ) > Zab(a2 +0%) — Zab(GQ - b,

WT+2,
p

T 2q)° > q(p* — 2q) — pr + pla —b)(b— c)(c — a).

Since the statement remains unchanged by replacing a, b, ¢ with —a, —b, —c, respectively, we
may assume p > 0. For p = 0, the inequality is trivial. For p > 0, it suffices to show that

4NT + 2
—7— (0" = 20)° —q(p” = 29) = —pr +pl(a = B)(b = )(c — a)].
Due to homogeneity, we may set p = 1. Thus, we need to show that
AT+ 2
\/;7 (1-2¢)* —q(1 —2q) > —r +](a—b)(b—¢)(c —a)|.
Applying Corollary 1 for g = we have
— 4
et la= Do -0 —a) € L+ 2+ 2T g
with equality for
(1—3¢)%%* =7 (9g — 2 —27r). (*)
Therefore, it suffices to show that
47 + 2 — 47 5
L C(1-2¢)*—q(1 -2 — /2
57— (1=29)" —g(1—2g) > 3+27+ 27( —3q)°%,

which can be written as

47 2
12 1—39)*?] — —=q(13 — 31q) > 0.
-7 [(1=29)" = (1= 39)"°] — =q(13 = 31¢) > 0
Since ¢ < 0, this inequality is true if
4T

- [(1=29)" = (1=3¢)°] - %q(li’» 31¢) >0,

which is equivalent to

q[—13 + 4V7 + (31 — 10V/T)g] > 0
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(—q)[13 — 4V/7 + (31 — 10V/7)(—q)] > 0.

The last inequality is true, with equality for ¢ = 0. From (*), we get

ey P
r=— — .
27 V7
Thus, the original inequality is an equality when a, b, ¢ satisfy
(a—b)(b—c)(c—a)>0

and are proportional to the roots of the equation

1
27w — 2Tw? + 2+ — = 0.

VT

Second Solution. We will find a stronger inequality of the form
(a4 0% + A)? + qlkp* + m(p? — 3¢)] > (2V7 — 1)(ab® + bc® + ca®),

where k£ > 0, m > 0. Since

qlkp* +m(p® — 3q)] = (k +m) <Z ab) (Z a2) + (2k —m) <Z ab)2
= (2k — 7’11)23@2192 + (bk — m)acha—i— (k+m) (Za%—i— Zab?’) :

he inequality can be written as

Za4+AZa2b2+Bacha+C’Za3b+DZabg20,
where
A=2k—m+2, B=5k—m, C=k+m, D=k+m+1-2V7.

According to the statement in Remark 1 from P 2.18, the inequality holds for all real a, b, ¢
if

1+A+B+C+D=0

and
3(1+A)=C*+CD + D>
2(vV7 - 2) T—5
9

These condition are satisfied for k = ,and m = —9 Thus, the proof is

completed.
]
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P 2.26. If a,b,c are real numbers such that ab + bc + ca > 0, then
(a® + 0>+ A2+ (1 +2V7 ) (a®b + bPc+ 2a) > 0.
(Vasile C., 2009)

First Solution. Write the inequality as follows:

WNT=2, 5 0 4y . o
o7 (@ b + > ab(a® + ) + Y ab(a® = %) > 0,
4\/37_ 2(]72 - QQ)2 + Q(p2 —2q) —pr —pla —b)(b— ¢)(c —a) > 0.

Since the statement remains unchanged by replacing a, b, ¢ with —a, —b, —c, respectively, we
may assume p > 0. For p = 0, the inequality is clearly true. For p > 0, it suffices to show

that
4\/:—7_2(192 —29)? + q(p* — 29) > pr +pl(a — b)(b — ¢)(c — a)| > 0.
Due to homogeneity, we may set p = 1. From p? > 3¢, we get
OSQS1
3

Thus, we need to show that

4T —2

57— (1 =20 +4(1-2¢) =7 +|(a=b)(b - c)(c —a)l.

1
Applying Corollary 1 for g = o7 We have

2 4
2 T g,

q
r+lla=-bl-clc—a)l< g -+

with equality for
(1—3¢)%2 =V7(2 - 9q + 27r). (*)
Therefore, it suffices to show that

47 -2
27
which can be written as
4T
27
This is true if

47
1-2 1-2 >-—— 2V 1 = 3¢)32
( q)* + g q) 3 57 T o (1—3¢)"~,

L[S

[(1-20)” — (1= 30)"7] + o [1 — (1~ 29)°) + 24(1 ~ 3) 20

(1-2¢)> — (1 —39)** > 0.
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Using the substitution

t=+1-3¢ 0<t<lI,

(1+2t%)* > 9¢°,

the inequality becomes

which is equivalent to
(1—t)(1+t+ 5% —4%) > 0.

Since
THt4+5t7 — 4t > 14+t + 262 — 4t = (1 — ) (1 + 2t + 4¢%) > 0,

the inequality is true, with equality for ¢ = 1, hence for ¢ = 0. From (*), we get

)

Thus, the original inequality is an equality when a, b, ¢ satisfy
(a—b)(b—c)(c—a)>0
and are proportional to the roots of the equation

1
2Tw? — 27Tw? +2 — — = 0.
V7

Second Solution. We will find a stronger inequality of the form
(@® + 0% + )% + (1 4+ 2V7 ) (@b + b’c + Ba) > qlkp® + m(p* — 3q)),

where k£ > 0, m > 0. Since
qlkp* + m(p* — 3q)] = (k +m) <Z ab) (Z a2> + (2k —m) <Z ab>2
= (2k —m) z:aQb2 + (bk — m)acha+ (k+m) (Za%—i— Zab3> :

the inequality can be written as

Za4+AZa262+Bacha—|—CZa3b—l—DZab320,
where
A=—-2k+m+2  B=-5k+m, C=—-k—m, D=—-k—m+1+2V7.

According to the statement in Remark 1 from P 2.18, the inequality holds for all real a, b, ¢
if
1+A+B+C+D=0

and

3(1+A)=C?+CD + D>
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These conditions are satisfied for k = 2<2+T\/?) and m = # Thus, the proof is
completed.
Remark. Because ab + bc + ca > 0 involves
(a+b+c)*>a*+b*+ 2,
the inequality is sharper than the inequality
(a+b+c) + (1+2V7)(a®b+ bPc+ a) > 0. (A)

On the other hand, the inequality is weaker than the inequality

(a? 4+ b* 4+ & —ab — be — ca)? + (1 + 2V7 ) (@b + bPc + a) > 0. (B)
Also, the following inequality holds for ab + bc 4+ ca > 0:

(a®> +V* 4 ¢ —ab — be — ca)E + (1 +2V7 )(a®b + bPc + 2a) > 0, (C)

where
E=a>+b+c =7 (ab+bc+ ca).

We can prove the inequalities (B) and (C) in a similar way. The original inequality and the
inequalities (A), (B) and (C) are equalities in the same conditions.
[l

P 2.27. If a,b,c are real numbers such that ab + bc + ca < 0, then
at + b+t > (2v3 = 1)(ab® + be® + ca®).
(Vasile C., 2009)

First Solution. Let
1 1+2V3

k=
2v/3 — 1 11

Write the inequality as follows:
2k(a* +b* + c*) > Z ab(a® + b*) — Z ab(a* — b?),

2k(p* — 4p°q + 2¢° + 4pr) > q(p* — 29) — pr + p(a — b)(b — ¢)(c — a).

Since the statement remains unchanged by replacing a, b, ¢ with —a, —b, —c, respectively, we
may assume p > 0. For p = 0, the inequality is true. For p > 0, it suffices to show that

2k(p* — 4p*q + 24° + 4pr) = q(p* — 2q) — pr +pl(a — b)(b— c)(c — a)].
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Due to homogeneity, we may set p = 1. Thus, we need to show that
2k(1 — 4q +2¢* + 4r) > q(1 —2¢) —r + |(a — b)(b — ¢)(c — a)|,
which is equivalent to
2k(1 — 4q + 2¢*) — q(1 — 29) > —(1 + 8k)r + |(a — b)(b — ¢)(c — a)|.

—(1+8k)
27

—(1+8k)r+|(a—0b)(b—c)(c—a)| <

Applying Corollary 1 for 5 = , we have

—(1+8k)g 2(1+8k) 4(4+19V3) 32
< —
S— 3 Tty 4%
—(1+8k)g 2(1+8k) 2(19k —1) 3/2
— 1 —
R T St
with equality for
2(1 + 8k)(1 — 3¢)*? = (19k — 1)(9¢ — 2 — 27r). (*)

Therefore, it suffices to show that

~(L+8k)g | 2(148k) 219k — 1)

1 — 3/2
3 27 o7 (L=30)7%

2k(1 —4g +2¢%) —q(1 — 2¢) >
which is equivalent to
k(19 — 72¢ + 54¢°) + 27¢° — 9¢ — 1 > (19k — 1)(1 — 3¢)*"*.

Using the substitution
t=+/1-3q, t>1,

the inequality becomes
E(6t* + 122 + 1) 4+ 3t* — 31> — 1 > (19k — 1)83,

k(6t* — 19t 4 12¢> + 1) + 3t* +° — 3t — 1 > 0,
E(t—1)(6t° — 13t —t — 1) + (t — 1)(3t> + 4t> + ¢t + 1) > 0.
This is true if £ > 0, where

E = k(6t® —13t* —t — 1) + (3t> + 4> + ¢t + 1).
We have

E> k6t =132 —t — 1) + k(3> + 4t +t + 1) = 9kt*(t — 1) > 0.
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The equality E = 0 occurs for t = 1, that means ¢ = 0. From (*), we get

—2k —(2v3+1) —(10++3)

T 19k—1 19344 97

Thus, the original inequality is an equality when a, b, ¢ satisfy

r

(a=b)(b—c)(c—a) >0
and are proportional to the roots of the equation
97w? — 97w + 10 + V3 = 0.
Second Solution. We will find a stronger inequality of the form
a* + bt 4 ¢t + g[kp? + m(p* = 3¢)] > (2v3 — 1)(ab® + bc® + ca®),

where £ > 0, m > 0. Since

qlkp* +m(p* — 3q)] = (k +m) <Z ab) (Z a2) + (2k —m) <Z ab>2
= (2k — m)z:aQb2 + (5k — m)acha+ (k+m) (Za3b+ Zab?’) :

the inequality can be written as

Za4+AZaQbQ+Bacha+CZa3b+DZab?’ >0,

where

A=2%-m, B=5k—-m, C=k+m, D=k+m+1-—2V3.

According to the statement in Remark 1 from P 2.18, the inequality holds for all real a, b, ¢

if
1+A4+B+C+D=0

and
31+ A4)=C?+CD + D*.

2(v3 - 1) 7(v3—1)
9

These conditions are satisfied for k = 5
completed.

P 2.28. If a,b,c are real numbers such that ab + bc + ca > 0, then

a* + bt + ¢t + (1423 ) (a®b + b + Pa) > 0.

and m = ———=. Thus, the proof is

]

(Vasile C., 2009)
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Solution. Denoting
2V3-1

k :
11

we may write the inequality as follows:
2k(a* +b* + ')+ ab(a® +17) + > ab(a® = b*) >0,

2k(p* — 4p®q + 2¢° + 4pr) + q(p* — 2q) — pr — p(a — b)(b — ¢)(c — a) > 0.

Since the statement remains unchanged by replacing a, b, ¢ with —a, —b, —c, respectively, we
may assume p > 0. For p = 0, the inequality is true. For p > 0, it suffices to show that

2k(p* — 4p*q + 2¢° + 4pr) + q(p* — 2q) — pr — pl(a — b)(b— ¢)(c — a)| > 0.

Due to homogeneity, we may set

Wil

Thus, we need to show that
2k(1 —4q +2¢%) + q(1 — 2q) > (1 — 8k)r + |(a — b)(b — ¢)(c — a)].

1— 8k
Applying Corollary 1 for g = 2—78, we have

(1=8k)r+|[(a—0b)(b—c)(c—a)| <

- (1-8k)g 2(1—8k) N 4(19v/3 — 4)
3 27 11-27
(1—8k)qg 2(1—8k) 2(19k+1)

— o 1 — 3/2
3 o T g (=307

(1—3¢)%?

with equality for
(16v/3 — 19)(1 — 3¢)*? = (19v/3 — 4)(9q — 2 — 27r). (*)
Therefore, it suffices to show that

1-8k)g 2(1—8k)  2(19k+1
Qk(1—4q+2q2)+Q(1—2Q)2< 2 ) _ (27 ) A 27+ >(1—3q)3/2,

which can be written as
kA+ B >0,

where
A=19[1— (1-3¢9)*? — 18¢(4 — 3q),

B=1-(1-3¢)%2+9(1—3q).
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Since B > 0, it suffices to show that A > 0. This is true if
18 [1 — (1 —3¢)*?] — 18¢(4 — 3¢) > 0,

which is equivalent to
3[1—(1-3¢)%%] —3q¢(4—3q) > 0.

t=+/1-3¢q, 0<t<I,

31— = (1-)(3+1t>) >0,

Using the substitution
the inequality becomes

which is equivalent to
(1 —t)(2—1t) >0.

This inequality is true, with equality for ¢ = 1, hence for ¢ = 0. From (*), we get

(10— v3)
B 97
Thus, the original inequality is an equality when a, b, ¢ satisfy
(a=b)(b—c)(c—a) >0
and are proportional to the roots of the equation
97w® — 97w? + 10 — V3 = 0.

Second Solution. We will find a stronger inequality of the form

a* + 0 4 4 (1+2V3)(a®b 4 e + Ea) > qlkp* + m(p* — 3q)],

where k > 0, m > 0. Since

qlkp* +m(p* — 3q)] = (k +m) <Z ab) (Z a2) + (2k —m) <Z ab>2
= (2k — m)Za2b2 + (5k — m)acha—l— (k4+m) (Za%—i— Zab?’) :

the inequality can be written as
Za4—|—AZa2b2 +Babc2a+02a3b+DZab3 >0,
where
A=—-2k+m, B=-5k+m, C=-k—-m, D=—-k—m+1+2V3.

According to the statement in Remark 1 from P 2.18, the inequality holds for all real a, b, ¢
if
1+4A+B+C+D=0
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and
3(1+A)=C?+CD + D>
2(1 1
These conditions are satisfied for k = (+T\/§) and m = 7(+T\/§) Thus, the proof is
completed.

]

P 2.29. Ifa,b,c are real numbers such that ab + bc + ca > 0, then
at + b+ A+ 2v2 (@b + e+ Fa) > ab® + b + ca®.
(Vasile C., 2009)
Solution. For m = 2\/5, we write the inequality as follows:
2(a* + ' + )+ (m—1)) ab(a® + %) + (m+1) Y _ab(a® — ) > 0,

2(p* — 4p°q + 2¢* + 4pr) + (m — 1)[q(p* — 2¢) — pr] > (m+ L)p(a — b)(b — ¢)(c — a).

Since the statement remains unchanged by replacing a, b, ¢ with —a, —b, —c, respectively, we
may assume p > 0. For p = 0, the inequality is true. For p > 0, it suffices to show that

2(p* — 4p°q + 2¢%) + (m — 1)q(p® — 2q) = (m — 9)r + (m + L)p|(a — b)(b — ¢)(c — a)|.

Due to homogeneity, we may set

Wl

Thus, we need to show that
2(1 —4q +2¢*) + (m — 1)q(1 — 2q) > (m — 9)r + (m + 1)|(a — b)(b — ¢)(c — a)],

which is equivalent to

2(1 —4g+2¢°) + (m —1)g(1 —2q) _ m—9
> — — _
L > 22 | =B - (e - a)l,
Applying Corollary 1 for m=9 e have
in rollar r f = ————, we hav
pplying y 27(m—i—1)’
m—9

r+|(a=0)(b—¢)(c—a)| <

m—+1

S (1 - 3Q)3/27

(m—=9q 2(m—=9)  2(18+m)
3(m+1) 27(m+1) 27(m+1)
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with equality for
2(m —9)(1 — 3¢)%? = (18 +m)(2 — 9¢ + 27r). (*)
Therefore, it suffices to show that

21— g +20°) + (m — g1~ 2) > P00 229 2USEI) () e

which can be written as
mA+ 2B >0,

where ) (1 ) )
_2atT49) 2o a3/2
A 3 +27[1 (1 —3¢)*?],
2
B=—3¢(1—q)+ 3 [1—(1-39)*?].

Since A > 0, it suffices to show that B > 0. Using the substitution

t=+/1-3¢, 0<t<l,

we have ( 2)( 2 2 v
—(1—t)(2+t 2 t°(1—t
B= Za—y =0 5
3 * 3< ) 3 -

The inequality mA + 2B > 0 is an equality for ¢ = 0. From (*), we get
V2 -9
r= :

7

Thus, the original inequality is an equality when a, b, ¢ satisfy
(a—b)(b—c)(c—a)>0
and are proportional to the roots of the equation
Tw® — Tw? +9 — V2 = 0.
Second Solution. We will find a stronger inequality of the form
at + b+t 2v2 (a®b+ bPc+ a) > ab® + be® + ca® + qlkp* + m(p® — 3q)],

where k£ > 0, m > 0. Since

qlkp* +m(p* — 3q)] = (k +m) (Z ab) (Z a2) + (2k —m) <Z ab>2
= (2k — m)Za2b2 + (5k — m)acha—l— (k4+m) (Za%—i— Zab?’) :
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the inequality can be written as

Za4+AZa2b2+Bacha+CZa3b+ngbg20,
where
A=—-2k+m, B=-5k+m, C=-k—-m+2V2, D=—k—m-—1.

According to the statement in Remark 1 from P 2.18, the inequality holds for all real a, b, ¢
if
1+A+B+C+D=0

and
3(1+A)=C*+CD + D>
24/2 V2
These conditions are satisfied for k = %_ and m = T\/_ Thus, the proof is completed.

O

P 2.30. If a,b,c are real numbers such that ab + bc + ca > 0, then
(a+b+c)(a® + b + )+ 5(a’b + bPc + c*a) > 0.
(Vasile C., 2008)

First Solution. Since the statement remains unchanged by replacing a, b, ¢ with —a, —b, —c,
respectively, we may assume p > 0. Since p = 0 and ¢ > 0 involve a = b = ¢ = 0, consider
next p > 0. Due to homogeneity, we may set

=1 0<q< P’ = L
p ’ - q o 3 3 '
The desired inequality becomes as follows:

2a+b+c)(a®+b*+ ) +5) abla® + %) +5) ab(a® — ) >0,

2p(3r +p° — 3pq) + 5¢(p* — 2q) — 5pr > 5p(a — b)(b — ¢)(c — a),
2(3r+1—3q) +5q(1 —2q) — 5r > 5(a — b)(b—¢)(c — a),
2—q—10¢* > —r +5(a—b)(b—c)(c — a).
Thus, we need to show that

2 —q—10¢> —1
% > 1t la=b)b-o)c-a).

—1
Applying Corollary 1 for g = T3t we have

~1 —9¢ 2 52
— —B)(b—c)c—a)| < —2 4 = 4 =2 (1= 3q)3?
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with equality for
(1—3¢)%? =13(9q — 2 — 27r). (*)

Therefore, it suffices to show that

2—q—10¢> _ —9q 2 52 379
> — 4+ — (1-3¢)%
5 > T35 T 135 T igs 1307

which can be rewritten as
26 — 9¢ — 135¢% > 26(1 — 3¢)*/>.

Using the substitution
t=+/1-3q, 0<t<1,
the inequality becomes
26 — 3(1 — %) — 15(1 — t*)? > 26t%,

8 + 332 — 26t> — 15t > 0,
(1 —t)(8 + 8t + 41t* + 15¢%) > 0.

The last inequality is true, with equality for ¢ = 1. Notice that ¢t = 1 involves ¢ = 0, and (*)
gives r = —1/13. Thus, the original inequality is an equality when a, b, ¢ satisfy

(a=b)(b—c)(c—a) >0
and are proportional to the roots of the equation
13w® — 13w* + 1 = 0.
Second Solution. We will find a stronger inequality of the form
(a+b+c)(a®+ b + ) +5(a’ + bPc + *a) > qlkp® + m(p* — 3q)],

where k£ > 0, m > 0. Since

qlkp* +m(p* — 3q)] = (k +m) (Z ab) (Z a2) + (2k —m) (Z ab>2
= (2k — m)ZaQb2 + (bk — m)acha—i— (k +m) (Za%—i— Zab?’) :

the inequality can be written as

Za4+AZa2b2+Babc2a+02a3b+DZab3 >0,
where

A=-2k+m, B = —-5k+m, C=—-k—m+6, D=-k—m+1.



182 Vasile Cirtoaje

According to the statement in Remark 1 from P 2.18, the inequality holds for all real a, b, ¢
if
1+A+B+C+D=0

and
31+ A)=C?+CD + D>

8 28
These conditions are satisfied for k = 9 and m = 3 Thus, the proof is completed.

P 2.31. If a,b,c are real numbers such that

14++/21 +8V7

2

k(ab+ bc + ca) = a* + b* + ¢, k> ~ 3.7468,

then
b+ b+ ta> 0.

(Vasile C., 2012)
Solution. Write the inequality as follows:
Z ab(a® + b*) + Z ab(a® — b*) > 0,

q(p* —2q) — pr — pla —b)(b — ¢)(c — a) > 0.

Since the statement remains unchanged by replacing a, b, ¢ with —a, —b, —c, respectively, we
may assume p > 0. For p = 0, we have

2(a® + b? + ) = 2k(ab + be + ca) = —k(a® +b* + c2),
which implies a®> +b*> +c? =0, a =b=c = 0. For p > 0, it suffices to show that
a(p* —2q) > pr +pl(a —b)(b — c)(c — a).

Due to homogeneity, we may set p = 1, which implies

Thus, we need to show that

q(1 —2q) >r+|(a—=b)(b—c)(c—a)l

1
Applying Corollary 1 for g = 57 we have
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with equality for

(1—3¢)%? =V7(2 - 9q + 27r). (*)
Therefore, it suffices to show that
q 4\/_ 3/2
1-2 = -4 — 3
which can be rewritten as
1+9¢ —27¢% > 2V7 (1 — 3¢)*>. (*%)
Using the substitution
=+/1-3¢=
k: +2’

the inequality becomes
1+3(1—1t%) =31 —13)2>2V7 8%,

14362 — 27 3 — 3t* > 0,
[1+t+(2+ﬁ)t2] [1—t+(2—\/7)t2} > 0.

We only need to show that
1—t+(2-VD)2 >0,

which is equivalent to

1 E—1
1— 2 >
(\/— )k:+2— kE+2

B—=VDk+ V7> (k- 1)(k+2).

By squaring, the inequality becomes
(2V7T = 5)k* — (2VT7 - 5)k -3 <0,
K —k—2V7-5<0.

1+ /214 8V7
The last inequality is true for k£ > + 5 + \/_, with equality for
L L+ V2Le 87
= 5 _

From (*) and (**), we get the equality condition
1 +9q — 27¢* = 14(2 — 9¢ + 27r),
which is equivalent to

5 1 5+k—FK

14r = —1+5q¢ — ¢* = —1 — =
" o8- g +k;+2 (k+2)? (k+2)2
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The original inequality is an equality when a = b = ¢ = 0. For

1++21 +8V7
9

L —

(which satisfies k? — k — 2y/7 — 5 = 0), the equality condition above becomes

70_5+k—k:2_ —1
14k +2)?2 VT(k+2)?

Thus, the equality holds also when a, b, ¢ satisfy
(a—b)(b—c)(c—a) >0
and are proportional to the roots of the equation

w? —w? + ! w + ! =0
k+2 VT(k +2)2

P 2.32. If a,b, c are nonnegative real numbers, then
3(a* +b* 4+ c*) + 4(a®b + bPc + Pa) > T(ab® + be® + ca®).
(Vasile C., 2009)

Solution. It suffices to show that there exist «, 3,7 € R such that the sharper inequality
f(a,b,¢) > 0 holds for any real a,b,c and f(1,1,1) = 0, where

fla,b,c) = 3Za4+42a3b—72ab3 —Zbc(aa%—ﬁb%—vc){

f(L,1,1) = =3(a+ B+ )%

Since
Z be(aa + Bb+ ye)? =23y Z v’c? +ala + 28 + 27)@602 a
+522a3b+722a63,
we have
fla,b,c) = AOZa4+AZa262 +Bacha+C’Za3b~l—DZab3,
where

Ay =3, A= -20y, B =—a(a+28+ 27), C=4-p5% D=—-7—-+%
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Choosing
Y= _17

we have
Ay=3, A=28 B=-ala+23-2), C=4-p* D=-8

For a+ 5+~ =0, we have Ag+ A+ B+ C+ D = 0. According to the statement in Remark
2 from P 2.18,if Ag >0, Ag+ A+ B+C+ D =0 and

3A0(Ag + A) > C* +CD + D?,
then the inequality f(a,b,c) > 0 holds for all real a, b, c. Since

BAo(Ag+ A) = (C*+CD+D*) = f(B),  f(B)=188—21-p"

and 3 15
-]l =—=>0
f(z) 6
we choose
53
2
and
a=—-0-— _ !

As a consequence, the inequality

1
4 3 3 2
3 E a*+4 E a’b>T E ab +Z E be(—a + 3b — 2c¢)
holds for any real a, b, c. Thus, the proof is completed. The original inequality is an equality

fora=b=c.
O

P 2.33. If a, b, c are nonnegative real numbers, then
16(a* +b* + ¢*) + 52(a’b + b*c + ca) > 47(ab® + be® + ca®).
(Vasile C., 2009)

Solution. 1t suffices to show that there exist «, 3,7 € R such that the sharper inequality
f(a,b,¢) > 0 holds for any real a,b,c and f(1,1,1) = 0, where

fla,b,c) = 162&4 + 52Za3b — 472&63 — Zbc(aa+ﬁb+'yc)2,

f(1,1,1) =63 —3(a+ B +7)%
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Since
Z be(aa + Bb+ ye)? =23y Z b’c? + aa+ 26 + 27)@()02 a
+ 5226131)—1—722@63,
we have
fla,b,c) = AOZa +A2a2b2+Bacha+C’Za3b+DZab3
where

Ay=16, A=-28y, B=-ala+28+2y), C=52-p3* D=—-47—+
The original inequality is an equality for a =0, b =1 and ¢ = 2. Since

f(07 17 2) = _Q(ﬂ + 27)27

we choose
8= —29.
We have
Ay=16, A=4y* ~ B=-ala—2y), C=52-4y* D= 47—~

According to the statement in Remark 2 from P 2.18, if Ag >0, Ag+ A+ B+C+D =0
and
3A0(Ag+ A) =C*+CD + D?

then the inequality f(a,b,c) > 0 holds for all real a, b, c. Since

3A0(Ag+ A) — (C* +CD + D*) = —21(y — 3)*(y + 3)?,

we choose
v=3
and
g =—2y=—6.
In addition, for
= V21— —7=V21+3

we have 3(A4g+ A+ B+C + D) f(1,1,1) = 0. As a consequence, the inequality
2
163 ' +523 % = 47> abt* + 3 he [(\/i+3)a 6+ 3¢

holds for any real a, b, c. The original inequality is an equality for a = 0 and b = ¢/2 (or any
cyclic permutation).
0
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P 2.34. If a,b,c are nonnegative real numbers, then
a* +b* + ¢t +5(a’ + bPc+ Pa) > 6(a’? + b2 + Fa?).
(Vasile C., 2009)

Solution. 1t suffices to show that there exist «, 3,7 € R such that the sharper inequality
f(a,b,¢) > 0 holds for any real a,b,c and f(1,1,1) = 0, where

fla,b,c) Za —1—52 a*h — 62 a’b* — Zbcaa—kﬁb—kyc}

F(L11) = =3(a+ B +7)"

Since
Zbc(aa + b+ yc)? :2572 v’c? + ala + 28 + 27)@()02 a
+522a3b+”y22abg,
we have
fla,b,c) = Za —i—AZasz+Bacha+CZa3b+DZab3
where
A=-6-28y, B=-ala+28+2y), C=5-p5* D=~
Choosing
__3
fy - 27
we have
9
A=-6+33, B=-ala+238-3), C=5-73% D=—7

According to the statement in Remark 1 from P 2.18,if 1+ A+ B+ C + D =0 and
3(14+A) > C*+CD + D?,
then the inequality f(a,b,c) > 0 holds for all real a, b, c. Since

314+ A)— (CP+CD+ DY) = f(5),  4f(8) =366~ — 95" — 45— 5°),

and

we choose



188 Vasile Cirtoaje

In addition, for
_ -3

we have 3(1+ A+ B+ C+ D) = f(1,1,1) = 0. As a consequence, the inequality
9
4 3 272 2
Za —|—5Za b> 62@ b +EZbC(—a+3b—2C)
holds for any real a, b, c. Thus, the proof is completed. The original inequality is an equality

fora=5b=c.

]

P 2.35. If a,b, c are nonnegative real numbers such that a + b+ ¢ = 4, then
473
a®b+ e+ Pa+ 6—4abc < 27.

(Vasile C., 2009)

Solution. Write the inequality in the homogeneous form g(a, b, ¢) > 0, where
gla,b,c) =27(a+ b+ c)* — 256(ab + bc + c*a) — 473abc(a + b+ c).

It suffices to show that there exist «, 3,7 € R such that the sharper inequality f(a,b,c) >0
holds for any real a, b, ¢, where

fla,b,¢) = gla,b,¢) = > be(aa+ b +c)?,

f(1,1,1) = =3(a+ B+ )2

e (a+bt+o* =) a*+6> a’b’+12abc> a+4) d®b+4) ab’
and
> be(aa+ Bb+0)* =287 b’ +ala+28+ 2y)abe Y a
+52) db+47> ab’,
we have
(a,b,c) = Ao Y a*+A> a’’ + Babe) a+CY a’b+ DY ab’,
where

Ay=27, A=162—-28y, B=-149—a(a+28+27),
C=-148 - 3%  D=108 —~%
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Since
g(1,1,1) = ¢(0,3,1) = 0,

we need to have also

f(1,1,1) = f(0,3,1) = 0.

From
f(L,1L1) = =3(a+ B +7)?
and
f(oa 37 1) = _3(3ﬁ + 7)2)
we get
7:_357 a:_ﬁ_7:2ﬂa
therefore

Ay=27, A=162+46p%  B=-149+4p3> ~ C=-148—p3% D =108 — 95>

We see that Ag+ A+ B+ C+ D = 0. According to the statement in Remark 2 from P 2.18,
if Ag > 0 and

3A0(Ag+ A) =C* +CD + D?,

then the inequality f(a,b,c) > 0 holds for all real a, b, c. Since
3A0(Ag+ A) — (C?* +COD + D*) = —91(5? — 5)?,

we choose

B=v5  a=28=2/5, ~y=-a—8=-3V5

As a consequence, the inequality
27(a + b+ c)* — 256(a’b + b3c + Pa) — 473abc(a +b+c) > 5 Z be(2a + b — 3c)?

holds for any real a, b, c. The original inequality is an equality for a = b = ¢ = 4/3, and also
for a=0,b=3and c =1 (or any cyclic permutation).
O

P 2.36. If a,b,c are positive real numbers such that a + b+ c =3, then

a> b
— + — + — +5(ab+ bc + ca) > 18.
b c a

(Michael Rozenberg and Vasile C., 2009)
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Solution. Write the inequality in the homogeneous forms:

22 2 15(ab+1D
@ U Ilabdbetaa) s gy,
b c a a+b+c

a* b a? b 30(ab + be + ca)
e r @“_r > 12
Z<b+a)+z(b a)+ at+b+c (a+b+0)

—2q)q—pr, pla=b)b=c)lc=a) 30,
T r p

(p* —2q)q > <13p — %) r—pla—">0)(b—c)(c—a).

It suffices to show that
30q
0 =200 (13- 20 ) -t i = 90 - e - )l

Due to homogeneity, we may set p = 1. From p? > 3¢, we get

0<qg< 1
>4 3
Thus, we need to show that
(1—=2q)qg > (13 —=30q)r + |(a — b)(b—¢)(c — a)|. (*)
1 1 13 —
Case 1: 9 <qg< 3 Applying Corollary 1 for g = 32—730(], we have
13 —30 2(13 — 30 2A
(13 — 309)r + |(a — B)(b — e)(c — )] < . 3 91 _ X > D 4 5 (130",

where

A= /27 + (13 — 30¢)2.
Therefore, it suffices to show that

(13 - 309)g _ 2(13—30q) , 24

a3/
3 27 o7 (1 =307,

(1—-2q)q >

which is equivalent to
(1—3¢) (13 360 — Ay/1— 3q> > 0.
This is true if
(13 — 36¢)* > A*(1 — 3q),
which can be written as
27(100¢ — 72¢* + 16g — 1) > 0,

3(10q — 3)*(9¢ — 1) + 3q(3 — 8¢) > 0.
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Clearly, the last inequality is true.

1
Case 2: 0 < q < 9 Since

[(a—b)(b—c)(c—a)| = /—27r2 — 2(2p® — Ipq)r + p*¢2 — 4¢3
= \/—27r2 — 2(2 — 9q)7 + ¢2 — 4¢3,

the inequality (*) becomes

(1 —2¢)q — (13 — 30q)r > \/—27r2 — 2(2 — 9¢)r + ¢ — 4¢3.
From the known inequality ¢> > 3pr, we get r < ¢?/3, therefore
1
(1 —2q)g — (13 = 30¢)r > (1 —2q)q — 5(13 —30q)q°
1
= gq(l —3q)(3 —10q) > 0.
Thus, we only need to show that
[(1—2q)qg — (13 — 30q)r]* > —27r* — 2(2 — 9¢)r + ¢* — 44",
which is equivalent to
27 + (13 — 30¢)?]r*® + 2[2 — 9¢ — q(1 — 2¢)(13 — 30q)]r + 4¢* > 0.
[ q q-q q q q
It suffices to show that
2 —9g > ¢(1 —2¢)(13 — 30q).
We can get this inequality by multiplying the inequalities
10(2 — 9¢q) > 13 — 30q
and
1> 10g(1 — 2q).
The last inequality is true because

1—10g(1 —2¢) > 1 —10g + 9¢> = (1 — q)(1 — 9q) > 0.

The original inequality is an equality for a =b=c = 1.

Remark. The following generalization holds:

o Let a,b,c be positive real numbers such that a+b+c = 3. If k < ko, where ky = 6.1708
1s the largest positive root of the equation

zt — 112° + 7222 — 3042 + 269 = 0,

then
a? b
?+_+—+(k—1)(ab+bc+ca) > 3k.
c a
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P 2.37. If a,b, c are positive real numbers, then

a b ¢ 5(a* +b* + 2 — ab — bc — ca)
+-+ >
b ¢ a a? +b* 4 c? 4 ab + be + ca

(Vasile C., 2009)

Solution. Write the inequality as follows:
a b a b 10(a® + b* + ¢ — ab — bc — ca)
4= —_Z)-6> .
Z(b+a)+z(b a) a2+ b+ 24 ab+be+ca
pq — 3r 6+ (a—=0b)(b—c)(c—a) > 10(];2 —3q)
r r p*—q
19p? — 39q
— T
pT—q

Y

pqg+(a=b)(b—c)(c—a)>
It suffices to show that

2 _
S 19p qur

Z =, + [(a = b)(b—c)(c— a)|.

Due to homogeneity, we may set p = 1. From p? > 3¢, we get

0<qg< 1
>q4= 3
Thus, we need to show that
19 — 39¢q
qzl—_q7’+\(a—b)(b—0)(c—a)\- (*)
1 1 19 —
Case 1: 5 <q< 3 Applying Corollary 1 for f = %, we have
19 — 39¢q (19 —39¢9)g  2(19 — 39¢q) 2A 3/9
r+|(a—=0)(b—c)(c—a)| < — + 1 —3¢)%?,
where

A=+/27(1 — q)% + (19 — 399)2.
Therefore, it suffices to show that

(19—39¢)g 2(19—39¢) 2A

> _ i
1= 7319 (1 —q) 27

(1 - 3(])3/2,

which is equivalent to

(1 3¢) (19 _ 54q — AM) >0,
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This is true if
(19 — 54q)* > A%(1 — 3¢),

which can be written as
172¢° — 120¢* +24q — 1 >0,

(3¢ — 1)*(15g — 1) 4+ q(37¢*> — 21q + 3) > 0.

The last inequality is true because

21\* 3
37q2—21q+3:37<q—ﬂ) + — > 0.

1
Case 2: 0 < q < 5 Since

[(a=b)(b—c)(c—a)| = /—27r> — 2(2p® — 9pq)r + p?¢® — 4¢3
= \/—27r2 — 2(2 — 9q)7 + ¢2 — 4¢3,

the inequality (*) becomes

19 -39

. 7>/ =27r2 — 2(2 — 99)r + ¢2 — 4¢3.
-9

q

From the known inequality ¢> > 3pr, we get r < ¢?/3, therefore

19 — 19 — 2
. 9 39qr2q—(9 39q)q
1—gq 3(1—q)
_ q(1—3¢)(3 —13q) -0
3(1—q)

Thus, we only need to show that

19 — 399 \?
(q — 1—qr) > —27r% — 2(2 —9q)r + q2 — 4q3,
—q

which is equivalent to the obvious inequality
Ar? 4 4Br +4¢® > 0,

where

1 . 2
A:27+(m> >0,
1—g¢q

(1 — 15q) + 244*
l—q
The original inequality is an equality for a = b = c.

B = > 0.
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P 2.38. If a,b,c are positive real numbers, then

a b ¢ 16(a® + b* + ¢ — ab — bc — ca)
—-+-—3> .
b ¢ a a? + b2+ 2 4 6(ab+ bc + ca)

(Vasile C., 2012)

Solution. Write the inequality as follows:
a b a b 32(a* + b* + ¢* — ab — be — ca)
4 = —— =] —-06> .
Z(b+a>+z(b a> 6= a2+ 0%+ 2+ 6(ab+ be + ca)

pg=3r o (a=bb-clc—a) _ 320"~ 3¢)

r r — p?24idq
41p2—60q
F(a—b)b—c)c—a) > =2 =0,
pq+ (a—=0b)(b—c)(c—a)> g
It suffices to show that
41p* — 60
pa > =g+l =06 - e)(e—a)l

Due to homogeneity, we may set p = 1. From p? > 3¢, we get

1
0<g<—~.
>4 3
Thus, we need to show that
41 —
02 o+l =6 - e —a)l "
1 1 41 — 60
Case 1: 28 <qg< 3 Applying Corollary 1 for g = 27(1—+4;]), we have
41 — 60q (41 —60q)g  2(41 — 60q) 2A 3/9
_ —b)(b— —a)|l < — 1—3¢)%
11 e b=l —als Sam T - it ay T wagrag L0
where

A =/27(1 + 4q)% + (41 — 60q)2,
with equality for
2(41 — 60q)(1 — 3¢)** = A(2 — 9q + 27r). (%)
Therefore, it suffices to show that

(41— 60¢)q  2(41 — 60q) 2A

_ 1—3 3/27
30349 20+ 2rag L%

q=
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which is equivalent to

(1—3¢) (41 —108g — Ay/1 = 3q> > 0.
This is true if
(41 —108¢)* > A*(1 — 3¢),

which can be written as
448¢° — 240¢* + 36 — 1 > 0,

(49 — 1)*(28¢ — 1) > 0.
The last inequality is true, with equality for ¢ = 1/4. From (**), we get r = 1/56.

1
Case 2: 0 < q < 28 Since

[(a—=b)(b—c)(c—a)| = /—27r> — 2(2p® — 9pg)r + p*¢® — 4¢>
= \/—27r2 —2(2=99)r + ¢® — 4¢3,

the inequality (*) becomes

_41—60q
1+ 4q

7> \/—=27r2 — 2(2 — 9q)r + ¢% — 4¢3.

From the known inequality ¢> > 3pr, we get r < ¢?/3, therefore
41 —160q - (41 — 60q)q>

1+4¢ =97 7301+ 49)
_ q(1=3¢)(3 —209)

3(1 + 4q)

q

> 0.

Thus, we only need to show that

- > =2"r"—=2(2-9 —14
(q T g 7‘) > =21r" = 2(2 = 9q)r + ¢" — 4¢”,

which is equivalent to the obvious inequality

Ar? +4Br +4¢® > 0,

where )
41 — 60
A=27+(—q> >0,
1+g¢
1-21 12¢2
p- U2l T,

1+4q

The original inequality is an equality for a = b = ¢, and also when a, b, ¢ satisfy

(a—0b)(b—c)(c—a) <0
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and are proportional to the roots of the equation
56w — 56w + 14w — 1 = 0.
The last equality conditions are equivalent to

a b B c

T or
ﬁ—tan? ﬁ—tan% V7 — tan —

(or any cyclic permutation).

Remark. This inequality is stronger than the inequality

2 12 2
+l_)+f+2>14(a + 0+ %)

a
- A
b ¢ a — (a+b+c)? (A)

which is stronger than the inequality

a b ¢ T(ab+bc+ca) _ 17
a0 ¢ > 2! B
b+c+a+ a24+b2+c2 — 27 (B)

because
16(a® + b? 4+ ¢ — ab — bc — ca) _ 14(a® + b* + 2)

—2
a2+ b0+ c2+6(ab+bc+ca) = (a+b+c)?

and
14(a® + b* + ¢2) 9> 17 7(ab+ bc + ca)

(a+b+c)? -2 a? + b + ¢?

respectively. Notice that the last inequalities are equivalent to

)

(a® +b* + ¢ — 2ab — 2bc — 2ca)* > 0.
The inequalities (A) and (B) are equalities for
a B b B c

T o
ﬁ—tan7 ﬁ—tan% ﬁ—tan7

(or any cyclic permutation).

P 2.39. If a,b,c are real numbers such that ab + bc + ca > 0, then
(a® + 0>+ *)(a® + b + %) + 5(a’b + b'c + ¢*a) > 0.

(Vasile C., 2008)
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Solution. Since the statement remains unchanged by replacing a, b, ¢ with —a, —b, —c, re-
spectively, we may assume p > 0. Since p = 0 and ¢ > 0 involve a = b = ¢ = 0, consider
next p > 0. Due to homogeneity, we may set

2
P 1

=1 0<g<—=—.
p ) _q_3 3

The desired inequality becomes as follows:

2 (Z a2> (Z a3> + SZab(a?’ +b%) + SZab(a?’ —b*) >0,

2 (Zcf) <Za3> +5 (Z ab) (Za3> - 5acha+52ab(a3 —b*) >0,
(22a2+52ab> (Za3> —5acha2+5Zab(a3 —b%) >0,

(2" + @) (37 +p” = 3pg) — 5(p* — 29)r — 5(p* — q)(a — b)(b — ¢)(c — a) > 0,
(24 q)(3r+1—3q) —5(12 —2q)r — 5(1 — q)(a — b)(b—¢)(c —a) >0,
2 —5q¢ —3¢° > —(1+13¢)r +5(1 — q)(a — b)(b— ¢)(c — a).

Thus, we need to show that

2-5¢—3¢> _ —(1+13q)r + |(a=b)(b—c)(c— a)l.

5(1—q) — 5(1-gq)
—(1+1
Applying Corollary 1 for 5 = H, we have
—(1+ 13g)r
———— +l{a=b)b—c)lc—a)| <
50— ) (@ =b)(b—c)(c—a)|
—9(1+1 2(1+1 2A
< 790 +139)q N (1+13q) (1— 3g)2,
135(1 — q) 135(1—¢q) 135(1 —q)
where
A =/675(1 —q)2 + (1 +13¢)?,
with equality for
—2(1+13¢)(1 — 3¢)*? = A(2 — 9q + 27r). (*)
Therefore, it suffices to show that
2 — 5q — 3¢* —-9(1+1 2(1+1 2A
5q — 3q > 9(1+13q)q  2(1+13q) (1392,
5(1—q) 135(1—¢q) @ 135(1—¢q) ' 135(1—q)

which can be rewritten as

26 — 75q + 18¢° > A(1 — 3¢)%/2.
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Since

A= /262 — 4q(331 — 211¢q) < 26

v1I=3¢ <1,

26 — 75q + 18¢* > 26(1 — 3¢),

and
it suffices to show that

which is equivalent to
3¢(1 + 6q) > 0.

For ¢ = 0, (*) gives r = —1/13. Thus, the original inequality is an equality when a,b, ¢
satisfy
(a—b)(b—c)(c—a)>0

and are proportional to the roots of the equation

13w — 13w? + 1 = 0.

P 2.40. If a,b,c are real numbers such that
a+b+c=3, ab + bc+ ca > 0,

then
@b+ bc+ a4+ 18V3 > ab® + be® + cd®.

(Vasile C., 2008)
Solution. From 0 < 3¢ < p?, we get
0<qg<3.
Write the inequality as
183> (a4 b+c)(a—b)(b—c)(c—a),
673 > (a — b)(b—c)(c — a).

It suffices to show that

673 > |(a —b)(b—¢)(c —a)).

Since

A(p® — 3q)* — (2p® — 9pg + 27r)?

(@ =b)(b—c)(c—a) =\/ 57
<2 @22(3—@\/3— ,
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with equality for 27r = 9pq — 2p?, i.e. for
r=q—2,
we only need to show that
6v3 >2(3—q)\/3 —q.

Since 0 < 3 — ¢ < 3, the inequality is clearly true, with equality for ¢ = 0. From r =
q — 2 = —2, it follows that the original inequality is an equality when a, b, ¢ are the roots of
the equation

w? — 3w +2=0

and (a — b)(b — ¢)(c — a) > 0. Equivalently, the original inequality is an equality for
a=-1, b=2-V2, =242

(or any cyclic permutation)

P 2.41. If a,b,c are real numbers such that a® + b* + ¢ = 3, then

81/2

b+ b+ Ca+ 35 > ab® + be® + ca’.

(Vasile C., 2008)

Solution. Write the inequality in the homogeneous form:

93%(@2+b2+02)22 (a+b+c)(a—0b)(b—c)(c—a). )

Since the statement remains unchanged by replacing a, b, ¢ with —a, —b, —c, respectively, we
may assume p > 0. Thus, it suffices to show that

93_\25(& +0°+ )’ = (a+b+c)(a—b)(b—c)(c—a)l,

which can be written as

93%(102 —29)* 2 pl(a—b)(b—c)(c—a)l,

Since

A(p® — 3q)* — (2p® — 9pg + 27r)?

\(a—b)(b—C)(C—a)\Z\/ 5

(p? — 3¢)?
271

<2
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with equality for 27r = 9pq — 2p?, we only need to show that

9\/§ 9 9
—_ -2 > 9
32( q)° >2p

(p? — 3¢)*
27

This inequality is equivalent to

37(p? — 2¢)* > 2112 (p* — 3¢)°,

3p* — 6q 4>p2 2p? — 6q\°
A = 3 '

Using the substitution

2p° — 6
p=L 2 >,
3
the inequality becomes
2 4
(p ‘Z?’x) > p?a,

This is the AM-GM inequality applied to four nonnegative numbers, with equality for p? = x.
Thus, the homogeneous inequality (*) is an equality for

(a+b+c)a—0b)(b—c)(c—a) >0,

7
6g = —p*,  27r=9pg—2p" = —3p".

Since p? — 2¢ = 3, we get the equality conditions

3 3 =T
p 27 q_ 87 _167
and
-3 -3 7
= — = — r= —.
p 5 q g’ 16

In the first case, a, b, ¢ are the roots of the equation
16w® — 24w? — 6w + 7 = 0,

which is equivalent to

(2w — 1)(8w? — 8w — 7) = 0.
In the second case, a, b, ¢ are the roots of the equation
16w + 24w? — 6w — 7 =10,

which is equivalent to
(2w + 1) (8w?® + 8w — 7) = 0.
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Thus,the original inequality is an equality for

1 24 3v2
a=-, b="" =
2 4

(or any cyclic permutation), and for

(or any cyclic permutation)
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Chapter 3

Highest Coeflicient Cancellation
Method for Symmetric Homogeneous
Inequalities in Real Variables

3.1 Theoretical Basis

The Highest Coefficient Cancellation Method (HCC-Method) is especially applicable to
symmetric homogeneous polynomial inequalities of six and eight degree. The main results
in this section are based on the following Lemma (see P 2.53 in Volume 1):

Lemma. If x,y,z are real numbers such that
rT+y+z=0p, Ty + Yz + zx = ¢,

where p and q are given real numbers satisfying p* > 3q, then the product r = xyz is minimal
and mazimal when two of x,y, z are equal.

3.1.1. Inequalities of degree six
A symmetric and homogeneous polynomial of degree six can be written in the form
fo(x,y,z) = Ay Z 28+ Ay Z ry(z* + y*) + As Z 2 (22 + y?) + Ay Z 33
+ Asxyz Z 23+ Agryz Z vy(z +y) + 3427y 2%,
where Aq,--- , A7 are real coefficients. In terms of
p=x+Y—+z, q=2xYy+yz+ zx, =Yz,

it can be rewritten as
fo(z,y,2) = Ar® + g1(p, )r + 92(p. q),

where A is the highest coefficient of fg(x,y,z), and ¢1(p,q) and go(p,q) are polynomial
functions of the form

91(p,q) = Bp’ + Cpa,  ¢2(p.q) = Dp° + Ep'q + Fp*q* + Gg?,

203
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where B,C, D, E, F,G are real coefficients.
The highest coefficients of the polynomials

doab D ayt+yh), Y PP+, Y2
xysz?’, xyszy(x—i—y)

3, =3, -3, 3, 3, -3

are, respectively,

Therefore, the highest coefficient of fs(x,y, 2) is
A=3(A1 — Ay — A3+ Ay + As — Ag + Ar).
The polynomial
Pi(x,y,z2) = Z(Ale + Apyz)(B12® + Boyz)(Cra? + Cyyz)
has the highest coefficient
A=3(A; + A3)(By + By)(Cy + Cy) = Pi(1,1,1). (3.1)
Indeed, since
Pi(z,y,2) =A1B1Cy Y af + A3ByCh Y ™y’

+ (BlClAQ + OlAlBQ —+ AlBng)xyz Z Ig
+ 3(A13202 + B102A2 + CIAQBQ)nyQZQa

we have

A :31413101 + SAQBQCQ + 3(3101A2 + ClAlBQ + AlBICQ)
+ 3(AlBQCQ + Blchg + ClAng)
=3(A1 + A)(B1 + B2)(C1 + Cy).

Similarly, we can show that the polynomial
Py(x,y,z2) = Z(A1x2 + Agy2)(B1y® + Baza)(Ch2° + Comy)
has the highest coefficient
A=3(A1+ A3)(B1 + By)(Cy + Cy) = Py(1,1,1), (3.2)
and the polynomial
Py(x,y,2) = (A1x? + Agyz)(Ary? + Agzr)(A12% + Agay)

has the highest coefficient
A= (A + Ay)® = Py(1,1,1). (3.3)
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With regard to

f Py(z,y,z) = (x —y)*(y — 2)*(z — x)?,

Py(x,y, 2) = (p° — 2q — 2° = 2xy) (p* — 2¢ — 2 — 2y2)(p° — 2¢ — y* — 2z1),
it follows that P, has the same highest coefficient as
Py(x,y,2) = (=2° = 2ay)(—2® = 2y2)(~y* — 2z2),
that is, according to (3.3),

A=Ps(1,1,1) = (-1 —2)* = —27.
* 3k ok

Based on Lemma above, Theorem 1 bellow gives for A < 0 the necessary and sufficient
conditions to have fg(z,y,2z) > 0 for all real numbers x,y, z which satisfy

kip® + kaq > 0, (3.4)

where k; and kq are given real numbers (see Remark 3 from P 2.75, Volume 1).
Theorem 1 (Vasile Cirtoaje, 2008). Let fo(x,y,z) be a symmetric homogeneous polynomial
of degree six which has the highest coefficient A < 0. The inequality fs(z,y,z) > 0 holds
for all real numbers x,y, z satisfying (3.4) if and only if
fﬁ(xv 17 1) > 0
for all real x satisfying ki(z + 2)* + ko(22 + 1) > 0.
For ky = ko = 0, we get

Corollary 1. Let fs(x,y,z) be a symmetric homogeneous polynomial of degree six which
has the highest coefficient A < 0. The inequality fe(x,y,z) > 0 holds for all real numbers
x,y, z if and only if

fG(xa 17 1) Z 0
for all real x.
% % %
Further, consider the inequality
fﬁ(xu Y, Z) Z 07

where z,y, z are real numbers and fs(z,y,z) is a symmetric homogeneous polynomial of
degree six with the highest coefficient A > 0. The highest coefficient cancellation method
for proving such an inequality uses the above Theorem 1 and the following three ideas:
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1) finding a nonnegative symmetric homogeneous function fs(x, v, z) of the form
_ q2 2
fo(z,y,2) = (7’ + Aipg + Agp® + A3;) ; (3.5)
where A;, Ag, A3 are real numbers chosen such that

f(;(l’,y,Z) Z Afg([)?,y,Z) Z 0

for all real numbers z, vy, z;

2) seeing that the difference fg(z,vy,2) — Afs(x,y,2) has the highest coefficient equal to
zero, therefore the inequality

fﬁ(‘xa Y, Z) > Af_6<x7 Y, Z)
holds if and only if it holds for y = z = 1 (Theorem 1);

3) choosing a suitable real number
5 € <_OO7 0) U (3a OO)
and treating successively the cases p? < £¢ and p* > &q.

e In this chapter, we consider that the function fs(z,y, z) depends on only two parameters
a and . Let us define the following nonnegative functions:

Az — Dz — a)*(z — B)?

fasl@) = 94 —a— B —2ap)*(x +2)? (3.6)

Ja5(1) = (& — a)*Fa,5(7) (3.7)
(- a)? ar? +a(a+6)r — 8 N Bz +2)20z+z+a—4)]
e (o +2)3 (o +2)2 ’

hap(x) = [+ alz +2)(2z + 1) + Bz + 2)°]°, (3.8)

where o and 3 are real numbers. Note that the parameters o and 3 of the function f, g may
be also conjugate complex numbers.

e The function f, s(x) has been derived by setting y = z = 1 in the associated function

b1 2 3 C1 q2 2
fo(x,y,2) = 'f’—a—lpq+—p + == (3.9)

a1 a p

with
a=34—-—a—-pF—-2ap), b=10+a+p, c=22+a)(2+0),

which satisfies

f6(1>171):()a f6(a’171) =0, ﬁ(ﬁ?Ll):O;
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therefore,

fap(@) = fola,1,1) = |z - %(m+ 2)(2z + 1) + a%(H 2)% + %

Setting
52_27 /6:_17 ﬁzoa B:L B_>OO
in (3.6), we get in succession:
4z — 1)z — a)?
812+ )2

fa,—2(a7) =

4xr+1)2%(z — Dz — a)?

o) = TG Fap e
o) = S
=
)i 7
In particular, o
foemal@) = ==,
[oanle) = 2 ;(it(;; 0
Fooe(@) = % |
froo(z) = 5511((2—112))62 |
Fromo() = g(écx—_+12); |

(22 + 1)

T+ 2

Notice that the relative degree of the rational functions f, 5(), faco(2) and fe oo(z) are

six, four and two, respectively.

e The function g, s(z) is derived by setting y = z = 1 in the associated function

which satisfies

fe(a,1,1) = 0.
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Therefore,

2

a+ (a+2)2a+ 1)6(3; Loy

(o + 2)3

Gap(x) = fo(x,1,1) = {x +p(x+2)2x+ 1) —

Setting

in (3.7), we get:
Gos(x) = (g(x +2)(x —4) — 1) ,

gor(@) = [2% + 52+ 8+ Bz + 2)(z +5)],
T+ 8

ot = ba =12 [F22 g 2)

_ _ [az* +a(a+6)x —8)?
Jao(z) = (a+2)0 ’

In particular,
Goo(z) =1,
g-10(z) = (2° + 57 + 8)?,
(x —1)%(z + 8)?
729

Gio(x) =

e The function h, g(z) is derived by setting y = z = 1 in the associated function

2
fo(x,y,2z) = (r + apg + Bp*)" .
Therefore,

hap(z) = fo(z,1,1) = [z + a(z +2)(2z + 1) + Bz + 2)3]2 :

o Let
£ € (—00,0) U (3,0).

For y = z = 1, the condition

P’ <&q
involves
rel, H:<§—2—\/§2—3§,5—2+\/§2_3§>, (3.10)
while the condition
P’ > &g

involves
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Using the substitution
(2+n)
14+2n’

4—n —1
[ = € (—o0,—2)U [ —.1
<n,1+2n>, n € (—o0,—2) (2>

4—n —1
I= -2, — U (1 .
(2200). we (2ot

Thus, we can check that

£ =

we have

n— —oo = é-) —0Q, I= (—OO, _1/2)7
n=-5 = £=-1, = (=5,-1),
77:_3 = 62—1/5, H:(_37_7/5)7
7]:—2 = é: ) ]I:(—Q,—2):®,
and
n=1 = ¢=3, I=(1,1) =0,
n=2 = £=16/5 1=(2/52),
n=3 = £ =25/17, I=(1/7,3),
n=4 = (=4, =(0,4),
n—oo = {00 I=(-1/2,00).

Theorem 2. Let fs(x,y,z) be a symmetric homogeneous polynomial of degree six with the
highest coefficient A > 0. The inequality fs(z,y,z) > 0 holds for any real numbers x,y, z if
there exist five real numbers «, B, v, 6 and &, and

Eop € {fap: 90,8 has},

Fos5 € {fy5:9v.0: M5},
such that the following two conditions are satisfied:
(a) fo(z,1,1) > AE, g(x) for zel;
(b) fe(x,1,1) > AF, 5(x) for x € R\L

Proof. Let
2\ 2
Ey(z,y,2) = (7’ + Aipg + Asp® + A3%)
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and

2\ 2
Fi(z,y,2) = (7" + Bipg + Bop® + Bg%)
be the functions associated to E, g(x) and F, 5(z), respectively; this means that
Ei(z,1,1) = E, 5(x),

Fi(z,1,1) = F, 5(z).
Let us denote
Ex(x,y,2) = fo(x,y,2) — AE (2,9, 2)
and
Fy(x,y,2) = fo(v,y,2) — AF(z,y, 2).

Since AFE;(z,y,z) > 0 and AFi(x,y,z) > 0, the inequality fs(z,y,z) > 0 holds for all real
x,y, z if

(a) Es(z,y,2) >0 for p?<&q;
(b)  Fy(z,y,2) >0 for p*>&q.

According to Theorem 1, because Fy(z,y, z) and Fy(x,y, z) has the highest coefficient zero,
these conditions are satisfied if and only if

(a) Fa(x,1,1) >0 for (z+2)*<&(2z+1);

(b) Fy(z,1,1) >0 for (x+2)*>¢&(2x+1).
Since these conditions are equivalent to

(a) fo(z,1,1) — AE,3(x) >0 for zel;

(b) fe(x,1,1) — AF, 5(x) >0 for xzeR\IL,
the proof is completed.

For £ =0or £ =3, when I = , we get

Corollary 2. Let fs(z,y,2) be a symmetric homogeneous polynomial of degree siz with the
highest coefficient A > 0. The inequality fe(x,y,z) > 0 holds for any real numbers x,y, z if
there exist two real numbers v and § such that fs(x,1,1) > AF, 5(x) for all x € R.

The following Proposition 1 is useful in many applications based on Theorem 2 or Corollary
2.

Proposition 1. Let fs(z,y,2) be a symmetric homogeneous polynomial of degree siz, and
let

f(ﬂ?) = fﬁ(xv L 1) - AEaﬂ(x)a
where A is the highest coefficient of fs(z,y,z) and

Eoéﬁ € {foc7—2>go¢,,87 ha,,B}-
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If
f6(0,1,=1) =0,

then
f(=2)=0.
Proof. Write fg(z,y, 2) in the form
fo(x,y,2) = Ar® + g1(p, @)1 + 92(p, @)

where
91(p, q) = Bp® + Cpq,

92(p,q) = Dp° + Ep'q + Fp*q® + G¢°,
For (z,y,2z) = (0,1, —1), we have r = 0, p = 0 and ¢ = —1, therefore

£5(0,1,-1) = —G.
For (z,y,z) = (—2,1,1), we have r = =2, p = 0 and ¢ = —3, therefore
Fo(—2,1,1) = 4A — 27G = 4A + 27/5(0,1, —1).
Thus, the hypothesis f5(0,1, —1) = 0 involves
fo(—2,1,1) = 4A.

Since
fa,—2(_2> - 47 ga,6<_2) - 47 ha,ﬂ(_2) - 47

we get
f(=2) = fo(=2,1,1) — AE, 5(=2) = 4A —4A = 0.

Remark 1. The function fs(x,y, 2) associated to f,s(z) (given by (3.9)) is zero for

(3373/72) = (17 L, 1)7 (xa%z) = (Oéa 1, 1)? (x,y, Z) = (ﬁv L, 1)'

If p = —2, then the function associated to f, _2(x) has the expression
f( ) i ° K 2 (3 11)
r,y,2)=|r + )
61%: Y 9ar + 18pq 9a + 18p ’

and is zero for

(x,y,2)=(1,1,1), (z,9y,2)= (o, 1,1), (x,y,2)=(0,1,—1).

_ 1 \?
fo(z,y,2) = (T - §pq>

In addition, if & — oo, then
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is zero for
(:E’ y? Z) == (1’ 17 1)7 ('T? y? Z) == (1707 0)7 ('T:7y7 Z) = (07 17 _1)'

If B — oo, then
, 1 20+4 ¢2\°
fﬁ('ruyvz) - (T+ 60é+3pq 6o + 3 E)

is zero for
('CC7 y? Z) - (]" 17 1)7 (x7 y? Z) - (a7 ]" ]‘)7 (:L‘7 y’ Z) - (1707 O)'

If, in addition, a — oo, then
_ 1 q2 2
fﬁ(%%z)— (T_gg)

is zero for
(x,y,2)=(1,1,1), (x,y,2) = (1,0,0).

Remark 2. If
f6(x7 L, 1) = Af%*2(x)
for all z € R, then there is £ > 0 such that the following identity holds:
fﬁ(xu Y, Z) - Af6('r7 Y, Z) + ]{J(I - y)2<y - Z)2<Z - x)Qv

where, according to (3.11),

= B v+ 8 2 N 2
fo(z,y,2) = (7“ 97+18pq+ o1 )

In addition, if the coefficient of the product

(z —y)?(y — 2)*(z — 2)°

is the best possible in the inequality fs(z,y,2) > 0, then £ = 0 and the following identity
holds:

v+38 2 N
—Alr— . 3.12
fo(z,y,2) (7“ o 11879 + o 1 18" (3.12)

Remark 3. Theorem 2 is also valid for the case where the parameters a and [ of the
function f, s(z) are conjugate complex numbers. For example, if £ > 0 and

Oé:v—k, B:_V_kv
then, according to (3.6), we have

(x — )22 + k)2

Frv® = g e v 2 (313)
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Remark 4. Consider the inequality fs(z,y, z) > 0, where
£5(0,1,—1) = 0.

o If
fo(z,1,1) = (z — a)?g(z), o # -2,

where g is a polynomial function, then the condition (a) in Theorem 2 applied for
Ea,,é’ = Ga,8, —-2€ ]L

is satisfied if and only if
gz) >0, zel,

where
9(x) = 9(x) = Aga,p(),
_ Jaer*+ala+6)z -8 Blr+2)20x 4+ a—4) 2
Jap(1) = L + (e (3.14)
Denote
f(I) = f6<x7 L, 1) - Aga,ﬁ(*r)‘
From

f(@) = (z = a)’g(x) — A(z — a)*Jas(z) = (z — a)5(2)
and f(—2) = 0 (see Proposition 1), it follows that
g(—2)=0.

To have g(z) > 0 in the vicinity of + = —2 € I, the condition §'(—2) = 0 is necessary. This
condition involves

o (a+2Pg(=2)
— . 3.15
P =Sarny T 124 (3.15)
In conclusion, in the case © = —2 € I, the condition (a) in Theorem 2 is satisfied if and only

if
g(x) > Ao p(z), xel
with 8 given by (3.15).

Similarly, in the case —2 € R\ I (I =0 in Corollary 2), the condition (b) in Theorem 2
or the condition in Corollary 2 are satisfied if and only if

g(z) > Ag,s(x), reR\I,

with ¢ given by
v (v +2)%¢'(-2)
5 — 3.16
3v+2) | 124 (3.16)
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and

4o 5(x) = v +(77(1ﬁ;>2)x -8 N Sz + 2)((2771—;;2 +v—4) . (3.17)

e The condition (a) in Theorem 2 applied for
EQ,B = ]’Laﬂg, —-2¢c ]I,

has the form

where
f(x> = fﬁ(xv L 1) - Ahoéﬂ(x)'

According to Proposition 1, we have

f(-2)=o.
In order to have f(x) > 0 in the vicinity of x = —2 € I, the condition f'(-2) =0 is
necessary. This condition involves
1 K(=2)
= 1

a=g + TR (3.18)
where

h(z) = fe(z,1,1).
In conclusion, in the case x = —2 € [, the condition (a) in Theorem 2 is satisfied if and only
if

f6<x7171) zAha,ﬁ(x), T GH,

with a given by (3.18).
Similarly, in the case =2 € R\ I (I =0 in Corollary 2), the condition (b) in Theorem 2
or the condition in Corollary 2 are satisfied if and only if

f6<x7 17 1) Z Ah’y,(s(x), T € R\H,

with L Wi_o
y=3+ 1(2_A) (3.19)
and
hos(z) = [+ ~(x +2)(2z + 1) + 6(z + 2)%]%. (3.20)

Remark 5. By Theorem 1, it follows that Theorem 2 and Corollary 2 can be extended to
the case where the real numbers z, y, z satisfy the condition

Ev(z+y 4 2) + ko(zy + yz + 22) >0,
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where k; and ko are two fixed real numbers. More precisely, all conditions concerning
fe(x,1,1) in Theorem 2 and Corollary 2 need to be satisfied only for

Ei(z+2) + k(22 +1) > 0.

3.1.2. Inequalities of degree eight

A symmetric and homogeneous polynomial of degree eight fs(x,y,2) can be written in
term of

p=x+y-+z, q=2xYy+yz+ zx, =Yz,
in the form
g(r) = A(p, @)r* + gs(p, @) + 94(p, ),

where A(p, q), g3(p, q) and g4(p, q) are polynomial functions. The highest polynomial A(p, q)
of fs(z,y, z) has the form

Alp,q) = p® + paq, (3.21)

where p; and ps are real constants.

* % %
The following theorem is an extension of Theorem 1 to symmetric and homogeneous
polynomial inequalities of degree eight.

Theorem 3. Let fs(x,y,z) be an eighth degree symmetric homogeneous polynomial which
has the highest polynomial A(p,q). The inequality fs(x,y,z) > 0 holds for all real x,y, z
satisfying A(p,q) < 0 if and only if

fS(xv 17 1) Z 0

for all real x such that A(x + 2,2z +1) <0.

Proof. For fixed p and ¢, the inequality fs(z,y,z) > 0 can be written as g(r) > 0, where

g(r) = Alp, q)r* + gs5(p, @)r + 9a(p, q)

is a quadratic function. Since g(r) is concave for A(p,q) < 0, it is minimal when r is
minimal or maximal, that is, when two of xz,y, z are equal (see Lemma above). Due to the
homogeneity (of even degree), we may take y = z = 1 and y = z = 0. As shown in Volume
1 (Remark 3 from P 2.75), the case y = z = 0 is not necessary.

Corollary 3. Let fs(z,y,z) be an eighth degree symmetric homogeneous polynomial having
the highest polynomial A(p,q). The inequality fs(x,y,z) > 0 holds for all real x,y,z
satisfying A(p,q) <0 if fs(x,1,1) >0 for all real x.

X 3k %



216 Vasile Cirtoaje

The following theorem is an extension of Theorem 2 to symmetric and homogeneous
polynomial inequalities of degree eight.

Theorem 4. Let fs(x,y,2) be a symmetric homogeneous polynomial of degree eight having
the highest coefficient A(p,q). The inequality fs(z,y,z) > 0 holds for any real numbers
x,y, z satisfying A(p,q) > 0 if there exist five real numbers «, 3, v, 0 and &, and

Eop € {fa8:9aps hap}

Eys € {fv5, 9v.8: s}y
such that the following two conditions are satisfied:
(a) fs(x,1,1) > AE,g(x) for x €l and A(x+2,2x+1) > 0;
(b) fs(z,1,1) > AF, 5(x) for x € R\I and A(zx+2,2xz+1)>0.

For § =0or £ =3, when I =0 , we get

Corollary 4. Let fs(z,y,2) be a symmetric homogeneous polynomial of degree eight having
the highest coefficient A(p,q). The inequality fs(x,y,z) > 0 holds for any real numbers
x,y, z satisfying A(p,q) > 0 if there exist two real numbers v and 6 such that

fs(,1,1) > A(z + 2,22 + 1) E, 5(x)
for all real x satisfying A(x + 2,2x + 1) > 0, where

E%5 € {f'y,évg'y,ciy h’y,é}-

Remark 6. Theorem 3, Theorem 4, Corollary 3 and Corollary 4 can be extended to the
case where the real numbers x,y, z satisfy the condition

kv(z+y+2) + ko(xy 4+ yz + zz) > 0,

where k; and kg are two fixed real numbers. More precisely, all conditions concerning
fs(x,1,1) need to be satisfied for
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3.2 Applications

3.1. If z,y, z are real numbers, then

D (@ +2y)(x +22) (22 + ) (22 + 2) (& — y) (& — 2) + 3(z —y)*(y — 2)*(z — 2)* > 0.

3.2. If z,y, z are real numbers, then

D (@ —dy2P (e —y)(z —2) +3(z — y)*(y — 2)*(z — )’ 2 0.

3.3. If z,y, z are real numbers, then

D (@ +yz) (e + 2y) (@ + 22) (2 —y) (o — 2) + 2z =)’ (y — 2)°(= — 2)* 2 0.

3.4. If x,y, z are real numbers, then

222 + 3yz 2y? + 3z 22% + 3zy < 5

42 +y2 + 22 Ayt 4242?42 a4y T2

3.5. If z,y, z are real numbers, then

922 — 4yz n 9y? — dzx . 922 — 4ay S 15
3x2 + 22 + 222 3y2+2224+ 222 32242224292 T T

3.6. Let x,y, z be real numbers, no two of which are zero. If
2 2 | .2
4y + 27 > 2(xy + yz + zx),
then

2% — 6yz y? — 62x 22 — 6ay
v+yz+22 22tze+a? 24 axy+y? T

3.7. If z,y, z be real numbers, no two of which are zero, then

8% + 3yz 8y* + 3z 822 + 3wy _—
Vvryz+22 0 224zt 24ayty? T
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3.8. If z,y, z are real numbers, no two of which are zero, then

822 — byz 8y? — bzx 822 — Sxy
Y2 —yz+22 22—zz+a® a2?—zy+y?

3.9. If z,y, z are real numbers, no two of which are zero, then

5x2 + 2yz 5y% + 2zx n 522 + 2zy
292 + 3yz + 222 222+ 3zx + 222 222+ 3xy +2y2 T

3.10. If x,y, z are real numbers, then

@+ylletz) Gr2)yt+a) (+z)+y) 4
eyt 422 TP 4224 T2 42242 T3

3.11. If x,y, z are real numbers, then

6x(y+2) —yz  6y(z+z)—z2x 6z(:p—|—y)—xy<33
1202 + 92 + 22 1292+ 22+ 22 1222422492 — 4

3.12. If x,y, z are real numbers, then

rly+z2)—yz  ylz+x)— 2z z(ac+y)—xy<
22+ 32+ 322 y?+3224 322 224322+ 3y?

3
-

3.13. If x,y, z are real numbers, then

S ya(2 +y2)(a — )(x — )+ g — )y — Az — 1) 20

3.14. If x,y, z are real numbers, then

(z—y)(y—2)*(z —2)*.

Y (@ =y x—y)w—2) >

W~ o

3.15. If x,y, z are real numbers, then

D (@ +8y2)* (@ —y)(x —2) + 15(z —y)*(y — 2)°(= — 2)* 2 0.
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3.16. Let z,y, z be real numbers. If k € R, then

7k* — 20k — 20
S y2) o = ) — 2) (@ = ky) (o — he) + = )y — 2z~ 2) 2 0.
3.17. If x,y, z are distinct real numbers, then
Yz zx Ty 1
— > 0.
SRR CE R
3.18. Let z,y, z be distict real numbers. If k € R, then
_ _ _ _ _ _ 2
@—ka—k)  (=hky—ke)  G=ka)e—hy) _, . K
(y —2) (z —2)? (z —y)? 4

3.19. If x,y, z are real numbers, then

S 4 252) (0 — ) — )+ o — )y — 2z~ 2)’ 2 0.

3.20. Let z,y, z be real numbers. If k£ € R, then

3(k+2)°(x —y)(y — 2)°(z — 2)°
422+ 2+ 22—y —yz — zx)

Y (e —y)(@—2) (e —ky)(z —k2) >

3.21. Let z,y, z be real numbers such that zy + yz + zx > 0. If k € R, then

2

S 4y — )= 2o~ ke —k2) > (14 k=) 0yl 2P )2
4

3.22. If x,y, z are real numbers, then

Y @ 22 (@ —y)(x —2) > 0.

3.23. If x,y, z are real numbers, then

Y@ )z —y)e —2) 2 (¢ —y)*(y —2)*(z — ).
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3.24. Let z,y, 2z be real numbers. If 0 <k <27, then

2

S +ye)(e ) - )~ k) — k) 2 (1 k= ) (@ = )Py - 2 - )
4

3.25. If x,y, z are real numbers, then

Z:(:L'2 +y2)(z —y)(z — 2)(z — 28y)(z — 282) + 167(x — y)*(y — 2)*(z — 2)* > 0.

3.26. If x,y, z are real numbers, then

SO 4 ) — ) = ) = )y = 2P e -2 20

-3
3.27. Let z,y, 2z be real numbers. If —2 <k < TR then

2

S @ + )@ - y)(a — =)@ — ky)(w — kz) > (1 . %) (= )y — 2)*(= — )2,

3.28. Let z,y, 2z be real numbers. If —5 < k < —2 and

k* — 8k® — Tk* — 20k — 20

O = A(k — 1)2 ’

then

Y@+ y2) (e = y)(x = 2)(x — ky) (@ — k2) + 8z —y)*(y — 2)*(z —2)* 2 0.

3.29. If x,y, z are real numbers, then

15z —y)*(y — 2)*(: —2)*

Sty ) +2) 2

3.30. If x,y, z are real numbers, then

Y @ —yle =)@ + ") +2°) 2 S(r — )Py - 2)*( — )

N



Highest Coeflicient Cancellation Method for Real Variables

221

3.31. If x,y, z are real numbers such that zy + yz + zx > 0, then

15

> @y =)@ + ) +2°) 2 @ )y~ 2)*(z - )

3.32. If x,y, z are real numbers, then

(x — )’y — 2)%(z —x)*.

A~ w

S - y)e - )@ +ay + 2@ Faz 422 >

3.33. If x,y, z are real numbers such that zy + yz + zx > 0, then

Y @—y)a—2) @ +ay+ 7))@’ + 22+ 2°) 23z —y)’(y — 2)°(z — x)*.

3.34. If x,y, z are real numbers, then

() + )P+ 0%) 2 80222 + 2 (o = )Py — 2z~ )

3.35. If x,y, z are real numbers, then

15
(2% + 2% 4+ 222) (y* + 227 + 227) (22 + 227 + 2%) > 12522722 + — (2 — y)*(y — 2)*(z — 2)*.

2

3.36. If x,y, z are real numbers, then

15
(21’2 + 2 + ,22)(2y2 + 22+ 33'2)(22’2 + 2%+ yz) > 64x%y%2% + —(x — y)Q(y — Z)Q(Z — x)Q.

4

3.37. If x,y, z are real numbers, then

8(z? + wy + v (y° +yz + 2 (22 + 2w + 2°) > 3(2® + 97) (v* + 22) (2 + 2?).

3.38. If x,y, z are nonnegative real numbers, then

Z(lﬁxQ +3y2)(z — y)(z — 2)(x — 4y)(z — 42) + 52(x — y)*(y — 2)*(z — 2)* > 0.
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3.39. If x,y, z are real numbers, then

Y oate—y)(z—2) = (x —y)y —2)°(= —2)*

13 —3V1 1 V1
3.40. Let z,y, z be real numbers. If % <k< %7, then
k2
S+ ke =)o =)+ (5 = 1) (- 0 - 9 - 0 20

3.41. Let x,y, z be real numbers. If k € (—oo, —4] U [—1, 0], then

2

D (@ +kyz)*(x —y) (@ — 2) + (% - 1) (2 —y)2(y —2)*(z—2)? > 0.

3.42. Let z,y, z be real numbers. If £ > 0, then

Z(ﬁ + kyz) (@ —y)(z — 2) + (%2 — 1> (z—y)2(y—2)2(z—2)*>0.

3.43. If x,y, z are nonnegative real numbers, then

Y 2@+ 8y2) (@ —y)(z —2) = (x —y)*(y — 2)°(= — 2)>.

3.44. If x,y, z are real numbers, then

D (@ —y)(r = 2)(x = 2y) (@ = 22)(20 — y)(22 — 2) + 15(z = y)*(y — 2)*(= — 2)* > 0.

3.45. If x,y, z are real numbers, then

Y (@ =y = 2)(z = 2y)(w — 22)(z = 3y)(x = 32) = 3(x —y)*(y — 2)*(z — )".

3.46. If x,y, z are real numbers, then

Z(I —y)(z — 2)(22 + 3y) (2 + 32)(3z + 2y) (3 + 22) + 15(z — y)*(y — 2)*(z — 2)* > 0.
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3.47. If x,y, z are real numbers, then

S+ ) + )~ )~ 2) 3o~ Py — 2z~ 20

3.48. If x,y, z are real numbers, then

S (@~ y)(a - 2)(e - dy)(a — 42+ 39(x — y)*(y — 2)(z — 2)* > 0.

3.49. Let z,vy, z be real numbers, and let
20 + 12k — 4k% — k4
4(1 — k)? ’
Ok = 1+k, ke [-2,1]

k€ (—o0, 2] U [4, 00)

5 — 3k, ke [1,4]

Then,
Yo r—y)(r = 2)(x — ky)(x — k2) = ap(z - y)*(y — 2)°(z — )",

3.50. Let z,vy, z be real numbers, and let

( k2
Zv k€ (—OO, _2} U [L OO)
—k(8 + 11k + 8k?) -1
- ke |—2
1 —1
- ke |=1
E <[5

Then,

Y yaa —y)(x = 2)(x = ky) (@ — k2) + Bl — y)*(y — 2)°(z —2)* 2 0.

3.51. Let z,y, z be real numbers, and let

( (k+1)(bk —3
I DOE=3) ke (~o0,—5] U [L,0)
(k + 1)(k* — 7% — 16k — 32)
= 5,9
k2
| T kel

Then,

D (@ =)@ = ) (@ — ky) (@ — k2) + iz — y)’(y — 2)’(z —2)* > 0.
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3.52. If x,y, z are real numbers, then
D yz(da® +3yz)(x —y)(z — 2) + (z — )’ (y — 2)*(z — 2)* > 0.
3.53. If x,y, z are real numbers, then
1
Z ot (x4 2y)(x + 22) + 5x*y?2® + §(x — )y — 2)*(z — x)* > 0.
3.54. If x,y, z are real numbers, no two of which are zero, then
I R :
2y? — 3yz + 222 T 4a? + y? + 22) = 3(zy + yz + zx)
3.55. Let z,y, z be real numbers. If £ > 1, then
kx? + 2yz ky* + 22z k2% + 2xy S kE—1
ka2 4+ 92+ 22 ky?4+ 22422 k22+a?+y? T k41
3.56. If x,y, z are real numbers such that zy + yz + zzx < 0, then
1 n 1 N 1 N 1 <0
32 +y?+ 22 ByP+224a? 322+a2+y? wytyztzx T
3.57. If x,y, z are real numbers, then
2 _ 2 _ 2 _
xt—yz n Yy — zw 2 —xy <1
3x2 4y + 22 3yP+ 22+ 322 42?4 y?
3.58. Let z,y, z be real numbers. If £ > 1, then
Yz zx Ty 1
—>0.
kx? + y? + 22 + ky? + 22 + 22 * kz? + 22 4 y? * 2~
3.59. If x,y, z are real numbers, then
z 2T T 1
Y + + Y +->0.
2+ 4y? + 422 Y2 +422+ 427 2244+ 42 8
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3.60. If x,y, z are real numbers, then

1 7
< .
Z 2?2 +4y? + 422 7 422+ y? + 22) + 3(zy + yz + z2)

3.61. If x,y, z are real numbers such that xy + yz + zz > 0, then

2 45
E > .
da? +y? + 22 7 W22+ y? + 22) oy +yz + 2

3.62. If x,y, z are real numbers such that zy + yz + zx > 0, then

1 45
> .
Zx2+4y2+422 T A4+ 2+ 22ty +yz + zx

3.63. If x,y, z are real numbers, then

r(—r+4y+4z) y(—y+4z+4z) 2(—z+4rx+4y) 21
+ + <=
y? + 22 2?2 + r? + y? 2

3.64. If x,y, z are real numbers, no two of which are zero, then

x? + 3yz y>+ 32z 2% + 3wy -1
y2—yz+22 22—z +a? a2-ay+y? T

3.65. If x,y, z are real numbers, then

(4x —y — 2)? (4y — 2z — x)? (42 —x — y)?
202 — 3yz + 222 222 —3zw + 222 222 —3xy+y?

3.66. If x,y, z are real numbers, then

(By+3z—4x)®>  (32+3z—4y)?  (3z+ 3y — 4z2)?
202 — 3yz + 222 222 —3zx+ 212 222 —3xy+y? —

3.67. Let z,y, z be real numbers. If £ > —2, then

42 + kay + ) (W + kyz + 22 (22 + kze +2%) > (2 - k)(z — v)*(y — 2)*(z — )%
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3.68. If x,y, z are real numbers, then

(22 + ) (y? + 22)(22 + 22) + 2(2%y + v + 222) (2y? + y2® + 20%) > 2PyPRR

3.69. Let x,y, z be real numbers. If k € (—oo, —2] U (0, 00), then

2
25 g8+ 20 — 327y + E(xQ + kyz)(y? + kzx) (2% + kxy) > 0.

3.70. If x,y, z are real numbers, then

2227 +y° + 2°) (207 + 2° + 2°) (22" + 2 + y®) > 8927727 + 9(x — y)*(y — 2)*(z — x)*.

3.71. If x,y, z are real numbers such that z 4+ y + z = 3, then

13z—-1 1By—1 13z2—-1 3

< —.
2123 P12 213 S0

3.72. If x,y, z are real numbers, then

5(2° +y* + 2%)° > 10827y 2% + 10(z — y)*(y — 2)*(2 — z)*.

3.73. If x,y, z are real numbers, then

(2% +y° + 22)° + 2(22° + y2) (2y* + 22)(22° + xy) > 27T2°y*2>

3.74. If x,y, z are real numbers, no two of which are zero, then

72 4+ 2yz " y? + 2z 2% + 2y
v +yz+ 22 224 zx 4+ a?

- 3(xy +yz + 2x)
? tay+yr T a4yt

3.75. If x,y, z are real numbers, no two of which are zero, then

2 2
Y Yy

22— 2zy 3(zy + yz + zx)
y2—yz+22  22—zx+a?

0.
22 — xy + 9?2 24y 422
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3.76. If x,y, z are real numbers, no two of which are zero, then

v —yz+22 22—z 4a? 2?—axy+y? T oty 422

3.77. If x,y, z are real numbers such that zyz # 0, then

(y+z)2+(z+x)2+(x+y)2> 10(z +y + 2)?
x2 & 22 = 3(x2 +y? + 22)

3.78. If x,y, z are real numbers, no two of which are zero, then

3222 +49yz  32y* +49zx 3222 + 49zy S 81(z +y + 2)?

y2+22 Z2+£U2 x2+y2 — 2<$2+y2+22)

3.79. If x,y, z are real numbers, no two of which are zero, then

(a)

2’ +4yz Yy’ +4dzx 2%+ day - 15(zy + yz + zx)

y? + 22 22 + 22 224y T 222+ y? + 2?)

(b)

202 +9yz 2%+ 9z 222+ 9xy S 33(xy + yz + zx)

3.80. If z,y, z are distinct real numbers, then

x? 2 22 Alzy +yz + 2x
LYy S Hay ty )‘

=2 G-aP G-y Pty

3.81. If x,y, z are distinct real numbers, then

x? 2 22 x+y+2)?
7+ . 7+ 22(2 y2 )2'
(y—2)? (-2 (z—y)? 22+y*+=2

3.82. If x,y, z are real numbers, then

2x 2z 2zx d(xy + yz + zx
y o, %y 1> (zy +y )
N T A N x? +y? + 22

y2+22 + z2+x2 + $2+y2 — 2(l.2+y2+22) :
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3.3 Solutions

P 3.1. If x,y, z are real numbers, then
S (@4 29) (@ + 22)(20 + y) 2 + 2)(z — y)(@ — 2) + Bz — y)y — 2)2(z — 2) > 0.
(Vasile C., 2012)

Solution. Write the inequality as fs(z,y,z) > 0, where

folwy2) = S (@ +29) (@ + 22)(20 + y) (22 + 2)(z — y)(w — 2) + 3 [ (v — 2)2.

Since
(z +2y)(x + 22) = 2q + 2* + 2y2,
(

(27 +y) (27 + 2) = 2q + 42* — yz,
(z —y)(w —2) = 2" +2yz — ¢,
(y —2)* = —2° = 2yz +p° — 2,
fe(z,y, z) has the same highest coefficient A as
P1($7y7 Z) + 3P3(3§', Y, Z)a

where
Pi(x,y,2) =Y (2% + 2y2)(42” — yz)(2® + 2y2),

P3(l’,y, Z) = H(—QJQ - 2y2)
According to (3.1) and (3.3), we get

A= P1(17 17 1) + 3P3(1> 15 1)
=3(1+2)(4-1)(1+2)+3(-1-2)>=81—-81=0.

By Corollary 1, we only need to show that fg(x,1,1) > 0 for z € R. We have
flz,1,1) = (z +2)*(2x + 1)*(x — 1)* > 0.
The equality holds for x = y = z, for —z/2 = y = 2z (or any cyclic permutation), and for

—2z =y = z (or any cyclic permutation).
]

P 3.2. If x,y, z are real numbers, then

D (@ —dy2P (e —y)(z —2) +3(x — y)*(y — 2)*(z — )’ 2 0.

(Vasile C., 2012)
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Solution. Write the inequality as fs(z,y, z) > 0, where
f6<x7 Y, Z) = f(x7y7 Z) + 3(1; - y)Q(y - 2)2(2’ — $>2,

flwy,2) =) (@ —dy2)*(z — y)(z — 2).
Since
(x —y)(z —2) =2” +2y2 — q,
f(z,y, z) has the same highest coefficient A; as

Pi(z,y,2) = Y (2% — 4y2)*(2® + 2y2),

that is, according to (3.1),
Ay =Pi(1,1,1) = 8L.

Since the product (z —y)?(y — 2)?(z — )? has the highest coefficient equal to —27, fs(z,y, 2)
has the highest coefficient

By Corollary 1, we only need to show that fg(z,1,1) > 0 for all real x. This is true because
(2 1,1) = (2% — 42z~ 1)2 > 0.

The equality holds for x = y = z, for z +y + z = 0, and for /2 = y = z (or any cyclic
permutation).

Observation. The inequality is equivalent to

p*(p* — Tp’q + 16¢° — 12pr) > 0.

P 3.3. If x,y, z are real numbers, then
D (@ )+ 2y) (@ + 22)(w — y) (@ — 2) + 2(z — y)*(y — 2)°(= —)* > 0.
(Vasile C., 2012)
Solution. Write the inequality as fs(z,y,2) > 0, where
folw,y,2) = flz,y,2) + 2z —y)*(y — 2)*(z — 2)*,

flz,y,2) = (2* +yz) (2 + 2y)(z + 22)(z — y)(z — 2).
Since
(z +2y)(x + 22) = 2° + 2yz + 2q,

(@ —y)(e—2) =2"+2yz —q,
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f(z,y, z) has the same highest coefficient A; as

Py(x,y,2) = Z(:zc2 +y2)(z* + 2y2)?,

that is, according to (3.1),
Al = P1<1, 1, 1) = bH4.

Since the product (z —y)?(y — 2)?(z — 2)? has the highest coefficient equal to —27, fs(z,y, 2)
has the highest coefficient
A=A +2(-27) = 0.

According to Corollary 1, we only need to show that fg(z,1,1) > 0 for all real z. Indeed,
f(2,1,1) = (2% + 1) (z — 1)*(z +2)* > 0.
The equality holds for x =y = z and for x +y + 2 = 0.
Observation. The inequality is equivalent to

(@+y+2)" [(@+y") @ —y)*+ " +27)(y—2)" + (* +27)(z —2)°] 0.

P 3.4. If x,y, z are real numbers, then

222 + 3yz 29% + 3z 222 + 3y
4 +y? + 22 Ay 22 a0 422 2?4 y?

5
< -
-2

(Vasile C., 2012)

Solution. Write the inequality as fs(z,y, 2) > 0, where
fe(z,y,2) =5 H(4JJ2 +y* 4 2%) -2 Z(2x2 + 3yz) (4y* + 2% + 2?)(42° + 22 + 7).

Since
42% +y° + 22 = 32° + p® — 2,

fe(z,y, z) has the same highest coefficient A as f(x,y, z), where
flwy,2) =5][(32%) =2 (22 + 3y2)(3y°)(32%)
= 1352%y?2% — 10822y~ — 54 Zy323
= 27x%y*2% — 54 Z yP 3,

that is
A=27—-162 = —135.
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According to Corollary 1, we only need to prove the original inequality for
y==z=1.
Thus, we need to show that

227 +3 2(3z +2)
20222+ 1) ' 2245

)
< a0
— 2
which is equivalent to

(x— 122z —-1)2>0.

The equality holds for z = y = 2z and for 2z = y = 2z (or any cyclic permutation).

P 3.5. If x,y, z are real numbers, then

922 — 4yz 9y? — 4zx N 922 — 4ay S 15
3r2 +2y2 + 222 3y2+222 4222 3224222 +292 T T

(Vasile C., 2012)

Solution. Write the inequality as fg(z,y,z) > 0, where

folz,y,2) =7 Z(QmQ — 4y2)(3y* + 22% + 20%)(32% + 227 + 2%)
—15(32% + 29 + 22%) (3% + 222 + 227)(32% 4 227 + 2¢%).
Since
32 4 2% + 227 = 2 +2(p? — 2q),
fe(z,y, z) has the same highest coefficient A as f(x,y, z), where

fz,y,2) = 72 (922 — 4y2)(y*)(2*) — 15 H(a:Q)

:1743;2 2,2 2823/

that is
A =174 — 84 = 90.

Since A > 0 and
fo(z,1,1) =7(92% — 4)(22* + 5)* + 14(9 — 4z)(22% + 5)(32* + 4)

— 15(22% 4+ 5)*(32% 4 4)
=4(22° + 5)(z — 1)*(3z — 4)2,
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we apply Corollary 2 for

F,5(x) = fays-2(x) = (x=1)'Bz —4) :

81-25
We have , s L
Afasz—o(z) = (z — )4é v —4) ’
_ 1)2 AV
fo(z,1,1) — Afays o) = 2z —1) (iﬁ 4) f(x)’
where

f(@) =90(22° +5) — (x —1)* > (22° +5) — (x — 1)’ = (x + 1)* + 3 > 0.

The equality holds for x = y = z, and also for ZI =y = z (or any cyclic permutation).

Observation. Similarly, we can prove the following generalization:
o Let x,y,z be real numbers. If k >0, k£ 1, then

P L LR UEE
k

224y +22 7 (k—=1(k+2)’

k
with equality for v =y = z, and for ; =y =z (or any cyclic permutation).

For
fo(z,y,2) = mH(k:c2 +y?+2%) — 2:(713132 + 2y2) (ky? + 22 + 2°) (k2 + 2* + ),

where

3k + 1)(k—2) k(k—3)
T k-Dkr2 T k-1
we have Ok + 1)(k = 1)(2 — k)
A=
k+ 2
and

(2> + k+1)(z — 1)*(kz — 2)°.

2
1,1) =
fﬁ(aj7 7 ) k+2

For k € (0,1) U [2,00), we have A < 0. According to Corollary 1, we only need to prove
that fs(z,1,1) > 0 for x € R, which is clearly true.

For k € (1,2), we have A > 0. According to Corollary 2, it suffices to prove that

f6(xv L, 1) > Af?/k’y—Q(I)

for x € R. We have
(x — 1)*(kx — 2)?

81(k+1)2

fz/k,—2(i€) =
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(k—1)(2 = k)(x — 1)*(kx — 2)*
Ik+1)(k+2) ’

_ (z—1)?(kz —2)°f(2)
fo(z,1,1) — AfZ/k,fQ(x) = ok + D) (k +2) )

AfQ/k,72<5U> =

where
flx)=18k+ 1) (2> +k+1)— (k—1)(2—k)(z —1)*
Since
202 +k+1)— (z—1)2 = (z+ 1)+ 2k >0,
we have

f@)>9k+1D)(x—1)*—(k—1)2—Fk)(x —1)* = (k* + 6k + 11)(z — 1)* > 0.

P 3.6. Let x,y, z be real numbers, no two of which are zero. If
2y 22> 2wy Fyz + o2),

then

2? — 6yz y? — 621 2% — 6y >0
v+yz+22 2tr42? 22+ay+y: T
(Vasile C., 2012)

Solution. Write the inequality as fs(z,y,z) > 0, where

fe(x,y,2) = Z(:zc2 — 6yz)(2® + 2y + y°) (2 + 22 + 2%) > 0.
Since
o2 4 ay +y? = p* —2¢ — 22 + xy, 4 xz+ 22 =p* — 20—y + 22,

fe(x,y, z) has the same highest coefficient A as

Py(w,y,2) = ) (2% = 6yz)(=2" + zy) (= + za),
that is, according to (3.2),
A=Py(1,1,1) =0.

According to Theorem 1, we only need to show that fs(x,1,1) > 0 for 2% +2 > 2(2x + 1),
that is for
r € (—o00,0] U [4,0).

We have

fo(x,1,1) = (2 = 6)(2* + 2+ 1)* + 6(1 — 62)(2* + 2 + 1)
= (2* + 2+ Da(2® + 2° — bx — 42).
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Case 1: x < 0. We need to show that z® + 22 — 5z — 42 < 0. Indeed,
2’ + a2 —br —42 =x(x + 1) — (v 4+ 3)> — 33 < 0.

Case 2: x > 4. We need to show that z® + 22 — 52 — 42 > 0. We have
2® + 2% — bx — 42 > 527 — 5r — 42 > 152 — 42 > 0.

The equality holds for z = 0 and y = 2z (or any cyclic permutation).

P 3.7. If x,y, z be real numbers, no two of which are zero, then

8% + 3yz 8y + 3zx 822 + 3xy - 11
v4yz+22 0 224zx+?2 24ay+y: T

(Vasile C., 2012)

Solution. Write the inequality as fs(z,y,z) > 0, where
Folw,2) = 382 +3y2) (o + 2y + ) (0 + w2+ 22) — 11 [[ (2 +y2 + ).
Since
vV yz+ 22 =y — 2t +p* — 2,
fe(z,y, z) has the same highest coefficient A as

PQ(.%', Y, Z) - 11P3<33',Z/a 2)7
where
P2($7 Y, Z) = Z(sz + 3y2)(l’y - 22)('7:2 - y2)7 P3($7 Y, Z) - H(yz - 1'2).

Therefore,
A=DP(1,1,1) — 11P5(1,1,1) = 0.

According to Corollary 1, we only need to prove the original inequality for y = z = 1. Thus,

we need to show that
8% + 3 N 2(8 4 3x) S

11
3 24+x+17 7

which is equivalent to
4z* + 42® — 112% — 62+ 9 > 0,
(x — 1)*(2z + 3)* > 0.

-2
The equality holds for x = y = z, and also for Tx =y = z (or any cyclic permutation).

O
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P 3.8. If x,y, z are real numbers, no two of which are zero, then

822 — Hyz Sy? — bzx 82% — bay .-
v —yz+22 22—zwx+a? a?-azy+y: T

(Vasile C., 2012)
Solution. Write the inequality as fs(z,y, 2) > 0, where

fe(z,y,2) = Z(SxQ —5y2)(2? —wy +yH) (@ — 2z +2H) -9 l_I(y2 —yz + 2%).

From
folw,y,2) =Y (82% = byz)(p” — 20 — 2° — ay) (p” — 2¢ — y* — x2)
—9[[* - 20— 2* — y2),
it follows that fs(x,y, z) has the same highest coefficient A as
Py(z,y,z) + 9Ps(x,y, 2),

where

Py(w,y,2) = Y (82 = by2)(2" + ay)(y* + 22),  Pa(w,y,2) = [[(* +v2),
that is, according to (3.2) and (3.3),

A=Py(1,1,1)+9P5(1,1,1) =3-3-2-2+9-8 = 108.

Since

fo(z,1,1) = (82> = 5)(2* — 2+ 1)* +2(8 = bz)(2* —x + 1) — 9(2® — z + 1)
=202 — 2+ 1)(x — 1?22 + 1),

we apply Corollary 2 for

r— 142 2
Fy5(x) = fo1j2,-2(7) = A 1)72(92 +1) .

We need to show that fg(z,1,1) > Af_1/5 _o(z) for z € R. Indeed,

2(x — 1)%(22 + 1)%(192% — 11z + 19
o, L 1) = Afyjaafa) = 2D )2’§ ol 19)

The equality holds for z = y = z, and for —2x = y = z (or any cyclic permutation).

Observation. Similarly, we can prove the following generalization:
o Let x,y,z be real numbers, no two of which are zero. If —2 < k < 1, then
82 + k(4 —k)yz 8y +k(4d—k)zx 822+ k(4 —k)xy S 3(8 + 4k — k?)
Y2+ kyz + 22 2?2 + kzx + a2 22+ kxy +y? k+2 ’

—2x

k+2

with equality for x =y = z, and for =y = z (or any cyclic permutation).
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P 3.9. If x,y, z are real numbers, no two of which are zero, then

5x2 + 2yz n 5y% + 2zx n 522 + 2zy
202 4+ 3yz + 222 222+ 3zx + 222 22?2+ 3xy + 2y

(Vasile C., 2012)

Solution. Write the inequality as fs(z,y,z) > 0, where
folz,y,2) = Z(5m2 + 2y2)(22° + 3xy + 2y%) (22% + 3wz + 22%) — 3 1_[(2y2 + 3yz + 22%).
From
fo(x,y,2) = Z(5x2 +2y2) (3zy — 22* + 2p* — 4q)(3xz — 2y° + 2p* — 4q)
-3 H(3yz — 227 4 2p* — 4q),
it follows that fg(x,y, 2) has the same highest coefficient A as
Py(z,y,2) — 3Ps(z,y, 2),
where
Py(x,y,2) = 2(5332 + 2y2) (3zy — 22%)(3x2 — 2y%), Psy(x,y,2) = H(?)yz — 22%),
that is,
A=Py(1,1,1) — 3P5(1,1,1) = 21 — 3 = 18.
Since

fﬁ([L’,l,l) 2 9 9
502+ 313 = 0T +2)(227 + 32 +2) + 14(5 + 2¢) — 21(22° + 3z + 2)

= 102* + 152> — 2822 — 292 + 32
= (z — 1)*(102* + 35z + 32).

we apply Corollary 2 for

Ao~ 1w — 7P
81(2 + )2

Eys(x) = fr-2(z) =

We need to show that
fo(xz,1,1) > Af, _o(x), r € R,

which is equivalent to f(xz) > 0, where

8(z —1)*(z — )

f(z) = (22 + 3z + 2)(z — 1)*(102® + 35z + 32) — EEE

Since the original inequality is an equality for (x,y,2) = (0,1, —1), that is

f(;(o, ]_, —].) - O,
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we have f(—2) = 0 for all real v (see Proposition 1). To have f(z) > 0 in the vicinity of
x = —2, the condition f’(—2) =0 is necessary. This condition involves v = —50/37 and

f(z) = (x4 2)*(115912% + 174742 + 9743) > 0.
The equality holds for z = y = 2, and for z = 0 and y+ 2z = 0 (or any cyclic permutation).
Observation. Similarly, we can prove the following generalization:
o Let x,y,z be real numbers, no two of which are zero. If g <k <2, then

Z 2(4 — k)x® + (2 — k)(1 + 2k)y=
Y2 + kyz + 22

> 3(5 — 2k),

with equality for x =y = z, and also for t =0 and y + z = 0 (or any cyclic permutation).

[]

P 3.10. If x,y, z are real numbers, then

tryle+z) Wrdyt+z) (+a)z+y) 4

T2y 422 Ty 422402 T224a?4y? T3

(Vasile C., 2009)

Solution. Write the inequality as fs(z,y,z) > 0, where
fo(x,y,2) =4 1_[(7:162 +y2 +2%) -3 Z(az +y)(x + 2)(Ty? + 2% + 2°) (722 + 22 + 7).

Since
Ty 42 =62+ p -2, (z+y)(r+z)=2"+g¢

fe(x,y, z) has the same highest coefficient A as

1J(62%) = 3% o (6y*)(62%),
that is
A=4-6%—-9-6%=540.
Since

f6<:[;7 17 1)

Ty = A0+ 2)(0% +8) = 3w+ 1)l + 1) +8) +4(7a® +2)]

= 252" — 902* + 1212% — 722 + 16 = (z — 1)*(5x — 4)?,
we apply Corollary 2 for

(x — 1)4(bx —4)?
81-49

F,5(x) = fass,—2(v) =
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We need to show that
fﬁ(l‘a 17 1) Z Af4/57,2(._'[')
for x € R. Since
20(x — 1)*(bz — 4)?
147 ’

Afass—o(x) =

we get
(z —1)*(5z — 4)*f(x)

fo(x,1,1) — Afasso(x) = 7 ;

where
f(z) = 147(2* +8) — 20(x — 1)* > 40(z* + 8) — 20(x — 1)* = 20[(z + 1)* + 14] > 0.

Thus, the proof is completed. The equality holds for x = y = z, and also for Z = % = — (or

z
: : 5
any cyclic permutation).

O]

P 3.11. If x,y, z are real numbers, then

6x(y+2) —yz  6y(z+x)—zx 6z(x+y)—xy<§
1202 4 92 + 22 1292+ 22 + 22 1222422 +92 — 14

(Vasile C., 2009)

Solution. Write the inequality as fs(z,y,2) > 0, where fg(x,y, 2) is
33 H(l?xQ +y? +2%) — 14 Z(6J:y + 622 — y2)(12y% + 2% + 27)(1222 + 2 + ).

Since
1222 4+ y* + 2% = 112 + p* — 24, 6xy + 6z — yz = 69 — Tyz,

fe(x,y, z) has the same highest coefficient A as f(x,y, z), where

flw,y,2) =33 [(112%) =14 "(=7y2)(11y%)(1127)
=33 11%2%%2% + 98- 117 ) 42,

that is
A=233-11>+3-98-11% =33%2.73.
Since
1.1
—f6<2mjr 13) — 33(122% + 2)(2® + 13) — 14[(122 — 1)(2® + 13) + 2(52 + 6)(122° + 2)]
X

= 44(92* — 422% + 732% — 562 + 16) = 44(x — 1)*(3z — 4)?,
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we apply Corollary 2 for

(z —1)*(3z — 4)2'
2025

F,5(x) = faz,—2(x) =

We need to show that
Jo(w,1,1) > Afass_o(x)
for z € R. Since
8833(x — 1)4(33: - 4)2

Af4/3,72($) = 295 )

we get
11(z — 1)*(3x — 4)*f(x)

fﬁ(xalal) _Af4/3,—2(x) = 295 )

where
f(z) =900(x* + 13) — 803(z — 1)
> 900(z? + 13) — 810(x — 1)* = 90[(x + 9)* + 40] > 0.

Thus, the proof is completed. The equality holds for x = y = 2, and also for % = % = — (or

2
. . 3

any cyclic permutation).

O

P 3.12. If x,y, 2z are real numbers, then

rly+z)—yz  ylz+x)—2z22 z(ac+y)—xy<3
2?24+ 3y2+322  y2+3224322 224322432 T T
(Vasile C., 2009)

Solution. Write the inequality as fs(z,y,2) > 0, where fo(x,y, 2) is
3 H(Jc2 + 3y* + 32%) — 7Z(xy + 2z —yz)(y° + 327 + 32%) (2% + 327 + 3¢°).

Since
o+ 3y* + 322 = =227 + 3(p* — 20), Y+ Tz —yz =q— 2yz,

fe(z,y, z) has the same highest coefficient A as f(x,y, z), where
flw,y,2) = 3] [(=22%) = 7> _(=2y2)(=2¢°)(—22")
= —24z%y*2* 4 56 Z Y33,

that is
A= —-24+168 = 144.
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Since

fﬁ(.ﬁE, 1, 1)

el 3(z? +6) (32 +4) — 7[(2z — 1)(32% + 4) + 2(2* + 6)]

= 9" — 422° + 732% — 567 + 16 = (z — 1)*(3x — 4)?,
we apply Corollary 2 for

(z — 1)4(3z — 4)?

Fys5(x) = faz—2(x) = 5005

We need to show that
fﬁ(x7 17 1) 2 Af4/3,—2(x)

for z € R. Since
16(z — 1)*(3x — 4)?

225 ’

(z = 1)*Bz = 4)*f(x)
225 ’

Af4/3,—2($) =

we get

f6($, 1, 1) — Af4/37_2(27) =

where
f(x) = 225(32% +4) — 16(x — 1)? > 16(32* +4) — 16(x — 1)® = 16[z* + 2 + (z + 1)?] > 0.

Thus, the proof is completed. The equality holds for x = y = 2, and also for % === (or

any cyclic permutation).

P 3.13. If x,y, z are real numbers, then

Sy +y2)(r — 9w~ 2) o~ 9Py~ e - 20
(Vasile C., 2012)
Solution. Write the inequality as fg(x,y,z) > 0, where
folw,y,2) = f(z,y,2) + (z = y)*(y — 2)*(z — 2)*,
flwy,2) =2 y2(22” +y2)(x —y)(x — 2).
Since (z — y)(x — 2z) = 2® + 2yz — q, f(x,y, 2) has the same highest coefficient A; as
Pi(z,y,2) =2 Z yz(22? + yz)(2® + 2y2),

that is, according to (3.1),
A, = Pi(1,1,1) = 54.



242 Vasile Cirtoaje

Therefore, fs(z,y, z) has the highest coefficient
A=A+ (-27)=2T1.

Since
folx,1,1) = f(z,1,1) = 2(22* + 1)(z — 1)?,
we apply Corollary 2 for
4(z —1)4
FL5(x) = foo,—2(2) = a1
We need to show that
fo(@,1,1) > Afeo —o(z)

for z € R. Indeed, we get

2(x — 1)?(2z + 1)?

> 0.
3 Z

fﬁ('x’ 17 1) - Afoo,,Q(SE) =
Thus, the proof is completed. The equality holds for x = y = z, and also for y = z = 0 (or

any cyclic permutation).
]

P 3.14. If x,y, z are real numbers, then

w

d (@ =y x—y)w—2) > 1@y — 2P -2
(Vasile C., 2012)

Solution. Write the inequality as fg(z,y, z) > 0, where

3

fowsy2) = o,y 2) = 5@ = )y — 2% — o)

fla,y,z) =Y (2% —y2)’(x —y)(z — 2).
Since
(z —y)(x —2) = 2% + 2yz — ¢,

f(z,y, z) has the same highest coefficient A; as

Pi(x,y,2z) = Z(mZ —y2)* (2 + 2y2),
that is, according to (3.1),
Al - Pl(l, 1,1) = O
Therefore, fs(x,y,z) has the highest coefficient

3 81
A=A -S(-21) = .
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Since
fo(z,1,1) = (2* — 1)*(z — 1)?,

we apply Corollary 2 for

4(x — 1)z + 1)2.

Fs@) = faoale) = =2—F

We need to show that
Jo(w,1,1) > Af_q1 o(x)

for x € R, which is an identity. Thus, the proof is completed. The equality holds for

Iryz +2(x +y+2)° =T(x +y+ 2)(zy + yz + 27).

Observation. The coefficient of the product (z — y)*(y — 2)?(z — z)? is the best possible.
Setting x =0, y = 1 and z = —1 in the inequality

D (@ =y e —y)(x —2) 2 ke — )Py — 2)*(z — ),

3
we get k < 7 According to (3.12) from Remark 2, the identity holds:

1
folw,y, 2) = 7(9r = Tpg + 2p°)*,
Therefore, the original inequality is equivalent to

(9r — Tpq + 2p*)? > 0.

P 3.15. If x,y, z are real numbers, then
S (@ + 8y2)2 (0 — ) (o — 2) + 15(z — )y — 2)( — ) 2 0.
(Vasile C., 2012)
Solution. Write the inequality as fs(z,y,2) > 0, where
fo(z,y,2) = flo,y,2) + 15(x — y)*(y — 2)*(z — )%,

fla,y,2) = (0% +8y2)*(z — y)(z — 2).

Since
(z —y)(x —2) = 2%+ 2yz — q,
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f(z,y, z) has the same highest coefficient A; as

P, y,2) = (0 + 82 (s + 292),
that is, according to (3.1),
Al - Pl(l, 1, 1) =729.
Therefore, fs(z,y, z) has the highest coefficient
A= A; +15(-27) = 324.
Since
fo(z,1,1) = (2 +8)*(x — 1),

we apply Corollary 2 for
4(x — 1)
Fl5(x) = foo,—2(2) = TR
We need to show that
fG(xa 17 1) Z Afoo,—2(x)
for x € R. Indeed,
fo(r,1,1) = Afe () = (x — 1)*g(),
where
g(x) = (2> +8)* = 16(x — 1)* = (v + 2)*(2* — 4z + 12) > 0.
Thus, the proof is completed. The equality holds for + = y = 2, and also for z = 0 and
y+z2=0.

Observation. The coefficient of the product (z — y)*(y — 2)?(z — z)? is the best possible.
Setting x = 0, y = 1 and z = —1 in the inequality

D (@ +8y2)* @ —y)(x —2) + k(z =)’y — 2)* (= — 2)* 2 0,

we get k > 15.

P 3.16. Let z,y, z be real numbers. If k € R, then

7k* — 20k — 20

51 (z —y)*(y—2)*(z—x)* > 0.

D (@ +yz) (e —y)(x = 2)(x — ky) (e — k2) +

(Vasile C., 2010)
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Solution. Write the inequality as fs(z,y, z) > 0, where

7k* — 20k — 20
24

(x—y)(y —2)*(z — 2)*,

f6(x7y72) - f(wayvz) +

f(z,y,2) = Y (% +yz)(x — y)(x = 2) (& = ky)(z — k2).

Since
(z —y)(x —2) = 2%+ 2z — q,

(z — ky)(z — k2) = 2* + (k + k*)yz — kq,
f(z,y, z) has the same highest coefficient A; as

Pi(z,y,2) =Y (2 +y2)(@® + 2y2)[2” + (k + k*)yz];
that is, according to (3.1),
Ay =P(1,1,1) = 18(1 + k + k?).
Therefore, fs(z,y, z) has the highest coefficient

Th2 — 20k — 2 1(k +2)2
A=A+ 22 O(—27)=¥.

On the other hand
fo(z,1,1) = (2® + 1)(z — 1)*(x — k)*.

For k = —2, we have A = 0. Since fg(z,1,1) > 0 for any real z, the conclusion follows by
Corollary 1.
For k # —2, we apply Corollary 2 for

Az — DNz — k)?

F,s(x) = fr—o(z) = 8L(2 + k)2

We have

ol 1) — Afea(z) = (22 — 1);(35 — k)2 o

Thus, the proof is completed. The equality holds for x = y = z, and for z/k = y = z (or
any cyclic permutation) if k # 0. If k = 0, then the equality holds also for z = 0 and y = =
(or any cyclic permutation).

O

P 3.17. If x,y, z are distinct real numbers, then

Yz 2T Ty
—22 (=P (@—yp

> 0.

|

_|_
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Solution. Write the inequality as fs(z,y, z) > 0, where

| =

fﬁ(l‘,y,Z) = f(x,y, Z) + 4(‘73 - y)2(y - Z)2(Z - I>27

flz,y,z Zyzx— V2 (z — 2)%
Since
(z —y)(x—2) = 2" +2y2 — q,

f(z,y, z) has the same highest coefficient A; as

(x,y, z Zyz x° + 2yz
that is, according to (3.1),
Ay = Py(1,1,1) = 27.
Therefore, fs(z,y, z) has the highest coefficient

27 81
A=A -2 =22
YUy Ty

Since
fe(z,1,1) = (x — 1)4,

we apply Corollary 2 for
4(x — 1)
F5(x) = foo,—2(z) = —
We have
fo(w,1,1) = Afo —o(z) = 0.
Thus, the proof is completed. The inequality is an equality for all distinct real x,y, z which
satisfy

Iryz = (r+y + 2)(zvy + yz + 2x).

Observation. The coefficient of the product (z — y)?(y — 2)*(z — x)® in the inequality
fe(z,y,2) > 0 is the best possible. Thus, setting + =0, y = 1 and z = —1 in the inequality

Yo yrlr =y =2 k(e =)y — 2)° (= — 2)° 20,

1
we get k > 7 According to (3.12) from Remark 2, the identity holds:

1
~(9r — pq)*.

f6<l’,y,2) = 4

Therefore, for distinct x,y, z, the original inequality is equivalent to

(9r — pg)* > 0.
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P 3.18. Let z,y, z be distinct real numbers. If k € R, then

(z —ky)le —kz)  (y—ke)ly—ke) (-ko)e—ky) ., o K

(y — 2)? (z —x)? (x —y)? 4

(Vasile C., 2010)

Solution. Write the inequality as fs(z,y,z) > 0, where

2

fe(z,y,2) = f(z,y,2) — (2 + 2k — kz) (x—y)*(y — 2)*(z — 2)%,

flx,y,2) =Y (v =)z = 2)*(x = ky)(@ — k2).
Since
(x —y)(x —2) = 2° + 2yz — q, (x — ky)(z — k2) = 2° + (k + k*)yz — kq
f(z,y, z) has the same highest coefficient A; as
Pi(z,y,2) = Z(:c2 +2y2)?[2* + (k + k*)yz];
that is, according to (3.1),
Ay =P(1,1,1) =27(1 + k + k?).
Therefore, fs(x,y,z) has the highest coefficient

A=A —(-27) <2+2k:—k—2> =

81(k +2)?
1 —_

4

In addition,
fo(z,1,1) = (z — D)z — k)* > 0.

For k = —2, we have A = 0. Since fs(z,1,1) > 0 for any real z, the conclusion follows
(by Corollary 1).
For k # —2, we apply Corollary 2 for
4(z — D} x — k)?
81(2 + k)2

Fys(x) = fra() =

Since
fG(xa 17 1) - Afk,—Q(m) = 07

the proof is completed. The equality occurs for all distinct real x,y, z which satisfy

(9% +18)ayz +2(x +y+2)> = (K +8)(z +y + 2)(wy + yz + 22).
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Observation 1. For distinct x,y, z, the original inequality is equivalent to
[(9F + 18)r — (k + 8)pg + 2p°]* > 0.
Observation 2. For k — oo, we get the inequality in P 3.17. For k =0, k=1 and k = —1,
we get respectively the inequalities:
72 y? 2
2 T 2 T 2 = %
(y—2? (z-2)?* (z-y
e—ylle—2) W-2)y—2) [(¢-2)(z—y)
(y —=2)? (z =) (x —y)?
etyllets) Wyt (+a)z+y)
(y — 2)? (z =) (z —y)?

>

9

= &

0.

+

v

1
4

P 3.19. If x,y, z are real numbers, then

SO 4 2p2) (0 — ) — ) o — )y — 2z~ 2)’ 2 0.
2

(Vasile C., 2012)

Solution. Let
floy,2) = (2% +2y2) (2" — ) (@” — 2°)
and
1 2 2 2
Since
(@—ylle—2)=2"+2y2—q, (z+y)(z+z)=2"+q
f(z,y, z) has the same highest coefficient A; as

Pi(,y,2) = 3 (0% + 292)%2,
that is, according to (3.1),
Ay =Pi(1,1,1) = 3(1 +2)* = 27.
Therefore fs(z,y, z) has the highest coefficient

A= -T2
2 2

Since
fo(z,1,1) = (2 +2)(2* — 1),
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we apply Corollary 2 for

4z — 1)z + 1)?
81 ’

Fys(x) = f1.-2(z) =

Since (1 2
e — T+
f6<x7171) _Af71,72($) = 3 2 07
the proof is completed. The equality holds for z = y = z, for —z = y = z (or any cyclic
permutation), and also for x = 0 and y + z = 0 (or any cyclic permutation).

Observation. Similarly, we can prove the following generalization:

o Let x,y,z be real numbers. If k € R, then
S (0 + 2y2)(@ - y)(@ — 2)(x — ky)(z — k) >

/{Z2
> (14+0- 8 @ vp- 26 -ap 20
with equality for x = y = z, for x/k =y = z (or any cyclic permutation) if k # 0, and for
x=0and y+ z =0 (or any cyclic permutation). If k = 0, then the equality holds also for
x =0 and y = z (or any cyclic permutation).

We have
fo(z,1,1) = (2* +2)(z — 1)*(x — k),
e 27(k;2+ 2)2’
(z = 1)*(x = k)*(z +2)

fo(@, 1,1) — Afy o(z) = > 0.

3

P 3.20. Let xz,y, z be real numbers. If k € R, then

3(k+2)*(z —y)°(y — 2)*( — 2)?
a2 +y2+ 22 —zy—yz —zx)

Y (@ —y)(e—2) (e —ky)(z —kz) >

(Vasile C., 2012)
Solution. Write the inequality as fs(z,y,z) > 0, where
folw,y,2) =4(2” +¢° + 2° —ay —yz — 22) Y _(z —y)(z — 2)(z — ky)(x — k)
= 3(k+2)"(x —y)*(y — 2)*(= — 2)*.

Since
x2+y2~|—22—:ﬂy—yz—zx:p2—3q,
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fe(z,y, z) has the highest coefficient
A =81(k+2)%
On the other hand,
fo(z,1,1) = 4(x — 1)*(z — k)*.

For k = —2, we have A = 0. Since fg(z,1,1) > 0 for any real z, the conclusion follows by
Corollary 1.
For k # —2, we apply Corollary 2 for

Az — 1)z — k)2
81(k + 2)2

F%(;(x) = fk,—2(x) =
We need to show that
fﬁ(xalal) ZAfk,—2(x)a .TGR,

which is an identity.

The equality holds for all real z,y, z which satisfy
Ik +2ayz+2(x+y+2)°=k+8)(z+y+2)(vy +yz+ 22)
and are not all equal.

Observation 1. The coefficient of the product (x —y)?(y — 2)*(z — z)? is the best possible.
Setting x =0, y = 1 and z = —1 in the inequality

(z —y)*(y — 2)*(z — 2)°
2+ 422 —wy—yz—za

Z(x —y)(z —2)(x — ky)(x — kz) > ay

3(k +2)? : U
we get ay, < - According to (3.12) from Remark 2, the identity holds:

fo(w,y.2) = [9(k +2)r — (k + 8)pg + 20°] "
Therefore, if x,y, z are not all equal, then the original inequality is equivalent to

[9(k + 2)r — (k + 8)pq + 2p°]° > 0.

Observation 2. For k = —2, the original inequality has the form
S (e — y)(@ — 2)( + 2w +22) > 0,
which is equivalent to
(x+y+2)2 (@ +y*+ 22— a2y —yz—z2x) > 0.

The equality holds for z = y = z, and also for x +y + 2z = 0.
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Observation 3. Since
1 S 2
24 y?+ 22—y —yz—zx 322+ y? +22)

with equality for = + y + 2z = 0, the following weaker inequality holds

(k+2°%(x —y)*(y — 2)*(z — 2)?
2(x? +y? + 22)

> (@ —y)(z—2) (e —ky)(z —kz) >

?

with equality for x = y = 2, for z/k = y = z (or any cyclic permutation) if & # 0, and for
x=0and y+ z =0 (or any cyclic permutation). If £ = 0, then the equality holds also for
x =0 and y = z (or any cyclic permutation).

Observation 4. Adding the inequality from Observation 3 written in the form

(k + 2)?

Y (@)@ —y) e - 2) (@ — ky)(z —kz) —

and the identity

=9y —2)*(z —2)°

D yz =y =)@ —y)(x - 2)(x — ky)(e — k2)+
+(EP+Ek+1D)(x—y)*(y—2)*(z—2)* =0,
we get the inequality in Observation from the preceding P 3.19.
Observation 5. Substituting £ — 1 for k£ in P 3.20, and using then the identity

Y@=y -2 —(k-yllr— (k-1)z] =Y (v —y)(& - 2)(z — ky + 2)(z — kz + ),
we get the following statement:
o Let x,y,z be real numbers. If k € R, then

3(k+1)(x —y)*(y — 2)*(z — 2)?
A2+ y?+ 22 —wy —yz—zx)

d@—yw—2)(z—ky+2)(x—kz+y) >
with equality for all real x,y, z which satisfy

Ik +Dayz+2x+y+2)°>=k+7)(z+y+2)(zy +yz + 22)

and are not all equal.

P 3.21. Let x,y, z be real numbers such that xy +yz + zx > 0. If k € R, then

2

S 4y — ) - 2o~ ke~ k2) > (14 k=) @yl - 2P )2
4

(Vasile C., 2012)
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Solution. Let
fla,y.z) =) (2" +y2)(x - y)(x — 2)(x — ky)(z — k)

and
2

fo(z,y,2) = f(z,y,2) — (1 +k— %) (x —1y)*(y — 2)*(z — 2)*.
Since
(z—1y)(x—2) =2* +2yz — q, (x — ky)(x — k2) = 2 + k(1 + k)yz — kq
f(z,y, z) has the same highest coefficient A; as
Pi(x,y,2) = Z(m2 +y2) (2 + 2y2)[2? + k(1 + k)yz],
that is, according to (3.1),
Ar=P (1L, 1,1) =31+1)1+2)(1+k+ k) =181 + k + k?).

Therefore, fs(x,y,2) has the highest coefficient

4

For k = —2, we only need to show that fg(x,1,1) > 0 for 2 + 1 > 0 (see Theorem 1).
Indeed,

A=18(1+k+ k%) — (—27) (1+k—k—2) :MkTJFZ)?.

fo(z,1,1) = (2® + 1) (2 — 1)*(x +2)* > 0.
Consider next k # —2. Since A > 0 and
fo(z,1,1) = (2® + 1) (2 — 1)*(x — k),
we will apply Corollary 2 for

4(z — DY o — k)?

F,w;(l') = fk,fQ(x) = 81(2 + ]{Z)2

Thus, according to Remark 5, we need to show that
fG(xv ]-a ]-) - Afk,—Q(:L‘) Z 0
for 2x + 1 > 0. Indeed, we have

folz,1,1) — Afpo(z) = (2® + 1)(z — 1)*(z — k) — 5(z — 1)9(95 — k)

2(x — 1)*(x — k)*(x + 2)(2z + 1) -0
9 >

The equality holds for x = y = z, and for x/k = y = z (or any cyclic permutation) if

k # 0 and 2k +1 > 0. If £ = 0, then the equality holds also for x = 0 and y = z (or any
cyclic permutation).

0
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P 3.22. If x,y, z are real numbers, then

D (@ +2y2)*(z — y)(ax — 2) > 0.
(Vasile C., 2012)

Solution. Let
folw,y,2) = (@ 4 2y2)° (v — y)(x — 2).

Since (z — y)(z — z) = 2% + 2yz — q, fs(x,y, 2) has the same highest coefficient as

Pi(zy,2) = ) (2" +2y2)°,
that is, according to (3.1),
A=Pi(1,1,1) = 8L

Since
fo(z,1,1) = (2® +2)*(x — 1),

we apply Corollary 2. There are two methods to do this.
First method. By selecting

Az — Dz —)°

F7,5(x) = f’Y,*Q(x) = 81(’7 + 2>2 )

we need to show that there exists a real v such that

f@(ﬁ, ]_, 1) Z Af%_g(l')

for all real . We have
4z — 1)z —9)*

Afy—a(x) = (v +2)2 '
_ = @ = D2i(@)gs(w)
fo(x,1,1) — Af, _o(x) (v +2)2 5

where

gi(z) = (v +2)(2* + 2) = 2(z — 1)(z — )
= (x4 2)(yx + 2),

ga2(x) = (v +2)(2* +2) +2(x — 1) (2 — )
= (y+4)2* —2(y+ Dz +4(y+1).

Choosing v = 1, we get
g1(z) = (x +2)* >0,

ga(x) =52 —4r+8= 22 — 1) +2°+7> 0.
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The equality holds for z = y = 2, and for + = 0 and y + z = 0 (or any cyclic permutation).

Second method. Since
fo(z,1,1) = (2* +2)*(x — 1)
and
fG(Ov Y, Z) = 4y3Z3 + (y - Z)(y5 - Z5)7 f6(07 17 _1) =—4 + 4= 07
we select
F.s=0q1s
with 0 given by (3.16). We have

folz,1,1) = (z = 1)%g(z),  g(z) = (2* +2)%,

g'(x) =4x(z* +2),  g'(-2)=—48,

s (v+2)?%'(-2) -1
= + S
3(v + 2) 124 3

According to Remark 4, we need to show that

9(x) = Agis(x),

where

Gro(x) = %(x 1y [‘%8 +6(x + 2)1 2

We have

o) = Ags(z) = (& + 27 = 5 — 1"

1
= 5(93 +2)*(52% — 4z + 8) > 0.

P 3.23. If x,y, z are real numbers, then

S e+ y2) (o — e - 2) = (= )y — 2 - )
(Vasile C., 2012)

Solution. Let
fla,y,2) =Y a*(2® +y2) (@ — y)(z — 2)
and
fol@,9,2) = [(0,9,2) — (& — )%y — 2)*(z — 2)°.
Since
(z —y)(z —2) = 2" +2yz — ¢,
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f(z,y, z) has the same highest coefficient A; as

Py(z,y,2) = Y a*(a® + y2)(@® + 2y2),
that is, according to (3.1),
A =P (1,1,1) =3(1+1)(1+2) =18.
Therefore, fs(x,y,2) has the highest coefficient
A =18 — (—27) = 45.

Since
fo(z,1,1) = x2($2 + 1) (z — 1)2,

20 1\4
foale) = T

ﬁ@JJ>—Ah,mwzx%ﬁ+4xx—m2—ii%§iL
_ 202 (x — 1)%(x +2)(22 + 1)
9 )

we will apply Theorem 2 for

5 — 00, Eoz,ﬁ = fO,—2a F’y,& = f'y,—2-

Notice that & — oo involves

- (3e). mes (3]

The condition (a), namely fs(z,1,1) > Afy_o(z) for z € I, is satisfied.
To prove the condition (b), we see that —2 € R\ I and
fﬁ(oa Y, Z) = (y - Z)2<y4 + y32 + yz?’ + Z4)7 f6(07 17 _1) =0.

According to Proposition 1, the difference fs(x,1,1) — Af, _2(z) is zero for x = —2. There-
fore, we will use the Cauchy-Schwarz inequality

[(=2)7 +1](2* + 1) = (-22 + 1),
which is equivalent to (z + 2)% > 0, to get
fe(z,1,1) > F(x),
where the polynomial F'(z) is a perfect square:

Flz) = %x2(2x 1)z — 12
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Thus, the condition (b) in Theorem 2 is satisfied if
F(z) = Afy, ()
for x < —1/2. We have
Az — 1) e —7)?
81(2+7)2
2 200z — 1)}z —9)°
9(2+7)2

fr—2(z) =

Fle) = Af, a(z) = %12(236 12 —1)

_ (z—1)%g1(2)ga()

B2+
where
g1(2) =32+ )2z — 1) — 10(z — 1) (2 — ) = (z + 2)[y(6z — 5) + 2z],
go(2) = 3(2+ 7)z(2z — 1) + 10(z — 1) (2 — 7).
Choosing
4

LT
g1(x) is a perfect square,

10(z 4 2)?

gi(z) = % >0,

and
10(352% — 220 — 4 10(—8z — 4 —40(2x +1

17 17 17

The equality holds for x = y = z, for x = 0 and y = z (or any cyclic permutation), and
for z =0 and y + z = 0 (or any cyclic permutation).

g2() =

Observation 1. Similarly, applying Theorem 2 for

13k — 4
k417"

5 — 00, Ea,ﬁ - fk,—Q; F%(; = f%—Qa v =

we can prove the following generalization:
-7
o Let x,y,z be real numbers. If T < k<1, then

2

S+ p)e — e = ) = ke = k) = (1 k=) (o= 2 - 22 - o)

with equality for x =y = z, for x/k =y = z (or any cyclic permutation) if k # 0, and for
x=0and y+ 2z =0 (or any cyclic permutation). If k = 0, then the equality holds also for
x =0 and y =z (or any cyclic permutation).
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We have
folz,y,2) = (2% +y2) (@ — y)(x — 2)(x — ky) (2 — k2)
- (1 +k— %) (=)' (y—2)*(z —2)",

2
PEECIUES)

5(x — D)} x — k)?
9 ;
2@ =1z — k)P (z+2)(2x +1)

Afy,2(x) =

F(x) = %(290 — 1)}z —1)*(z — k)%,
da — DAk +17)2 — 13k + 4)?
fra(x) = 81-225(k + 2)? ’
Afy —o(x) = o= Uk +i07;$ e 7
F(x) — Af, ofa) = =000,

gi(z) = (L= k)(z+2)* >0,
g2(z) = (k + 35)2* — 2(16k + 11)z + 2(11k — 2),

92(z) > g2 (_71) :w >0

Observation 2. By leaving out the inequality

2?4+ 1> -2z —1)%

O] =

we can prove the inequality from Observation 1 for the extended range
-8
1o Sh< 9v/5 — 17 = 3.1246.

We have

fole, 11) = Af, o) = =20,
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g1(z) = 405(z* + 1)(2* — 2kz + k*) — (x — 1)?[(k + 17)z — 13k + 4)?
= (z+2)°g2(2),
go(z) = (116 — 34k — k*)2? — 2(11 + 86k — 16k*)x + 59k* + 26k — 4,
116 — 34k — k* > 0,

92(7) > g2 (_—1> _ 9k +2)(19k +8)

5 1 > 0.

Observation 3. Actually, the inequality from Observation 1 holds for k € [—2,28].

P 3.24. Let x,y, z be real numbers. If 0 <k <27, then

2

S ) = )o = Ao~ ko~ k2) = (14 k= 7 ) (0= 0y - e - o)

(Vasile C., 2014)

Solution. Write the inequality as fg(x,y, z) > 0. As shown in the proof of P 3.21, fs(z, v, 2
has the highest coefficient

45(k + 2)?
A= —
Since
flo,1,1) = (2% + D)z — 1)*(z — k)%,
A=)z —k)?
fi2lt) = =55 gy
and

5(x — 1)z — k)?
9

fo(x,1,1) — Afy _o(z) = (22 + Dz — 1Dz —k)* —

20 — 1)*(x — k)*(z +2)(2z + 1)
9 ;

we will apply Theorem 2 for
5 — 00, Ecx,,B - fk,—27 F’y,é - h7,5'

Notice that & — oo involves
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The condition (a) in Theorem 2, namely fg(x,1,1) — Afy_2(x) > 0 for z > —1/2, is
satisfied.
To prove the condition (b), namely fs(z,1,1) > Ah,s(z) for z < —1/2, we see that

-1
-2 € (—00,7] and

2

f6(0,y,2) = K*y*2° + (y — 2) [(y5 —2°) — kyz(y® — zg)} — <1 +k— Z) v 22 (y — 2)?,

f6(0,1,=1) = —k*> +2(2 + 2k) — (4 + 4k — k*) = 0.
Therefore, according to Remark 4, we select v given by (3.19),

1K)
T3 04
where
hz) = fo(z,1,1) = (® + 1)(z — 1)*(z — k)*.
We have

B (z) =22(x — 1)%(x — k)* + 2(2® + 1) (2 — 1)(z — k)? +2(z* + 1)(z — 1)*(z — k),

W(=2) = —6(k + 2)(11k + 37),

1 W(=2) —Tk—44
gt

”)/:

37 124 45(k+2)
Tk + 44 2
h =|r— —— 2)(2z + 1) + §(z + 2)*
Lo(T) = |z B 12) (x+2)2x+1)+d(x+2)
Write the inequality fs(z,1,1) > Ah,s(x) in the form
flz) >0,
where 450k e
5(k+2
f(@) = (@ + (@ = 1)@ = k)* = ———Dys(2)
We choose
5= 2
9k +2)
to have f(—1/2) = 0. Next, we get
Tk + 44 2 2
h. =z - ——= 2)2z+1) + —— 2)3
W) =7 g AU g t2)

453 — (Th + 14)22 4+ 5(k — 1)z — Tk — 4)2
2025(k + 2)2
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and

45f(x) = 45(2* + 1) (z — D) (z — k)* — [52° — (Tk + 14)2* + 5(k — 1)z — Tk — 4]?
= (22 +1)(z +2)*f1(),
where
fi(z) = 102® — 10(k + 2)a* — 2(k* — 6k — 1)z — k* — 14k — 4.
We need to show that fi(z) <0 for z < —1/2. Since 102% < —5z?, we have
fi(z) < —=52? —10(k + 2)2* — 2(k* — 6k — 1)z — k* — 14k — 4
= —5(2k + 5)z% — 2(k* — 6k — 1)z — k* — 14k — 4.

So, we need to show that fo(z) > 0, where
fo(z) = 5(2k + 5)z% + 2(k* — 6k — 1)z + k* + 14k + 4.
We have

10k + 25

k2 —6k—1\"  fs(k)
) 512k +5)’

fo(z) = 5(2k +5) (x +
where

f3(k) =99 + 378k + 131k* + 22k* — k*
> 108k + 131k% + 22k% — k*
= k(27 — k)(4 + 5k + k%) > 0.
Thus, the proof is completed.

The equality holds for z = y = z, for /k = y = 2z (or any cyclic permutation) if & # 0,
and for x = 0 and y + z = 0 (or any cyclic permutation). If £ = 0, then the equality holds
also for x = 0 and y = z (or any cyclic permutation).

O

P 3.25. If x,y, z are real numbers, then
S (2 4 ) — y)(@ — 2)(x — 28y)( — 282) + 167(x — y)*(y — 2)2(z — 2)? > 0,

(Vasile C., 2014)

Solution. This is the inequality of the preceding P 3.24 for k = 28. Having in view the
proof of P 3.24, we only need to show that there exists a real § such that f(z) > 0 for
x < —1/2, where

F@) = @+ D - 1 - 2 = DEE (o)

= (2 + 1)(z — 1)*(z — 28)® — 10125, (),
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Tk —44 -8

TS Bk+2) 45

hos(@) = [2+ 9z +2)(20 + 1) + 6(z +2)°]

= x—% (z+2)(2z+1) +6(x +2)°

Actually, there is a unique 0 such that f(x) > 0 for all x < —1/2, namely

17
0= 2250°

For this value of §, we have

(z + 2)4(21122 — 69562 — 3056)

() = — ,

where

21122 — 69562 — 3056 > —69562 — 3056 > 0.

The equality holds for z = y = z, for /28 = y = z (or any cyclic permutation), and for
x=0and y+ z =0 (or any cyclic permutation).

Observation 1. Similarly, using

—Tk — 44
T Bk
and
17
T Tk +2)
therefore
2
hys(x) = |z — % (x+2)2x+1)+ #12) (x + 2)3] :

we can prove the following statement:
o Let z,y,z be real numbers. If —97/200 < k < 28, then

2

> (@ +y2)(z—y)(x —2)(w — ky)(z — k2) > (1 +k - kz) (z —y)*(y — 2)*(z — 2)°,

with equality for x =y = z, for x/k =y = z (or any cyclic permutation) if k # 0, and for
x=0andy+ z =0 (or any cyclic permutation). If k = 0, then the equality holds also for
x =0 and y =z (or any cyclic permutation).

0



262 Vasile Cirtoaje

P 3.26. If x,y, z are real numbers, then

SO 4 )@ — ) = ) = )y — 2P e -2 20
(Vasile C., 2014)
Solution. Let
fla,y,2) = (2% +y2)(a® = y*)(a” = 2°)

and

1

fo(x,y,2) = f(w,y,2) + (@ =y)*(y = 2)*(z — )",

Since
(z —y)(x —2) = 2% + 2z — g, (z+y)(z+2)=2"+q,

f(z,y, z) has the same highest coefficient A; as

ey, 2) = (22 + y2) (@ + 2y2)a?,
that is, according to (3.1),

Therefore, fs(z,y, z) has the highest coefficient

1 45
A=18+ —(=27) = —.
8+4( 7) 1

Since
fo(z,1,1) = (2® + 1)(2* — 1),
4(z — )z +1)?
81 ’

foaa(z) =

, B — 1)z + 1)
B 9

folw,1,1) — Af 1 _o(2) = (2® + 1)(2* = 1)

222 = 1)*(x +2)(2z + 1)
9 Y

we will apply Theorem 2 for
§—00, FEap=[f1-2  Fs=g1s

Notice that & — oo involves
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The condition (a) in Theorem 2, namely fg(x,1,1) — Af_; o(x) > 0 for x > —1/2, is
satisfied.
To prove the condition (b), namely fs(x,1,1) > Ag_qs(x) for x < —1/2, we see that

-1
—2€ (—oo, 7] and

Ly

f6(0,y,2) = y*2° + (v* — 2°)(y* — 2*) + Y 2y — z)%,

£6(0,1,-1) = —1+0+1=0.

According to Proposition 1, the difference fs(z,1,1)—Ag_; s(x) is zero for = —2. Therefore,
we will use the inequality

2?4+ 1> -2z —1)%

O] =

which is an equality for x = —2, to get

fe(z,1,1) > F(x),
where the polynomial F(z) is a perfect square:

Flz) = %(2:5 C 12— 1)

Thus, the condition (b) in Theorem 2 is satisfied if

F(z) = Ag-14(x)
for x < —1/2. We have

g-16(x) = (x +1)*[z* + 5z + 8 4 d(z + 2)(z + 5)]?,

F(z) = Ag-14(z) = (2 + 1)*g(2),

where
O 1);@ -1 %[aﬂ b 5248+ 0(z +2)( 4 5)
_ 91(z)ga(x)
20
gi(z) =222 —1)(z — 1) — 15[2° + 52 + 8 + 6(x + 2)(z + 5)]
= —(x +2)[(150 + 11)z + 756 + 59,
g2(z) = 222 — 1)(z — 1) + 15[ + 52 + 8 + d(x + 2)(z + 5)].
Choosing

—-37

f —
45
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g1(x) is a perfect square,

4(x + 2)2
qi(z) = —( ) >0,
3
and A(50? — 132 — 1)
xr- — xr —
92(35) = 3 > 0.

The equality holds for z = y = z, for —z = y = z (or any cyclic permutation), and for
x=0and y+ z =0 (or any cyclic permutation).
Observation 1. Similarly, applying Theorem 2 for
—Tk —44
— Eog= fr_o, s = qgrs, b= ———,
5 OO? ,ﬁ fk‘, 2 'y,(s gk,(S 45(k—|—2)

we can prove the following generalization:
-5
o Let x,y,z be real numbers. If =3 < k<1, then

2

S ) ) - o~ k)~ k) 2 (14 k=) (0= 0P - 9% - 0,

with equality for x = y = z, for x/k =y = z (or any cyclic permutation) if k # 0, and for
x=0and y+ 2z =0 (or any cyclic permutation). If k = 0, then the equality holds also for
x =0 andy =z (or any cyclic permutation).

We have
fe(z,y,2) = Z(:c2 +yz)(z —y)(xr — 2)(x — ky)(z — k=2)
(1B - wre- 2o
45(k + 2)?
A=
~1 ~1
I= (—,oo), R\I= (—0077] ;
flz,1,1) = (* + 1)(z — 1)?(z — k)?,
fe o) = 4(:68—1(12) —ixk)—Q k) | Afy o) = 5(x — 1)9(:c — k) 7
Folo 1 1) = Afy a(x) = 2(x — 1)*(z — /{;)92(x +2)(2z + 1)’

F(r) = (20 = 1/ — 1(z — k)"
,[kz2 + k(k+6)x —8 &z +2)2kz+z+k—4)]

gkﬁ(x) = (:L’ - k) (k: T 2)3 + (k + 2)2 )
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(z — k)*g*(x)
180(k + 2)*
g(x) = 45kax* 4 45k (k + 6)x — 360 — (Tk + 44)(z + 2)(2kz + x + k — 4)
= —2(k + 2)[(Tk + 11)2? — (5k + 22)x + Tk + 2],
(x — k)*[(Tk + 11)2% — (5k + 22)x + Tk + 2J?
45(k + 2)? ’
(z — k)*91(7)ga()
45(k +2)2
gi(z) = (1= k)(z+2)* 20,
g2(z) = (13k + 23)2® — 2(Tk + 20)z + 10k + 8,
—1> 27(3k + 5)

> — )| =222 T 5.
gz(fv)_g2<2 1 >

Agk,a(ﬂc) =

Agk,é(ﬂﬁ) =

F(z) — Agrs(r) =

Observation 2. By leaving out the simplifying inequality
1
22 +1> g(21- —1)?

we can prove the inequality from Observation 1 for the extended range

—17 < 13+ng ~ 8.281.

10 — —

We have
(z — k)?g1 ()

f6(xv 17 1) - Agk,’Y(x) = 45(]{7 + 2)2 ’

g1(w) = 45(k +2)*(2® + 1)(z — 1)* — [(Tk + 11)2* — (5k + 22)x + Tk + 2]?
= (x4 2)%gy(x),

g2(z) = (59 + 26k — 4k*)x* — 2(8 + k)(7 + 2k)x + 44 + 38k — k2,
59 + 26k — 4k* > 0,

-1 27(10k + 17
92(x) > 92 (7) = % >0

-3
P 3.27. Let x,y, z be real numbers. If —2 <k < TR then

2

S+ e)o = )o - Ao~ ko~ k) 2 (14 k=) (0= 0P - 9% - o,

(Vasile C., 2014)
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Solution. Let
folw,y,2) =) (2% +yz) (@ — y)(x — 2)(z — ky)(z — k2)
- (1+r- ) - 2pe -
As shown in the proof of P 3.21, fs(x,y, z) has the highest coefficient

45(k + 2)?
—

A p—
In addition,
f6(x7 17 1) = (.’13‘2 =+ 1)(‘]7 - 1)2(1’ - k)2

For k = —2, we have A = 0. Since fg(x,1,1) > 0 for all real x, the conclusion follows from
Corollary 1. Consider further that

-3
—2<k< —
<K= 5
and apply Theorem 2 for
—Tk — 44
EOé = ) = TE/L 1 o F = 00
B = 9kp Bkt 2) e = T,
4 2)?
and n = 2k + 2 € (—2, —1], which involves ¢ = Elkkr——:—; and
2 —2k 2 — 2k
I[=(——-,2k+2 R\I[=(—-00,— 2k 42 :
(5+4k’ " ) \ ( OO’5+4/<;}U[ +2,00)
Condition (a). We need to show that
—T7k —44
1L1)> A = —

for x € II. Since )
flz,1,1) > F(x) = E(Zx — 1)}z — 1)*(z — k)2,

it suffices to show that
F(x) = Agp,s(z).
As shown at Observation 1 of the preceding P 3.26, we have

(z — k)*g1(2)g2(x)
5(k+2)32

F(x) — Agrp(x) =

gi(x) = (1 —k)(z+2)* >0,
go(z) = (13k + 23)2* — 2(Tk + 20)z + 10k + 8.
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We claim that
92(x) > g2(2k +2) > 0.

Since

G2() — 922k +2) = (v — 2k — 2)g3(x),  g3(z) = (13k + 23)x + 26k* + 58k + 6,
we need to show that gs(z) < 0. Since

g3(x) = 13(k + 2)(2k + 3) + ga(x) < gu(z), ga(z) = (13k + 23)x — 3(11k + 24),
it suffices to show that g4(x) < 0. Because

—x —3(11k +24)x
=3(11k +24) <
2k + 2 31k +24) < 2k + 2 ’

-1<

we get
3(11k + 24)x B 13(k+2)(2k — 1)z <0

2k +2 2(k +1) -

ga(x) < (13k +23)x —

Also, we have
92(2k +2) = 2(k + 2)(26k + 32k + 5),

26k> 4+ 32k +5 = 13k(2k + 3) + 7(=k) + 5 > 0,

therefore ¢go(2k 4+ 2) > 0.
Condition (b). We need to show that

f(.’L’, 17 1) > Afk,OO(Q:)

for 5 o

Since
F@1,1) > F(z) = %@; )i — k),

it suffices to show that
F(x) > Afgoo(),

where

4(z — D)} x — k)?
9(1 + 2k)?(x + 2)%

froo(T) =

We have
(z = D'z = k)*q1(2)
2(1 4 2k)2(x +2)2 7

gi(z) = (1+2k)*(z +2)* — 10(k + 2)*.
It suffices to show that gs(x) > 0, where

F(x) — Afoo(z) =

g2(z) = (14 2k)*(z +2)* — 16(k + 2)2.
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2 — 2k
1. < ——— . Si
Case 1: z < 5k Since

5 9k 6(k + 2)
5 < 9— 0
Tres s T Tt T e =Y

the inequality go(x) > 0 holds if

(1+2k)(z+2) > 4(k+2).

Indeed,
2
(1+2k)(z+2) —4(k +2) > (1 + 2k) %—4@%2)
2k +2)(2k+7)
- 51 4k > 0.

Case 2: ©x > 2k + 2. Since
x+2>2k+2)>0,

the inequality go(x) > 0 holds if
—(1+2k)(x+2) > 4(k + 2).
Indeed,

—(1+2k)(x+2) —4(k +2) > —2(1 + 2k)(k + 2) — 4(k +2)
=—-2(k+2)(2k+3)>0.

The equality holds for x = y = z, for 2/k = y = 2z (or any cyclic permutation) if k # 0,
and for x = 0 and y + z = 0 (or any cyclic permutation). If k = 0, then the equality holds
also for z = 0 and y = z (or any cyclic permutation).

Observation 1. From P 3.23-3.27 and the observations attached to them, the following
generalization follows:

o Let x,y,z be real numbers. If —2 < k < 28, then

2

S+ )~ e = 2 = ke k) > (1 k=) (o= - 2 - )

with equality for x =y = z, for x/k =y = z (or any cyclic permutation) if k # 0, and for
x=0andy+ z =0 (or any cyclic permutation). If k =0, then the equality holds also for
x =0 and y = z (or any cyclic permutation).

Note that the coefficient of the product (z—1y)?(y —2)?(z —x)? is the best possible. Setting
r=k, y=1+tand z =1 —t, the inequality

Y@+ yz) (e —y)(x = 2)(@ — ky) (e — k2) = iz —y)*(y — 2)*(z — @)
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turns into

Ak, 5)t° + B(k, 03 )t* + C(k, 03 )t* > 0,

where

Ak, 8;) = —40; + 4 + 4k — K*.
From the necessary condition A(k, ;) > 0, we get

k2

Observation 2. Substituting k£ — 1 for k£, and using then the identity
D (@ +y2) (e —y)(z—2)e— (k= yllr — (k—1)z] =

= (@ +y2) @ —y)(x —2) (@ — ky+ 2)(x — kz +y) + 2k(z —y)*(y — 2)°(z — 2)%,
the statement from Observation 1 becomes as follows:

o Let x,y,z be real numbers. If —1 < k <29, then

Z(ﬁ—i—yz)(w—y)(m—z)(m- ky + 2)(x — kz +y) + (k+ 1)

(x—y)Py—2)>*(z—x)* >0,

with equality for x =y = z, for x/(k — 1) =y = z (or any cyclic permutation) if k # 1, and
forx =0 and y+ z =0 (or any cyclic permutation). If k = 1, then the equality holds also
forx =0 and y = z (or any cyclic permutation).

]

P 3.28. Let z,y, z be real numbers. If =5 < k < —2 and

5 _ K8k — K — 20k — 20
ke Ak —1)2 ’

then
> (@ +yz) (@ —y)(x — 2) (@ — ky)(x — k2) + 0k(z — y)*(y — 2)*(z — 2)* > 0.

(Vasile C., 2013)

Solution. Denote
Fwg,2) = Y@ + y2)(a — ) — =)@ — ky)(o — k)
and write the inequality as fs(z,y,2) > 0, where

fo(z,y,2) = fla,y,2) + 6r(x — y)*(y — 2)*(z — )2



270 Vasile Cirtoaje

As shown at P 3.21, f(z,vy, z) has the highest coefficient A; = 18(k? + k + 1). As a conse-
quence, fg(z,y, z) has the highest coefficient

9(k + 2)2(5k2 — 4k + 17)

In addition,
fﬁ(xv 1, ]-) = (12 + 1)(ZE - 1>2(‘7; - k)2

For k = —2, we have A = 0. Since fs(z,1,1) > 0 for any real z, the conclusion follows
from Corollary 1.

Consider further that —5 < k < —2. Since

4z — D)o —k)?
81(k +2)2

fk,fQ(x) =

and

(x —1)2*(z — k)*[(k —4)x + 2k + 1)][(2k + 1)z + k — 4]

fﬁ('xa 17 1) - Afk,fg(ilf) =

9(k —1)? ’
22
we apply Theorem 2 for n = k, which involves £ = %,
4—k 4—k
I=1k R\I=(—o0,k
(kgpey ) BAI= (kU555 00)

and for
Eopg = fr-2, E.s = froo-

The condition (a), namely fs(z,1,1) > Afy _o(x) for x € L, is satisfied since

4—k _3(k—1)(k+5)
R =

(k—4)zx+2k+1)>(k—4)- >0,

2k+1 -

2k +1
The condition (b) is satisfied if fg(x,1,1) > Afy oo(z) for z € R\ I, where

Qk+Daz+k—4> (2k+1)- +k—4=0.

Az — 1w — k)?

Troel) = ok T 12 1 27
We have ( 1)2( k)zf( )
Jolw. 1. 1) = Afeoel®) = TR T 1 + 27
where

flx) = (k= 1)(2k + 1)*(2® + 1)(x + 2)> — (k + 2)*(5k* — 4k + 17)(z — 1)*.
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Thus, we need to show that f(z) > 0 for

4—k

T € (—OO,]C] U |:2]€—_|_1,OO

) , -5 <k< -2
The inequality f(z) > 0 is equivalent to
4—k
<
M) < h <2k+ 1) !

(z—1)?
(@ + 1)(w + 2)2

where
h(x) =

From
—2(z —1)(x = 3)(z* +x + 1)

RSV RS
it follows that A is increasing on (—oo, —2) U [1, 3] and decreasing on (—2, 1] U [3, 00).
Case 1: x < k. Since h is increasing on [—5, —2) and k € [—5, —2), we have h(z) < h(k).

Thus, it suffices to show that
4—k
h(k)<h .
(k) < <2k + 1)

B (z) =

We have
ni) — (A2E) — (k—1° (k= 1)>2(2k+1)?
2k+1)  (K24+1)(k+2)2  (k+2)2(5k% — 4k + 17)
B A1 — k) (k2 +2) -0
(B2 1)(k+2)(5k2 — 4k +17) — 7
4 —k
x> . Si
Case 2 $_2k+1 Since -
— 2 -1
2k+1€( =1
—k

CTEE 1] U [3,00) and increasing on [1, 3]. Therefore, we have h(z) <

h is decreasing on (

4—k 4—k
. . < . . . .
h (Qk n 1) if and only if A(3) < h (2]{: n 1) On the other hand, since h is decreasing on
4—k
,—1|, we have
2k +1

h (24k:_+k1> 2 h(=1).

Therefore, it suffices to show that h(3) < h(—1). Since

2

M1 =2, hE) =
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the conclusion follows.

The equality holds for z = y = z, and for z/k = y = z (or any cyclic permutation).
Observation 1. The coefficient § of the product (x — y)*(y — 2)?(z — )? in the original
inequality is the best possible. Setting x = k, y = 1+1¢ and z = 1 —¢, the original inequality
turns into

Ak, 6,)t° + B(k, 6,)t* + O(k, 0x)t* > 0,

where

C(k,0p) = (k — 1)2[4(k — 1)%6;, — k* + 8> 4 Tk? + 20k + 20].

From the necessary conditions C'(k, dx) > 0, we get

E* — 8k% — 7k? — 20k — 20
o >
4(k —1)2

Observation 2. Substituting £ — 1 for £ and using then the identity
D (@ +y2) (@ —y)(z—2)e— (k= Dyllr — (k- 1)z] =

= (@ +y2) (@ —y)(x —2) (@ — ky+ 2)(x — kz +y) + 2k(z — y)’(y — 2)°(z — 1),
we get the following statement:

o Let x,y,z be real numbers, and let

(k+1)*(k* — 6k + 2)

% = A(k — 2)?

If —4<k<—1, then
D (@ +y2) (@ —y)(z—2)(x —ky + 2)(x — kz +y) + 5 (x — y)’(y — 2)°( —2)* > 0,

with equality for x =y = z, and for x/(k — 1) = y = z (or any cyclic permutation).

P 3.29. If x,y, z are real numbers, then

15(x — y)*(y — 2)*(z — x)?
32(x% + Y2 + 22) '

Z(:z:2 +yz)(z+y)(r+2) >

(Vasile C., 2013)
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Solution. Write the inequality as fs(z,y, z) > 0, where

fola,y,2) = @+ +2°) D2 +y2) (@ + y)(x + 2) — 2@ =9’y —2)*(z—2)”

The function fg(x,y, z) has the highest coefficient

15 405

Since
fo(z,1,1) = (2® + 2)(x + 1)*(2® + 5),

we apply Corollary 2 for
E s(z)=g16(x) = (x +1)*2* + 5z + 8+ 0(x + 2)(x + 5)]>.
So, we only need to show that there exists a real number § such that
fe(z,1,1) — Ag_15(x) >0

for all real z. We have

fol1,1) — Agr(o) = TEIID
where
f(z) = 32(2* +2)(2* + 5) — 405[2” + 5z + 8 + 0(x + 2)(x + 5)]*.
Since

f(=5)=0,

the condition f’(—5) = 0 is necessary to have f(z) > 0 in the vicinity of + = —5. This
condition involves

5o~
81
and 19(2)
_ 29\x
where

g(z) = 648(2” + 2)(2* + 5) — 5(11a* — 4z + 29)?
= 432 + 44022 + 126622 + 1160z + 2275
= (z +5)*(432* + 10z + 91) > 0.

The equality holds for —z = y = z (or any cyclic permutation).
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P 3.30. If x,y, z are real numbers, then

Y —y)(e—2) @ + ") + ) >

(z —y)’y —2)%(z —x)%.

erI\I

(Vasile C., 2012)

Solution. Let
flz,y,z —4Zx— )(x — 2) (2% + y*) (2® + 2°)
and
f6<LL’,y,Z) = f(xayvz> - 7(«T - y)2(y — 2)2(2 — I)Q.
Since (z — y)(z — 2) = 2% + 2yz — q and

Pyt =pP—2q—2% P+ =p" -2,
f(z,y, z) has the same highest coefficient A; as
y(2,y,2) =4 (2% + 2y2)(=2) (=),

that is, according to (3.2),
A = Py(1,1,1) = 36.

Therefore, fs(z,y, z) has the highest coefficient
A = 36— T(—27) = 225.
Since
folz,1,1) = (z = 1)*(2” + 1)?,
we will apply Corollary 2 for
Foalo) = Jyale) = O

Thus, we need to show that there exists a real v such that

Jo(x,1,1) = Afy 2(x) 2 0

for € R. We have ( 1)2 (@)
(z—1)%g(x
fﬁ(xvlvl) _Af%—Q(i) - 9(2_{_,}/)2 )

where

9(x) = 9(y +2)*(2* +1)* = 25(z — 1)*(z — 7)*

= (x+2)[(3y + 1)z +3 —7][(3y + 11)2? — 5(y + 1)x + 8 + 6].

Choosing v = 1/7, we get

2(Q.2
100(z +2(82* —4x +5) _

g(r) = 9 >

The equality holds for x = y = z, and also for x = 0 and y + z = 0 (or any cyclic

permutation).

O
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P 3.31. If x,y, z are real numbers such that xy + yz + zx > 0, then

Y@=y -2 + ) + ) = 125(93 —y)*(y —2)*(z — ).

(Vasile C., 2012)
Solution. Let
flz,y,z —4Zx— )z — 2) (2% + y*) (2° + 2°)
and
fﬁ(xay7z> = f(x,y,z) - 15(5(] - y)2(y - 2)2(2 - ZE)2.

As shown at the preceding P 3.30, f(z,y, 2) has the highest coefficient A; = 36, therefore
fe(z,y, z) has the highest coefficient

A=Ay —15(=27) = 441.

Since
fo(x,1,1) = 4(x — 1)*(2* + 1)%,

we will apply Corollary 2 for

Az — Dz —)°

o s(x) = f,-a(z) = 81(2 + )2

Having in view Remark 5, we need to show that there exists a real + such that
f6<x7 17 1) - Af’y,—Q(x) 2 0
for 2z +1 > 0. We have

4(z —1)*g(x)

fo(x,1,1) — Afy o(x) = CES A

where

g9(z) =92 +7)* (" +1)* = 49(z — 1)*(z — 7)*.
Choosing v = 1/3, which involves g(—1/2) = 0, we get

o(z) = %9 [0(a® + 1)° — (z — 1)*(3z — 1)7]
~196(2x +1)(32® — 22+ 2)
N 9

> 0.

The equality holds for z = y = 2, and also when z,y, z are proportional to the roots of
the equation
7t} — 21#% + 18 = 0.
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Observation. The last equality condition follows from the necessary condition fg(x,y, z) =
0, where, according to (3.11),

. B 7+38 2 3\ 25 2 5\?
fa(:c,y,Z)—<7’ oo ) Ut )

Moreover, if p = 3 and ¢ = 0, then the condition fs(z,y,2) = 0 involves r = —18/7.

P 3.32. If x,y, z are real numbers, then

Y (@—y)a—2)@® +ay+ 7))@’ + 22+ 2%) > Sz — )y — 2)*(z — 1)

W~

(Vasile C., 2012)

Solution. Let
fy.2) = 3@ —y)(e — )@ + oy + 2@ + 2z + )

and

ol 2) = f(.9.2) = 3 = 9Py = (= — o)

Since (z — y)(z — 2z) = z* + 2yz — q and
22+ oy +y° =p* —2q — 22 + ay, 4 xz+ 22 =p* —2¢— v + w2,

f(z,y, z) has the same highest coefficient A; as

Py(w,y,2) = Y (¢* +292) (2" — xy)(y° — 22),
that is, according to (3.2),
Al - PQ(l, 1, 1) == 0
Therefore, fs(x,y,2) has the highest coefficient

3 81
A=——(-27)= —.
4( ) 4

Since
fo(z,1,1) = (. — 1)*(2® + 2 + 1)%,

we will apply Corollary 2 for

Az — Dz —)°

Eys(@) = fr-2(x) = 81(2 +7)2
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Thus, we need to show that there exists a real v such that

f6<x7 17 1) - Af%_g(l') Z 0
for z € R. We have
fG(xa 1, 1) - Af%_g(fﬂ) =

where

g(@) = (y+2*(@* + 2+ 1) = (x - 1)*(z — )
= (z+2)[(v + Dz + 1[(y + 3)2° + = + 27 +2].

Choosing v = —1/2, we get

(z + 2)*(5x® + 2x + 2)

g(z) = 1 > 0.

The equality holds for # = y = z, and also for z = 0 and y + z = 0 (or any cyclic
permutation).

Observation 1. Similarly, applying Corollary 2 for

14k
T —k

F’%[S - f77_27 /y
we can prove the following generalization:

8
o Let x,y,z be real numbers. If k € {—2, 5} , then

S (e = ) = 2 ka2 s ) 2 (= ) o= 0~ 9 - o,

with equality for x =y = z, and also for v =0 and y+ 2z =0 (or any cyclic permutation,).

For
fe(z,y,2) = Z(m — )z — 2)(z* + kay + v*) (2 + kaz + 2?)
(3 %) - 0P 2P
we have
A= %(21{ —5)?,

folx,1,1) = (x — 1)*(2® + kx + 1)%,

(k+2)(x — 1)*(x + 2)*h(x)
81 '

f(;(l’, 17 1) — Af%_g(l') =
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where
h(z) = (16 — k)2 + 2(7Tk — 4)z + 10 — 4k

(16— ) (x+7k—4)2+9(2+k)(8—5k)

> 0.

16 — k 16 — k -

Observation 2. Actually, the inequality from Observation 1 holds for k& € [—2,5/2]. For
k =5/2 and k = 2, we get the inequalities in P 3.1 and P 3.47, respectively.
[

P 3.33. If x,y, z are real numbers such that xy + yz + zx > 0, then
S @ = 9)(@ — 2@ + 2y + )@ + 2+ 22) > 3w — )2y — 2)( — )",
(Vasile C., 2012)

Solution. Let
Fl,y.2) = 3@ —y) (@ — 2)(a? + oy +y2) (@ + 22 + 2)

and
folw,y,2) = f(z,y,2) = 3(x —y)*(y — 2)*( — 2)*.

As shown at the preceding P 3.32, f(x,y, z) has the highest coefficient A; = 0. Therefore,
fe(z,y, z) has the highest coefficient

A=0—3(—27) =8l.

On the other hand,
folz,1,1) = (& = 1)*(2® + = + 1)

We will apply Corollary 2 for

(x — 1)4x2.

F5(x) = fo,2(x) = 31

Having in view Remark 5, we need to show that
fﬁ(xa 15 1) - AfO,*Z(x) 2 0
for 2z +1 > 0. Indeed, we have

fo(x, 1,1) — Afy o(z) = (= 1)*(2® + 2+ 1)? — (v — 1)*2?
= (z— 1?2z +1)(22* +1) > 0.
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The equality holds for z = y = 2, and also when x,y, z are proportional to the roots of
the equation

2 —3t24+3=0.

Observation 1. The last equality condition follows from the necessary condition fg(z,y, z) =
0, where

2 2
. B v+ 8 2 \° 4 1,
fo(z,y,2) = (7“ 9+ 18" + o’ )~ oPa+ 5P

(see (3.11) from Remark 1). Moreover, if p = 3 and ¢ = 0, then the condition fs(z,y,z) =0
involves r = —3.

Observation 2. Similarly, applying Corollary 2 for

F%(S:f%,Q, VY=
we can prove the following generalization:
e Let x,y,z be real numbers such that xy + yz + zx > 0. If k € [=2,5/2], then

D (@ —y)(a - 2)(@® + kay + y*)(@® + kaz + 2°) > G ’“1(5 ) (z — )2y — 2)2(z — 2),

with equality for x = y = z, and also when x,y, z are proportional to the roots of the equation

(7T— k) —3(7 - k)t* +18 = 0.

For
folw,y,2) =Y (2 —y)(x — 2)(2? + kay + 1) (2* + kaz + 22)
SBENEER gy 2 -2y,
we have .
A= (k=72

folw,1,1) = (& — 1°(a + ka + 1%
and, for 2z +1 > 0,

Folw 1,1) = Af_a(x) = é(k +2)(2 — 1)2(20 + 1)[622 + 4(k — D+ 4 — k] > 0.
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P 3.34. If x,y, z are real numbers, then
3
(@ +9°) (" + 2°)(z" +2%) 2 8°y°2" + 2 (2 —9)*(y — 2)*(2 — 2)”.
(Vasile C., 2011)

Solution. Write the inequality as fs(z,y, z) > 0, where
3
folz,y.2) = [[(* + 2°) — 82”y*2* — s@—vly =2 -2
Since
H(y2 + 2%) = H(—x2 +p* — 2q9),
the polynomial fg(z, v, z) has the same highest coefficient as
3
—wyt =8ty — (e —y)(y - 2) (= - )
that is

Since
fo(r,1,1) = 2(z? +1)* — 827 = 2(2* — 1)?,

4(x — 1)z +1)?

fr0(@) = 9(x + 2)2 ;
fo(x,1,1) — Af 1 oo(x) = 3(z* — 12)(3511;2)12)@ + 5)’

we apply Theorem 2 for

I=(-5—-1), R\ I = (—o0,=5]U[-1,00),

and for
Ea,ﬁ = f—l,—27 F’y,é - f—l,oo‘

The condition (b), namely fs(x,1,1) — Af_1(z) > 0 for & € (—o0,—5] U [—1,00), is
satisfied.

The condition (a) is satisfied if fg(x,1,1) — Af_1 _o(x) > 0 for x € (—5,—1). We have
4(x — 1)z +1)?
81 ’

(22 = 1)*(z +5)(7 — 2) >0,
18 -

The equality holds for z = y = z, and for —x = y = z (or any cyclic permutation).

foaa(r) =

fG(xa 17 1) - Affl,72<x> =

O
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P 3.35. If x,y, z are real numbers, then

15
(2% + 207 4+ 22%) (y* + 227 + 227) (2% + 227 + 2u%) > 1252%y%2% + 7(:(; — )2y — 2)*(z — 2)%

(Vasile C., 2011)
Solution. Write the inequality as fs(z,y,z) > 0, where

1
folz,y,2) = H(x2 + 297 + 22%) — 1252%y%2% — ;(l‘ — )2y — 2)*(z — 2)%

Since
[T+ 207 +22°) = [[ (=2 + 2p° — 49),

the polynomial fg(z, vy, z) has the same highest coefficient as

15
—ay’2’ — 12507 — (v — )y — 2)*(z — @),

that is 15-27 153
A=—126+— " = 2
6+ — 5
Since
fo(x,1,1) = (2® + 4)(22% + 3)* — 1252% = 4(2* — 1)*(2* + 9),
Az = DAz +1)?
f,L,Q(.fC) - 81 )
2(x* — 1)*(z + 5)(z + 29)
9 )

fﬁ(xa ]-7 1) - Af—l,—Q(x) ==
we apply Theorem 2 for
n= -9, 6 =—1,
I=(-5-1), R\ I = (—o0,=5]U[-1,00),
and for
Ea,ﬂ - f—l,—27 Fw,E = f—l,—l‘
The condition (a), namely fg(z,1,1) — Af_1 _o(z) > 0 for x € (=5, —1), is satisfied.
The condition (b) is satisfied if fs(x,1,1) — Af_1_1(z) > 0 for x € (—o0, =5 U [-1,0).

We have
(x — D)z +1)4

36(x +2)2

Jolw,1,1) = Afy a(2) = %

f,-a(z) =

)
where

g(x) = 32(x* + 9)(z + 2)* — 17(2* — 1)?
= 152 + 12822 + 45022 + 1152z + 1135
= (v +5)g1 (), g1(z) = 152% + 532% + 1851 + 227.
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We need to show that g,(z) <0 for z < —5, and gy(z) > 0 for z > —1. Indeed, if x < —5,
then
g1(x) < 5(32® + 112? + 372 + 54) = 5(x + 2)(32* + 5z + 27) < 0,

and if z > —1, then
g1(x) > 152%(x + 1) + 185(z + 1) > 0.

The equality holds for z = y = z, and for —x =y = z (or any cyclic permutation).

P 3.36. If x,y, z are real numbers, then
15
(2% + 9"+ 2°) (2" + 2° +0°)(22° + 2” + ") 2 6407y’ + (v —y)*(y — 2)*(z —2)”,
(Vasile C., 2011)

Solution. Write the inequality as fg(z,y,z) > 0, where

fo(z,y,2) = 1_[(2:1:2 + % + 2%) — 64x%y?2? — %(m — )2y — 2)*(z — 2)%

Since
[T +v* +2%) = [+ +p° — 20),

the polynomial fg(x,y, z) has the same highest coefficient as
2,2 2 202 19 2 2 2
vy a” = 64ty e — = (w —y) (Y — 2)7 (2 — @)%,

that is 15-27 153
A=—63+—— ="
Tty 1

Since
fo(z,1,1) = 2(2* + 1)(2® + 3)* — 642? = 2(2* — 1)*(2* +9),
Fa(a) = 4(x — 1;1@ +1) |
(2® = 1)*(x + 5)(x + 29)

f6($7 17 1) - Af—l,—Z(x) =
we apply Theorem 2 for

I=(-5-1), R\I= (—o0,-5]U[-1,00),

and for
E.p= f-1,-2, F,s=f1-1.

The condition (a), namely fs(z,1,1) — Af_1 _o(x) > 0 for z € (=5, —1), is satisfied.
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The condition (b) is satisfied if fs(x,1,1) — Af_1_1(z) > 0 for z € (—o0, =5 U [—1, 00).

We have
(x —1)*x+1)4

f1mle) = 36(x +2)2
fﬁ(.ﬁE, 1’ 1) o Af*17*1<x) = (x _11(3)(;x+—i_2;52>g1<x> > 07

where
g1(z) = 152° 4 532? + 185z + 227.

As shown at the preceding P 3.35, we have (z 4 5)gi(z) > 0.
The equality holds for z = y = z, and for —x =y = z (or any cyclic permutation).

Observation 1. The inequalities in P 3.34, P 3.35 and P 3.36 are particular cases of the
following statement:

o Let x,y,z be real numbers. If k > 0, then

3(k+2)(2k+1)

T (z—y)*(y —2)*(z — 2)*,

[I(k2® + 4 + 2%) > (k + 2)°2%%2" +
with equality for x =y = z, and for —x =y = z (or any cyclic permutation).

We have
9(2k% + 29k + 2)
16 ’
fo(x,1,1) = (2? — 1)*[ka® + 2(k + 1)7],
2 1)2
fﬁ(xa 17 1) - Af*1,72(x) = (x 1) (316: * 5)g(x)>

g(x) = (=2k* + Tk — 2)x + 14k + 23k + 14.

A=

Observation 2. The coefficient of the product (z — y)*(y — 2)*(z — x)? in the inequality
from Observation 1 is the best possible. Setting x = 1, y = 1+t and z = 1 —t, the inequality

[Tka® + % + 2%) > (k +2)°2°y°2" + Sp(x — 9)*(y — 2)° (2 — )’

turns into

Ak, 6:)t% + B(k, 6)t* +4C(k, §;)t* > 0,

where

C(k, 8,) = 3(k + 2)(2k + 1) — 165,

From the necessary condition C'(k, dx) > 0, we get

2)(2k + 1
5k§3(k+ iélwr )'
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P 3.37. If x,y, z are real numbers, then
8(2? + xy + 2 (v + yz + 22) (2% + 2z 4 2?) > 3(2® + 7)) (y* + 2D (22 + 2?).
(Vasile C., 2013)

Solution. Write the inequality as fs(z,y,z) > 0, where

fol,2) = 8T[2 + vz + 25 — 3 ][0 + 22).
Since
folw,y,2) =8 [0 — 20 + yz — 2*) = 3] [(»* — 20 — =),
fe(z,y, z) has the same highest coefficient as

flay,2) =8] [z —2*) = 3] [(-=?),

that is, according to (3.3),
A= f(1,1,1) = 3.

Since
fo(z,1,1) =24(z* + 2 + 1)* — 6(z* + 1)* = 6(x + 1)*(32° + 27 + 3),

we apply Corollary 2 for
Es(z)=g16(x) = (x +1)*2* + 5z + 8+ 0(x + 2)(x + 5)]>.
So, we only need to show that there exists a real number § such that
fo(z,1,1) — Ag_y1 5(x) >0
for all real z. We have
fo(z,1,1) — Ag_15(z) = 3(z + 1)%g(x),

where
g(z) = 2(32° + 22+ 3) — [2% + 5z + 8 + 0(z + 2)(x + 5%

Choosing 6 = —1, we get
h(z) = 2(32% + 22+ 3) — 4(z + 1)> = 2(z — 1)> > 0.

The equality holds for —x =y = z (or any cyclic permutation).

P 3.38. If x,y, z are nonnegative real numbers, then
S (1622 + 3y2) (@ — ) — )(x — 4y)(x — 42) + 52(z — )2y — 2)(z — 2)? = 0.

(Vasile C., 2013)
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Solution. Write the inequality as fs(z,y, z) > 0, where

folw,y,2) =Y (1627 + 3yz)(x — y) (v — 2)(z — 4y)(x — 42) + 52(z — y)*(y — 2)°(z — 2)*.

Since
(x—y)(x—2)=2+2yz—q, (v —4y)(x —42) = 2% + 20yz — 4q,

fe(z,y, z) has the same highest coefficient A as
2(161’2 + 3yz) (2% + 2yz) (2% + 20y2) + 52(x — y)*(y — 2)%(2 — 2)?,
that is, according to (3.1),
A =3(16 + 3)(1 + 2)(1 +20) — 27-52 = 3 - 729.

On the other hand,
fﬁ(l’, 1, 1) = (16%2 + 3)(‘%‘ - 1)2(1; - 4)27

Az — D — 4)*(x — B)°

f4,ﬁ = 72952<£L‘+2)2 )
x—1)%(x —4)°f(x
fﬁ(x, 1, 1) - Af4,5($) = ( ;)2((:5 - 2))2 f( )7

flz) = B*(162% + 3)(z 4 2)* — 12(z — 1)*(z — B)*.
Since f(0) = 0, we chose 5 = —2/3 to have f'(0) = 0 and

_ 42°(100 + 82z — 112%) _ 42°(48 + 82x — 112*)  42*(8 — x)(6 + 11z)

1) 9 = 9 9 '

Thus, we apply Theorem 2 for n = 8, which involves £ = 100/17,

1= (%8) R\T = (—oo,z—?} U8, 00),

and for
Eop = fi,-2/3, F,s = fa_o.
The condition (a), namely fg(z,1,1) > Afs _o/3(x) for x € (—4/17,8), is satisfied because
f(z) > 0.
The condition (b), namely fs(x,1,1) > Afs _o(x) for x € (—o0, —4/17] U [8, 00), where

(z — Dz — 2)?
324 !

fo, () =

is equivalent to (z — 1)2f(z) > 0, where

f(z) = (162 + 3)(z — 4)* — 217@ —1)*(x — 2)*.
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To show that f(z) > 0, we use the Cauchy-Schwarz inequality
(4 +3)(162% + 3) > (—8x + 3)%.
Thus, it suffices to show that

2 2 o 27 2 2
(8x — 3)*(z — 4) 2%(:1:—1) (x —2)°.

This inequality is true if
8x —3)(x —4) > (x — 1)(z — 2).

Indeed,

8z —3)(x —4) — (z — 1)(xz — 2) = T2* — 322 + 10 > 627 — 32z + 10
=2(x—5)(3z—1)>0.

The equality holds for z = y = z, and for x/4 =y = z (or any cyclic permutation).

Observation. The coefficient of the product (z — y)?(y — 2)?(z — z)? is the best possible.
Setting x =4, y =141t and z = 1 — ¢, the inequality

> (1627 + 3y2)(x — y)(z — 2) (2 — dy) (2 — 42) + alz — y)*(y — 2)*(z — 2)* 2 0

turns into
At + Bt* + Ct* > 0,

where C' = 324(a — 52). The necessary condition C' > 0 involves av > 52.

P 3.39. If x,y, z are real numbers, then

Yot —y)e—2) = (@ -9y -2’ -
(Vasile C., 2009)

Solution. Write the inequality as fs(z,y,2) > 0, where
folwy,2) =Y a'w—y)(z —2) = (¢ —y)*(y — 2)*(z — )",
Since (z — y)(x — 2) = 2% + 2yz — q, f¢(x,y,2) has the same highest coefficient A as
Y at(@? 4+ 2y2) — (x—y)*(y — 2)°(z — 2)%,

that is, according to (3.1),
A=3(1+2)+27 = 36.
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Because

fo(z,1,1) = 2*(x — 1)

at(x—1)*
fo,o(ﬂﬁ) = m7
Folw,1,1) — Afoola) = 3x (x(—mi)z(;ij 1)’

we apply Theorem 2 for
Eop = foo, Fos= [y -2

and for & — oo, which involves

(3 w3

The condition (a), namely fs(z,1,1) > Afyo(x) for x > —1/2, is satisfied.

The condition (b) is satisfied if there is a real number v such that

fG(ZL', ]_, 1) 2 Af%_2<l’>

for x < —1/2. We have
Az — D)z —)?

hreal®) = =g
foler 1.1) - Afy ofa) = _91<)zg+1($>)zg ()

where

g(z) =32 +7)2* —4(x — 1)(z —7)
= (z+2)[(37y +2)z — 29],

g2(z) = 3(2+7)2® +4(z — 1)(z — )
= (37 +10)2* — 4(y + D)z + 4.
-1
Choosing v = - we have
1
gl(.CC) = 5(1’ + 2)2 > O,
1

2(17932 — 4z —4) > 0.

g2()

The equality holds for x = y = z, for x = 0 and y = z (or any cyclic permutation), and
for x =0 and y + z = 0 (or any cyclic permutation).

m
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en

13 — 31 1 1
3—3v17 i< 3+3\/_7;th

P 3.40. Let z,y, z be real numbers. If 5 < 5

2

S ke =l = 2) + (= 1) (0 - 0Py - 2 - o 2 0

(Vasile C., 2012)

Solution. Write the inequality as fs(z,y,z) > 0, where
kﬁ2
o) = 34 ke =)o =)+ (5 1) (0= 0P = 26 -
Since (z — y)(x — 2) = 2% + 2yz — q, f¢(x,y, 2) has the same highest coefficient A as
2

S+ ke + 208) + (5 = 1) (o 0 - 2 - o,

that is, according to (3.1),

A=9(1+k)*+ (%2 — 1) (—27) = %(k +4)2.

Since
fo(z,1,1) = (2® + 1)*(x — 1),

we apply Corollary 2 for

T+ 8

Foale) = guste) = (o~ 0 [ 4 0o+ 2)]

Thus, we only need to show that there exists a real number § such that
fﬁ(xv 1a ]-) Z Agl,&(l‘)

for all x € R. We have

(x —1)%g1(x)ga()

f@(il?, 1, 1) — Agl,g(l') =

324 ’
where
gi(z) =18(2® + k) + (k + 4)(x — 1)z + 8 + 30(x + 2)],
g2(z) = 18(2® + k) — (k + 4)(x — 1)[z + 8 + 30(x + 2)].
Since
gi(x) = (z+2)[(k+22)xr + 5k — 16 + 3(k + 4)d(x — 1)],
we choose

k—20

=3t
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to get
g1(z) = (x + 2)[(k 4+ 22)x + 5k — 16 + (k — 20)(x — 1)]
=2(k+1)(z+2)*>0,
go(x) = 18(2* + k) — (z — 1)[(k +4)(z + 8) + (k — 20)(z + 2)]
= (17— k)2* — 4(k + D)x + 2(7k — 2)
7 (v B2y

Thus, the proof is completed.

> 0.
17—k 20

The equality holds for z = y = z, and for z = 0 and y+ 2z = 0 (or any cyclic permutation).

Observation. We may give a similar solution by applying Corollary 2 for

Ey 5= fy-2.
Since ’ . )

_ 2\r= x—

f%—?(l’) - 81(2 +")/)2 ’
we have
v —1)2f1(z) f2(x
a1, = Afyte) = 9()2{;(7))2“ )

where

fil@) =32+ 7)(@® + k) = (k+4)(x — 1)(z —7)
= (z+2)[(3y+2—k)x + (k — 2)y + 3k,

fa(z) =32+ 7)(@® + k) + (b +4)(x — 1)(x — 7).
By choosing

Y= ma k 7£ 85
we get ,
fi(x) = (k + 1)(1;—1;12(56—1—2) ’
_ 2 _ _
fol) = (k+4)[(17 — k)x . i(: + Dz + 2(7k 2)]7
therefore
2 2 Va2 _
() fol) = (k+1)(k+4)*(z+2) [(1(78 _]2; 4(k + 1)z + 2(7k — 2)] > 0.
For k = 8, by choosing 7 — oo (see P 3.15), we have
1\
frale) = 2

fo(w,1,1) — Afoe _o(z) = (2 +2)*(2® — 4o +12) > 0.
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P 3.41. Let x,y, z be real numbers. If k € (—oo, —4] U [—1,0], then

k2
S+ ke - e = )+ (= 1) (- 0Py - 2 - 0 2 0
(Vasile C., 2012)
Solution. Denote
m =V —k, m > 0.

Write the inequality as fg(z,y, z) > 0, where
/{32
o) = 34 ke =)o =)+ (5 1) (0= 0P 226 -
As shown at the preceding P 3.40, fs(x,y, z) has the highest coefficient

_9 2
A_4(k:+4) :

Also,
fo(z,1,1) = (2® + k)*(z — 1)%

Case 1: k < —4. The case k = —4 is treated in P 3.2. Further, consider k£ < —4. Since
Yo —DHe —m)*(x+m)*  (2*+k)*(x—1)

ffm,m(l’) = 9(4 + 2m2)2(x + 2)2 - 9(2 _ /{:)Q(QZ T 2)27
T ane au Sy e

we apply Theorem 2 and Remark 3 for
Ea,’y =013, F’y,é == ffm,mv

—4 4 —k)?
and n = 5:_ ’ < —2, which involves ¢ = %

bk —4 4—k 5k —4 4—k

The condition (b), namely fs(x,1,1) — Af_,m(z) > 0 for x € R\ I, is satisfied.
The condition (a) is satisfied if fs(z,1,1) — Ag1 s(z) > 0 for x € I. By choosing

k— 20
3(k+4)

and

b=

we have (see the preceding P 3.40)

folz,1,1) — Agy 5(z) = (k+1)(z — 11)62(93 +2) 92(1«)7
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where

ga(z) = (17 — k)2® —4(1 + k)2 + 2(Tk — 2).

Since k + 1 < 0, we must show that go(z) < 0 for € I. Since 17 — k > 0, this is true if
ok —4

4 -k
go (ﬂ) < 0 and g (T) < 0. We have

5k —4 9(k 4+ 1)(k + 4)?
92<8_k): (k+Dk+4?” o

(8 — k)?

< 0.

4—k\  (k+4)(1Tk* — 59k + 68)
P\ ) T 2

Case 2: k € [—1,0]. Since the case k = —1 is treated in P 3.14, and the case k = 0 in
P 3.39, consider further k£ € (—1,0). The proof is similar to the one of the case 1. We set

— 5]{:—_4 c |l —1 __1
n= 8 _ l{? ) 2 )
4—Fk bk—4 4—k bk —4
H_<T’8——k)’ R\H_(_OO’ k }U{s—k’m)
The condition (b) is clearly satisfied. Since k+1 > 0, the condition (a) is satisfied if go(z) > 0

for
(4—k 5k—4)
zc€l=(—r0u —|.

we involves

kW 8—k

Since g is decreasing, we have

> 0.

92(x) = g3 (Sk - 4) _ 9k + Dk +4)”

8—k (8 — k)?
Thus, the proof is completed.

The equality holds for # = y = z, for /v/—k = y = 2 (or any cyclic permutation) if k # 0,
for —x/v/—k =y = z (or any cyclic permutation) if k # 0, and for z = 0 and y + z = 0 (or
any cyclic permutation). If £ = 0, then the equality holds also for x = 0 and y = z (or any
cyclic permutation).

[

P 3.42. Let x,y, z be real numbers. If k > 0, then

Z(x2 + ky2)*(z —y)(z — 2) + (kz — 1) (x —1y)*(y — 2)*(z — x)* > 0.

(Vasile C., 2012)
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Solution. Write the inequality as fs(z,y, z) > 0, where fs(x,y, 2) has the highest coefficient
(see P 3.40)

A= Z(k +4)°.
We have
fo(x,1,1) = (2 + k)*(z — 1)*,
and (22 + k)( 1)?
) = g rp 2
ol 11 = Af - e = 2= R e e

Case 1: 0 < k < 2. The cases k = 2 and k = 0 are treated in P 3.22 and P 3.39,
respectively. Consider further 0 < k£ < 2. We choose

B 5k —4 c -1 ]
T=8 % 2 )"
which involves

bk—4 4—k S5k —4 4—k
I= — R\I=1(- — .
o) B (i o [5h)
According to Theorem 2 and Remark 3, it suffices to prove that

(a) fe(z,1,1) = Af /4 _/=x(x) >0 forzel;
(b) fo(z,1,1) — Ag15(xz) >0 for z € R\ L

The condition (a) is satisfied. With regard to the condition (b), by choosing

k — 20

0= 3(k+4)

we have (see P 3.40)

2(k + 1)(z — 1)?*(x + 2)%ga ()
162 ’

f6(x7 17 1) - Agl,&(x) =

where

go(z) = (17 — k)2® — 4(1 + k)x + 2(Tk — 2).
Since k£ + 1 > 0, we have to show that gs(x) > 0 for

Sk —4 4 —k
xE]R\]I:(—oo, 8_k}u[ ? ,oo).

13 - 3V17 < <13+3\/17
2 TS 2 ’

It
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then the inequality go(z) > 0 holds for all x € R. So, we only need to show that gs(x) > 0

for
13 — 3v17
. ) . bk —4 . . 4—k
Since g, is decreasing on | —oo, Sk and increasing on — %) we only need to

5k — 4 4 —k
show that g (S—k) > 0 and g (T) > 0. Indeed, we have

S5k —4\ 9(k +1)(k +4)?
g2(8—k>_ >0

(8 — k)

and

4 —k kE+ 4)(17k* — 59k + 68
92(—)=(+)( + )>O.

k k?
Thus, the proof is completed.
Case 2: 2 < k < 8. The inequality is treated in P 3.40.

Case 3: k > 8. We choose

which involves

5k —4 4—k 5k —4 4—k
I=(——F,——— R\I={—-0c0,— — )
) me=(ei= ][5
According to Theorem 2 and Remark 3, it suffices to prove that

(a) f6(x> 17 1) - Agl,é(x) Z 0 for z € ]I;
(b) fo(z,1,1) — Af_pom(z) >0 for z € R\ L

The condition (b) is satisfied because
(8 — k)x +4 — 5K][(—k)z+4—Fk] > 0.
With regard to the condition (a), by choosing

k — 20
3(k +4)

we have (see P 3.40)

2(k + 1)(z — 1)?*(x + 2)%ga ()
162 ’

f6<x> 17 1) - Agl,é(x) =

where

ga(z) = (17 — k)2® —4(1 + k)2 + 2(Tk — 2).



294 Vasile Cirtoaje

We have to show that go(z) > 0 for = € I. For 8 < k < 17, gy is decreasing on I, therefore

(@) > (ﬂ) (k+4)(TH 59k +68) _

) k2

5k — 4 4—Fk
For k > 17, since 17 — k < 0, it suffices to show that g, (ﬂ) > 0 and g9 (T) > 0.

Indeed, we have

5k—4\  9(k+1)(k+4)
g2(8—k> CETSE

and

> 0.

4 —k (k:+4)(17k2 — 59k 4 68)
g2 —k: = 12

Thus, the proof is completed.

For k > 0, the equality holds for z = y = 2, and for x = 0 and y + z = 0 (or any cyclic
permutation).

Observation. From P 3.40, P 3.41 and P 3.42, we get the following generalization:
o Let x,y,z be real numbers. If k € (—oo, —4] U [—1, 00), then
2

S+ ke =)o =)+ (5 = 1) (0 0 - 9% -0 20

The inequalities in P 3.2, P 3.14, P 3.22 and P 3.39 are particular cases of this general
statement.

The coefficient of the product (z — y)?(y — 2)%(z — x)? is the best possible. Setting r = 1,
=14t and z = 1 — ¢, the inequality

Z(x2 + ky2)*(x —y)(z — 2) + ar(xr — y)*(y — 2)*(2 — x)* > 0.

turns into
AtS + Bt* + Ct2 > 0,
2
where A = 4oy, + 4 — k2. The necessary condition A > 0 involves «y, > T 1.

P 3.43. If x,y, z are real numbers, then
> 2?2 + 8yz)(x —y)(z — 2) > (x —y)*(y — 2)*(z — 2)*.

(Vasile C., 2013)
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Solution. Write the inequality as fs(z,y, z) > 0, where
folw,y,2) =Y a2+ 8yz)(z —y)(x — 2) — (z — )’ (y — 2)°(z — x)*.
Since (z — y)(x — 2z) = 2% + 2yz — q, f¢(x,y,2) has the same highest coefficient A as
S22 (a? + 8y2)(a? + 292) — (2 — )y — 22z — 2,
that is, according to (3.1),
A =3(1+8)(1+2)+27 = 108.

On the other hand,
fo(x,1,1) = 2%(2® + 8)(x — 1)

Since 2 1)4
Jo—2(z) = 117(56'8—;)
and
fo(z,1,1) — Afos(w) = 2*(2” + 8)(z — 1)* — 4x2(+—1)4

2*(z — 1)*(z + 2)(10 — )
3 ;

we apply Theorem 2 for
Ea,'y = f0,727 F’y,(S = h'y,57
and for n = 10, which implies £ = 48/7 and

1= (_72,10), R\T = (—oo,_?Q] U [10, 50).

—2
Condition (a): v € 1 = (7, 10>. The condition fg(z,1,1) > Afo _o(x) is satisfied.

—2
Condition (b): x e R\ 1= (—oo, 7} U [10, 00). We need to show that there are v and
d such that fg(z,1,1) > Ah, 5. Since

J6(0,y,2) = (y — 2)(y° = 2°) —y*2°(y — 2)°,

f6(0,1,-1)=2.2—-4=0,

according to (3.19), we will choose
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where
h($) = f@(I’, 17 1) = 372(1'2 + 8)(1’ — 1)2
We get
n(-2) =2 -1
N (—2) = —864 - _ - __*
(-2) = 864, 124 3 T3
therefore

1 2
h_1/36 = x—g(x+2)(2x+1)+5(x+2)3} ,

fo(x,1,1) — Ah_y35(x) = 2*(2* 4+ 8)(z — 1)* — 12[—22* — 22 — 2 + 30(z + 2)°]*.

The inequality fs(z,1,1) — Ah_y/35(x) > 0 holds in the vicinity of —2 only for 6 = 5/54.
Setting this value for §, we get

2

5
fo(x,1,1) — Ah_y 3. 6(x) = 2*(2* 4+ 8)(x — 1)* — 12 {-2:::2 — 22— 2+ 1—8(93 +2)3

1
§(5x3 — 62% + 247 + 4)?

1
= 57 (20° 4 62° — 33z — 1842® — 31227 — 192z — 16)

1
= 2—7(33 +2)4(22% — 10z — 1) > 0.

= 22(2* +8)(z — 1)% —

The equality holds for x = y = z, for x = 0 and y = z (or any cyclic permutation), and
for z =0 and y + z = 0 (or any cyclic permutation).

Observation 1. From the inequalities in P 3.39 and P 3.43, we get the following inequality:
ZxQ(xz +kyz)(z —y)(w — 2) > (z — y)*(y — 2)*(z — )%, 0<k<S8.

Indeed, since the left hand side is linear in k, it suffices to prove this inequality only for
k =0 (see P 3.39) and k = 8 (see P 3.43).

Observation 2. Notice that the coefficient of the product (z — y)*(y — 2)*(z — z)? in the
inequality from Observation 1 is the best possible. Indeed, setting x = 0, y = 1 + t and
z =1 —t, the inequality

S 2@ + kyz)(a - y)(e - 2) > ale - y)*(y - 2z — 2’

turns into
At*+ Bt? +C >0,

where A =1 — . The necessary condition A > 0 involves o < 1.
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P 3.44. If z,y, z are real numbers, then
Y (@ —y)(z —2)(z = 2y)(x - 22) (20 — y) (22 — 2) + 15(z — y)*(y — 2)*(z — 2)* > 0.
(Vasile C., 2012)
Solution. Let
flx,y,2) =) (& —y)(x - 2)(z — 2y)(x — 22) (22 — y) (22 — 2)

and
fG(x7ya Z) = f(x,y, Z) + 15(‘T - y)2(y - Z)Q(Z - x)Q‘
Using the identities

(z—y)(z—2) =2 +2yz — ¢,
(z — 2y)(z — 22) = 2° + 6yz — 2q,
(22 — y)(2x — 2) = 42 + 3yz — 2q,

it follows that f(x,y, z) has the same highest coefficient A; as
Pi(x,y,2) = Z(m2 + 2y2) (2% + 6y2)(42* + 3yz),
that is, according to (3.1),
Ay = Py(1,1,1) = 3(1+2)(1 + 6)(4 + 3) = 441.
Therefore, fs(x,y,z) has the highest coefficient
A = 441 + 15(—27) = 36.

Since

foi () = A(x — )9(2;2 22:(;— 1) |
Fow, 1,1) = Afyyjafa) = 222 (ff: —2)12> (52 =22 - )

apply Theorem 2 for
Ea,'y = f2,1/27 F’y,é = f2,727
and for n = 2, which implies £ = 16/5 and

- (22). mi (] upoo

2
The condition (a), namely fs(x,1,1) > Afy;)9(x) for x € (5, 2), is satisfied.
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2
The condition (b) is satisfied if fs(x,1,1) > Afy _o(x) for x € (—oo, 5} U[2,00). From

(z — 1)}z — 2)?
324 ’

fo—2(x) =
it follows that this inequality is equivalent to
(z —1)*(x — 2)*(5x — 2)(Tx — 4) > 0,

which is true.
The equality holds for z = y = 2, for z/2 = y = 2 (or any cyclic permutation), and for
2x =y = z (or any cyclic permutation).

Observation. The coefficient of the product (z — y)?(y — 2)?(z — z)? is the best possible.
Setting x =y + z in

Y (z =y —2)(x = 2y)(z — 22)(22 — y)(22 — 2) + alz —y)*(y — 2)*(z = 2)* 2 0,

we get
(y — 2)?[(a = 15)y*2" +4(y* + 2%)(y — 2)°] > 0,

which holds for all real numbers y and z only if o > 15.

P 3.45. If x,y, z are real numbers, then

S (@ = y)(w — 2)(x — 2y)(x — 22)(x — By)(w — 32) > B(a — y)*(y — 2)(= — )’
(Vasile C., 2012)
Solution. Let
Jlay.2) = S (@ =y — =) — 2y)(x — 22)(x — 3y)(a — 32),

and
fol,y,2) = f(z,y,2) = 3(x —y)*(y — 2)*( — 2)*.

From

(z—y)(z—2) = 2" +2y2 — q,
(z — 2y)(z — 22) = 2° + 6yz — 2¢,
(z — 3y)(x — 32) = 2° 4+ 12yz — 3q,

it follows that f(x,y, z) has the same highest coefficient A; as

Pi(x,y,2) = Z(I2 + 2y2) (2% + 6yz)(2® + 12y2),
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that is, according to (3.1),
A =P(1,1,1) =3(14+2)(1 +6)(1 + 12) = 819.
Thus, fe(x,y, z) has the highest coefficient
A =819 — 3(—27) = 900.

Since
fo(z,1,1) = (x — 1)*(z — 2)*(x — 3)?,
4(x — )}z — 2)*(x — 3)?

fas(z) = 1521(z + 2)° :
fo(,1,1) = Afas(z) = 3(x —1)*(z — 2)1(61;(;?;) 2()22+ 112)(46 — 7;0),

apply Theorem 2 for
Eoe,v = f2,3a Fv,d = f%—Qv

and for n = 46/7, which implies £ = 400/77 and

—2 46 —2 46

—2 46
The condition (a), namely fs(z,1,1) > Afss(x) for x € <—1, 7), is satisfied.
The condition (b) is satisfied if there exists a real v such that fs(x,1,1) > Af, _o(z) for

—2 46
—00, — — . We h
xe( oo,lllu{7,oo) e have

4(x — 14z — 7)?

fr—2(z) =

81(2+7)2
folo1,1) = A, ala) = oD,
where
g(x) =92 +7)*(z — 2)*(z = 3)* = 400(z — 1)*(z — 7)* = g1 (z)ga(2),
gi1(z) =32 +7)(z —2)(x — 3) = 20(z — 1)(z — ),
g2(z) =32 +7)(z —2)(z = 3) + 20(z — 1)(z — 7).
Since
g1(z) = (z +2)[(3y — 1)z + 18 — 7],
we choose
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to get

40
gl(SC) = 7(56 + 2)2 Z 0,

40
g2(x) = 7(83:2 — 49z + 50) > 0.

The equality holds for x = y = z, for x/2 = y = z (or any cyclic permutation), for
x/3 =y = z (or any cyclic permutation), and for x = 0 and y + z = 0 (or any cyclic
permutation).

Observation. The coefficient of the product (z — y)*(y — 2)?(z — z)? is the best possible.
Setting x =0, y = 1 and z = —1 in the inequality

Y (z =y —2)(x = 2y)(z — 22)(x = 3y)(z = 32) 2 a(z —y)*(y — 2)*(z — 2)°

involves o < 3.

P 3.46. If x,y, z are real numbers, then
Z(m —y)(z — 2)(2z + 3y) (27 + 32)(3z + 2y) (3w + 22) + 15(x — y)*(y — 2)*(2 — 2)* > 0.
(Vasile C., 2012)
Solution. Let
flz,y,2) = Z(:c —y)(z — 2)(2x 4+ 3y) (22 + 32)(3z + 2y)(3x + 22)

and
f6(x7y7 Z) = f(x,y,z) + 15(37 - y>2(y - Z>2(Z - LE)2.

From

(z—y)w—2)=a"+2z—q
(27 + 3y) (27 + 32) = 42* + 3yz + 6q,
(37 + 2y) (3 + 22) = 92* — 2yz + 6¢,

it follows that f(x,y, z) has the same highest coefficient A; as

P(z,y,2)= 2(12 + 2y2)(42% + 3y2)(92* — 2yz2),
that is, according to (3.1),
Ay = Pi(1,1,1) = 3(1+2)(4 + 3)(9 — 2) = 441,
Thus, fs(x,y, z) has the highest coefficient

A = 441 + 15(—27) = 36.
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Since
fo(z,1,1) = (z — 1)?(2x + 3)*(3z + 2)%,

Az — )42 3)%(3 2)?

_ 1)2 2 2
Fola 1, 1) = Af s ass() = 3(z — 1)?(27 + 3) és;(: i)Zgzm +18) (297 + 46)’

apply Theorem 2 for n = —46/29, which implies £ = —16/203 and
—18 —46 —18 —46
I=|—,— R\I[=|—-00,— | U |——
(7’29)’ \ (00’7} {29’00)’

Ea,'y = fa,f27 F'y,6 = f*3/2,72/3-

and for

The condition (a) is satisfied if there exists a real « such that fg(z,1,1) > Af, _o(z) for

—18 —46
—, — | h
xe( 7 29) We have

4(z — 1Yz — a)?
81(2+ a)?

(v —1)%g(x)
92+ a)? ’

fa,—2(x) =

fo(x,1,1) — Af, —o(z) =
where
g(x) =92+ a)*(2z + 3)*(3x + 2)* — 16(x — 1)*(z — a)*.

It is easy to check that g(—2) = 0. Choosing « = —46/29, the inequality g(z) > 0 is
equivalent to
(z +2)%(832* + 1342 + 8) > 0,
which is true because 83z% 4 134z + 8 > 0 for x < —46/29.
—18 —46
The condition (b), namely fs(x,1,1) > Af_3/5 _o/3(x) for z € (—oo, T] U {E, oo),

is satisfied.

The equality holds for x = y = z, for —3x/2 = y = z (or any cyclic permutation), for
—2x/3 = y = z (or any cyclic permutation), and for = 0 and y + z = 0 (or any cyclic
permutation).

Observation. The coefficient of the product (z — y)?(y — 2)?(z — z)? is the best possible.
Setting x =0,y =1and z = —1in

Z(m —y)(z — 2) (22 + 3y) (22 + 32) (3 + 2y) (3 + 22) + a(r — y)*(y — 2)*(z — 2)* > 0,

yields a > 15.
O
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P 3.47. If x,y, z are real numbers, then

E(x+m@+¢xﬁ—y%@”—¥»+¥x—w%y—d%z—@220
4
(Vasile C., 2012)

Solution. Let
flay,2) =Y (z+y) @+ 2@ —y)(z —2)
and 1
fe(z,y,2) = f(x,y,2) + Z(a: — )3 (y — 2)*(z — 2)%
Since
(x+y)(z+z2)=2"+q (z—y)(z—2)=2"+2yz—q,
f(z,y, z) has the same highest coefficient A; as

Riran) = 30+ 200),
that is, according to (3.1),

Al - Pl(l, 1,1) == 9
Therefore, fs(z,y, z) has the highest coefficient

1 9
A= —(=27) = -.
9+4( 7) 1

On the other hand, since
fo(z,1,1) = (x + 1)*(z — 1)?,

(x + 1)z —1)*

fram(@) = 36(x +2)2
(DY — 1)
Af 1 q(x) = 16(x + 2)2 ;

folo 1) — Af 1 (2) = 2@ D (xlg(i) f;; 3Gz +7)

we will apply Theorem 2 for 7 = —3, which involves £ = —1/55,
- <_3,%7), R\ T = (o0, —3] U {%700)

and for
Ea,,@ - fa,727 F’y,é = fflyfl.

Condition (a): v € I = (—3, %7) We need to show that there exists a real « such that

f6($, 1, 1) 2 Af%_g(l’).
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Since
Az -1z — w)?
Ja2(x) = 81(a+2)2
(z—-1DYz—a)?
Afa(r) = 9(a+2)?
we have 01 (2)gnl)
fﬁ('x? 1, 1) - Afa,—Q(x) = ma
where

g(@)=3a+2)(z+1)?*—(z—1)(z—0a)= (v +2)[(3a+5)z+a+3],

g2(z) =3(a+2)(z+1)*+ (z — 1)(z — a).

Since —2 € I, we choose

to get
4
g1(z) = g(x +2)2>0

and 5
g2(x) = 5(791:2 + 10z 4+ 1).

-7
For z < = we have go(z) > 0 because

7 Ge+7)35r+1
7x2—|—10m—|—1>7x2+10x+%:(x+ );5 )

Condition (b): x € R\ I = (—o0, -3 U [%7, oo). As shown above, we have

3z + Dz —1)*(x+3)bx+7) -

fo(z,1,1) = Af oy 4(z) = 16(z + 2)2 >

The equality holds for z = y = z, for —z = y = z (or any cyclic permutation), and for
x=0and y+ z =0 (or any cyclic permutation).

Observation 1. Similarly, we can prove the following generalization:

o Let x,y,z be real numbers. If
1
ak:Z(k;Q—Zk—2)(k2+2k+2), —2< k<0,

then
(@ —y)(x—2)(x — ky)*(x — k2)* + ax(e — y)°(y — 2)*(z — 2)* > 0,
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with equality for x =y = z, for x/k =y = z (or any cyclic permutation) if k # 0, and for
x=0and y+ 2z =0 (or any cyclic permutation). If k = 0, then the equality holds also for
x =0 andy =z (or any cyclic permutation).
For k =0, we get the inequality from P 3.39. Further, consider that
—2<k<0.

We have 9
A — L_l(k + 2)4,

fe(ﬂ?,y, Z) = (.CE - 1)2(33 - k)Qv
_ @- D — k)’
ﬁ*@”‘wk—mak+mw
_ @ =1 — k)’
fﬁ(xv L, 1) - Afk,k(x) - 4<k — 1)2(1’ + 2)2h($),
h(z) = 4(k — 1)*(z +2)? — (k + 2)*(z — 1)?
=(—kx+2-Fk)[(4—Fk)x+2—5k].

Therefore, we apply Theorem 2 for

— 2
n:ué—l §= hr2)

k k(4 — k)’
2—k 5k—2 2—k Sk — 2
= <TH) RAL= (—“’T} N {m‘”)

Eop = fa,—2, F,5s = fuk
2—k 5k — 2
k 4—Fk’

and for

Condition (b): x € R\ 1 = (—oo,
fﬁ(xa 17 1) - Afk,k(x) > 0.

oo). Since h(z) > 0, we have

2—k bk—2
173 : I[=—— . By choosi
Condition (a): x € ( 2 ’4—k) y choosing
 Bk—2
Tuk
we get
(x —1)*

folw,1,1) = Afaa(2) = —5——01(2)ga(2),

g(z)=3(a+2)(z—k)?*— (k+2)*(z - 1)(z — a)
= (v +2)[(3a — k* — 4k + 2)z + (K* — 2k — 2)a + 3K?]
(1—Fk)2*2+k)

2
_ + >
4—k (z+2)° =0,
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g2(z) =3(a+2)(x — k) + (k+2)*(x — 1)(z —a) = Zi_i g3(x),

g3(x) = (17 4 2k — k*)2® — 4(1 + Tk + k*)z — 2(2 — 4k — Tk?).

ok —2
>
QS(I)_93(4_k)>0

for x € I and —2 < k < 0, the condition (a) is satisfied, too.

Since

Observation 2. Similarly, we can prove that the inequality from Observation 1 is also valid
for k € (—o0, —2) U (4,00). To prove this, we choose

22—k ~1 (B +2)?
=5re(23) cth

Sk—2 2—k bk — 2 2—-k
1= (5225), ru= (- 552 [ ).

If x € I, we have

ok —2
nlo) 200 (G7) >0 ke (-o-2),

2—k
93(x) > g3 (T) >0, ke (4,14].

In addition, we have g3(x) > 0 for k € [6,00) because

5k — 2 2—k
93(4_k)>07 g:;(—k )>O.

P 3.48. If x,y, z are real numbers, then
Z(a: —y)(z — 2)(z — 4y)*(x — 42)* + 39(x — y)*(y — 2)*(z — 2)* > 0.

(Vasile C., 2015)

Solution. Let
fla,y,2) =) (v —y)(x - 2)(z — ) (z — 42)°
and
fo(z,y,2) = flx,y,2) — 39(x — y)*(y — 2)*(z — 2)°.

Since

(r—y)(x—2) =2+ 2z —q  (z—4dy)(z—42) = 2" + 20yz — 4q,
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f(z,y, z) has the same highest coefficient A; as

P(z,y,2)= Z(:L‘Q + 2y2)(2* + 20y2)?,

that is, according to (3.1),
Al - Pl(]_, 17 1) = 3969

Therefore, fs(z,y,z) has the highest coefficient
A = 3969 + 39(—27) = 2916.

On the other hand, since
fo(x, 1,1) = (z — 1)*(x — 4)*,

Fiale) = (x — D)}z —4)*

2916(x +2)2
Miate) = S
Jola 1, 1) — Afya(z) = 3(z—1) ((;1:—:;))2 (2x + 1),

we will apply Theorem 2 for n — oo, which involves & — oo,

and for
Ea,B - f4,4 F’y,& == foo,72-

—1
Condition (a): v € 1 = (7, oo>. Because

fﬁ(l‘7 17 1) - Af4,4(w) Z Oa
this condition is satisfied.
—1
Condition (b): x e R\ 1= (—oo, 7] . We have

Az —1)*
foo,72<$) = T’
Afoo(x) = 144(x — 1)*,
f5(2,1,1) — Afso _o(x) = (x — 1)*(z + 2)*(z* — 202 + 29) > 0.

The equality holds for z = y = z, for /4 = y = z (or any cyclic permutation), and for
x=0and y+ z =0 (or any cyclic permutation).
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Observation 1. Similarly, we can prove the following generalization:

o Let x,y,z be real numbers. If
1
ak:Zw?—%—axH+ak+m, 1< k<4,
then

Y (@ —y)(a—2) e = kyP(e — k=) + arle —y)*(y = 2)°(= = 2)° 2 0,

with equality for x =y = z, for x/k =y = z (or any cyclic permutation) if k # 0, and for
x=0andy+ z=0 (or any cyclic permutation).

The cases k = 1 and k = 4 are treated in P 3.18 and P 3.48, respectively. Further, assume
that
1<k <4

We have 9
_ 4
A=+t
fﬁ(x7y7 Z) = (ZE - 1>2(I - k)27

(=1 x—k)!
Jer(®) = 9 TR+ 22

folw, 1,1) = Afyr(z) = 4(52—_ 11))2(5;?r /2)2

Therefore, we apply Theorem 2 for

22—k (-1 _(k+2)
N C RS

2—k b5k —2 2—k 5k — 2
(RS ()

Eop = frr, F,s= fy-2

2—Fk b5k —2
k7 4—k

(—kzx+2—k)[(4—k)x + 2 — 5k

and for

Condition (a): z € 1 = (

is satisfied.

>. Since fg(z,1,1) — Afrr(z) > 0, this condition

2—k k—2
Condition (b): z € R\ 1= (—oo, T} U [%,oo). By choosing
a_5l<:—2
A-k
we get
(x —1)?
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g1(z) = (v +2)[(3a — k* — 4k + 2)x + (k* — 2k — 2)a + 3k7]

_LZRCHR) g s g

4—k
g2(z) =3(a+2)(x — k) + (k+2)%*(x — 1)(z —a) = Zji g3(z),

g3(r) = (174 2k — k*)2® — 4(1 + Tk + k*)z — 2(2 — 4k — Tk?).
We have g3(z) > 0 for z € R\ I and 1 < k < 4, because

2k _ 20+ Tk k) _5k—2
k 17+2k—k ~ 44—k

2—k 5k — 2

Observation 2. The inequality from Observation 1 is also valid for

and

ke (0,1).
The proof is similar to the one from Observation 1, but we choose
2—k (k +2)?
=2 " _ T
n=-——¢€(lLoo) ¢ KA k)’

bk—2 2—k bk — 2 2—-k
= (5225) ru= (- 552 [ ).

We have g3(z) > 0 for z € R\ T and 0 < k < 1, because
Sk—2 _214+Tk+k) 2k
4—k 17 + 2k — k? k

bk — 2 2—k
93<4_k)>0, g;;(—k )>0.

Observation 3. From P 3.47, P 3.48 and the observations attached to them, the following
generalization follows:

and

o Let x,y,z be real numbers. If

1
ay = Z(kQ—Qk—Q)(kQ—i-Qk—i—Q), keR,

then
D =y —2) (@ —ky)*(x — k2)* + an(z — y)’(y — 2)°(z — 2)* > 0,

with equality for x =y = z, for x/k =y = z (or any cyclic permutation) if k # 0, and for
x=0andy+ z =0 (or any cyclic permutation). If k =0, then the equality holds also for
x =0 and y = z (or any cyclic permutation).

0
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P 3.49. Let x,y, z be real numbers, and let
20 + 12k — 4k — k4

A1—k2
ar=19 1+4Fk, ke [-2,1]

k€ (—o0,—2]U[4, )

5 — 3k, ke [1,4]

Then,
Y @ —y)w—2)(x — ky)(z — k2) > e —y)*(y — 2)’(z — 2)*,

(Vasile C., 2009)
Solution. Denote

and write the inequality as fs(z,y,2) > 0, where

folw,y,2) = f(z,y,2) — anlz — y)*(y — 2)*(z — 2)’,

Since
(x—y)(x—2)=2"+2yz—q, (z—ky)(lz—kz) =2+ (k+k*)yz — kq,
f(z,y, z) has the same highest coefficient A; as
Pi(z,y,z) = Z 2? (2% + 2y2)[2® + (k + k?)yz),
that is, according to (3.1),
A =P (1, 1,1) =31+ +k+k) =9k +k+1).

Therefore, since the product (z —y)?(y — 2)?(z — x)? has the highest coefficient equal to —27,
fe(z,y, z) has the highest coefficient

9(2+ k)2(4 — k)?

, ke (—o0,—2]U[4,00)

4(1— k)2
A=A+ 270 =4 92 + k)2, kel[-2,1]
9(4 — k)2, kel,4]

In addition, we have
fo(z,1,1) = 2%(x — 1)*(z — k)2,

Aa?(x— 1) — k)? 4z — 1Yo — k)2

fro(x) = 9(k — 4)2(z +2)? Fr—(@) = 81(k + 2)?
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We will consider the following cases:
ke {—2,4}, k=0,
k € (—o0,—2), k€ (4,00), ke (-2,0), ke (0,1], kel 4).

Case 1: k € {—2,4}. Since A =0 and fg(x,1,1) > 0 for any real z, the conclusion follows
by Corollary 1.

Case 2: k= 0. This case is treated in P 3.39.
Case 3: k € (—oo, —2). Since
- 92+ k)?(4 —k)?
N 4(1 — k)2 ’
32 (x—1)2(x — k)?[—(2k 4+ 1)z + 4 — K]

fG(l', 17 1) - Afk,o(‘r) - (1 _ I{J)2(l’ 4 2)2 ’

we apply Theorem 2 for

4—k 1 (k +2)2
_ 9 - _ e
7 2k+16< ’2)’ T

4 — k 4 — k
H_(k’2k+1)’ R\H—“OO”“]U{m’OO)’

Eop = fi—2, F.s = fro-

and for

4—k

The condition (b), namely fs(z,1,1) > Afro(z) for z € (—o0, k] U [%——Fl’

fied.

oo) , is satis-

4—k
The condition (a) is satisfied if fg(z,1,1) > Afy _o(x) for x € (k, T 1). From
(z —1)* (@ — k)*[—(2k + D)z + 4 — K][(7 — 4k)x + k — 4]

fo(z,1,1) — Afy —a(z) = 91 — k)2 ;

it follows that fe(z,1,1) — Afp _o(x) > 0 for = € (—

4 —k
fOI‘l‘E (k,%—ﬂ>

Case 4: k € (4,00). Since

4—k]u[4—k

00, Sy 7_4k,c>o), therefore

02+ k)2(4 — k)2
41—k 7
3 (x—1)*(x —k)PA—k— (2k+1)x]

fG(.T, 1, 1) — Afk’o(l') = (1 — k’)Q(.T T 2)2 ’

A:
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we apply Theorem 2 for ks 2
+
2k+1"7

4—k 4—k
I= (2k+1’k>’ R\I= (_OO’Qk—i—l] U [k, 00),

Eop = fro, F,5s = fr—2

n =k, §=

and for

4—k
The condition (a), namely fg(z,1,1) > Afyo(z) for z € (Qk n 1,k>, is satisfied.

4—k
ok + 1

The condition (b) is satisfied if fs(x,1,1) > Afy _o(x) for = € (— ] U [k, 00).

From

(@ — 1)2(x — k)*[(2k + Da + k — 4][(4k — T)x + 4 — k]
9(1 — k)? ’

fﬁ(l', 1, 1) — Afk7_2(l‘) =

. 4—k k—4
it follows that fe(z,1,1) — Afp _o(x) > 0 for = € (—oo, ST 1] U {4]{ — 7,00), therefore

4—k
for x € (—oo, ST 1] U [k, 00).
Case 5: k € (—2,0). Since
A=9(2+ k)2
322 (x — 1)%(x — k)*(—kx + 4)[(k + 8)x + 4 — 4k]

f@([E,l,l) —Afkp(l‘) = (4—k>2($+2)2 )

we apply Theorem 2 for

4k — 4 -1 A(k + 2)?
n= (—2,—), ¢ AkE2y

Fis C > BED)

4 Af—4 A1 T[4k —4
T=(2 R\T = (—o0, =

(k’k+8)’ \ (m’k]u{ms’o")’

Eozﬁ = fa,—27 F’y75 = fk,O-

and for

4 4k — 4
The condition (b), namely fg(x,1,1) > Afpo(x) forz € <—c>o7 E} U [ Ay oo), is satisfied.

4 4k -4

The condition (a), namely fo(x,1,1) > Afs _o(x) for =z € I = (E’k‘——l—é%

), is true if
91(7)ga(x) > 0, where

g1(x) =32+ a)r(xr —k) =22+ k)(x — 1)(z — ),
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g2(z) =32+ a)x(z —k)+22+k)(z — 1)(z — a).

Since
g1(z) = (x4 2)[(Ba+ 2 — 2k)x — (2 + k)],
we choose
4(k—1)
T k+38
to get
(z) = 2(1 kki(lg +2) (5422 >0,
2(k+2)

ga(x) = g3(x), g3(z) = (K +17)2* — 2(7k + 2)x + 4k — 4.

k+38
Since g3 is strictly decreasing on I, we have

9s(x) > g5 (4"“ - 4) 3601 - B)(k + 2)?

k+8 k+ 8)2

Case 6: k € (0,1]. Since
A=9(2+k)?
3z (x — 1)*(x — k)*(=kx + 4)[(k + 8)x + 4 — 4k]

fﬁ(ﬂf, 1? 1) - Afkp(x) = (4 _ ]{3)2(1’4— 2)2 ’

we apply Theorem 2 for

S

Ak +2)?
U e

k©
4k —4 4 dk—4] [4
I = R\T=(— -
( ) \ ( OO’kJFS}U{k’OO)’

Ea,ﬁ = fk,Oa F’y,6 = f'y,—2-

’]’]:

and for

The condition (a), namely fg(z,1,1) > Afyo(z) for z €

4k — 4 4
The condition (b) is satisfied if fg(z,1,1) > Af, _o(z) for z € (—oo, } U [— oo>.
This is true if g;(z)g2(z) > 0, where
g1(x) =32+ a)x(z — k) — 22+ k)(x — 1)(z — ),

ga(x) = 32+ a)a(a — k) + 202+ k) (& — 1)(z — a).

Since
gi(z) = (x 4+ 2)[(Ba+ 2 —2k)x — (2 + k)],
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we choose
o 4k —1)
 k+8
to get
2(1 = k)(k+2) 9
= 2)°>0
nl@) = w2 20
2(k+2
g2(z) = <k e )gg(a;), g3(x) = (K +17)2* — 2(7k + 2)x + 4k — 4.
. : ) . 4k — 4 . . . 4
Since g3 is strictly decreasing on | —oo, P18 and strictly increasing on T o |, we get
4k — 4 36(1 — k)(k + 2)?
> = >0
93($)_93(k+8) (k + 8)2 =
for z < 4k_4, and
k+8 = ) )
4 4(k> — 15k* + 68
> —_ =
93(z) = g (k) L2 >0
4
fi > —.
orz = -
Case 7: k € [1,4). Since
A=9(4— k),
323 (x — 1)*(x — k)*(4 — )

f@(l‘,].,].) —Afk,()(l') = (;E—|—2)2 s

we apply Theorem 2 for
n=4, =4
I=(0,4), R\ I = (—00,0]U [4,00),
and for
Eop = fro F,s = fo-2.
The condition (a), namely fg(z,1,1) > Afio(z) for = € (0,4), is satisfied.
The condition (b) is satisfied if fg(z,1,1) > Afo_o(z) for x € (—o0,0] U [4,00). We have

(k — 1)a?(x — 1)*(x — 4)[(7 — k)z — 2k — 4] >0
9 =0,

fo(x,1,1) — Afoa(z) =
o (x = D)[(7T— k)z — 2k — 4] > 0

for x <0, and
(T—k)x—2k—4>4T7T—k)—2k—4=6(4—k)>0

for x > 4.
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The proof is completed. The equality hold for x = y = 2, for x = 0 and y = z (or any
cyclic permutation), for x/k = y = z (or any cyclic permutation) if & # 0, and for x = 0 and
y+ 2z =0 (or any cyclic permutation) if k € [—2, 1].

Observation 1. The coefficient ay, of the product (z—y)?(y—2)*(z—x)? is the best possible.
Setting x =k, y=1+1t and z = 1 — t, the inequality in P 3.49 becomes

Ak, ap)t® + B(k, ap)t* + C(k, ap)t? > 0,
where
Ak, ap) =41 + k — ),
C(k,ap) = (1 — k)*[20 + 12k — 4k — k* — 4(1 — k)2ay).
From the necessary conditions A(k, o) > 0 and C'(k, ax) > 0, we get

20 + 12k — 4k* — k4
41— k)2 ’

ap <1+k, oy

IN

respectively. In addition, setting z = 0, the inequality in P 3.49 becomes
(y = 2)°[y* + 2" = (k= Dy2(y* + 2%) + (1 = k — ax)y*2%] > 0.
For y = z = 1, from the necessary inequality
yt 2t — (k= Dyz(y® + 25 + (1 — k — ap)y?22 >0,

we get
(077 S 5 — 3k.

Observation 2. There are some relevant particular cases of the inequality in P 3.49.

e For k = —2, the inequality turns into
S 2w — y) (0 — =)@+ 29) (@ + 22) + (2 — )2y — 22z — 1) 2 0,
which is equivalent to
(z+y+2)? [I oyt oyt y +2) — nyx +9?) ] 0.

The equality occurs for x =y = z, for x + y + z = 0, and for x = 0 and y = z (or any cyclic
permutation).

e For k£ =1, the inequality turns into

Zﬁ(m — )2z —2)* > 2(z — y)*(y — 2)*(z — )%,

which is equivalent to

2
[x?’ +y® 4+ 2° 4 3zyz — ny(x + y)} > 0.



Highest Coeflicient Cancellation Method for Real Variables 315

The equality occurs for 23 + 3* + 23 + 3zyz = > zy(z + y).
e For k = 4, the inequality turns into

Y 2@ —y)(r—2)(r —dy)(x — 42) + T(x — y)*(y — 2)*(z — 2)* > 0,
which is equivalent to

(22 +y* + 22 — a2y —yz — z22)(2® + y* + 2% — 20y — 2yz — 222)% > 0.
The equality occurs for = y = z, and for /= = /y + /2 (or any cyclic permutation).
Observation 3. Substituting £ — 1 for k£ and using then the identity

Y @ —y)w—2)zr— (k= - (k—1)2] =
=Y P —y)e—2)(w—ky+2)(x—kz+y) +k(z—y)’(y—2)°( -2

we get the following statement:

o Let x,y,z be real numbers, and let
(3 —Kk)(1+ k)3
42 —-k)2 7
ap =19 0, kel-1,2

k€ (—o0,—1] U [5,00)

42— k), ke 25
Then,
Y P —y)x—2) (@ —ky+2)(z—kz+y) > aj(e —y)’(y — 2)’(z —2)*,

with equality for x =y = z, forx =0 and y = z (or any cyclic permutation), for z/(k—1) =
y = z (or any cyclic permutation) if k # 1, and for x = 0 and y + z = 0 (or any cyclic

permutation) if k € [—1,2].
[

P 3.50. Let x,y, z be real numbers, and let

( k_2
Z? ke <_007 _2} U [17 OO)
) —k(8+ 11k + 8k?) ~1
/Bk_ 4(1—k>2 ) ke |:_ 7_:|
-1

1

27

te |

—_
| S|

Then,
Zyz(w —y)(z — 2)(x — ky)(z — k2) + Bi(x — y)*(y — 2)* (2 — 2)* > 0.
(Vasile C., 2009)
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Solution. Denote

fa,y,2) = ya(e —y) (@ — 2) (@ — ky)(z — k=),
and write the inequality as fg(x,y, 2) > 0, where

fo(@,y,2) = f(2,y,2) + Bu(z — v)*(y — 2)*(2 — )2

Since (z —y)(x — 2) = 22 + 2yz — g and (v — ky)(z — kz) = 22 + (k + k})yz — kq, f(z,y, 2)
has the same highest coefficient A; as

Pi(x,y,2) = Y ya(a® +2y2) 2" + (k + k*)yz],
that is, according to (3.1),
A =P(1L,1,1) =31+2)(1+k+k*) =9(k* + k+1).

Therefore, fs(z,y, z) has the highest coefficient

( 9(k +2)?
Ar2, k€ (~o0,~2] U[1,0)
O(k + 2)2(2k + 1)2 1

A=A, — 278, = g L

1 76/6 4(1{?—1)2 ) ke 27 9

9(2k +1)? ~1
2t ke |—1
ke

Also, we have
fo(z,1,1) = (x — 1)?*(z — k)?,
4z — 1Yo — k)2 Fonol) = 4z — D)Hx — k)2
81(k+12)2 00 9(1 + 2k)2(z + 2)2°

fr—a(z) =

We will consider the following cases:

-1
k -2, — k=1
E{ 72}7 )

ke (—2,_71) , ke (_71,1) , k€ (—oo0,—2)U(1,00).

-1
Case 1: k € <=2, < ( Since A = 0 and fg(x,1,1) > 0 for any real z, the conclusion
follows by Corollary 1.
4(x —1)*
81

fo(,1,1) — Afuo o(z) = (z — D) — (z — 1)* =0,

Case 2: k=1. Since A =81/4, foo, 2 =
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the inequality follows from Corollary 1. Notice that this case is treated in P 3.17.
Case 3: k € <—2, _71) Since
9(k +2)%(2k +1)? kE+2)2%(z— 1)z —k)?
A SEECERDE 2R )
4k —1) (k—1)%(x +2)
3(x —1)%(x — k)3 -2k + 1)z + 4 — K]
1 1 - A 00 = )
fG(xa ) ) fk’, (l’) (k. . 1)2($ + 2)2
we apply Theorem 2 for
B ~ (k+2)?
n=K, g_ 2]€ + 1 ’
4—k 4—k
H_(Zk—ﬂ’k)’ R\H_(_OO’QkJrl}U[k’OO)’
and for
Ea,ﬁ = flc,727 F'y,5 = fk:,oo-
i 4—k .
The condition (b), namely fg(z,1,1) — Afxoo(z) > 0 for z € | —o0, 1 U [k, 00), is

satisfied.

i . . . 4—k

The condition (a) is satisfied if fs(z,1,1) > Afy _o(z) for z € ST 1,l<: . Indeed, we
e 2k + 1)@~ 1)*(z — b
+ L)(z — T —
A _ pu—
Je—2(@) 9k —1)?

and

fG(ZL‘, 1, 1) — Afh_g(.iE) =
(z—1)%(x — k)2[4 — k — (2k + 1)2][2 — 5k + (2k + 1)a]

pr— >
ok — 172 20,

since

4—k—(2k+ 1)z >0,
2 —5k+ (2k+1)x > 2 -5k + (2k + 1)k = 2(k — 1)* > 0.

Case 4: k € <_71, 1>. Since
A

9(2k +1)?

= ST Afe(e) =

(= Dz — k)?
(x+2)2

3(x —1)*(x —k)2(2z + 1)

(x4 2)? ’

f6(x7 17 1) - Afk,oo(-r) =
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we apply Theorem 2 for

and for
Ea,,é’ = fk’,ooa F'y,5 = .foo,—2-

-1
The condition (a), namely fg(z,1,1) — Afroo(x) > 0 for z > ER is satisfied.
—1
The condition (b) is satisfied if fg(x,1,1) > Afo —o(z) for z < 5 Indeed, we have

(2k + 1)%(z — 1)*
5 ,

Afw,—2(x) =

(1— k)@ — 120+ D[2(k+2)z =5k —1] _

f6(l’, 17 ].) — Afoo’_2<l’> = 9 > O,

since 1l —k>0,2r+1<0and

20k+2)x—5k—1< —(k+2)—5k—1=-3(2k+1) <0.

—1

Case 5: k € (—o00,—2) U (1,00). This case reduces to the case k € <7, 1> by substituting
1 111
—, —, —, = for x, y, z, k, respectively.
'y 2z k

The proof is completed. The equality hold for z = y = z, for y = z = 0 (or any cyclic
permutation), for x/k = y = z (or any cyclic permutation) if £ # 0, and for z = 0 and
y+ 2z =0 (or any cyclic permutation) if k € (—oo, —2] U [1,00). If k = 0, then the equality
holds also for z = 0 and y = z (or any cyclic permutation).

Observation 1. The coefficient 3 of the product (z—y)*(y—2z)*(z—xz)? is the best possible.
Setting x =k, y =1+t and z = 1 — ¢, the inequality in P 3.50 becomes

A(k, B)t® + B(k, Bi)t" + C(k, Be)t* > 0,

where
A(k, Br) = 4B — k2,
C(k, By) = (1 — k)*[4(1 — k)?By, + k(8 + 11k + 8k?)].
From the necessary conditions A(k, 8x) > 0 and C(k, B;) > 0, we get

k2 —k(8 + 11k + 8k?)
> — >
ﬁk sl ) Bk = 4(1 _ ]{Z>2 )
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respectively. In addition, for z — oo, the inequality in P 3.50 becomes
yz + Be(y — 2)* > 0.
Setting y = 1 and z = —1, we get [ > i
Observation 2. There are some relevant particular cases of the inequality in P 3.50.

e For k = —2, the inequality turns into
Y yz(z —y)(z = 2)(@ +2y)(x + 22) + (v — y)*(y — 2)°(z — 2)° > 0,
which is equivalent to
(x+y+2)°[2*(y—2)7+y(z—2)+ 2 (x—y)*] > 0.

The equality holds for z = y = 2z, for x + y+ 2 = 0, and for y = z = 0 (or any cyclic
permutation).

e For k = —1/2, the inequality turns into

D yzlz—y)@—2)2e+y) e +2) + (v —y)’(y — 2)°( — 2)* > 0,
which is equivalent to

(vy +yz +z20)* (2 +y* + 2% — a2y —yz — 22) >0

The equality holds for x = y = z, and for xy + yz + zx = 0.

e For k£ =1, the inequality turns into

1

> yrla—y)w =2+ (e )2y — 22z =) 2 0,

which is equivalent to
[2(y — 2)* +y(z — 2)* + 2(z —y)*]" > 0.
The equality holds for z(y — 2)? + y(z — 2)* + 2(z — y)*> = 0.

Observation 3. Adding the inequality in P 3.50 multiplied by 2 and the identity

YW+ =22 —y) (@ —2) (@ —ky) (e —k2) = (K + k+ D@ —y)°(y — 2)’(z —2)”,
we get the following statement:

o Let x,y,z be real numbers, and let

(k,2
E—l—k—i—l, k€ (—o0,—2]U[1,00)
2k* + 6k% + 11k + 6k + 2 —1
A = 9 =
¢ 20— 1) ”“E{ ’ ]
1 —1
K24+ k+ = k — 1
e <[22
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Then,
YW+ )@ —y) (@ —2) (@ — ky)(x — k2) > Aw —y)*(y — 2)°(z — 2)°,

with equality for v =y = z, fory =2z =0 (or any cyclic permutation), for x/k =y =z (or
any cyclic permutation) if k # 0, and for x =0 and y + z = 0 (or any cyclic permutation)
if k € (—oo,—2]U[l,00). If k =0, then the equality holds also for x =0 and y = z (or any
cyclic permutation).

Observation 4. Adding the inequality in P 3.50 multiplied by 4 and the identity
YW+ =22 —y)(x —2) (@ —ky) (@ —k2) = (K + k+ D@ —y)°(y — 2)°(z —2)",

we get the following statement:

o Let x,y,z be real numbers, and let

[ k+1, k € (—oo0, —2] U1, 00)
kY 4+ Th3 + 11k% + 7Tk + 1 ke |—s —1
Br = (k—1)2 ’ ' 72
—1
k* + k, ke {7,11

Then,
Y w42z —y)(x - 2)(x — ky)(x — k2) > Bz — y)*(y — 2)*(z — 2)°,

with equality for v =y = z, fory =z =0 (or any cyclic permutation), for z/k =y =z (or
any cyclic permutation) if k # 0, and for x =0 and y + z = 0 (or any cyclic permutation)
if k € (—oo,—2]U[1,00). If k =0, then the equality holds also for x =0 and y = z (or any
cyclic permutation).

Observation 5. Substituting £ — 1 for k£ and using then the identity
Y vzl =y —2)w — (k= Dylle - (k= 1)z] =

=Y pzlw—y)(z—2) (@ —ky +2)(x —kz+y) + k(z —y)*(y — 2)°(z — 2)%,
we get the following statement:

o Let x,y,z be real numbers, and let

(L0 ke (s, ~1]U[2.50)
N R 1
B = 42-k2 ke {_1’5}
144k 1
T ke {5,2]
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Then,
D yz(z—y)(@ —2) (@ —ky+2)(x — kz +y) + Bz —y)*(y — 2)*(z —2)* > 0,

with equality for x =y = z, fory =z =0 (or any cyclic permutation), forxz/(k—1) =y =z
(or any cyclic permutation) if k # 1, and for v = 0 and y+z = 0 (or any cyclic permutation)
if k € (—o0,—1]U[2,00). If k =1, then the equality holds also for x =0 and y = z (or any
cyclic permutation).

]

P 3.51. Let x,y, 2 be real numbers, and let
( (k+1)(5k — 3)

k € (—oo, —5] U [1,00)

16 ’
(k+ 1)(k* — 7Tk* — 16k — 32)
pu— J— _2
Yk h— 1y , kel-5 -2
k2
\ 4’ kel

Then,
D (@ =)@ = 2 (@ — ky) (@ — k2) + iz — y)’(y — 2)’( —2)* > 0.

(Vasile C., 2009)

Solution. Denote

flay,2) =Y (2% = ") (@® = 2%)(x — ky)(z — k2),
and write the desired inequality as fs(x,y, z) > 0, where

fo(w,y,2) = f(2,y,2) +m(x —y)*(y — 2)*(z — 2)*.

Since
(:L*+y)($+z):w2+q, (:U—y)(x—z):x2+2yz—q,

(z — ky)(z — k2) = 2* + (k + k*)yz — kq,
f(z,y, z) has the same highest coefficient A; as
Pi(z,y,2) = Y _a(a” + 2yz)[2” + (k + k)yz],
that is, according to (3.1),

A =P(1,1,1) = 9(k* + k +1).
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Therefore, fs(z,y, z) has the highest coefficient

/ 2
W, k € (=00, —5] UL, 00)
9k + 2)%(k + 5)?
A= Ay — 2Ty — B
1 Vi Mho1E k € [-5,2]
9k +2)2
s bel-21)

In addition, we have
fo(z,1,1) = (2* — 1)*(z — k)?,
4z — 1)z +1)*(x — k)?

fourle) = Ik +5)2(x+2)?
Az =Dz +1)? Al =Dz — k)’
ffl,fz(ai) = 31 ) fk,fZ(x) - 81(k’ + 2)2

We will consider the following cases:
k e {-5, -2}, k€ (—oo,—5) U1, 00), ke (—5,—2), ke (-2,1).

Case 1: k € {—5,—2}. Since A = 0 and fg(z,1,1) > 0 for any real x, the conclusion follows
by Corollary 1.

Case 2: k € (—o0, —5) U[1,00). Since

9(k +5)?
6 7

(x — D)z +1)*(z — k)2

A =
4(z + 2)? ’

Afp(r) =

3(a% — 1)*(¢ — k)%(x + 5)(x + 1)
A(z + 2)2 ’

fG(x7 1, 1) - Af—l,k<x) =

we apply Theorem 2 for

I=(-5-1), R\I=(—

and for
Eop = f-1,-2, Fos=f-1k

The condition (b), namely fg(x,1,1) — Af_1.(xz) > 0 for z € (—o0, —5] U [—1,00), is
satisfied.

The condition (a) is satisfied if fg(z,1,1) > Af_y _o(z) for z € (=5, —1). We have

(k+5)%(x — )%z + 1)
36 ’

Af1 (7)) =
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ol 1,1) — Afy o(z) = (k—1)(z +5) (2% — ;)6 [k +5 — (k+11)a]

Thus, it suffices to show that 7Tk+5—(k+11)x < 0 for k € (—oo, —5), and Tk+5—(k+11)xz > 0
for k € [1,00). Indeed, for k € (—o0, —5), we have

Th+5—(k+ 1)z =k(T—2)+5— 11z < (=5)(T— ) +5— 1lo = —6(z + 5) < 0,
and for k € [1,00), we have

Th+5— (k+11)z > Tk +5 — (k + 11)(—1) = 8(k + 2) > 0.

Case 3: k € (=5, —2). Since

9(k + 2)%(k + 5)?
A(k—1)2

(k+2)*(z — D)*(z + 1)*(xz — k)?
(k —1)2(z + 2)2 ’

A= Af 1plx) =

3(x? = 1)*(x — k)3[—(2k + D)z + 4 — k|
= 120 1 2)° ’

fo(z,1,1) — Af_y 4(z) =

we apply Theorem 2 for

4 -k g—<k+%2
TR T %1
4k 4k
H_(k’2k+1)’ R\H—(—w,k]u{2k+1,oo>,

and for
Eop = fr,—2 Fos=f-1

4—k
The condition (b), namely fs(x,1,1) — Af_1.(xz) > 0 for z € (—o0, k] U {2]{ n 1,00), is

satisfied.

"2k +1

The condition (a) is satisfied if fg(z,1,1) > Afy _o(x) for x € (k > We have

(k+5)*(z — )*(z — k)?

Afr-2(@) = 9k — 1)2
and
fG(xa 1, 1) - Afk,—Z(x) =
B 4z —1)*(x—k)22k + 1+ (k — 4)x][k — 4+ (2k + 1)x] >0
B 9(k —1)2 -
because

4—k  3(k—1)(k+5)
2k +1 2k + 1

2%+ 1+ (k—4)z>2k+1+ (k—4)- >0,
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=0.
2k+1

k—44+2k+1x>k—44(2k+1)

Case 4: k € (—2,1). Since

9(k + 2)?
4 7

(k +2)*(x — Dz + 1)*(z — k)°

A= (k+5)2(z + 2)2 ’

Af p(r) =

(x —1)%(z + 1)*(z — k)*h(z)
(k+5)2(x+2)? ’

fﬁ(iﬁ, I, 1) - Affl,k<$) =

where

h(z) = (k+5)*(x +2)* = (k+2)*(z - 1)*
=3(x+k+4)[2k+T)x+k+8],

we apply Theorem 2 for

—(k+2)?
T] Y g 2]{: 7 )

k-8 k-8
T—(—k—4 R\ = (—oo, —k — 4 .
( k=4, 2k+7)’ M= (o0, —k ]U{%H’OO)

Ea,ﬁ - fa,—?a F’y,é = f—l,k;-

and for

The condition (b), namely fq(z,1,1)—Af_1 ,(z) > 0 for z € (—o0, —k—4]U {;:;78, oo),

is satisfied.

The condition (a) is satisfied if there is a real a such that fg(x,1,1) > Af, _o(z) for

—k—38
k4 %) g
:1:6( k , 2k:—i—7) Since

(k+2)*(z - 1)(z — a)?
9(2 + «)?

Afa,—Q -
the inequality is equivalent to

(z = 1)%g1(x)g2() = 0,

where

gi(x) =3(a+2)(z+1)(x—k)— (k+2)(z —1)(x — a)
= (z4+2)[Ba —k+4)x — (2k + 1)o — 3],

g2(x) =3(a+2)(x+ 1)(z—k)+ (k+2)(x — 1)(x — ).



Highest Coeflicient Cancellation Method for Real Variables 325

—k—38
i —2 —k—4 h
Since E( k , 2k+7),wec oose
o —k—8
2k T
to get
2(1 = k)(k+2)(z + 2)? 2(k + 2)g3(x)
fry > e —— ]
91() ok + 7 >0, g2( kL7
where
93() = (k + 8)z® + 5(1 — k)z — 5k — 4.
Since
L(x) = 2(k + 8)x 4+ 5(1 — k) < 2(k +8) k8 +5(1—k)
I3\t = 2k + 7
B —3(4k* + 19k + 31)  —3(2k* + 19k + 30)
B 2k +7 2k +7
_ —3(k+2)(2k + 15)
B 2k +7 <0,

g3 is strictly decreasing on I, therefore

g3(z) > g3 (;:;S) = 91— k)(k +2) > 0.

(2k +7)?

The proof is completed. The equality holds for z = y = z, for z/k = y = 2z (or any cyclic
permutation) if k& # 0, for —x = y = z (or any cyclic permutation), and for x = 0 and
y+ 2z =0 (or any cyclic permutation) if £ € [—-2,1]. If £ = 0, then the equality holds also
for x = 0 and y = z (or any cyclic permutation).

Observation 1. The coefficient 7, of the product (z—vy)?(y—2)%(z—z)? is the best possible.
Setting x =k, y =1+t and z = 1 — ¢, the inequality in P 3.51 turns into

Ak, v )t® + Bk, vi)t* + C(k, v )t* > 0,

where
A(ka’Yk) = 4’}% - kQa
Clk, ) = (k — 1)%[4(k — 1)*y — (k + 1)(k* — Tk* — 16k — 32)].
From the necessary conditions A(k,~x) > 0 and C'(k,~x) > 0, we get
(k + 1)(k* — Tk — 16k — 32)
4(k —1)?

Vi > Vi =

2
Za
Also, for x = —1, y =1+t and z = 1 — ¢, the inequality in P 3.51 becomes

Ak, v)t® + B(k, ve)t* + C(k, y:)t> > 0,
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where

Ak, ) =4 — k2, Ok, ) = 4[167 — (k + 1)(5k — 3)].
From the necessary conditions A(k,~) > 0 and C(k, ;) > 0, we get

(k4 1)(5k — 3)
Ve 2 16 :

2
7]@227

Observation 2. There are some relevant particular cases of the inequality in P 3.51.

e For k =1, the inequality turns into

Y@ty +a)@ -yl -2+ }l(x —y)*(y—2)*(z —2)* 20,
which is equivalent to
[z —y—2)+ 2y —z— )+ 2°(2z2 —x — y)}2 > 0.
The equality holds for 2%(2z —y — 2) + y*(2y — 2z — 2) + 2*(2z —x — y) = 0.
e For k = —2, the inequality turns into
D@ =)@ = )@+ 2y) (@ + 22) + (@~ y)(y — 2)°(z —2)* >0,
which is equivalent to
(x4+y+2)2 (2" +y* + 2" — 2% — y?2® — 2%2%) > 0.

The equality holds for z = y = z, for z + y + z = 0, and for —x = y = z (or any cyclic
permutation).

e For k = —b5, the inequality turns into

D @ =)@ = 2 (@ + 5y)(x +52) + T(x — y)*(y — 2)*(= —2)* > 0,
which is equivalent to
(2 +y* + 22+ 3wy +3yz + 320)?(2* P+ 22—y —yz —22) >0

The equality holds for x = y = z, and for 2% + y? + 2? + 3zy + 3yz + 3zx = 0.

Observation 3. Substituting £ — 1 for £ and using then the identity
D (@ =)@ =) — (k= Dylle — (k—1)2] =

=Y (@ =)@ = P& —ky +2)(x — k2 +y) + k(z —y)*(y — 2)°(z — 2)%,

we get the following statement:
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o Let x,y,z be real numbers, and let

( %&LS) k€ (~o0, —4]U[2,00)
) kB Dk -8)
e = Er
\ (k21)27 kel-1,2]

Then,

> (@ =)@ = P @ —ky+2)(z —kz+y) +5(@ — )y —2)°(z—2)’ >0,
with equality for x =y = z, for x/(k — 1) =y = z (or any cyclic permutation) if k # 1,
for —x =y = z (or any cyclic permutation), and for x = 0 and y + z = 0 (or any cyclic

permutation) if k € [—=1,2]. If k = 1, then the equality holds also for x = 0 and y = z (or
any cyclic permutation).

]

P 3.52. If x,y, z are real numbers, then
D yz(de +3yz) (@ —y)(x — 2) + (2 — v)*(y — 2)*(z —2)* > 0.
(Vasile C., 2014)
Solution. We write the inequality as fg(x,y, 2z) > 0, where
fola,y,2) = ya(da’ + 3yz)(x — y)(x — 2) + (z — y)*(y — 2)*(z — 2)*.
Since (z — y)(x — 2z) = 2® + 2yz — q, f¢(,y, 2) has the same highest coefficient A as
D yz(da® 4 3yz)(2® + 2y2) + (v — y)*(y — 2)°(z — @)%,

that is, according to (3.1),
A =63 —27=36.

Since
fo(z,1,1) = (42* + 3)(x — 1),
LY
froalwy = AT
12
Jola 11) — Afoe o(x) = (x—1) (10;1:;— 11)(2x + 1),

we apply Theorem 2 for £ — oo, which involves

(). ma (]
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and for
Ea,ﬁ = foo,727 E’y,zS = h0,57
The condition (a), namely fs(z,1,1) — Afs —2(x) > 0 for x > —1/2, is satisfied.

The condition (b) is satisfied if fg(x,1,1) > Ahgs(z) for x < —1/2. We have
Ahg s(x) = 36[z + 6(x + 2)*)%,

fﬁ(xa 17 1) - Aho’g(l') - f(x)a
f(z) = (42 + 3)(z — 1)? — 36[x + §(z + 2)(2z + 1)]*.
Since f(—1/2) = 0, a necessary condition to have f(x) > 0 in a vicinity of z = —1/2 is
f'(=1/2) = 0. This implies 6 = —5/36, when

36f(r) = 36(42” + 3)(x — 1)* — (102* — 112 + 10)?
= 442" — 682 — 692 + 4z + 8
= (22 + 1)*(112* — 28z + 8) > 0.

The equality holds for z = y = z, and for y = z = 0 (or any cyclic permutation).
Observation 1. Similarly, we can prove the following generalization:
o Let x,y,z be real numbers. If

~ 13+34/33

~ (0.944
T 0.9448,

1
k — k k
€ |:27 1:|7 1

then
1

> va(@® + kyz) (@ — ) = 2) + S (o =)’y — 2)*(z —2)* 20,

with equality for x =y = z, and also for y =z =0 (or any cyclic permutation).
For
2 1 2 2 2
folw,y.2) =Yy + hy2) (@ —y)(w = 2) + S (= —9)*(y — 2)*(2 — 2)’,

we have

A= 9(4k + 1),
4
fo(z,1,1) = (2 + k) (z — 1)*,
Condition (a). For x > —1/2, we have

(x —1)2%2(2 — k)z + 5k — 1](2x + 1)
9

fo(@,1,1) = Afoo,—2(x) = > 0.
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Condition (b). For x < —1/2, choosing

1— 8k
(1 + 4k)’

we get

9(1 + 4k) fe(x,1,1) — [(1 — 8k)z? + (7 — 2k)x + 1 — 8k]?
9(1 + 4k)

fG(LE, 1, 1) — Ahoﬁ(&?) =

(22 + 1)?g(x)
ol 1 4k)

where
g(x) = (2+ 13k — 16k*)z* — 2(5 + k — 4k*)x — 1 + 25k — 28K
= (24 13k — 16k?)(2* +2) — (5 + k — 4k*)(2x + 1) > 0.

Observation 2. Actually, the following more general statement holds:

o Let x,y,z be real numbers. If

1
kel0 k], k= %ﬁ ~ 0.9448,
then 1
> v +hy2) (@ —y)(w = 2) + (2 = 9)*(y — 2)* (e —2)* 20,

with equality for x =y = z, and also for y =z =0 (or any cyclic permutation).

Since the left hand side of the inequality is linear in k, the inequality holds for k € [0, k] if
and only if it holds for £ = 0 and k = k;. These cases are treated in P 3.50 and Observation
1, respectively.

Observation 3. Replacing x,y, z with 1/x,1/y,1/z, respectively, the statement from Ob-
servation 2 becomes as follows:

o Let x,y,z be real numbers. If

1
%‘3—3 ~ 0.9448,

kelk],  h="—g

then

S yalka® +y2) (o y)(a — 2) + 3o — 4y — 2z~ 2)* 2 0

with equality for x =y = z, and also for y = z =0 (or any cyclic permutation).

P 3.53. If x,y, z are real numbers, then

Z ot (z 4 2y)(x + 22) + 5z?y?2? + %(x — )y — 2)*(z — x)* > 0.

(Vasile C., 2011)
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Solution. Write the inequality as fs(z,y, z) > 0, where

fe(z,y,2) = Z ot (z + 2y) (x + 22) + 5ay?2? + %(aj — )2 (y — 2)*(z — 2)%

Since
(z+2y)(z + 22) = 2 + 2yz + 2¢,

fe(z,y, z) has the same highest coefficient as

1
Z ot (2% + 2y2) + 52’y + é(x — )y — 2)*(z — 1)?,

that is, according to (3.1),
27 1
A=945——=—.
+ 2 2
We have

1
f6(0,y,2) = y® + 25+ 2y2(y* + 2*) + §y222(y - 2)%,

f6(0,1,-1)=2—-4+2=0,

fo(x,1,1) = 2*(x + 2)? + 6(22 + 1) + 522
= 2% + 42 + 42* + 52® + 122+ 6
= (z+1)°g(),
where
g(x) = 2* + 22 — 2* + 6.
Since
fG(_lalal):Oa f6(0717_1) =0,
we apply Corollary 2 for F, 5 = g_1 5, where ¢ is given by (3.16):

ol (v +2°¢'(=2) _ =1 ¢(=2)
3(7 +2) 124 3 6

According to Remark 4, it suffices to show that
9(x) = Ag-1,(x)
for x € R, where
G15(7) = [2° + 52 + 8+ 6(x + 2)(x + 5))%.

We have

d(z) = 42° + 62° — 2z, g (=2) = —4, §=—1,

g1 1(z)=[2>+50+8—(z+2)(x +5))* =4(z +1)?,

g(x) —Agy 1(z) =2 +22° = 32 —da+ 4= (2 +2)*(x — 1) > 0.
The equality holds for —x = y = z (or any cyclic permutation), and for x = 0 and

y+ z =0 (or any cyclic permutation).
0
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P 3.54. If x,y, z are real numbers, no two of which are zero, then

1 9
> .
Z 2y? — 3yz + 222 ~ 4(2? +y? + 22) — 3(xy + yz + 2x)
(Vasile C., 2009)

Solution. Write the inequality as fs(z,y, 2) > 0, where
fe(z,y,2) = P(x,y, 2) Z(2x2 — 3ay + 2y%) (22 — 3wz + 22%) — 9 1_[(2y2 — 3yz + 22%),

P(x,y,2) = 4(2* + y* + 2%) — 3(zy + yz + 22).

Since
2y — 3yz + 22° = —22% — 3yz + 2(p* — 20),

fe(x,y, z) has the same highest coefficient A as

PS(xvyu Z) = _9H(_2$2 - 3y2),
that is
A= Py(1,1,1) = —9(—2 — 3)* = 1125.

Since
P(z,1,1) = 42° — 6z + 5,

f@(fb,l,l) 9 9 9
5o a5~ (47" = 6r +5)[(20° =37 +2) +2] —9(22" — 37+ 2)

=2(4r* — 122° + 132 — 6z + 1) = 2(z — 1)*(2x — 1)%,
we apply Corollary 2 for

4(x — 1) (2r — 1)?
2025

F,5(x) = fijo,—2(x) =

We need to show that
Jo(x,1,1) > Afi/a,—o(2)

for z € R. We have
20(z — 1)*(2z — 1)?

9 )
2(x — 1)*(2z — 1)°f ()
9 )

Af1/2,72(9€) =

f6<w7 17 1) - Af1/2,72(x) =

where
f(z) =9(22° — 32+ 2) — 10(x — 1)> =82° — Tz + 8 > 0.

The equality holds for z = y = z, and for 2z = y = 2z (or any cyclic permutation).

Observation. Similarly, we can prove the following generalization:
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o Let x,y,z be real numbers, no two of which are zero. If —2 < k <2, then

1 9
>
Zyz—i—k’yz—{—zQ T 2(x2 4+ Y2 4 22) + k(ay + yz + 2x)’

with equality for © = y = z, and for —z/(k +1) = y = z (or any cyclic permutation)
if k £ —1. If k = —1, then the equality holds also for x = 0 and y = z (or any cyclic
permutation).

For
fo@,y,2) = Pla,y,2) Y (2" + kay +y°) (2 + kaz + 2°) = [ [(0° + kyz + 2°),

P(z,y,z) = 2(:1:2 +y? + 22) + k(zy + yz + zx),

we have
A= —9(]{} - 1)37
P(x,1,1) = 22° + 2k + k + 4,
fg(x,l,l) 9 )
224+ kr+1 =P(z,1,1)[z" + kx + 1+ 2(k +2)] = 9(k + 2)(z° + kz + 1)

= 20t + 4ka® 4 (2k* — 4k — 4)2® — 4k(k 4+ D 4+ 2(k + 1)?
=2(x—-1)*z+k+1)>2
Case 1: 1 < k < 2. Since A < 0, it suffices to show that fg(z,1,1) > 0 for x € R (see
Corollary 1), which is true.
Case 2: —2 < k < 1. We apply Corollary 2 for

4z — )Yz +k+1)°
81(1 — k)2

Fo5(v) = fpa,2(7) =

We need to show that
fo(z,1,1) > Af 41 —2(2)
for x € R. We have
41— k) (z — DYz +k+1)2
9 )
2(z —1)%(z =k —1)°f(x)
9 )

Af—k—1,—2($) =

f@(l‘, 17 1) - Af—k—l,—Q(m) =
where
fx) =9+ kr+1) —2(1 — k)(z — 1)
=2k +7)2* + 5k +4)x + 2k + 7

5k+4\>  9(k+2)(10 — k)
4k 4 14 42k +7) <

= (2k +7) <x+
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P 3.55. Let x,y, 2z be real numbers. If k > 1, then

kx? + 2yz ky* + 2zx k2% + 2xy S k — 1.
ka2 +y?+ 22 kyr+ 22+ 22 k2242 +y? T k41
(Vasile C., 2011)
Solution. We write the inequality as fs(z,y,2) > 0, where
folw,y,2) =(k+1)) (ka® + 2y2)(ky® + 2° + 2°) (k2 + 2° + 1)
—(k—=1) H(k:x2 +y* + 2°).
From
folw,y,2) =(k+1) > _(ka® + 2y2)[(k — Dy* + p” — 2q)[(k — 1)2" + p* — 2]
— (k=D ]Ik = D)2 +p* - 2q),
it follows that fg(x,y, z) has the same highest coefficient A as
flz,y, 2) =(k+1)(k —1)* Z Y222 (ka? + 2y2) — (k — 1)*2?y?2?
—(k + 1)(k — 1) <3kr2 +2)° y3z3) (k- 1)

that is

A=k+1)k—-1)2Bk+6)—(k—1)*=(k—1)*k+5)(2k+1) > 0.
We have

f6(0,y,2) =(k + 1) [2yz(ky® + 2%) (k2" + v*) + k(v + 2°) (2ky® 2 + y* + 27
— (k= 1)(y* + 22 (ky® + 2°) (k2% + ),
f6(0,1,=1) = (k+ D) [-2(k +1)* +4k(k +1)] = 2(k = 1)(k+ 1)* =0,
folx, 1,1) =(ka* +2)(x* + k + D[(k + ) (2 + k+ 1) + 2(k + 1)(2z + k)
— (k=D (2*+k+1)] = (x+k+1)%g(x),
where
g(x) = 2(kx® +2)(x* + k + 1).

Since

fG(_k_lalal):Oa f6(0717_1) =0,
we apply Corollary 2 for F, 5 = g_j_1,, where ¢ is given by (3.16):

g (v +2)%'(-2)
S 3(y+2) 124
kE+1 g (—=2)

S 3(k—1)  12(k+5)(2k+1)
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According to Remark 4, it suffices to show that

g(z) > Ag_r-15(x)

for x € R, where

_ [P+ y(v+6)z -8  S(x+2)(2vr+x+y—4) 2
R A
[+ —(k+1)(k=5)z+8 d(z+2)(2kr+z+k+5)
o B =
We have

g (v) = 4x(2ka® + k* + k + 2), g (—2) = —8(k* + 9k + 2),
—k* + 10k + 3
(k—1)(k+5)(2k+1)
42k +1)2* — (K + k — 2)z + k + 5]?
(k —1)2(k + 5)2(2k + 1)2 ’
4[(2k +1)2? — (K> + k —2)z + k + 5)?
(k+5)(2k+1) ’

_ . 291 ()
g(x) — Ag_j—16(z) = T2k 1)

6:

G-k-15(T) =

Agfkfl,é(x) =

g1(x) = (k+5)2k+ 1) (kx®* +2)(z® + k + 1) = 2[(2k + 1)2* — (K* + k — 2)x + k + 5)?
= (k= 1)(k+2)(z +2)*[(2k + 1)2° + k + 5] > 0.

The equality holds for —z/(k+ 1) = y = z (or any cyclic permutation), and for z = 0
).

and y + z = 0 (or any cyclic permutation
m

P 3.56. If x,y, z are real numbers such that xy + yz + zx < 0, then

1 1 1 1
32 +y2+ 22 3P+ 22+ 32242+ y? wy+yzr+zx T

(Vasile C., 2011)
Solution. Since ry + yz + zx < 0, we may write the inequality as fg(x,y, 2) > 0, where
fola,y,2) = (wy +yz +20) Y (3% +2° + %) (32" + 2 +y°) + [ [B2” +v° + 7).

Since

H(3x2 +y?+2%) = H(2x2 + p* — 2q),
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fe(x,y, z) has the same highest coefficient as [](2z?), that is

A=38.
We have
f6(0,y,2) = yz[(3y” + 2°) (32> + v*) + 4(v* + 2°)°] + (v* + 2*) 3y + 2°) (32" + v*),

f5(0,1,=1) = —(16 + 16) + 32 = 0,

fo(x, 1,1) = (20 + 1)[(2® + 4)* + 2(2? + 4) (3% + 2)] + (z° + 4)*(32* + 2)
= (2% + 4)(3z* + 142® + 212* + 162 + 16).

Since
f6(0, 1, —1> - 0,
we apply Corollary 2 for F, s = h. 5, where 7 is given by (3.19):

L1 MEY 1 W)

with 7737 24 T 37 To6

h(z) = (2 + 4)(32* + 142 + 2122 + 162 + 16)
= 325 + 142° + 332* + 7223 + 10022 + 642 + 64.

We have
B (z) = 2(92° + 352" + 662° + 1082% + 100z + 32),
1 1 1
h'(=2) =16 =-4+-==
(=2)=16, v=g5+:=3,
1 .
Choosing
—1
0=—
4 Y
we get

2

1 1
h1/2371/4($) = |z + 5(93' + 2)(21’ + 1) — Z(ZL’ + 2)3

1
= 1—6(x3 + 227 — 21 + 4)%,

1
fo(z, 1,1) — Ahyja_14(x) = 5(35 +2)%(5z" + 42® + 302% + 8z + 28).

For # > 0, the condition fg(z,1,1) — Ahyjs,_1/4(x) > 0 is clearly true. It is also true for
x < 0, since
5t + 42% + 302° + 8x + 28 > 5(at + 2 + 62 + 20 + 5)
= 52%(2® + = + 1) + 5(52” + 2z + 5)] > 0.

The equality holds for z = 0 and y + z = 0 (or any cyclic permutation).
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P 3.57. If x,y, z are real numbers, then

2 —yz N y? — 2x 22— zy -1
3x2+y2+22 3y2+22+l’2 32’2+$2+y2_ :

(Vasile C., 2011)

Solution. Write the inequality as fs(z,y,z) > 0, where
folw,y,2) = [[(B2 +4* +2°) = ) (@ —y2)3y° + 2> + 2°) (32> + 2 + o).
From
folw,y,2) = [ [(22° +p° = 29) = > (&% —y2)(20° + P — 29)(22° + p° — 20),
it follows that fg(x,y, 2) has the same highest coefficient as
g(z,y,2) = 82%y*2* — 42 Y22 (2% —yz) = —4a?y?2 + 4 Z s
Therefore, fs(x,y,z) has the highest coefficient
A=—-4+12=8.
We have
f6(0.y,2) = (" + 2 +y2) (ky® + 2%) (k2® + ) — (" + 2)(y" + 2" + 6y°2%),
f6(0,1,—1) =16 — 16 = 0,
fo(z,1,1) = (32> +2)(2® + 4)* — (2* — 1)(2® + 4)* — 2(1 — 2)(32* + 2)(2* + 4)
= (2% + 4)(22* + 62° + 52% + 4a + 8).

Since
f6(07 1, —1> - O,
we apply Corollary 2 for F, 5 = h, 5, where v is given by (3.19):

_L M2 1 ()
. TT3T T4 T 37 o6
with
h(z) = (2 +4)(22* + 62° + 52% + 4z + 8)
= 228 + 62° + 132* + 2823 + 2822 + 162 + 32.
We have

B (z) = 2(62° + 152 + 262 + 4222 + 28z + 8),
1 5 -1
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1
h_1jo6(x) =[x — §(x +2)(2z + 1) + §(z + 2)%%
Choosing
0 =0,
we get

1 2
h_1/270($) = |Tr — 5(.1' —+ 2)(21’ -+ 1)

1
= Z(2::02 + 37 + 2)?,

fﬁ(.%, 1, 1) — Ah,1/2’0<l’) = (I’ + 2)2<2$4 — 2x3 + 51’2 — 8z + 6)
> (z+2)*(z* — 22° + 52 — 8x + 4)

= (x4+2)*(z —1)*(2* +4) >0.

The equality holds for z = 0 and y + z = 0 (or any cyclic permutation).

P 3.58. Let x,y, z be real numbers. If k > 1, then

Yz n zx N Ty +1>0
ka? +y?+ 22 ky?+ 2242 k22424 27

(Vasile C., 2011)
Solution. Write the inequality as fs(z,y,z) > 0, where
fo(z,y,2) =2 Z yz(ky® + 22 + 2?) (k2 + 22 + %) + H(lm2 +y? + 2%).
From
(2,9,2) =2 yzl(k = 1)y* +p* = 24)[(k — 1)2" + p* — 24 + [ [[(k — 1)a” + p* — 24],
it follows that fg(x,y, z) has the same highest coefficient as
g(x,y,2) = 2(k —1)? Zy?’z?’ + (k — 1)%2%y*22,

that is
A=6(k—17+(k—13=(k—1)*k+5)>0.

We have
f6(0,y,2) = 2yz(ky® + 22) (k2> + v°) + (v° + 2°) (ky® + 2%) (k2% + 7),

f6(0,1,—1) = —2(k+ 1)+ 2(k + 1)* = 0,
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fo(z,1,1) =2(2* + k+ 1)* +do(2® + k+ 1) (ka® +2) + (k2* +2)(2® + k + 1)?
= (2° + k + 1)[ka" + 4ka® + (K> + k + 4)2° + 8z + 4k + 4].

Since
f6(07 1, —1> = O,
we apply Corollary 2 for F, 5 = h, o, where 7 is given by (3.19):
1 w(=2) 1 h(-2)
TT3 oA 3
with

12(k — 1)2(k + 5)’

h(z) =(2* + k + 1)[ka" + 4ka® + (K + k + 4)2* + 8x + 4k + 4]
=ka® + 4ka® + 2(k* + k + 2) (2" + 22°) + (k + 1)(k* + k + 8)2°

+8(k + D)a + 4(k + 1)
We have

W (z) = 2[3kx® + 10kz* + 2(k* + k + 2)(22° + 32?) + (k + 1)(k* + k + 8)x + 4k + 4],
R(=2) = —4(k — 1)(k* + Tk — 14),
1 P HTk-14 3—k
7T 3k-D)(k+5) (k-1(k+5)

hyolz) = |o — G —kl)_(k?—k 5>(:1:+2)(23:+1)

Y

1
Ah%o (l’) =

- [(6 — 2k)2® + (K — k 4+ 10)z + 6 — 2k,

1
fo(x,1,1) — Ahpo(z) = A 5(93 + 2)29(93),
where

g(z) = k(k +5)z* + 2(k* + 2k% + 9k — &)z — 8(k* — k + 2)x + k* + 6k* + 17k — 4.
Since

k* 4+ 2k* + 9k — 8 > 3k + 9k — 8 > 2(k* — k + 2)
and

we have

E* 4+ 6k% 4+ 17k — 4 > Tk* + 17k — 4 > 4(k* — k + 2),

g(x) > 4(k* —k+2)2* —8(k* —k + 2)x + 4(k* — k + 2)
=4k —k+2)(z —1)*>0.

The equality holds for z = 0 and y + z = 0 (or any cyclic permutation)
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P 3.59. If x,y, z are real numbers, then

Yz N 2 n xy
x?+4y? + 422 Y2+ 422+ 42?0 22 4 4x? 4 dy?

Solution. We will apply Corollary 2 for F, s = h, s, where
1 2

2(k+5) 21

3—k —44

TT - D)kts) 63

We have

+1>
32

0.

(Vasile C., 2011)

fe(z,y,2) =2 Z yz(ky® + 22 + 2?) (k2> + 2* + %) + I_I(Iwr;2 +y? 4 2%),

A= (k- 12k +5),

folx, 1,1) =(2* + k + D) [ka’ + 4ka® + (K> + k + 4)2* 4 8z + 4k + 4]
=ka® + 4ka® 4+ 2(k* + k + 2)(2* + 22%) + (b + 1)(K* + k + 8)2°

+8(k + 1)z + 4(k +1)%,

hys(z) = |z — = 1)_(l<; 5 (x+2)2x+1)+

1
2(k+5)

fo(x,1,1) — Ah, 5(z) = 1k +5)

where

2

(z+2)°| ,

(x +2)%(Ax* + Bia® + C12° + Diw + E)),

Ay =3k*+22k—1, By =16(1—-k), Oy =4k(k+1)(k+3),

Dy =8(k+1)(1 —4k — k*), E;=4(k+1)2*(k+4).

For k = 1/4, the inequality fg(z,1,1) > Ah, s(x) reduces to (x + 2)?g(x) > 0, where

g(x) = 752" +1922° + 652% — 10z + 425.

Clearly, g(z) > 0 for z > 0. Also, for z < 0, we have

g(x) > 64x* +1922° + 642 + 256 = 64(x +2)*(2* —z + 1) > 0.

The equality holds for x =0 and y + z = 0 (or any cyclic permutation).
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P 3.60. If x,y, z are real numbers, then

1 7
< .
Z 2?2 +4y? + 422 7 422+ y? + 22) + 3(zy + yz + z2)
(Vasile C., 2011)

Solution. Write the inequality as fg(x,y, z) > 0, where
folw,y,2) = T][(2* + 49° + 42°) = PY (" + 42" + 42%) (2 + 42 + %),

P =4(2* + y* + 2°) + 3(xy + yz + 22).
The highest coefficient A of fs(z,y, 2) is equal with the highest coefficient of the product
711(2* + 4y* + 42?). Since
o+ 4y® + 427 = =327 + 4(p* — 29),
we have
A=17(-3)* = —189.

By Corollary 1, we only need to prove the original inequality for y = z = 1. Thus, we need

to show that
1 2 7

<
x2+9+4$2+5 ~ 4x2 4+ 6x + 117

which is equivalent to
(x — 12?2z —-7)%*>0.

The equality holds for z = y = 2, and also for 2z = Ty = 7z (or any cyclic permutation).

Observation. For xy 4 yz + zx > 0, using the Cauchy-Schwartz inequality

4 N 3 - (4+3)?
2+y2+ 22 zytyrtze T A2+ yP 4 22) + 3(vy +yz + 2x)’

we get the following inequality

7 4 3
< + ,
Zx2+4y2+4z2_1‘2+y2+22 Ty + yz + zx

with equality for x =y = 2.

P 3.61. If x,y, z are real numbers such that xy + yz + zx > 0, then

2 45
g > .
A2 +y? 4+ 22 — M2+ 2+ 22) +ay +yz + 2o
(Vasile C., 2011)
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Solution. Write the inequality as fs(z,y, z) > 0, where
fe(z,y,2) =2P Z(ﬁly2 + 22+ 2 (427 + 2 +y?) — 45 1_[(4962 + 9% + 27),

P =14(2* + y* + 2%) + 2y + yz + 2.
The highest coefficient A of fs(z,y, 2) is equal with the highest coefficient of the product
—451(42* + y* + 2?). Since
4o 4+ 92 + 2% = 327 + 4(p* — 2q),
we have
A= —45(3)% < 0.

By Theorem 1, we only need to prove the original inequality for y = 2z =1 and 2z + 1 > 0.
Thus, we need to prove that

1 n 4 S 45
202 +1 2245 = 1422 4+ 22 + 29’

which is equivalent to
(z —1)*(2z +1)(z +2) > 0.

The equality holds for x = y = z, and also for —2z = y = z (or any cyclic permutation).

Observation. Similarly, we can prove the following generalization:

o Let x,y,z be real numbers such that xy +yz + zx > 0. If k > 1, then

Z 1 S 27(2k +7)
ka? +y? + 22 = (k+8)(4k + 5) (2% + y? + 22) + 2(k — 1) (xy + yz + zx)’
with equality for x =y = z, and also for —2x =y = z (or any cyclic permutation).
For
folw,y,2) = Pla,y,2) > (ky® +2° + 2%)(k2” + 2 + y°) = 272k + 7) [ [ (ka” + v* + 2%),

P(z,y,z) = (k+8)(dk +5)(2” + y* + 2%) + 2(k — 1)*(zy +yz + 22),

we have
A==212k+7)(k—1)* <0,
P(x,1,1) = (k + 8)(4k + 5)2” + 4(k — 1)%x + 2(5k* + 35k + 41),
fo(z,1,1) 2 2 2 2
SR P2, 1,1 142 2)] — 27(2 1 2
el (x, 1, D)[z" + k+ 1+ 2(kx” + 2)] — 272k + 7)(2° + k + 1) (ka* + 2)
=2(k—1)*x - 1)*2x + 1)[2(k +5)z + 5k + 16] > 0
for 2z +1 > 0.
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P 3.62. If x,y, z are real numbers such that xy + yz + zx > 0, then

1 45
> .
Zx2+4y2—|—422 T A4+ y P+ 22 day+yz + 2
(Vasile C., 2011)

Solution. Write the inequality as fs(z,y,2) > 0, where
folw,y,2) = PY_(y +42° + 42%)(2° + 42” + 49°) — 45 [ [ (+” + 49° + 427,

P =442 + y* 4+ 2°) + 2y + yz + 2.
The highest coefficient A of fs(z,y, 2) is equal with the highest coefficient of the product
—45 [1(z* + 4y* + 42%). Since
2?4+ dy? 427 = =327 + 4(p* — 29),
we have
A = —45(-3)% = 1215.
Since

fﬁ(mayaz)

ey (442 4 22 + 89)[42* 4+ 5 + 2(2 + 8)] — 45(42% + 5) (2 + 8)

= 3(442® + 22 + 89)(22* + 7) — 45(42* + 5)(z* + 8)
3(z — 1)*(2z + 1)(14x + 23),

we apply Corollary 2 for

Ao —DHr+ 1)

F.5(x) = fo1/2,-2(x) = 729

Thus, according to Remark 2, it suffices to show that

fﬁ(‘ru 17 1) Z Af—l/Q,—Q(:U)
for 2z +1 > 0. We have
20(z — 1)4(21: + 1)2

Af—1/2,72($) =

fﬁ(l’, 1, 1) — Af_1/27_2(27) =

where
f(z) = 9(42® + 5)(14x + 23) — 20(z — 1)*(27 + 1).

Since 422 + 5 > (x — 1)?, we have

f(z) > 9(z — 1)*(14x + 23) — 20(x — 1)*(2x + 1) = (x — 1)*(86x + 187) > 0.
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The equality holds for z = y = z, and also for —2z = y = z (or any cyclic permutation).

Observation 1. Similarly, we can prove the following generalization:

o Let x,y,z be real numbers such that xy +yz + zx > 0. If 0 < k <1, then

Z 1 S 27(2k +7)
ka? +y? + 22 = (k+8)(5k + 5) (2% + y% + 22) + 2(k — 1) (ay + yz + zx)
with equality for x =y = z, and also for —2x =y = z (or any cyclic permutation).
For
fe(z,y,2) = PZ(k’;f + 22+ 2?)(k2* + 22 + ¢7) — 27(2k + 7) H(kx2 +y* + 2%),

P = (k+8)(5k + 5)(a® +y* + 2°) + 2(k — 1)*(zy + yz + 27),
we have
A= =272k +T7)(k—1)* >0,
Af1a() = 42k +7)(1 — k:)2§x —1)*2x +1) |
fo(z,1,1) = 2(k — 1)*(2* + k + 1) (2 — 1)*(2z + 1)[2(k + 5)x + 5k + 16],

fula 11) = Afsjaofr) = L@ VRE DI

where
f(z) =27(z® + k+ 1)[2(k + 5)x + 5k + 16] — 2(2k + 7)(1 — k)(z — 1)*(2z + 1).

Since
2@ +k+ 1) - (1—k)(z—-1)2>20*+1) — (v —1)> = (x +1)* > 0,

it suffices to show that

27[2(k + 5)z + bk + 16] > 4(2k + 7)(2x + 1)
for 2¢ +1 > 0. This is true if

2[2(k + 5)x + 5k + 16] > (2k + 7)(2x + 1),
which is equivalent to

6x + 8k + 25 > 0.

Observation 2. Having in view Observation 1 above and Observation from the preceding
P 3.61, it follows that the concerned inequality holds for all k£ > 0.
For k = 0, the following inequality holds under the condition xy + yz + zx > 0:
2 2 2 189
+ + > :
2 +y? P+ 2242 T 20(2? +yP 4 22) +ay +yz + 2
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P 3.63. If x,y, z are real numbers, then

r(—r+4dy+4z2) yl—y+4z+4z) z2(—z+4dox+4y) 21
+ < —.
Y2+ 22 22 + 22 2?2 + y? -2

(Vasile C., 2011)

Solution. Write the inequality as fs(z,y,z) > 0, where

fo(x,y,2z) =21 H(y2 +2%) -2 Zx(—x + 4y + 42) (2 + 22) (2° + ).

Since
v+ 22 = -2t 4 p* — 2, —z + 4y + 42 = —Hx + 4p,

fe(x,y, z) has the same highest coefficient A as
21(—2%)(=y*)(=2%) = 2 ) a(=52) (=) (=27),

that is
A=09.

Since
fo(x,1,1) = 42(2* + 1)* = 22(—2 + 8)(z* + 1)* — 8(4x + 3) (2 + 1),

fﬁ('xa 17 1)

22 +1) 21(2? + 1) + z(z — 8)(2* + 1) — 4(4x + 3)

=2? — 82 + 2227 — 241 + 9 = (v — 1)*(z — 3)%,

folw,1,1) = 2% + 1)(@ — 1)*(x - 3)%,
we apply Corollary 2 for

Fro(e) = fi (o) = =20

Thus, we need to show that fs(x,1,1) > Afs _o(z) for x € R. We have

Afy () = 4(x — 12)2;7: —3) |
2(x —1)*(x — 3)*f(x)
225 ’

fﬁ(x, 1, 1) - Af3’_2<l’> =

where
flx)=225(2* +1) —2(x — 1) > 4(z* +1) = 2(z — 1)* = 2(x + 1)* > 0.

The equality holds for z = y = 2, and also for /3 = y = z (or any cyclic permutation).
O
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P 3.64. If x,y, z are real numbers, no two of which are zero, then

x? + 3yz N y>+ 32z N 2% + 3wy -
y2—yz+22 2 —zxta? 2-oytyr

(Vasile C., 2011)
Solution. Write the inequality as fs(z,y,2) > 0, where

fo(z,y,2) = 2(1’2 + 3yz)(2® — zy + y°) (2 — w2 + 2%) — H(y2 —yz + 2%).

Since
y2—yz—i—z2: —xz—yz+p2—2q,

fe(x,y, z) has the same highest coefficient A as
Py(,y,2) = Ps(x,y,2),
where
Py(x,y,2) = Y (#" +3y2)(=2" —ay)(—y* —w2),  Pi(w,y,2) = [[(=2* —y2).
According to (3.2) and (3.3), fs(x,y, z) has the highest coefficient
A=Py(1,1,1) — P5(1,1,1) = 48 — (—8) = 56.
On the other hand,
fo(z,1,1) = (2* +3)(2* —2+ 1)+ 2Bz + D)(2* -2+ 1) — (2 — 2 + 1)
= (22 — o+ 1)(a* — 2° + 32 + 42 + 4).

Since the original inequality is an equality for (z,y,z) = (0,1, —1), that means

f6(0,1,=1) =0,
we apply Corollary 2 for F, 5 = h, 5, where v is given by (3.19):

/
- % - h1(2A2 :
h(z) = fo(x,1,1) = (2® — 2+ 1)(z* — 2 + 327 + 4o + 4)

We have | h’( 2) o
'(—2) = —524 == =
W(=2)==524,  v=3+—7 56

We need to show that there is a real § such that fs(z,1,1) > Ah, s5(z) for € R. Choosing

1
0= 3’ we have

25 1 2
hys(x) = |z — %(x +2)2z+1) + g(x +2)3

1

= @(7:53 — 82% + 15z + 6),
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fo(x,1,1) — Ah., 5(z) = —(72° + 62 + 1562 + 392% — 180x + 188)

(z +2)%(72* — 282° + 902? — 927 + 47)

> —(z 4+ 2)*(7T2* — 282° + 742 — 927 + 46)

Sy = = =

(z +2)*[72*(z — 2)* + 46(x — 1)?] > 0.

The equality holds for z = 0 and y + z = 0 (or any cyclic permutation).

P 3.65. If x,y, z are real numbers, then

(r—y=—2 | (y—z—up  (e-z—y? .,
207 —3yz +2:2 | 22— 3zw + 227 2223wy +y?

(Vasile C., 2011)
Solution. Write the inequality as fs(z,y,2) > 0, where

fo = Z(4x —y — 2)%(22% — 3zx + 22%) (22 — 3zy + y?) — 12 1_[(23/2 — 3yz + 22%).

Since
dor —y — 2z = bx — p, 2y — 3yz + 22° = —22% — 3yz + 2(p* — 29),

fe(z,y, z) has the same highest coefficient A as
25P(z,y, z) — 12P3(x,y, 2),

where

PQ(:L‘a Y,z = Zx2(_2y2 - 325(])(—222 - 3.£Uy)7 Pg(l‘, Y, Z) - H(—2$2 - ?)yZ),
that is
A=25Py(1,1,1) — 12P(1,1,1) = 25 - 75 — 12(—125) = 3375.

Since

f6<1‘, 1, 1)
2(222 — 3z + 2)

=2(2z — 1)*(22° — 32 + 2) + (v — 3)* — 6(22° — 32 + 2)

= 162" — 402° + 332> — 10z + 1 = (z — 1)*(4z — 1)?,
fo(x,1,1) = 2(22° — 32 + 2)(z — 1)*(4z — 1),

we apply Corollary 2 for

4(z — 1) (4w — 1)?
81-81

Fo5(x) = fija-2(v) =
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Thus, we need to show that fg(z,1,1) > Afi/4_o(z) for z € R. We have

Afua () = 2200 2143(433 —1°

2a — 1)2(4z — 1)*f()
243 ’

f6<I, 1, 1) - Af1/4,—2(l‘) =
where
f(z) = 243(22° — 32+ 2) — 250(z — 1)
> 150(22% — 3z + 2) — 250(x — 1)* = 50(z* + = + 1) > 0.
The equality holds for z = y = z, and also for 4 = y = z (or any cyclic permutation).

Observation. Similarly, we can prove the following generalization:

2 -4+ 2k

o Let x,y,z be real numbers. If =2 < k <1 —+/5 and m = — then

Z (my + mz — x)? S 3(2m —1)?
v +kyz+22 T k+2

with equality for v =y = z, and also for x/a =y = z (or any cyclic permutation), where

kAR Td
_ : |

P 3.66. If x,y, z are real numbers, then

(By+32—4a)®  (B243x—4y)® (Br+3y—42)* 12
N2 —3yz+22° 222 —3zx + 227 | 2% —3wy+y

(Vasile C., 2011)
Solution. Write the inequality as fs(z,y, z) > 0, where
fe = Z(?)y + 3z — 42)%(22% — 3zx + 22%) (22 — 3zy + y?) — 12 H(2y2 — 3yz + 22%).
Since
3y + 3z —4x = —Tx + 3p, 2y% — 3yz + 22° = —227 — 3yz + 2(p* — 2¢),
fe(z,y, z) has the same highest coefficient A as

49P2(17, Yy, Z) - 12P3(3§',y, Z)v
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where
Py(x,y,z =Y a*(=22" = 3uy)(=2y° —3zz),  Pi(w,y,2) = [[(—22" = 3y2),

that is
A=49P(1,1,1) — 12P3(1,1,1) =49 - 75 — 12(—125) = 5175.
Since

f6($, 1, 1)
2(222 — 3x + 2)

=222 —3)*(22° - 32 +2) + (32 — 1)* — 6(22* — 3w + 2)

= 162" — 722° + 1212° — 90z + 25 = (v — 1)*(4x — 5)?,
fo(z,1,1) = 2(22% — 3z + 2)(z — 1)*(4x — 5)?,

we apply Corollary 2 for

4(x — 1)*(4x — 5)?
81-169

Thus, we need to show that fg(x,1,1) > Afs/4_o(x) for € R. We have

F,5(x) = fs5/14,-2(x) =

2300(z — 1)4(dz — 1)?
1521

(x — 1)*(4x — 1)*f(x)
1521 !

Af5/4,72(i€) =

f6(1'7 L, 1) - Af5/4,—2($) =

where
f(z) = 3042(22% — 3z + 2) — 2300(z — 1)*
> 1500(22° — 3z + 2) — 2500(x — 1) = 500(2* + z + 1) > 0.
The equality holds for x = y = z, and also for g =y = z (or any cyclic permutation).

Observation. Similarly, we can prove the following generalization:

2+ 442k 0
4 )

o Let x,y,z be real numbers. If =2 < k <2 and m = en

Z (my +mz — z)? - 3(2m — 1)2'

v +kyz+22 T k+2
with equality for v =y = z, and also for x/a =y = z (or any cyclic permutation), where
V2k+4 -k
o0=——"
2
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P 3.67. Let x,y, z be real numbers. If k > —2, then
42 + kay + ) (W + kyz + 22 (22 + kze +2%) > (2 - k) (z — v)*(y — 2)*(z — )%
(Vasile C., 2011)

Solution. Write the inequality as fg(z,y,z) > 0, where

fo(x,y,2) = 41_[(x2 +kry +9°) — (2= k)(z —y)*(y — 2)*(z — 2)*%.
From
[+ kay + 7)) = [ [ 07 — 20 + kay - 2°),

it follows that fs(x,y, z) has the same highest coefficient as

4] [key = 2°) — 2 = k)@ — y)*(y — 2)*(z — 2)°,
that is, according to (3.3),
A=4(k -1 +27(2 - k) = (k+2)(2k — 5)*.

For k = 5/2, we have A = 0. Then, by Corollary 1, it suffices to show that fs(z,1,1) >0
for any real x. Indeed,

fo(x, 1,1) = 4(k + 2)(z® + kx + 1)* > 0.

Further, consider k > —2, k # g Since fg(z,1,1) is a polynomial function of degree four
and
f6(0,y,2) = 4y°22 (> + kyz + 2°) — (2 — k)y*2%(y — 2)?,
f6(0,1,—-1)=4(2—k)—4(2—k) =0,
we apply Corollary 2 for F, 5 = h. o, where 7 is given by (3.19):
h'(—2)

1
37 24

with
hz) = fo(x,1,1) = 4(k + 2)(2? + kx + 1)
We only need to show that fg(z,1,1) > Ah, o(x) for z € R. We have
W (z) = 8(k + 2)(2z + k)(2® + kz + 1),
1 2k-8 1
3 3(2k-5) 2k-5

(x+2)2z+1)| = 4(9“"(2; ]i;l) |

W(=2) = —8(k+2)(k—4)(2k —5), =

h%()(l') = |x+

2k -5
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therefore

f6<l', 1, 1) == Ah%o(l‘).
Actually, the inequality is equivalent to
(k +2)[zy(z +y) +yz(y + 2) + za(z + 2) + 2(k — Dzyz]* > 0.
Therefore, the equality holds for

zy(x +y) +yz(y + 2) + za(z + ) + 2(k — 1)ayz = 0.

P 3.68. If x,y, z are real numbers, then

(@ + ) (1" + 2°)(2° + 2°) + 2(2%y + v72 + 2a) (g’ + y2° + 22%) > 2Py

(Vasile C., 2011)

Solution. Write the inequality as fs(z,y,2) > 0. From

fo(my,2) = [[0° = 20 — o) + 2032%%2% + > o™ +ayz > a®) — 2%y,
it follows that fg(x,y, 2) has the highest coefficient

A=-14+2(3+3+3)—1=16.
Since fg(x,1,1) is a polynomial function of degree four and
f6(0,y, 2) = y*22(y* + 2%) + 2°2°, f6(0,1,=1) =2 -2 =0,

we apply Corollary 2 for F, 5 = h. o, where 7 is given by (3.19):

_1+Mem
3 124

with
h(x> = f6(~r7 ]-, 1) = 45(74 + 41}3 + 9372 + 41’ + 4 — (2372 + €T _|_ 2)2

We only need to show that fg(z,1,1) > Ah., o(z) for x € R. We have

R (z) =204z +1)(22* + 2 +2), K (-2) =112,
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therefore

fo(z,1,1) = Ah, ().
Actually, the inequality is equivalent to
[zy(z +y) + yz(y + 2) + z2(2 + x) — 2y2]* > 0.
Thus, the equality holds for

vy(r +y) +yz(y + 2) + 22(z + x) = zyz.

P 3.69. Let x,y, z be real numbers. If k € (—oo, —2] U (0, 00), then
2
2%+ 9% 4+ 20 — 32%y?2 + E(ﬁ + kyz)(y* + kzw)(2* + kxy) > 0.

(Vasile C., 2011)

Solution. Denote the left side of the inequality by fs(z,y,2). According to (3.3), the
polynomial fg(x,y, z) has the highest coefficient

3 _ 2(k +1)°

i > 0.

2
A:3_3+E(1+k>

Since
f6(0,y,2) = y® + 20 4+ 21323, f6(0,1,-1)=1+1-2=0,

we apply Corollary 2 for F, 5 = h, 5, where v is given by (3.19):

1K)
T3 94
with
6 2 2 2
h(z) = fo(z,1,1) =2 — 3z +2—|—E(x + k) (kx 4+ 1)°.
We have

4
B (z) = 62° — 62 + Ex(k:m +1)? +4(2® + k) (kx + 1),

—4(2k3 + 15k2 + 33k + 2
B(—2) = (2k° + ' + 33k + )’
1 2k°+15k% +33k+2  —3k(k +3)
3 6(k+ 1) 2k +1)3 7

Thus, the condition fs(x,1,1) > Ah,s(x) is equivalent to

’Y:

2
2% —32% + 2+ E(ﬁ + k) (kz +1)* >
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2

20k +1)* [ 3k(k+3) (+2)(2z +1) + 6(z + 2)?

> ) b S
S PR E
k(k +3)

m. Choosing this 9, the

Setting = = 1, this inequality becomes an equality for § =

inequality turns into
k(k —1)%(k 4+ 2)(x +2)*(x — 1)* > 0,

which is true for x € R.

The equality holds for x =0 and y + z = 0 (or any cyclic permutation).
Observation. For k = —2 and k = 1, the following identities hold:
28 4 o8 4 28— 32%y?2? — (2% — 2y2) (1P — 222) (2% — 2xy) = (2® + o + 2% — 20y2)?,

2% 4+ 4% + 20 = 32%972% + 2(2 + y2) (v + 22) (2 + ay) = (2% + ¢ + 2° + 2y2)?

P 3.70. If x,y, z are real numbers, then
20227 4+ y* + 2%) (207 + 2% + %) (22° + 2 + ¢°) > 892%y%2% + 9(x — y)*(y — 2)*(2 — x)*.
(Vasile C., 2011)

Solution. Write the inequality as fs(z,y,z) > 0. Since

[[ee*+y*+2°) = []* +p* —20),
the polynomial fg(z,y, z) has the same highest coefficient as
20%y% 2% — 892%y*2? — 9(z — y)*(y — 2)*(z — x)?,

that is

A=2-89+9: 27 = 156.
Since

f650,,2) = 2(y° + 2%) (25" + 2°)(22° + %) — 9?2 (y — 2)°,

f6(0,1,—-1) =36 — 36 =0,

we apply Corollary 2 for F, 5 = h, 5, where v is given by (3.19):
h(=2)

+ o

1
TT37T 24

with
h(z) = fo(x,1,1) = 4(2® + 1)(2* + 3)* — 8922
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We have
B (z) = 8x(z* + 3)* + 16x(2* + 1) (2 + 3) — 178z,
1 43 77
"(—2) = —154 — - 2_ T
h(=2) B YT TR T T

Thus, the condition fs(x,1,1) > Ah,s(z) is equivalent to

2
4(z% 4+ 1)(a* + 3)* — 892% > 156 |z — ﬂ(x +2)(2r + 1) + §(z +2)°

156
: . : . 17 .
Setting x = 1, we can check that this inequality becomes an equality for 6 = 56 Choosing
17
0= T56’ the inequality becomes

(z +2)*(z — 1)*(3352° — 1098z + 1323) > 0,
which is true for x € R.
The equality holds for z = 0 and y + 2z = 0 (or any cyclic permutation).
Observation. The following related statement holds, too.
o Let x,y,z be real numbers. If k > 0, then
2(ka® +y* + 2°) (ky? + 2% + 2?)(k2” + 2% +y°) > (k + 1)*(z — y)*(y — 2)*(2 — ),

with equality for x =0 and y+ z =0 (or any cyclic permutation).

P 3.71. If x,y, z are real numbers such that x +y + z = 3, then
13z —1 13y —1 132—1<3

2+23 P43 2237

(Vasile C., 2011)
Solution. Write the inequality in the homogeneous form fs(x,y, z) > 0, where
fol@,y,2) = 3] J(92° +23p*) — 2p > (392 — p)(9y® + 23p*) (92° + 23p).
Clearly, the polynomial fg(x,y, z) has the highest coefficient
A=3-729.
For p = 0, we have fq(r,y,2) = 3- 729 22y?2%, therefore

f6(0,—1,1) = 0.
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Also, we have
fo(x,1,1) = 12(232% 4+ 92z + 101) (2 — 1)*(7z + 11)*.

A= D)N(Tx +11)?
f—11/7,—2($) = 729 )

Af_11/77_2(l’) = 12(1’ — 1)4(71’ + 11)2,
fo(z, 1,1) — Af 117 —2(x) = 24(x — 1)*(Tx + 11)*(z + 2)(11z + 25).

As a consequence, we will apply Theorem 2 for

—25 —23 —25] [-23
I (Rt RAT= [ —oo. =22 | Uy | =2
( 11° 13 ) ’ \ ( RN } LJ{ 13 ’OO)'

Ea,,B - ha,,B, E’y,é = f711/7,72,

and for

where « is given by (3.18):

1 W(-2)
“T37 124
with
h(x) = fo(z,1,1) = 12(232% + 92z + 101)(z — 1)*(7z + 11)%
" : . —25
The condition (b), namely fs(x,1,1) > Af_11/7_o(x), is satisfied for z € (—oo, T} U

—25 —23
[—2,00), hence for x e R\ I = (—oo, T] U {?, OO)-

The condition (a) is satisfied if there is a real § such that fs(z,1,1) > Af, g(x) for
—-25 23
rel= < ), where

117 13
1, ()
“T37 04
From
h'(—2) = =729 - 64,
we get
1 N +—16 13
¢T3 9 ~ 9
13 517
hasle) = |2 = (o +2)(20 +1) + Bz +2)
We choose



Highest Coeflicient Cancellation Method for Real Variables 355

to have h, g(—11/7) = 0. Therefore,

2

13 28
hap(z) = |2 — 3(ac +2)(2z+1) + E(:c +2)?

4
= g7 (Te+ 11)°(20° + 72 +9)°,
Ahg p(r) = 108(7Tz + 11)%(22% + Tz + 9)?,
fo(2,1,1) = Ahap(2) = —12(72 +11)*(z +2)* (132" + 1542 +167)

and
1322 + 154z 4+ 167 < 14(222 + 11z + 12) = 14(z 4+ 4)(2z + 3) < 0.

The original inequality is an equality for + = y = z = 1, and also for + = —11 and
y =z =T (or any cyclic permutation).
O

P 3.72. If x,y, z are real numbers, then
5(2° +y* + 2%)° > 10827y 2° + 10(z — v)*(y — 2)*(2 — z)*.
(Vo Quoc Ba Can and Vasile Cirtoaje, 2011)

Solution. Write the inequality as fs(z,y,2) > 0, where

fo(x,y,2) = 5(2* + y* + 2%)* — 1082%y*2% — 10(z — y)*(y — 2)*(z — 2)*.
The polynomial fs(z,y, z) has the highest coefficient

A= —108 — 10(—27) = 162.

We have

f6(0,y,2) =5(y* + 2°)° = 10y°2%(y — 2)*,  f6(0,1,—1) = 40 — 40 = 0,

h(z) = fe(x,1,1) = 52° + 302" — 482% + 40,
1 W(-2) -5

"(—=2) = —172 ===
h'(—2) 728, R 5

2
hsjoa(z) = m—g($+2)(2x+1)+ﬁ($+2)3 ,

Ah_sjop(z) =2 [92 — 5(z + 2)(22 + 1) + 98(z + 2)*]”,

fo(x,1,1) — Ah_5/9 s(x) = (x + 2)°Hp(x),

where
Hp(z) = 5(z® — 62 — 102 — 4) + 728(52* + 8z + 5) + 1625%(x + 2)°.
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First Solution. We will apply Theorem 2 for £ — —oo, which involves
-1 -1
I=1{-00,— R\I=|—
( 00, — > : \ [ 5 ,oo) ,

Ea,ﬂ = h—5/9ﬂa Eﬂ/,é = h—5/9,6'

and for

The condition (a), namely fg(z,1,1) > Ah_59 g(x) for < —1/2, can be satisfied only if
10
Hz(—2) = 0. This yields § = 3l and

5
fo(z, 1,1) — Ah_5/9.1081(2) = g(ac +2)*(412? — 88z + 38) > 0.

The condition (b) is satisfied if there is a real ¢ such that fe(z,1,1) > Ah_5/94(x) for
4
x > —1/2, that is Hs(x) > 0 for z > —1/2. Choosing § = 77 the condition Hs(z) > 0 is

equivalent to
1323 + 182% — 662 + 44 > 0,

which is true because
132° + 1827 — 662 + 44 = 13(z — 1)*(z + 1) + (312* — 53z + 31) > 0.
The equality holds for z =0 and y + z = 0 (or any cyclic permutation).

Second Solution. Apply Theorem 2 for
2 16
n= ga ’S - E?
2 2
]I:<5,2>, R\H:(—OO,E:|U[2,00),

Ea,ﬁ = h—5/9,4/27, E’y,6 = h—5/9,10/81-

The condition (a) is satisfied if fg(x,1,1) > Ah_5/94/07(x) for 2/5 < x < 2. As shown in
the first proof, this inequality can be written as

and for

(z + 2)%(132° 4 182 — 662 + 44) > 0,
which is true since
132° + 1827 — 662 + 44 = 13(z — 1)*(z + 1) + (312* — 53z + 31) > 0.

The condition (b) is satisfied if fs(x,1,1) > Ah_5/910/81 for € (—00,2/5] U [2,00). As
shown in the first proof, this inequality is equivalent to

(z + 2)*(412% — 882 + 38) > 0,
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which is true because

412% — 887 + 38 > 362° — 88z + 32 = 4(9z — 4)(z — 2) > 0.

Observation. The coefficient of the product (x —y)?(y — 2)?(z — x)? in P 3.72 has the best
possible value. Indeed, setting x =0,y =1, 2 = —1in

5(a% 4y + 22)* > a2t + Bz — )2y — )Xz — )7,

we get § < 10. In addition, for g = 10, the best value of the coefficient o of the product
229?22 is 108. Setting x = 5t, y = 2t + 1, z = 2t — 1, the inequality

5(2% +y° + 2%)% > ar®y?2? + 10(x — y)?(y — 2)*(z — z)?

becomes
A(a)t® + B(a)t* + C(a)t* > 0,

where C'(a) = 108 — . The necessary condition C'(«) > 0 involves a < 108.

P 3.73. If x,y, z are real numbers, then
(2% 4+ 9% + 22)° + 2(22% + y2) (2y* + 22) (222 + xy) > 272%y>22
(Vasile C., 2011)
Solution. Write the inequality as fg(x,y,z) > 0, where
fo(z,y,2) = (22 + y* + 22)° — 27229 2% + 2(22% + y2)(2y° + 22)(22% + 2y).
According to (3.3), fe(x,y, z) has the highest coefficient
A=-27T+2(2+1)* =27

We have
f6(0,y,2) = (v + 2°)° + 8y° 27, f6(0,1,-1) =8 -8 =0,
h(z) = fo(x,1,1) = (2% +2)* +2(22% + 1)(2 + 2)* — 272
= 2% 4+ 102* + 162% + 322 + 82 + 16,
1 w(-2) -2

'(—2) = —324 - =
M(=2)==324, 5+ 1 37

2
hospaple) = o= o+ D20+ 1) + B +2)°|

Ah s p(x) = 2 [92 = 5(z +2)(20 +1) + 98(x + 2)]*,
fol@, 1,1) = Ah_sjg 5(x) = (¢ + 2)° Hp(x),
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where
Hp(r) = 2° — 62 — 14w — 4 + 186 (4a* + To + 4) — 278%(x + 2)°.

We will apply Theorem 2 for & — —oo, which involves
-1 -1
I=|-0c0o,— ), R\I=|— 0],
2 2

Eop=h_23, E,s="h_93;s.

and for

The condition (a), namely fg(z,1,1) > Ah_5/33(x) for < —1/2, can be satisfied only if

2
Hz(—2) = 0. This yields 8 = 77 and

1
fﬁ(I, 17 ].) — Ah_2/3,2/27($) = 2—7(.T + 2)4(231’2 — 88x + 2) > 0

for x < —1/2.

The condition (b) is satisfied if there is a real ¢ such that fg(z,1,1) > Ah_y/34(x) for
1
x > —1/2, that is Hs(x) > 0 for x > —1/2. Choosing 6 = 5 e get

4H, (z) = 2° + 62° — 8z + 8
> 22° — 81 +8 =2(z — 2)* > 0.

The equality holds for z = 0 and y + z = 0 (or any cyclic permutation).

P 3.74. If x,y, z are real numbers, no two of which are zero, then

%+ 2z y? + 2zx 2%+ 2zy >3(xy+yz+zx)
Y 4yz+22 224ze+a? 2+ay+y? T 2?4 y?+ 22

(Vasile C., 2014)

Solution. Write the inequality as fs(z,y,z) > 0, where
fs(z,y,2) =(2* +y* + 2%) Z(xz +2y2) (2 + zx + %) (2% + zy + )
—3(zy +yz + zx) H(y2 +yz + 2%).

Since
y2+yz+22:yz—x2+p2—2q,

fs(z,y, z) has the same highest polynomial as

(® +y* +2%) Z(m2 +2y2)(zz — y*) (zy — 2%) — 3(zy + yz + 27) H(yz — %),
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that is, according to (3.2) and (3.3),
Alp,q) = (2 +9y*+2%) -0 = 3(xy + yz + zx) - 0 = 0.
By Theorem 3, it suffices to show that fs(x,1,1) > 0 for all real . We have

1,1
ﬁ(fwi = (2 +2)[(@* +2)(=* + x + 1) + 622 +1)] = 92z + 1)(2* + z + 1)
=28+ 2° 52t —22° — 1322+ + 7
= (2 = 1)@+ 2 +7) >0.

The equality holds for z = y = z, and for —z =y = z (or any cyclic permutation).
m

P 3.75. If x,y, z are real numbers, no two of which are zero, then

x? — 2yz y? — 2zx 2% — 2xy 3(zy + yz + 2x)

> 0.
yP—yz 422 22—zx+a? 2 —ay+y? 2yt 22 T

(Vasile C., 2014)

Solution. Write the inequality as fs(z,y,2) > 0, where

fs(z,y, 2) =(2* +y* + %) Z(x2 —2y2) (2% — zx 4 1) (2 — zy + y?)
+ 3(zy + yz + 2x) H(y2 —yz + 2%).

Since

2

Y —yz+ 2t = —yz— 2?4+ p° — 2,

fs(z,y, z) has the same highest polynomial as
(2% +y* + 2%) Z(xQ —2yz) (22 + y*) (zy + 2°) — 3(zy + yz + 22) H(yz + z?),
that is, according to (3.2) and (3.3),
A(p,q) = (2> +y* + 22)(—12) — 3(zy + yz + 2z2) - 8 = —12p* < 0.
By Theorem 3, it suffices to show that fs(x,1,1) > 0 for all real . We have

fa(z,1,1)
S = @2 =2 — e+ 1)+ 21 - 20+ 320 + 1) - +1)
=28 — 2+ 2" +22° — 52—z +3

= (2 —1)*(2®* — 2 +3) > 0.

The equality holds for z = y = z, and for —x = y = z (or any cyclic permutation).
O
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P 3.76. If x,y, z are real numbers, no two of which are zero, then
x? N > 22 - (z+y+2)?
Y —yz+22 22—zz+a? 2 —azy+yr T 2?4?22
(Vasile C., 2014)

Solution. Write the inequality as fs(z,y,z) > 0, where
fs(w,y,2) =(@® +¢* +27) Y a* (2 — 2w+ 2%)(0® —wy + )
— (v +y+2)? H(y2 —yz + 2?).

Since

2

y2—yz+z2:—yz—x2+p — 2q,

fs(z,y, z) has the same highest polynomial as
(@ + 7+ 2°) Y 2P (zr+ ) ay + 2°) + (@ +y +2)° [ [(yz + 27,
that is, according to (3.2) and (3.3),
Ap,q) = (®+y* +2%) - 12+ (v + y + 2)? - 8 = 20p* — 24q = 12p*> +8(p* — 3¢) > 0.

We have
Alr 42,20 +1) = 20(z 4+ 2)* — 2422 + 1) = 4(52* + 8z + 14),

fg(&?, 1, 1)

p e (2 +2) (2 — 2+ 1)+ 2] — (x +2)*(z* —z + 1)

=25 — 2° + 22* — 52?4 32
=2%(x — 1)?*(z* + 2+ 3) > 0.

Since A(p,q) > 0 for all real z,y, 2, fs(1,1,1) = 0 and f5(0,1,1) = 0, we apply Corollary 4
for

2 _ 1 4
Eo,2(x) = foa(x) = “xg—l)
We have o e )
Al +2,20 +1)foo(r) = 0= HST T8r+14)
IZ r—1 2 €T
Fo(r,2) — Al 2,20 + 1) fo () = 81) 9(@).
where

g(x) =81(z* — 2+ 1)(2* + 2+ 3) — 4(x — 1)*(52” + 8z + 14)
= 61z* + 82° + 2312 — 82z + 187
= 572" + 42 (z + 1)* + 2272 — 822 + 187 > 0.

The equality holds for z =y = 2, and for x = 0 and y = z (or any cyclic permutation).
O
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P 3.77. If x,y, z are real numbers such that xyz # 0, then

(y+2p (o (@+y?_ , Wetytz)
xr2 y2 2 - 3($2 + y2 + 22)'

(Vasile C., 2014)

Solution. Write the inequality as fs(z,y,z) > 0, where

fs(x,y, 2) = 3(a® +y* + 22 [Z v 22 (y + 2)? 2x2y222} —102%y*2* (z + y + 2)2

Since
Y PPy +2)7 =) P —a) =" Y PP — 2pgr + 307,

fs(z,y, z) has the highest polynomial
Alp,q) =3(2* +y* + 25 (3 —2) — 10(x +y + 2)* = 3(p* — 2¢) — 10p* = —7p* — 6q.

We have

2%+ 2)[4 + 22%(z + 1) — 227 — 102% (2 + 2)?
32 + 62° + 2! — 82° — 142 + 12)

r — 1)%(32* + 122°% 4 2222 + 242 4 12)

r— 1)?[3(x+1)*+ (22 + 3)%] >0,

fg([L‘, 1, 1)

3
2
2
2

(®
(
(
(

Alx +2,20+1) = —7(x +2)* =62z + 1) = —72? — 40z — 34.

Case 1: —Tp* — 6q < 0. Apply Theorem 3. Since fg(z,1,1) > 0 for all real z, the
conclusion follows.

Case 2: —7p? —6¢ > 0. Apply Corollary 4 for
Eop=hapg.
Thus, we need to show that there exist two real numbers o and 8 such that
fs(z,1,1) > A(z + 2,22 + 1)ha p(x)
for x € R. Write the required inequality as h(x) > 0, where
h(z) = fa(x,1,1) + (72® + 40z + 34) [z + a(z + 2) (2 + 1) + Bz + 2))]°,

Since

h(—2) =72 — 18(—2)* = 0,

the condition A'(—2) = 0 is necessary to have h(z) > 0 in the vicinity of —2. This condition
involves @« = —1. For this «, we can check that h”(—2) = 0. Thus, to have h(x) > 0 in the
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vicinity of —2, the condition h”(—2) = 0 is necessary. This condition involves 5 = 2/3. For
these values of o and (3, we need to show that

92 2
fa(x,1,1) + (7T2% + 40z + 34) x—(x+2)(2x+1)+§(:6+2)3 >0

for x € R. This inequality is equivalent to
(z + 2)*(142* 4 522° + 1172% + 1542 4 113) > 0,
which is true because
14x* + 522° + 1172 + 1542 + 113 = (2° + 1)* + 132%(x + 2)* + 7(92° + 227 + 16) > 0.

The equality holds for z =y = z.

P 3.78. If x,y, z are real numbers, no two of which are zero, then

3227 +49yz  32y? + 492z 3222 + 49zy - 81(x +y + 2)*
y? + 22 2?2 4 12 w2 +y? T 222+ YR+ 22)

(Vasile C., 2014)

Solution. Consider the more general inequality

ZxQ—l—kyz (1+Ek)(z+y+2)?
v 422 T 222+ y?+2?)

, k> -—1,

which can be written as fg(z,y,z) > 0, where

fs(z,y,2) =2(z* + y* + 27) Z(w2 + ky2) (2% 4+ o) (2 + 4?)
—(1+k)(+y+2) ][+ 2.

Since y? + 22 = —2% + p* — 2q, fs(x,vy, 2) has the same highest polynomial as

2(p° = 2) Y (% + ky2)y*2” — (14 k)p*(—a*y*2%),
that is
A(p,q) = 2(p* = 29)(3+ 3k) + (1 + k)p* = (1 + k)(7p* — 12q9).
We have
Alp,q) = (14 k)[3p* + 4(p* — 3¢)] > 0,
Alx +2,20+1) = (1+K)[7(z +2)* =122z + 1)] = (1 + k)(72* + 4z + 16),

fS(xa 17 1)

o 2@ M R D) ke + 1] - 201+ )+ 2"+ 1),
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fs(x,1,1) = 2(2 + 1)(z — 1)*(z* + 22° + 52° + 4o + 4 — 2k).

49
For k = —, we get
32

81
Alx+2,22+1) = ﬁ(7352 + 4z + 16),

fs(z,1,1) = é(ﬁ +1)(x — 1)*(2x + 1)*(42% + 42 + 15).

Since A(p,q) > 0 for all real x,y, z, fs(1,1,1) = 0 and fs(—1/2,1,1) = 0, we apply Corollary
4 for

4
Boipsa(t) = foajaalw) = ol — 120 + 12
We only need to show that
fs(x,1,1) — A(x + 2,20 + 1) f1/2,-2(2) > 0

for x € R. Indeed, we have

Al 42,20+ 1) f-1/2,-o(z) = g(g: — 1)*(2z + 1)%(72* + 47 + 16),

Folw 1, 1) = Az + 2,22 + 1)f 1o a(z) = %(x )220 + 1)%g(x),
where

g(x) = 292 + 462° + 1562 + 64z + 119
= (2327 +32)(z + 1)* + 62" + 1012 + 87 > 0.

The equality holds for x = y = z, and also for —2x = y = z (or any cyclic permutation).

]

P 3.79. If x,y, z are real numbers, no two of which are zero, then

2’ +4yz Y’ +4zx 2%+ day S 15(zy + yz + 2zx)
Y2+ 22 2422 2?4y T 2@+ yP+22) )

(a)

202 +9yz 292 + 920 222+ 9ay - 33(xy + yz + 2x)
Y2+ 22 22 + x2 24y T 2?4y +22)

(Vasile C., 2014)

(b)

Solution. Consider the more general inequality

2
Zx +kyz 3(1+k)(xy+yz+zx)’ Y

Y2422 2(x? +y? + 22)
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which can be written as fs(x,y,z) > 0, where

folw,y,2) =202 + y* + 2%) ) (2® + kyz) (2> + 27)(2” + o)
—3(1+k)(zy + yz + 2x) I_I(y2 + 27%).

Since y? + 22 = —2? + p? — 2q, fs(x,y, 2) has the same highest polynomial as

2(p° — 29) Y (% + kyz)y*2® — 3(1+ k)g(—2’y’2?),
that is
A(p,q) = 2(p* —2¢)(3 4+ 3k) +3(1 + k)g = 3(1 + k)(2p* — 3q).

We have
Ap.q) =31+ k)[p> + (»* — 3q)] > 0,

Alx 42,20 +1) =3(1 + k)[2(x +2)* — 32z + 1)] = 3(1 + k)(22% + 22 + 5),

f8(x7 ]-7 1)
2+ 1

fs(x,1,1) = 2(2* + 1)(z — 1)?[z* + 22° + (k + 6)2® + 42 + 5 — k]

=2(2® + 2)[(z* + k) (2* + 1) + 4(kx + 1)) — 6(1 + k) (27 + 1)(2® + 1),

Since A(p,q) > 0 for all real x,y, z, we apply Corollary 4 for

1

—2%(x — 1%
81‘”(“’ )

Eoa(z) = foa(r) =
Thus, we need to show that
fs(z,1,1) — A(x 4+ 2,20+ 1) fo—2(x) > 0

for x € R. Since

(1+k)(22% + 22 + 5)x*(x — 1)*
27 ’

Alx 42,204+ 1) fo,—2(z) =
the inequality fs(z,1,1) — A(z + 2,22 + 1) fo —2(z) > 0 is true if
54(2% + 1)t +22° + (K + 6)2® + 4o + 5 — k] > (1 + k)2*(22° + 22 + 5)(z — 1)%.
Since 2(z% + 1) > (z — 1)?, it suffices to show that
27[z* + 22 + (k + 6)2® + 4o + 5 — k] > (1 + k)2*(22° + 27 + 5),
which is equivalent to g(z) > 0, where

g(z) = (25 — 2k)z* + (52 — 2k)2® + (22k + 157)x* + 108z + 27(5 — k).
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(a) For k = 4, we have
g(x) = 172* + 442° 4 2452% 4 108z + 27

9 359
= o'+ (do + 1) (ﬁ + o 2) + (194:::2 ot 25) > 0.

The equality holds for z =y = 2.
(b) For k =9/2, we have

2g(7) = 32x" + 862 + 5122* + 216z + 27

3 5 1533 49
= (4z + 1) <2:1:2 Tt 5) + (4359(:2 Tt 7) > 0.

The equality holds for z =y = z.

P 3.80. If x,y, z are distinct real numbers, then

x? y? 22 - A(zy +yz + zx)

W—22 (z-02 G-yr> @1yt

(Vasile C., 2014)

Solution. Write the inequality as fs(z,y,z) > 0, where

falw,y,2) = (0° —20) > 2w —y)*(x — 2)° — dq(z — y)*(y — 2)*(z — 2)*,

Since
(z —y)(x —2) = 2% + 2z — g,

fs(z,y, z) has the same highest polynomial as
(p* —29) Y a*(2” +2y2)* — dg(z — y)*(y — 2)*(z — 2)*,
that is, according to (3.1),
A(p,q) = (p* — 2q) - 27 — 4g(=27) = 27(p" + 2q).

We have
fs(z,1,1) = (2° + 2)2*(z — 1)* > 0.

Case 1: p* +2q < 0. Since fg(x,1,1) > 0 for all real z, the conclusion follows from
Theorem 3.

Case 2: p* +2q > 0. Apply Corollary 4 for

4% (z — D)z — 7)?
94 —7)(z+2)*

Es(x) = frolz) =
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Thus, we need to show that there exist a real number « such that
fs(xz,1,1) > A(x + 2,2z + 1) f, 0(2)
for x € R. Since
Alx +2,22 + 1) = 27(2® + 82 + 6),
122%(z — 1)* (2% + 8z + 6)(x — v)?
A 2,2 1 =
(I—i_ y 2T + )f’y,O(x) (4—’7)2(ZE+2>2 )
2?(x — 1)*h(x)
(4—=7)(x+2)*
h(z) = (4 —9)*(x + 2)*(2* + 2) — 12(2® + 82 + 6)(x — 7)?,
we need to show that h(z) > 0 for x € R. Since h(4) = 0, the condition A'(4) = 0 is necessary
to have h(z) > 0 in the vicinity of 4. This implies & = —2/13 and

fe(xz,1,1) — A(x + 2,22+ 1) f, 0(2z) =

2(372* — 21623 + 1222 + 800z + 960)
169

2(x — 4)*(372% + 80z + 60) >0

169 -

h(z) =

The equality holds for z = 0 and y = z (or any cyclic permutation).

P 3.81. If x,y, z are distinct real numbers, then

372 2 Z2 ZL‘+ +22
2+ y 2+ 22(2 y2 >2'
(y—2)? (—2)? (x—-y)? 22+y*+z

(Vasile C., 2014)

Solution. By the Cauchy-Schwarz inequality, we have

x (x+y+2)?
D e ST

Thus, it suffices to show that

1 1
>
2y =2 T Py

which is equivalent to
22 4 y? 4 22 < 2wy + yz + 22),

p® < d4q.

Counsider next that
p* > 4q,
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and write the inequality as fs(z,y,z) > 0, where

fs(z,y,2) = (2% + y* + 2%) Z:L‘Q(JZ —y)ir -2 = (z+y+2)>(x—y)>y—2)7°(z—2)?

Since
(z —y)(w —2) = 2" +2yz — q,
fs(x,y, z) has the same highest polynomial as

(2% +y* + 2°) ZxQ(xz +2y2)* — (z+y+2)%(x —y)*(y — 2)*(z — )%,
that is, according to (3.1),
Alp,q) = (2 +y* +2%) - 27 — (x +y + 2)*(=27) = 54(p* — q).

Since
A(p,q) = 18[2p* + (p* — 3¢)] > 0,
A(xr + 2,27 + 1) = 54(2® + 22 + 3),
fs(x,1,1) = (2 + 2)2*(x — 1)*,
we apply Corollary 4 for p? > 4q (see Remark 6) and

1

gﬁ(x —1)*

E,s(x) = fo2(z) =
Thus, we need to show that
fs(x,1,1) > A(x + 2,2z + 1) fo,—2(2)
for (z +2)* > 4(2z + 1), that is for
x € (—o0,0] U [4,00).

Since
2(2? + 22 + 3)2? (2 — 1)*

3 )

Az 42,224+ 1) fo,—2(z) =

we have

22(x — 1)*z(x — 4) >0,
3 >
The equality holds for z = 0 and y = z (or any cyclic permutation).

fs(x,1,1) — A(x + 2,20+ 1) fo—a(x) =

P 3.82. If x,y, z are real numbers, then

2x 2z 2zx 4(xy + yz + 2z
2y2+ 2y >t 3 2"'1Z <g y2 2)'
e+ Yy Y+ z z¢+x rr+y +z

(Vasile C., 2014)
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Solution. Write the inequality as fs(z,y, z) > 0, where

fs(x,y,2) = 2(p* — 2q) Z yz(2® + y?) (2 + 2%) + (p* — 69) (2 + v*) (v° + 2°)(2° + 2?).

Since
y2+22:—x2—|—p2—2q,

the polynomial of degree eight fs(x,y, z) has the same highest polynomial A(p, q) as

2(p" —29) Y yz(=2") (") + (0 — 60)(=2")(=2*) (=),

that is
A(p,q) = 6(p* — 29) — (p* — 6q) = 5p* — 6¢ = 2(p” — 3q) + 3p* > 0,
A(xr 42,20 + 1) = 5z + 8x + 14 > 0.
Since
fe(z,1,1) = 2(2* + 2) [(2® + 1)* + da(2® + 1)] + 2(2* — 8z — 2)(2* 4+ 1)*
=42*(2* + 1) (2 — 1)?,
Axt(x—1)*  da?(x — 1)*(5a® + 8z + 14)
fO,oo(fE) = W, A([L’ + 2, 2.1' —+ 1)]60700(.’13) = 9(1. I 2)2 s
20 1\2
ol 1 1) — Az + 2,22 4 1) fo o) = 22 é‘”’(”x ﬁ;){ (z).
where
f(x)=9(=* + 1)(z +2)* — (v — 1)*(52” + 8x + 14)
= (2z + 1)(2® + 92% + 62 + 11),
and
Froa(a) = 4(958—1 1)4’ Al 42,20+ 1) foo(z) 4(x — 1)4(55 + 8x + 14)’
fs(z,1,1) — A(x 4+ 2,20 + 1) foo,—2(z) = 4(23_8%’
where

g(x) = 812*(z* + 1) — (v — 1)*(52” + 8x + 14)
= (22 +1)(192® — 92° + 241 — 7),

we apply Theorem 4 for
n — 00, § — 00,

() ma (]
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and for
an,,@ = fO,ooa F’y,5 = foo,—2~

—1
The condition (a), namely fs(x,1,1) — A(z+2,22+1) fo.o(z) > 0 for x > - is satisfied

because
f(z) = 2z + 1)[2*(z +9) + (6z + 11)] > 0.

—1
The condition (b), namely fs(x,1,1) > A(z + 2,22 + 1) foo,—2(z) for x < 5 is satisfied
because
g(z) = (22 + 1)[192° + (—927%) + 24z — 7] > 0.

The equality holds for z = y = z, and also for x = 0 and y = z (or any cyclic permutation).
O
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Chapter 4

Highest Coeflicient Cancellation
Method for Symmetric Homogeneous
Inequalities in Nonnegative Variables

4.1 Theoretical Basis

The Highest Coefficient Cancellation Method (HCC-Method) is especially applicable to
symmetric homogeneous polynomial inequalities of six and eight degree. The main results
in this section are based on the following Lemma (see P 3.57 in Volume 1):

Lemma. If x <y < z are nonnegative real numbers such that
r+y+z=p, Yy +yz +zx = q,

where p and q are given nonnegative real numbers satisfying p?> > 3q, then the product
r = xyz is mazimal when x = y, and is minimal when y = z (for p* < 4q) or x = 0 (for
2

p* > 4q).

4.1.1. Inequalities of degree six

A symmetric and homogeneous polynomial of degree six can be written in the form
fo(z,y,z) = Ay Z 25 + A, Z ry(z* + y*) + As Z 2 (2 + y?) + Ay Z 3P
+ Aszyz Z z3 + Agryz Z vy(z +y) + 3A72%y 22,
where Aq,--- , A7 are real coeflicients. In terms of
p=x+y+z qgq=xy+yz+zr, r=2IY%2,

it can be rewritten as
fo(z,y.2) = Ar® + g1(p, 1 + 92(p, q),

371
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where A is the highest coefficient of fg(x,y, ) (see section Theoretical Basis from Chapter
3), and ¢1(p, q) and g»(p, q) are polynomial functions of the form

91(p,q) = Bp’ + Cpg,  ¢2(p.q) = Dp° + Ep'q + Fp*e* + Gg?,

where B,C, D, E, F,G are real coefficients.
The highest coefficients of the polynomials

doab D ayt+yh), Y dPPEP ), YA
xyszS, xyszy(x—i—y)

are, respectively,

As shown in Chapter 3, the polynomials
Pi(x,y,z) = Z(A1x2 + Aqy2)(B12® + Bayz)(Cha* + Cyyz),

Py(x,y,z) = Z(A1x2 + Aqy2)(Bry? + Bazx)(C12° + Cozy),

Py(z,y,2) = (A1x? + Agyz)(Ary? + Agza) (A2 + Ayay)

and
Py(z,y,2) = (x —y)*(y — 2)*(z — 2)?

has the highest coefficients Py(1,1,1), Py(1,1,1), P3(1,1,1) and —27, respectively.

Based on Lemma above, Theorem 1 bellow gives for A < 0 the necessary and sufficient
conditions to have fg(z,y,2) > 0 for all nonnegative real numbers x,y, z.

Theorem 1. Let f¢(x,y,2) be a sizth degree symmetric homogeneous polynomial having
the highest coefficient A < 0. The inequality fe(x,y,z) >0 holds for all nonnegative real
numbers x,y,z if and only if fe(x,1,1) >0 and fs(0,y,2z) >0 for all nonnegative real
numbers x,y, z.

Theorem 1 can be extended in the following form (see P 3.76 in Volume 1, page 173):

Theorem 1'. Let fo(x,y,2) be a sizth degree symmetric homogeneous polynomial having
the highest coefficient A < 0.

(a) The inequality fe¢(x,y,z) > 0 holds for all nonnegative real numbers x,y,z
satisfying p* < 4q if and only if fe(x,1,1) >0 for x €0,4] ;

(b) The inequality fe(x,y,z) > 0 holds for all nonnegative real numbers x,y, z satisfying
p? >4q if and only if fe(x,1,1) >0 for x >4, and [fs(0,y,2) >0 for y,z>0.
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Further, consider the inequality
ffi(xu Y, Z) > 07

where z, y, z are nonnegative real numbers and fs(x,y, 2) is a symmetric homogeneous poly-
nomial of degree six with the highest coefficient A > 0. The highest coefficient cancellation
method for proving such an inequality uses Theorem 1 and the following three ideas:

1) finding a nonnegative symmetric homogeneous function fs(x,, z) of the form

2\ 2
fﬁ('rayVZ) = (T+A1PQ+A2P3+A3%> ) (41)
where Aq, Ay, A3 are real numbers chosen such that

f6<$,y,2) Z Afg([)?,y,Z) Z 0

for all nonnegative real numbers z,y, z;

2) seeing that the the difference fg(z,y, 2) — Afs(x, y, z) has the highest coefficient equal
to zero, therefore the inequality

fﬁ(xay’z) > Af6<x7yvz)

holds for all nonnegative real numbers z,y, z if and only if it holds for y = z = 1 and for
x =0 (see Theorem 1);

3) treating successively the cases p* < 4¢ and p? > 4q.

X %k ok

Let us define the following nonnegative functions:

Az — D — a)*(x — B)°

Jas\¥) = 0 =0 = 5= 2082 £ 27" (4.2)

Fraly2) = 2(y +2)* = (109ﬂ;4a_+a6_)y;(i; ;2;2; %522; a)(2 + B)y?2°)? )
op(x) = |2+ a(z +2)(2z + 1) +5% 2, (4.4)

Josly:2) = = fz)z [y +2)* + By2]” (4.5)

has(x) = [z + alz +2) (20 + 1) + Bz + 2)°]%, (4.6)

~

hap(y.2) = (y + 2) [ayz + By + 2)?]" . (4.7)
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The functions f, 3(z) and faﬁ(y, z) have been derived by setting respectively y = z = 1
and z = 0 in the associated function

_ b, 2 ., o ¢ 2
fo(x,y,2) = \r — —pg+ —p° + — - = (4.8)
(5] aq ap p
with
ag=3d—-—a—-p—-2af), b =10+a+p5, c=22+a)(2+070),
which satisfies f5(1,1,1) =0, fs(a,1,1) =0, fs(3,1,1) = 0:
C1 (21’"‘ ].)2:|2

fap(a) = fo(z,1,1) = {x—z—i(a:+2)(2x+1)+ azl(x+2) 4+ L ol

A _ by 2 o y2e? 2
&7 9 — 07 , — —_—— JR— - .
fap(y,2) = f6(0,y, 2) { alyZ(y+z)+a1(y+ 2)° t s

The functions g, s(z) and g, (y, 2) have been derived by setting respectively y = z = 1
and z = 0 in the associated function

2\ 2
fo(z,y,2) = (r+ozpq+6%) :

The functions h, g(z) and ltzavg(y, z) have been derived by setting respectively y = z = 1
and z = 0 in the associated function

= 2
fo(x,y,2z) = (r+ apq + Bp*)" .
k ok ok

With regard to the functions f,g(x) and fag(z), we get the following expressions for
f==-2=—-1,=0,=1and f — oo:

4z — 1)z — a)?

Ja2(w) = S12+a)2
fami(@) = “”??f@aﬁiﬁﬁay7
hole) = S o
for®) = ST
fon(e) = MoV —ap

(1 + 20)2(z + 2)2
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and
(y + 2)*[2(y + 2)* — (8 + a)yz]?
81(2 + «)? ’
2(y + 2)* — (9 + a)yz(y + 2)* + 2(2 + a)y?2?)?
95 + )?(y + 2)* ’
(y—2)' 2y + 2)> = 2+ a)y2]
9(4 — )?(y + 2)? ’
2(y + 2)* = (11 + a)yz(y + 2)* + 6(2 4 a)y*2°]?
81(1 — a)*(y + 2)? ’
y*2%[(y + 2)* = 2(2 + )yz)?
91 +2a)2(y+2)2

foc,—Q(yv Z) =

fa,—l(ya Z) =

fa,O(y7 Z) =

fa,l(y; Z) =

fa,oo(ya Z) =

In particular, \
4z —
foo,—Z(I) = ( 81 1) )
4(z — Dz +1)?

9(z + 2)?

4 2 _ 4
oelo) = 55
Az —1)°
© 81(x +2)2
(x —1)*
9(x + 2)?’

Y222 (y + 2)?
81

Frolpn) = 5L
e Ty

.]EOO,—Q(yv Z) =

f—l,oo (I) =

. 2,2y — »)4
fO,oo(y7Z) - %
9y + 2)
Y2222 + 22 — dyz)?
81(y + 2)? ’
izt
Iy + 2)%

fLOO(x) fl,oo(y7z) =

fooo(T) = foo,oo(ya z) =

With regard to the functions g, s(z) and g, (), we get the following particular expres-
sions:

Goo(w) = g+ a(z+2)2e+ D", daoly,2) = *y*2(y+ 2)%,

B (22 + 1)2 2 ) B Byt
mate) = [0+ 82T st = L
goo(z) = a?, goo(y,z) = 0.
With regard to the functions hg g(z) and hg (), we have
ha,O(x) = [ZE + Oé(ZL' + 2)(2‘7: + 1)]2 ’ ha,0<y7 Z) = 062y222(y + Z)27

hop(z) = [+ Bz + 2", hos(y,2) = B2y + 2)5,
h()p(l’) = 1‘2, iL(Lo(y, Z) =0.
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Notice that the relative degree of the rational functions f, (), fa,co(z) and fo () are
six, four and two, respectively. Also, g, s(x) and goo(z) have the relative degree equal to
four and two, respectively, while hy 5(2), hao(z) and hoo(z) have the relative degree equal
to six, four and two, respectively.

X 3k %

The following theorem is useful to prove symmetric homogeneous polynomial inequalities
of sixth degree in nonnegative real variables x,y, z and having the highest coefficient A > 0.

Theorem 2. Let fg(x,y,2) be a symmetric homogeneous polynomial of degree siz having
the highest coefficient A > 0. The inequality fe(z,y,z) > 0 holds for all x,y,z >0 if
there exist four real numbers «, 3, v and §, and

Eop € {fa8s9ap hap}

Fos5 € {fy5:9v.6: M5},
such that the following three conditions are satisfied:
(a) fo(z,1,1) > AE,5(z) for 0<z<4;
(b) fo(x,1,1) > AF, 5(x) for x>4;
(¢) f6(0,y,2) > AFA%&(?J,Z) for y,z>0.
Proof. Let

2\ 2
Ei(z,y,2) = (7“ + Aipq + Asp® + A3%)

and
2

2
Fl(xa Y, Z) = (T + Blpq + ng3 + BS%)
be the functions associated to E, g(x) and F, 5(z), respectively; this means that
El(l‘, 1, 1) = Eoé”@}(l'),

Fi(z,1,1) = F, 5(z).
Let us denote
Ey(2,y,2) = fo(z,y,2) — AE\(2,y, 2)
and
Fy(z,y,2) = fo(r,y,2) — AFi(z,y, 2).

Since AF(x,y,z) > 0 and AFi(x,y,2z) > 0, the inequality fs(z,y,z) > 0 holds for all
nonnegative real x,y, z if

(a) Ea(x,y,2) >0 for p* <4g;
(b) Fy(w,y,2) >0 for p* > 4q.
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According to Theorem 1', since Fy(z,y,z) and Fy(x,y, z) has the highest coefficient zero,
these conditions are satisfied if and only if

(a) Fy(z,1,1) >0 for (z +2)* < 4(2z + 1);

(b) Fy(z,1,1) > 0 for (x +2)? > 4(2z + 1), and F3(0,y,2) > 0 for (y + 2)* > 4yz.
Since these conditions are equivalent to the condition (a), (b) and (c¢) in Theorem 2, the
proof is completed.

For F s = go,0, when ng =0, we get

Corollary 1. Let fo(x,y,2z) be a symmetric homogeneous polynomial of degree siz having
the highest coefficient A > 0. The inequality f¢(z,y,z) > 0 holds for all x,y,z >0 if
there exist two real numbers « and 3, and

Ea,ﬁ € {fa,ﬁ,ga,ﬁ, hoéﬁ}a
such that the following three conditions are satisfied:
(a) fo(x,1,1) > AE,5(z) for 0<x<4;
(b) fe(z,1,1) > Az* for x> 4 ;
(¢) f6(0,y,2) >0 for y,2>0.

Remark 1. The function fs(x,y, 2) associated to f,s(z) (given by (4.8)) is zero for
(",'U’y7z) = (1’ ]'7 1)7 (I7y7z) - (a7 1’ ]')7 (:L‘7y’2) = (/87171)’
and also for x = 0 and

y z_oatB+2+/(atB+10)° - 16(a +2)(5+2)

z oy 4
If B = —2, then the function associated to f, —2(z) has the expression
- a+8 2 3 ?
N 4.9
folx,y,2) (T 90 118" T 9o 1s? ) : (4.9)

and is zero for
(x,y,2) =(1,1,1), (z,9,2) = (o, 1,1).
In addition, if &« — oo, then

is zero for
(x,y,2) = (1,1,1), (x,y,2)=(1,0,0).

- 1 200+ 4 ¢? 2
fﬁ(x,y,z)— (T+604—|—3pq 6o + 3 E)

If B — oo, then
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is zero for
(x7 y? Z) - (17 ]‘7 1)7 (‘r? y? Z) - (a7 ]'7 1)7 (x7 y? Z) — (1707 O)'

If, in addition, @ — oo, then

is zero for
(x,y,2)=(1,1,1), (x,y,2) =(1,0,0).

Remark 2. If
f6<x> L, 1) = Af%—2(x)
for all z € R, then there is £ > 0 such that the following identity holds:
fﬁ(xa Y, Z) = AfG(xaya Z) + ]f(.%’ - y)Q(y - Z)2<Z - x)Qa

where, according to (4.9),

- B _ v+ 8 2 3 2
f6(:v,y72)—<7“ 97+18pq+97+18p :

In addition, if the coefficient of the product

(x —y)?(y — 2)*(z — 2)*

in the inequality fs(z,y,z) > 0 is the best possible, then

k=0,
and the following identity holds:
v+ 8 2 .\’
=A — 4.10
fo(z,y,2) (7“ o+ 187 T 9 18" (4.10)

Remark 3. Theorem 2 is also valid for the case where the parameters a and [ of the
function f, g(x) are conjugate complex numbers. For example, if £ > 0 and

Oé:v—]{?, /B:_V_k7
then, according to (4.2), we have

f _ (= 1)Ya? k)
VERVER T (k= 2)2(x 4 2)

(4.11)
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The following theorem is also useful to prove some inequalities fg(z,y,2) > 0 , where
fe(x,y, z) is a symmetric homogeneous polynomial of degree six having the highest coefficient
A > 0 and satisfying fg(1,1,1) = 0 and/or f5(0,1,1) = 0.

Theorem 3. Let fo(x,y,2) be a symmetric homogeneous polynomial of degree siz having
the highest coefficient A > 0. The inequality fo(x,y,2z) > 0 holds for all x,y,z >0 if
(a) fo(z,1,1) >0 for 0<x<1;

4Ax(x —1)3
() folw1,1) > 22D

(¢) f6(0,y,2) >0 for y,2>0.

Proof. From

for x >1;

—27r? + 2(9pq — 2p3)r + 2 — 4¢P = (a — b)Z(b — 0)2(0 — a)2 >0,

we get

s 9pa = 20" = 2(p” = 3¢)Vp® — 3¢
> o7 .
Define the nonnegative function

Ipq — 2p* — 2(p* — 3¢)\/P* — 3¢

27 ’

E(z,y,z)=r|r—

which has the highest coefficient equal to 1. We have

E0,y,2) =0,
0, 0<z<1
) 4 _
x(r —1) R
27

Let us denote
El(l",y, Z) = fﬁ(xayvz) - AE(I’,y,Z)

Since AE(z,y,z) > 0, the inequality fs(x,y,2) > 0 holds for all nonnegative real z,y, z
if Fi(x,y,2) > 0 for z,y,z > 0. According to Theorem 1, because E;(z,y,z) has the
highest coefficient zero, the inequality F;(z,y,z) > 0 holds for all x,y,z > 0 if and only if
Ey(z,1,1) > 0 and E1(0,y, z) > 0 for all nonnegative numbers z,y, z. These conditions are
equivalent to the condition (a), (b) and (c) in Theorem 3. Thus, the proof is completed.

Remark 4. Theorem 2 and Corollary 1 are also valid by replacing the condition (a) with
the following two conditions:

(a'l) f6(x7171)20 fO?" nggla

(az) fo(x,1,1) > dAz(z — 1)°

o for 1 <ax <4
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4.1.2. Inequalities of degree seven and eight

A symmetric and homogeneous polynomial of degree seven has the highest polynomial of
the form

A(p, q) = pp, m € R,

while a symmetric and homogeneous polynomial of degree eight has the highest polynomial
of the form

A(p,q) = mp* + pog,  pa, 2 € R.

Theorems 1, 1', 2 and 3 can be extended to these polynomials as follows:

Theorem 4. Let f(z,y,z) be a symmetric homogeneous polynomial of degree seven or
eight which has the highest polynomial A(p,q). The inequality f(x,y,z) > 0 holds for all
nonnegative real numbers x,y,z satisfying A(p,q) < 0 if and only if f(x,1,1) > 0 and
f(0,y,2) > 0 for all nonnegative real numbers x,y,z such that A(x + 2,2z + 1) < 0 and
Aly+ z,yz) < 0.

Corollary 2. Let f(x,y,z) be a symmetric homogeneous polynomial of degree seven or
eight having the highest polynomial A(p,q). The inequality f(x,y,z) > 0 holds for all
nonnegative real numbers x,y,z satisfying A(p,q) <0 if f(x,1,1) >0 and f(0,y,2) >0
for all nonnegative real numbers x,y, z.

Theorem 5. Let f(z,y,z) be a symmetric homogeneous polynomial of degree seven or
eight having the highest polynomial A(p,q). The inequality fs(z,y,2) > 0 holds for all
nonnegative x,y,z satisfying A(p,q) > 0 if there exist four real numbers «, [, v and §,
and

Eap € {fap: gops haply
s €{f16: 916 v},
such that the following three conditions are satisfied:
(a) flz,1,1) > A(x 4+ 2,20+ 1)Eyap(z) for 0<z<4 and Az +2,2x+1)>0;
(b) f(x,1,1) > A(x + 2,2z + 1)F, 5(x) for >4 and Alx+2,204+1)>0;
(c¢) f(0,y,2) > Ay + z,yz)ﬁ%g(y, z) for y,z2>0 and A(y+ z,yz) > 0.

For F, 5 = go,0, we get the following corollaries:

Corollary 3. Let f(x,y,z) be a symmetric homogeneous polynomial of degree degree seven
or eight having the highest polynomial A(p,q) . The inequality fe(x,y,z) > 0 holds for all
nonnegative x,y,z satisfying A(p,q) > 0 if there exist two real numbers « and 3, and

Eaﬁ € {fa,ﬁv Ja,B; ha75}7

such that the following three conditions are satisfied:

(a) f(z,1,1) > A(x 4+ 2,20+ 1)Eyp5(z) for 0<x<4 and Az +2,2x+1)>0;
(b) f(z,1,1) > A(x + 2,22 + 1)2* for x >4 and Alx +2,20+1) >0 ;
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(¢) f(0,y,2) >0 for y,z>0 and Aly+ z,yz)>0.

Theorem 6. Let f(x,y,z) be a symmetric homogeneous polynomial of degree seven or
eight having the highest polynomial A(p,q). The inequality fe(z,y,2z) > 0 holds for all
nonnegative x,y,z satisfying A(p,q) >0 if

(a) f(z,1,1)>0 for 0<x<1 and A(x+2,2c+1)>0;

4A 2,2 1 —1)3
(b) f(z,1,1) = w2, x2—|7— Jr = 1) for x>1 and A(x+2,2z+1)>0;

(c¢) f(0,y,2) >0 for y,z>0 and Aly+ z,yz) >0.
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4.2 Applications

4.1.

4.2.

If x,y, z are nonnegative real numbers, then

Zx(y +2)(x —y)(x — 2)(x — 3y)(x — 32) > 0.

If x,y, z are nonnegative real numbers, then

Zx(Zm +y+2)(r—y)(r—2)2r — 11y)(2z — 112) + 102(x — y)*(y — 2)*(z — 2)* > 0.

4.3.

4.4.

4.5.

4.6.

4.7.

4.8.

If x,y, z are nonnegative real numbers, then

Zx(Zx +y+2)(r—y)(x—2)(x—3y)(z—32)+8(x —y)*(y — 2)*(z —x)* > 0.

If x,y, z are nonnegative real numbers, no two of which are zero, then

1 1 1

9

> .
422 + yz * 4% + 2w Tz +axy T (22 +4yz) + (Y2 + 4zx) + (2% + day)

If x,y, z are nonnegative real numbers, then

252 — yz 2y% — zx

42 + 42 + 22 4y? + 22 + 22

If ,y, z are real numbers, then

2122 + 4yz 219% + 4zx

222 — xy < 1
422+ a2 +y? T 2

2122 4 4
.

x?+2y% 4+ 222 y? + 222 + 222

If x,y, z are real numbers, then

TY — Yz + zx Yz — 2T + Y

22 4+ 222 + 292 —

2T — XY + Yz

22+ 3y + 322 y? + 322 4 3a?

If x,y, z are nonnegative real numbers, then

3
< —.
22432243y 7

Y BPQuty+2)(z—y)(r—2) > 13x—y)(y—2)*(z — )"
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4.9. Let z,y, z be nonnegative real numbers. If £ < 5 then

Zx(z@ +y+2)(x—y) (@ —2)(x —ky)(xr — kz) + (Th — 13)(z — y)*(y — 2)*(z — 2)* > 0.

4.10. If z,y, z are nonnegative real numbers, then

12(z — y)*(y — 2)°(z — x)?
(x 4+ y+ 2)? )

Sy —2)

4.11. Let x,y, z be nonnegative real numbers. If £ is a real number, then

Yoaly+ )@ —y)(z —2) (e~ ky)(z —k2) + (k = 3)(x —y)*(y — 2)*(= — 2)* 2 0.

4.12. Let z,y, z be nonnegative real numbers. If £ < 4, then

Zx2($ — )z — 2)(x — ky)(z — kz) + (3k — 5)(z — y)*(y — 2)*(2z — x)* > 0.

4.13. Let z,y, z be nonnegative real numbers. If £ is a real numbers, then

> yzle —y)(a = 2)(z — ky)(z — kz) > 0.

4.14. If x,y, z are nonnegative real numbers, then

3z —y)*(y —2)°*(z — )
Ty +yz + 21 '

S ada—y)(e—2) >

4.15. If x,y, z are nonnegative real numbers, then

Iz —y)*(y — 2)*(z — 2)?
Ty 4+ yz + zx '

Z(m —y)(z — 2)(x + 2y)(xr + 22) >

4.16. If x,y, z are nonnegative real numbers, then

6(z —y)*(y — 2)*(z — 2)?
xy+yz+ zx '

> (z—y)e—2)(z—3y)(z —32) =
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4.17. Let x,y, 2 be nonnegative real numbers, and let
3(1—k), k<0
ap = .
3+ k, k>0

Then,

ar(r — y)*(y — 2)*(z — )’
Z(x—y)(x—z)(m—ky)(a:—kz)z P :

4.18. If x,y, z are nonnegative real numbers, then

Ao —y)ly =2z —2)*
r+y+=z

Y Pyt —y)r—2) =

4.19. Let z,y, z be nonnegative real numbers. If k£ is a real numbers, then

2+ [F)* (= = 9)*(y = 2)*(z —2)*

S+ )@~ y)(x - )@ — ky)(x — kz) >

r+y+z

4.20. If x,y, z are nonnegative real numbers, then

2 ov2 2 12(z — y)*(y — 2)* (2 — 2)®
Zm(m —y)(z*—27) > gtz :

4.21. Let z,y, 2 be nonnegative real numbers, and let
4(k—2), k<6
WY (k+2)?

, k>6

Then,

2

a(r —y)*(y — 2)*(z — x)
Zx(x—y)(x—z)(x—ky)(x—kz)+ Tyt > 0.

4.22. If x,y, z are nonnegative real numbers, then

5 —y)*(y — 2)*(z — 2)?
xy 4+ yz + zx '

D @y e —y)(r—2) >
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4.23. If x,y, z are nonnegative real numbers, then

16(z —y)*(y — 2)*(2 — 2)*
Ty +yz + 2T '

> (a® +yz)(z —y)(x —2) >

4.24. Let x,y, z be nonnegative real numbers. If £ > 0, then

S (0 + kye)(a - ) (o — 1) > OF 2R >;ﬂcy—+g;y)j<i/z—$z)2<z ap

4.25. If x,y, z are nonnegative real numbers, then

Y@ =y —y)e—2) 2 4V2+ D)z — )Py — 2)°(= — 1)

4.26. If x,y, z are nonnegative real numbers, then

1 9
E > .
4o +y? 4+ 22 7 A(2? +y? 4 22) + 2(xy +yz + 2x)

4.27. If x,y, z are nonnegative real numbers, no two of which are zero, then

2 . 2 n 2 S 45
24?2 2422 22422 T A+ 2+ 22) fay +yz + o2

4.28. If x,y, z are nonnegative real numbers, no two of which are zero, then

1 18
E > .
22 +yz+ 222 7 5(x? +y? + 22 + a2y + yz + 27)

4.29. If x,y, z are nonnegative real numbers, no two of which are zero, then

Za:—(2+\/§)§y+z)+ WB+2v2) _

(y+ 2) Ar+y+z)

4.30. If x,y, z are nonnegative real numbers, no two of which are zero, then

6br—y—2z O6y—z—x 6z—x—y> 18
y? + 22 2% + 22 2?2+y? T axty+z




Highest Coeflicient Cancellation Method for Nonnegative Variables 387

4.31. If x,y, z are nonnegative real numbers, no two of which are zero, then

20 — 3y — 3z 6
E + >0
Y +4Ayz+22 x4 y+z

4.32. If x,y, z are nonnegative real numbers, no two of which are zero, then

Z7x+4y+4z> 27
424+ yz T ax+y+z

4.33. If x,y, z are nonnegative real numbers, then

ZQx—Qy—2z< 3
T2 +8yz ~xHy+z

4.34. If x,y, z are nonnegative real numbers, then

Z y+z 2
T2+ P+ 22 T xty+ 2z

4.35. If x,y, z are nonnegative real numbers, then

Z?x—Qy—2z S 3
2442 +422 T rty+ 2z

4.36. If x,y, z are nonnegative real numbers, no two of which are zero, then

Z 222 +yz _ 9 3l(x—y)*(y— 2)*(z — 2)?

> — .
P 1 AR T ) )

4.37. If z,y, z are nonnegative real numbers, no two of which are zero, then

Z 207 — yz >3 Ir —y)*(y — 2)*(z — )
Y2 —yz+ 22 (22 —zy + y2)(y2 — yz + 22) (22 — zx + 22)’

4.38. If x,y, z are nonnegative real numbers, no two of which are zero, then

Sy 3 syl o)
v 422 T2 222+ (y? 4 22) (22 4+ 2?)
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4.39. If x,y, z are nonnegative real numbers, no two of which are zero, then
ny—Zyz+z:1: - 3z —y)?(y—2)*(z —x)?
Y2 —yz+22 T (22 —wy+y?) (Y2 —yz + 22) (22 — 2w 4 a?)
4.40. If x,y, z are nonnegative real numbers, no two of which are zero, then
Z z+ 3y + 32 - Tx+y+2)
(y+22)2y +2) — 3(zy +yz + 2x)
4.41. If x,y, z are nonnegative real numbers, no two of which are zero, then
9z — 5y — 5 3
E: v—by—5%z @+y+z)20
22 — 3yz + 222 wy+yz+ zx
4.42. If x,y, z are nonnegative real numbers, no two of which are zero, then
Z?)x—y—z S 3(z+y+2)
y? 422 T 2y +yz+ 2x)
4.43. Let z,y, z be nonnegative real numbers, no two of which are zero. If
1—V17 1417
kelab], a= —5 — ~ —L56155, b= +T ~ 2.56155 |
then
Z B-kz+k-Dy+z) _3k+1D) a+y+:z
y? + kyz + 22 ~ k+2 ay+tyztozz
4.44. 1f x,y, z are nonnegative real numbers, no two of which are zero, then
Zx+13y+132 27z +y+ 2)
Y2 +4dyz + 22 T 2(xy +yz + z2x)
4.45. If x,y, z are nonnegative real numbers, no two of which are zero, then

2.

rT+y+=z

—T+y+=z >
T oy +yz+ oz

222 4+ yz
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4.46. If x,y, z are nonnegative real numbers, no two of which are zero, then

lex—3y—3z < 3z +y+=2)
202 +3yz T wy+yz+ a2z

4.47. If z,y, z are nonnegative real numbers, no two of which are zero, then
1 n 1 n 1 < 1 n 2
202 +yz P +zr  222+wy T wy+yzr+zr x4 y? 422

4.48. If x,y, z are nonnegative real numbers, no two of which are zero, then
tly+2)  yleta) ety 2Pyt 2
22 +5yz  y2+5zx  22+bry T ay+yz+ oz

4.49. If z,y, 2z are nonnegative real numbers, no two of which are zero, then

x(y + z Z+x z(x + 15(xy +yz + zx
(y )+y( )Jr ( y)+2Z (zy +y )
2+yz Yy 4zx 22+ ay (x 4+ y+ 2)?

4.50. If x,y, z are nonnegative real numbers, no two of which are zero, then

z(ly+2)  ylz+x) z(x+y)>1+xy+yz+zx
22+ 2yz Y242z 22420y 2 4 y? + 22

4.51. If x,y, z are nonnegative real numbers such that xy + yz + zx = 3, then

1 1 1
18 5(22 4+ 2 + 22) > 42,
(x2+y2+y2+22+22+x2>+ (*+y*+2°) >

4.52. If x,y, z are nonnegative real numbers, then
2xy 2yz 221 30(xy + yz + zx)

7>
x2+y2+y2+22+22+x2+ - (QT—f—y—f-Z)z

4.53. If x,y, z are nonnegative real numbers, then

2y 29z 2zx 2+ y* + 22 5t
5+ 5+ 5+ > 5
(x4+y)? (y+2)? (z+2)* zy+yz+zz

4.54. If z,y, z are nonnegative real numbers, no two of which are zero, then
2 n 2 n 2 S 8 n 1
?24y? yr+22 0 22422 T 24y 422 ay+yz+zx

4.55. If x,y, 2 are nonnegative real numbers, then

2x 2yz 2zx d(zy + yz + zx
2y2+ 2y 5 T 3 2"’1Z (2y y2 2)
Tty Y+ z 2+ x TPty +z
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4.3 Solutions

P 4.1. If x,y, z are nonnegative real numbers, then

S aly + )z — 5)(e — 2)(@ — 3y)(z — 32) > 0.
(Vasile C., 2008)
Solution. Write the inequality as fs(z,y,z) > 0, where

fola,y,2) = x(z+y)(z —y)(z — 2)(z — 3y)(z — 32).
Since
w(y +z) = x(p — ),
(z —y)(w —2) = 2" +2yz —q,
(x —3y)(z — 32) = 2* + 12yz — 3q,
fe(z,y, z) has the same highest coefficient A as
Py, ) = 3 —a?(a® + 2y2) (o + 122),

that is
A=P(1,1,1)=-3(1+2)(1+12) <O.

By Theorem 1, we only need to show that fg(x,1,1) > 0 and f4(0,y,2) > 0 for z,y,z > 0.
We have
fo(x,1,1) = 22(x — 1)*(x — 3)* > 0,

fG(Ovya Z) = yz(y - Z>4 > 0.

The equality holds for x = y = z, for /3 = y = z (or any cyclic permutation), for z = 0
and y = z (or any cyclic permutation), and for y = z = 0 (or any cyclic permutation).

Observation. Similarly, we can prove the following generalization:
o Let x,y,z be nonnegative real numbers. If
k€ (=00, —2 — 23] U[-2 + 2V/3,00),
then
S a2y + )@ — y) (@ — 2)(x — ky)@ — k2) + (k = 3)(x — )2y — 2)(z — )2 2 0,

with equality for x =y = z, for x/k =y = z (or any cyclic permutation) if k > —242+/3, for
x =0 andy = z (or any cyclic permutation), and fory = z =0 (or any cyclic permutation).

We have
A=-31+2)1+k+ k) + (k—3)(—27) =9(8 — 4k — k*) < 0,
fo(z,1,1) = 22(x — 1)*(z — k)* > 0,
f6(0,y,2) = yz(y —2)* > 0.
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P 4.2. If x,y, z are nonnegative real numbers, then
Zx(Zx +y+2)(x—y)(x—2)2r — 11y)(2z — 112) + 102(x — y)*(y — 2)*(z — 2)* > 0.
(Vasile C., 2011)

Solution. Write the inequality as fg(z,y,z) > 0, where
fﬁ(x7y7 Z) - f('r) + 102(ZL’ - y)2(y - 2)2(2 - l’)2,

= Z:z:(Q:L' +y+2)(r—y)(r—2)(2r — 11ly)(2x — 112).

Since
2z +y+2) = z(z + p),

(z —y)(z—2) = 2" +2y2 — q,
(22 — 11y)(2z — 112) = 42” + 143yz — 22q,
f(z,y, z) has the same highest coefficient A; as

(r,y,2 Za: 2 4 2yz)(4a® + 143y2),

that is
Ay = Py(1,1,1) = 3(1 + 2)(147) = 1323.

Therefore, fs(x,y,z) has the highest coefficient
A = 1323+ 102(—27) = —1431.

By Theorem 1, we only need to show that fg(x,1,1) > 0 and f4(0,y,z) > 0 for x,y,z > 0.
We have
folx,1,1) = 2z(x + 1)(z — 1)}(2z — 11)2 > 0,

f6(0,y,2) = (y — 2)[8(y° — 2°) — 40yz(y® — 2°) — 220722 (y — 2)] + 102y22%(y — 2)*
=8(y—2)°® >0.

The equality holds for z = y = z, for 2z = 11y = 11z (or any cyclic permutation), and for
x =0 and y = z (or any cyclic permutation).
Observation. Similarly, we can prove the following generalization:

e Let x,y,z be nonnegative real numbers. If

4k* + 12k + 17 11
o — +8 + ’ k>

then

S w(2e+y+ 2)(x — ) — 2)(@ — ky)(@ — k2) + anle — )2y — 2)(z - 2)* > 0,
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with equality for x =y = z, for x/k = y = z (or any cyclic permutation), for x = 0 and

2k —3
y = z (or any cyclic permutation), and for v = 0 and Y + - 1 (or any cyclic
Y

permutation).

Denoting the left side of the inequality by fs(x,y, z), we have

4k% + 12k + 17

A=31+2)(1+k+EK)+ 3

(=27)

= %9(41@2 + 28k + 387) < 0,
fo(x,1,1) = 2x(x + 1)(x — 1)*(x — k)* > 0,

o0, 2) = 5y — 2P14y? + 422 — (2% — B)y=]? > 0.

P 4.3. If x,y, z are nonnegative real numbers, then
2@ +y+2)(z—y) (- 2)(x—3y)(x—32) +8(x —y)*(y — 2)*(z — 2)* > 0.
(Vasile C., 2011)

Solution. Write the inequality as fs(z,y,z) > 0, where
folw,y,2) = f(x) +8(x — y)*(y — 2)*(z — 2)*,

Fa) = 3 220+ y+2)(x — y)(@ — 2)(x — 3y)(x — 32).

Since
r(2x +y+z) = z(x + p),

(z—y)(z—2) =2 +2yz — q,
(z — 3y)(z — 32) = 2° + 12yz — 3q,
f(z,y, z) has the same highest coefficient A; as

Py(x,y,2) = Y a’(a” + 2y2)(a” + 1292),

that is
Ay =P(1,1,1) =3(1+2)(1 +12) = 117.

Therefore, fs(x,y,z) has the highest coefficient

A =117 + 8(—27) = —99.
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By Theorem 1, we only need to show that fs(z,1,1) > 0 and f5(0,y,2) > 0 for x,y,2z > 0.
We have
fo(x,1,1) = 22(x + 1)(x — 1)*(x — 3)* > 0,

f6(0,y,2) = (y — 2)[2(y° — 2°) — Byz(y® — 2°) — 3y°2%(y — 2)] + 8y*2*(y — 2)?
= (y—2)"(2y* + 24> +yz) > 0.

The equality holds for z = y = z, for /3 = y = 2z (or any cyclic permutation), and for
x =0 and y = z (or any cyclic permutation).

Observation. Similarly, we can prove the following generalization:

o Let x,y,z be nonnegative real numbers. If

10 —2v15 <k < E,
then 2

Zl‘(QCL’ +y+2)(x—y)(x—2)(x—ky)(x —kz)+ (Tk —13)(z — y)*(y — 2)*(z — 2)* > 0,

with equality for v =y = z, for x/k =y = z (or any cyclic permutation), and for x =0 and
y =z (or any cyclic permutation).

We have
A=3(1+2)(1+k+ k) + (Tk — 13)(—27) = 9(k* — 20k + 40) < 0,
fo(z,1,1) = 22(x + 1)(z — 1)*(x — k)* > 0,
f6(0,y,2) = (v — 2)*[2y° + 22 + (T — 2k)yz] > 0.

P 4.4. If x,y, z are nonnegative real numbers, no two of which are zero, then

1 1 1 9
> .
4a? + yz i dy? + zx * 422+ xy — (22 4+ 4yz) + (y2 + dzx) + (22 + day)

(Vasile C., 2008)
Solution. Write the inequality as fs(z,y,z) > 0, where
fo(z,y,2) = [2* + y* + 2° + 4(zy + yz + 22)] Z(4y2 + 21)(42% + 2Y) — 9 H(4a:2 +yz).
The highest coefficient A of fs(x,y, 2) is equal to the highest coefficient of the product
Psy(z,y,z) = =9 H(4:c2 +yz),

that is
A= P3(1,1,1) = —1125.



Highest Coeflicient Cancellation Method for Nonnegative Variables 395

By Theorem 1, we only need to prove the original inequality for y = z = 1, and for x = 0.
Thus, we need to show that

1 n 2 S 9
42241 x+4  22+8x+6

and
1 1 1 9

—_—t >
z o dy? o 422 T P+ 22+ 4yz
These inequalities are respectively equivalent to

x(z —1)*(8x +45) >0

and
(y — 2)*(y* + 2% + 10yz) > 0.

The equality holds for x =y = z, and for x = 0 and y = z (or any cyclic permutation).

Observation. Similarly, we can prove the following generalization:

e Let x,y,z be nonnegative real numbers, no two of which are zero. If
1<k<3++5,

then

Z S 9k +2)
kx? +yz = (—k2 46k — 2)(2? + y? + 22) + (2k? — 3k + 4)(zy + yz + zx)’

with equality for v =y = z, and for t =0 and y = z (or any cyclic permutation).

P 4.5. If x,y, z are nonnegative real numbers, then

212 — yz 2y% — zx 222 — xy <1
42 +y2 + 22 Ayt 4 2242?42 F a4y T2

(Vasile C., 2008)

Solution. Write the inequality as fs(z,y,2) > 0, where

fﬁ(x,y,z):H(4x2+y2+z 22 2)(4y* + 22 + 2°)(42° + 2° + 9°).

Since
Az 4+ % + 2% = 32% + p* — 2,

the highest coefficient A of fs(z,y, 2) is equal to the highest coefficient of

H(3x2) —2Py(x,y, 2),
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where
Py(x,y,z =Y _(22% — y2)(3y°)(32%),

that is
A=27-2Py(1,1,1) = 27 — b4 = —27.

By Theorem 1, we only need to prove the original inequality for y = z = 1, and for x = 0.
Thus, we need to show that

222 — 1 22 —x)

1
< —
202 +1) 215 2
and ) )
—yz 2 2z 1
2y2+ 2y 5T 12 5 S5
Y-+ z 4y 4 2 4z 4y 2
These inequalities are respectively equivalent to
(x—1)?*(4x+1) >0
and
—yz (y* + 2%)? + 6y22> < 1

Y2422 Ay 4+ 22)2 4 9y?22 T 2
For yz = 0, the last inequality is an equality. For yz # 0, using the substitution
Y2+ 22
yz

t= t>2

Y

the inequality becomes
-1 2(t*+6) < 1
t 4249 — 2
8t* — 15t + 18 > 0,
t(8t —15) + 18 > 0.
The equality holds for = y = 2, and for y = z = 0 (or any cyclic permutation).
Observation. Similarly, we can prove the following generalization:

o Let x,y,z be nonnegative real numbers. If k > 2, then

2 _ _
3kx® —2(k — 1)yz <3,
ka? +y? +22 —

with equality for v =y = z, and for y = z =0 (or any cyclic permutation). If k = 2, then
the equality holds also for x =0 and y = z (or any cyclic permutation).
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P 4.6. If x,y, z are real numbers, then

2122 + 4yz 219% + 4z2x 2122 + 4ay

15.
x2 + 2% + 222 +y2+222+2x2 * 22+ 222 4+ 292 —

(Vasile C., 2012)
Solution. Write the inequality as fs(z,y,z) > 0, where
o,y 2) =) (212” + dyz)(y° + 22° + 22%)(2° + 22° + 20%)
— 15(2% + 2% + 22%) (32 + 227 + 227) (2% + 227 + 2%).

Since
o+ 207 + 227 = —2? +2(p° — 2q),

fe(z,y, z) has the same highest coefficient A as

PZ(xayvz) —15 H(_ZBQ)?

where
o,y 2) = 30210 + dy2)(—y?)(—22),
that is
A=Py(1,1,1) + 15 =75+ 15 = 90.
Since

fo(x,1,1) =(212% + 4)(22* + 3)* + 2(4x + 21)(22° + 3)(2® + 4)
— 15(22% 4 3)*(2* + 4)
=4x(22° + 3)(x — 1)*(3x + 8),

we apply Theorem 3. The condition (a) in Theorem 3 is clearly satisfied.

The condition (b) in Theorem 3 is satisfied if fs(x,1,1) > %7_1)3 for . > 1. We
have
4Az(z —1)°  40z(x —1)°
27 a 3 7
4Ax(x —1)3  da(z—1)%f(x)
folo 1 1) = === 3 ’
where

f(x) = 322> + 3)(3z + 8) — 10(z — 1) > 15(3x + 8) — 10(x — 1) = 5(7x + 26) > 0.

The condition (c) in Theorem 3 is satisfied if the original inequality holds for x = 0. Thus,
we need to show that
2y2 (y* +2°)* —y*2*

15.
y2_|_22 2(y2+22)2+y222 —
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Using the substitution

2, .2
I A
Yz
we may write the inequality as follows:
2 42(t* - 1)
-+ ——2>15
PR TN

12¢% 4+ 48> — 57t + 2 > 0,
(t—2)(12t* + 28t — 1) > 0.
The equality holds for x =y = z, and for x = 0 and y = z (or any cyclic permutation).

Observation. Similarly, we can prove the following generalization:

o Let x,y,z be nonnegative real numbers. If 0 < k <2, k# 1, then

e 2y 33— k)
kx2+y2+22 — 1-k

with equality for x =y = z, and for x =0 and y = z (or any cyclic permutation). If k = 2,
then the equality holds also for y =z =0 (or any cyclic permutation).
O

P 4.7. If x,y, z are real numbers, then

Ty — Yz + 2T Yz — 2T + Y Zr — XY +yz
22 +3y%2 + 322 Y2 +322+ 322 22 4 322 4 3y?

3
< -
T

(Vasile C., 2012)
Solution. Write the inequality as fs(z,y,z) > 0, where
fo(z,y, 2) =3(2% + 3y + 32%) (y* + 32 + 32°) (2 + 32° + 3y?)
— 7Z(xy —yz + 2z)(y* + 32% 4+ 32%)(2* + 32 + 3?).

Since
2% 4+ 3y + 322 = —227 + 3(p* — 2¢), Yy —yz+ze = —2yz+q

fe(x,y, z) has the same highest coefficient A as
3(—20%)(—2y%)(=22%) = T _(—2y2)(-2¢°)(—22),

that is
A= —-24+168 = 144.
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Since

fo(z,1,1) =3(2* +6)(32 +4)* — 7(2x — 1)(32% + 4)* — 14(2* + 6)(32” + 4)
= (327 + 4)(92" — 4223 + 732% — 56 + 16)
= (322 +4)(x — 1)*(3z — 4)?,

we apply Corollary 1 for

(x — 1)*(3x — 4)2'

The condition (a) of Corollary 1 is satisfied if fg(x,1,1) > Afyss _o(2) for z € [0,4]. We
have

16(z — 1)*(3x — 4)?
225 ’
(x — 1?3z — 4)*f(x)
225 '

Af4/3,72($) =

f6(95> L, 1) - Af4/3,—2($) =
where
f(z) = 225(32% +4) — 16(z — 1)* > 16(32* + 4) — 16(z — 1)* = 16(22* + 22 + 3) > 0.
The condition (b) of Corollary 1 is satisfied if fg(z,1,1) > Az? for z > 4. We have

fo(z,1,1) — Az? = (32% + 4) (v — 1)*(3x — 4)* — 14427
> 32°%[(z — 1)*(3x — 4)* — 48] > 32%(9 - 64 — 48) > 0.

The condition (c) of Corollary 1 is satisfied if the original inequality holds for z = 0. Thus,

we need to show that
—yz Yz Yz 3

+ + <z,
3(y2+22)  y?+322 2243y 77

which can be rewritten as

—yz dyz(y* + 2%)
3(y2 +Z2> 3<y2+22)2 +4y222

3
< -
-7

For the nontrivial case yz # 0, using the substitution

2 2
=T s
Yz

we may write the inequality as follows:
-1 n 4t
3t 3t2+4

o2 — 4
3t(3t2 + 4

3
<_7
-7

3
< -.
-7
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It suffices to show that
9¢? 3
— = <z
3t(3t2+4) — 8
which reduces to
(t—2)(3t—2) > 0.
) 3x . .
The equality holds for x = y = z, and for il y = z (or any cyclic permutation).

Observation. Similarly, we can prove the following generalization:
e Let x,y,z be nonnegative real numbers, and let

k(1) 3K Gk
T 3o T3k

where k >0, k # Then,

_3 .

Zax(y+z)—6yz < 3(2a — B)
k222 + 92+ 22 — 3k24+2 7

with equality for x =y = z, and for x/y =y = z (or any cyclic permutation), where

2
k= 1
T=RT o

P 4.8. If x,y, z are nonnegative real numbers, then

Y B Quty+2)(r—y)(r—2) > 13 —y)(y—2)*(z —2)*.
(Vasile C., 2011)
Solution. Write the inequality as fs(z,y,z) > 0, where
folw,y,2) = f(x) = 13(z — y)*(y — 2)*(z — 2)’,

flz) = Zaj?’(Qa: +y+2)(r—y)(r—2).

Since
2e+y+2z)=x+p, (x—y)($—z):x2+2yz—q,

f(z,y, z) has the same highest coefficient A; as

Pl('I?y?Z) = Z‘ZA(IZ + 23/2),
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that is
A =P(1,1,1) =3(1+2)=09.

Therefore, fs(z,y, z) has the highest coefficient
A =9—13(—27) = 360.
Since
fo(z,1,1) = 22°(x 4+ 1)(z — 1)?,

we apply Corollary 1 for
otz — 1)

Ea5(x) = foolz) = 36z £ 2)7°

The condition (a) of Corollary 1 is satisfied if fs(x,1,1) > Afyo(z) for x € [0,4]. We have

fo(z,1,1) = Afoo(x) = 22°(x + 1)(w — 1)* — %

28— 124 —x)dat + x4+ 1)
B (4 2)?

> 0.

The condition (b) of Corollary 1 is satisfied if fg(z,1,1) > Az? for z > 4. We have

fo(x,1,1) — Az? = 22°[w(z + 1) (z — 1)? — 180]
> 22%[4-5-9 —180] = 0.

The condition (c) of Corollary 1 is satisfied if fs(0,y,2) > 0 for y, z > 0. We have
fo(0,y,2) = (y = 2)[2(y° — 2°) +y2(y° — 2°)] = 13y*2"(y — 2)*
= (y— 2)°[2(y" + 2°)" + 3yz(y* + 2%) — 14y

—(y— )
= (y — 2)*(2y* + 22> + Tyz) > 0.

The equality holds for = y = 2, and for x = 0 and y = z (or any cyclic permutation).

]

11
P 4.9. Let x,y, z be nonnegative real numbers. If k < 5 then

Zx(% +y+2) (@ —y)(r—2)(x —ky)(x — k2) + (Tk — 13)(z — y)*(y — 2)*(z — x)* > 0.

(Vasile C., 2011)
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Solution. Write the inequality as fs(z,y, z) > 0, where
folw,y,2) = f(@) + (Th — 13)(z — 9)*(y — 2)*(z — 2)°,
fl@) =) z2z+y+2)(x —y)(x—2)(z — ky)(x — kz).
Since 2z +y+z = x + p,
(x —y)(x —2) = 2° + 2yz — q, (x — ky)(z — k2) = 2* + (k + k*)yz — kq,

f(z,y, z) has the same highest coefficient A; as
Pi(z,y,2) = Y _a(a + 2yz)[2” + (k + )y,

that is
A =P(1,1,1) =9(k* + k +1).
Therefore, fs(z,y, z) has the highest coefficient
A=9(k*+k+1)+ (Tk —13)(—27) = 9(k* — 20k + 40).

We have
fo(x,1,1) = 2x(x + 1) (2 — 1)*(x — k)* > 0,

f6(0,y,2) =(y — 2)[2(y° — 2°) — (2k — Vyz(y* — 2°) — ky?22(y — 2)]
+ (Thk = 13)y*2%(y — 2)?
=(y — 2)"[20° + 2¢° + (7 — 2k)y2]
=(y — 2)"[2(y — 2)* + (11 = 2k)yz] > 0

Case 1: k € [10 — 2y/15,11/2]. Since A < 0, we only need to show that f(z,1,1) > 0

and f5(0,y,2) >0 for z,y,z > 0 (Theorem 1). Both conditions are satisfied.

Case 2: k < 10 — 24/15. We apply Corollary 1 for

_ ~AaP(r - 1)z = k)
Eop(x) = fro(z) = 04— k)2(z + 22

The condition (a) in Corollary 1 is satisfied if fg(x,1,1) > Afpo(x) for x € [0,4]. We have

4(k? — 20k + 40)2*(z — 1)*(z — k)?

Afro(z) = (4—Fk)*z+2)? ,

2(x — 1)*(x — k)g(x)

Jolos LU = Afeol) = =G Tpa sy

where
g(@) = (4 —k)?*(z + 1) (z +2)* — 2(k* — 20k + 40)z(z — 1)
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Since
(z+ 1) (z+2)?—5x(x—1)? = (4 —2)(1 + 2+ 42%) >0,

we get
g(x) > 5(4 — k)*w(x — 1)* — 2(k* — 20k + 40)z(z — 1)* = 3k%z(z — 1)* > 0.
The condition (b) in Corollary 1 is satisfied if fg(z,1,1) > Ax? for x > 4. We have

fo(z,1,1) — Az? = 2g(2),

where
g(x) =2(z + 1)(z — 1)*(z — k)* — 9(k* — 20k + 40)z.
Since
4(r—1)> =92 = (z —4)(4x — 1) > 0,
we get

2g(z) > 9x(:c +1)(z — k)* — 18(k* — 20k + 40)x
97[(z + 1)(z — k)* — 2(k* — 20k + 40)]
97[5(4 — k)* — 2(k* — 20k + 40)] = 18k*x > 0.

The condition (c) in Corollary 1 is satisfied because fg(0,y,2) > 0 for y,z > 0.

The equality holds for x = y = z, and for /k = y = z (or any cyclic permutation) if
k £ 0. If £ =0, then the equality holds also for x = 0 and y = z.

Observation 1. Having in view the inequality in Observation from P 4.2 and the inequality
in P 4.9, we can formulate the following statement:

o Let x,y, 2z be nonnegative real numbers. If

11
Tk — 13, k<o

YT 4k 412k + 17 11
8 : kz?

then
Zx(?x +y+2)(x—y)(x—2)(x—ky)(z—k2) + ar(z — y)*(y — 2)*(z — 2)* > 0.
Observation 2. The coefficient ¢, in the inequality from Observation 1 is the best possible.
Setting x = 0, the inequality becomes
(y = 2)[2(y° = 2°) = 2k = Dyz(y’ — 2°) = ky*2*(y — 2)] + a2 (y — 2)?,

(y—2)°f(y.2) >0,
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where
fly,2) = 2(y° + 2%)* — (2k = 3)yz(y* + 2%) + (an — 3k — 1)y?2%
From the necessary condition f(1,1) > 0, we get ay > 7k — 13.
Assume now that k£ > 11/2. Since (2k — 3)/4 > 2, there exist y > 0 and z > 0 such that

2% -3

2 2
Y+ z 1

Yz.

For this case, we have

f(wa)_l , 1 2
22 —§(2k—3) —Z(2k—3) + (ap — 3k — 1)

4k% + 12k + 17
2 .

:Q{k—

4k% + 12k + 17
2 .

From the necessary condition f(y,z) > 0, we get ay >

P 4.10. If x,y, z are nonnegative real numbers, then

12(z — y)*(y — 2)°(z — x)?
(x 4+ y+ 2)? )

Y —y)e—2) 2

(Vasile C., 2010)

Solution. Write the inequality as fs(x,y,z) > 0, where

folwy,2) = (@+y+2)7Y 2@ —y)(w—2) - 12(z —y)*(y — 2)’(z — 2)°
has the highest coefficient
A =—12(—27) = 324.

Since
fo(z,1,1) = xQ(x + 2)2(37 — 1)2,
we apply Corollary 1 for
22z —1)*
Bapla) = foafa) = T2
Since
Af07_2($) = 493'2(1’ — ].)4,
fo(z,1,1) — Afo —o(z) = 3x3(x — 1)2(4 —1x) >0,

the condition (a) from Corollary 1 is satisfied.
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The condition (b) from Corollary 1 is satisfied if fs(x,1,1) > Az? for x > 4. This is true
since

fo(z, 1,1) — Az® = 2® [(z + 2)*(z — 1)* — 324] > 27(36 -9 — 324) = 0.
The condition (c) from Corollary 1 is also satisfied because

f6(0,9,2) = (y+ 2)*(y — 2)°(y* + 2° + yz) — 12°2%(y — 2)°
= (y—2)*(y* + 2% + byz) > 0.

The equality occurs for z = y = z, and for x = 0 and y = z (or any cyclic permutation).
O

P 4.11. Let x,y, z be nonnegative real numbers. If k is a real number, then
Y oaly+2) @ —y)x = 2) (@ = ky)(@ = kz) + (k= 3)(@ - y)*(y — 2)°(= —2)* > 0.
(Vasile C., 2011)
Solution. Write the inequality as fs(z,y,2) > 0, where
fol,y,2) = f2) + (k= 3)(z — y)*(y — 2)*(z — 2),
f(@) = Yl + )@ — o — o — ko)la — k),
Since y+ 2z = —x + p,
(x —y)(x —2) = 2° + 2yz — q, (x — ky)(z — k2) = 2* + (k + k*)yz — kq,
f(z,y, z) has the same highest coefficient A; as
Pi(z,y,2) = = a’(a® +2y2) 2" + (k + k*)yz],

that is
A =P(1,1,1) = =9(k* + k + 1).

Therefore, fs(x,y,z) has the highest coefficient
A= 9K +k+1)+ (k—3)(—27) = 9(8 — 4k — k?).
We have
fﬁ('ru 1, 1) = 2ZE($ - 1)2(1; - k>2 >0,

f6(0,y,2) =yz(y — 2)[y* — 2° — kyz(y — 2)] + (k — 3)y*2*(y — 2)’]
=yz(y —2)' >0
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Case 1: k € (—o0, —2 —2v/3]U[~2+24/3,00). Since A < 0, we only need to show that
fe(x,1,1) > 0 and f4(0,y,2) > 0 for x,y,2 > 0 (Theorem 1). Both conditions are satisfied.

Case 2: k € (=2 —2/3, -2 + 2¢/3). We apply Corollary 1 for

422 (x — 1)}z — k)?

( ) ka( ) 9(4 k‘)2(1’+2)2

The condition (a) of Corollary 1 is satisfied if fs(x,1,1) > Afyo(x) for z € [0,4]. We have

4(8 — 4k — k*)a?(x — 1)} (x — k)?
(4—k)3*(z+2) ’

2z(z — 1)*(x — k)*g(x)

Afro(z) =

fﬁ(xv 17 1) - Afk‘,0<x>

(4—Fk)*(x+2) ’
where
g(r) = (4 —k)?*(x+2)* - 2(8 — 4k — k*)z(z — 1)%
Since
(x+2)?—2(r—1)>*=4—-2)(1+z+2%) >0,
we get

g(x) > (4 — k)?z(x — 1)* = 2(8 — 4k — k*)z(x — 1)* = 3k%z(x — 1)* > 0.
The condition (b) of Corollary 1 is satisfied if fg(z,1,1) > Az? for z > 4. We have

fo(z,1,1) — Az?) = zg(x),

where
g(x) =2(z — 1)*(z — k)* — 9(8 — 4k — k*)x.
Since
4 —1)2 =92 = (z—4)(4r — 1) >0,
we get

2g(z) > 9x(x — k)* — 18(8 — 4k — k*)x
= 9z[(x — k)* — 2(8 — 4k — k?)]
> 9x[(4 — k)? — 2(8 — 4k — k*)] = 27k*z > 0.

The condition (c) of Corollary 1 is satisfied since f5(0,y,z) > 0.
The equality holds for = y = z, and for /k = y = z (or any cyclic permutation) if k # 0,
for z = 0 and y = z (or any cyclic permutation, and for y = z (or any cyclic permutation.

Observation. The coefficient of the product (z — y)*(y — 2)*(z — x)? is the best possible.
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Setting x = 0, the inequality

Zw(y +2)(x —y)(x — 2)(x — ky)(z — k2) + ax(z — y)*(y — 2)*(z — 2)* > 0

becomes
yz(y — 2)[y* = 2° = kyz(y — 2)] + w2 (y — 2)% > 0,
yz(y — 2)2[y* + 22+ (1 — k + ap)yz] > 0.

The necessary condition
v+ 22+ (1—k+ay)yz>0

leads to ap > k—3 fory=2=1.

P 4.12. Let x,y, 2z be nonnegative real numbers. If k < 4, then

Y i a—y)(x = 2)(x — ky)(x — k2) + Bk = 5) (& —y)*(y — 2)*(= —2)* > 0.

(Vasile C., 2011)
Solution. Denote
flxy,2) =) 2@ —y)(z = 2)(z — ky)(z — k2),
and write the desired inequality as fs(x,y, z) > 0, where
folw,y,2) = f(z,y,2) + Bk = 5)(z — y)*(y — 2)*(z — 2)".

From

(x —y)(x —2) = 2%+ 2yz — q, (x — ky)(x — k2) = 2° + (k + k*)yz — kq,
it follows that f(x,y, z) has the same highest coefficient A; as

Pi(x,y,z2) = Z (2?4 2y2)[2* + (k + kH)yz],

that is,
Ay =P (1,1,1) =9(k* + k+1).

Since the highest coefficient of the product (z —y)*(y — 2)?(z —z)? is equal to —27, fe(z,y, 2)
has the highest coefficient

A=A+ (3k—5)(-27) =94 — k)
On the other hand, we have

fo(z,1,1) = 2%(x — 1)*(z — k)2,
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f6(0,y,2) = (y — 2)[y° — 2° — kyz(y® — 23] + (3k — 5)y?2%(y — 2)?
= (y = 2)°[(y* + 2%)* = (k = Dyz(y* + 2%) + 2(k — 3)y*~’]
= (y—2)'[y* + 2* — (k = 3)yz]
= (y—2)[ly = 2)* + (5= k)yz] > 0.

For k = 4, we have A = 0. According to Theorem 1, the desired inequality is true since
fe(x,1,1) > 0 and f4(0,y,2) > 0 for all z,y,2z > 0.

For k < 4, we have A > 0. To prove the desired inequality, we will apply Corollary 1 for

4 (x — D)z — k)?

( ) fk(l( ) 9(4 ]{3)2(1}—1—2)2

The condition (a) in Corollary 1 is satisfied if fg(x,1,1) > Afpo(x) for x € [0,4]. We have

4% (z — D)z — k)?
(z +2)? ’

Afro(z) =

323(x — 1)*(x — k)?(4 — z)
(x4 2)?

The condition (b) in Corollary 1 is satisfied if fg(z,1,1) > Az? for z > 4. We have

> 0.

f6(9€> L, 1) Af 0( )

fo(z,1,1) — Az? = 2%g(x),

where
g(x) = (z = 1)*(x — k)* = 9(4 — k)*.
Since
(SL’ - 1)2 > 9,
we get

9(x) > 9[(x —k)* — (4= k)*] > 9[(4 — k)* — (4 = k)*] = 0.

The condition (c) in Corollary 1 is satisfied because fg(0,y,2) > 0 for y,z > 0.

The equality occurs for x = y = z, for v = 0 and y = z (or any cyclic permutation), and
for z/k = y = z (or any cyclic permutation) if k& # 0.

Observation 1. The coefficient of the product (z —y)?(y — 2)?(2 — z)? is the best possible.
Setting x = 0, the inequality

D a(x—y)(x—2)(x = ky) (@ — k2) + ax(z — y)*(y — 2)°(z — 2)* > 0
becomes as follows:

(y =2y — 2" = kyz(y® — 2°)] + oy’ (y — 2)* > 0,
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(y—2)°f(y.2) >0,
where
fly,2) =y + 2" = (k= Dyz(y* + 2°) + (o, — k + 1)y*2* > 0.

For y = z = 1, the necessary condition f(1,1) > 0 involves ay, > 3k — 5.

Observation 2. For k = 4, the inequality turns into

Yo wr—y)(r—2)(r —dy)@ —42) + T(z — y)*(y — 2)’(z — 2)* >0,
which is equivalent to

(22 + 2+ 22— 2y —yz — z22) (2 + v + 2% — 20y — 2yz — 222)% > 0.
The equality occurs when x =y = 2, and when \/x = /y + /2 (or any cyclic permutation).
Observation 3. The inequality can be extended for k£ > 4, as follows:

5 e =)o 2o — koo k2) = BT - 2 -

Actually, this inequality is valid for all real z,y, z (see P 3.49 from chapter 3).

Observation 4. Substituting £ — 1 for k£ in P 4.12, and using then the identity
Y a—y)(x =) — (k= ylz — (k= 1)z] =
=Y Py —2)(w—ky+2)(x—kz+y) +k(z—y)’(y—2)’(z —2)’,

we get the following equivalent statement:

o Let x,y,z be nonnegative real numbers. If k <5, then
Y (@ —y)w—2) (@ —ky+2)(z—kz+y) > 42— k)(z —y)(y—2)*(z —2)%,
with equality for x = y = z, forx = 0 and y = z (or any cyclic permutation), and for

x/(k—1)=y =z (or any cyclic permutation) if k # 1.
0

P 4.13. Let x,y, 2z be nonnegative real numbers. If k is a real numbers, then

> yrle —y)(w — 2)(x — ky)(z — kz) > 0.

(Vasile C., 2010)
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Solution. If one of x,y, z is zero, the inequality is trivial. On the other hand, the inequal-
ity remains unchanged by replacing z,y, z and k with 1/z,1/y,1/2z and 1/k, respectively.
Therefore, it suffices to consider that

k€ (—o0,—1]U [0, 1].
Write the inequality as fs(z,y, z) > 0, where

fo(x,y,2) = Zyz(m —y)(x — 2)(x — ky)(z — kz).
Since
(z —y)(xr — 2) = 2° + 2yz — q, (z — ky)(z — k2) = 2* + (K* + k)yz — kq,

fe(x,y, z) has the same highest coefficient as

P (z,y,z2) = Z yz(2® + 2y2)[2* + (K* + k)yz],
that is,
A=P(1,1,1) =9(k* + k +1).
On the other hand,
fo(z,1,1) = (2 — 1)*(z — k)?,
f6(07ya Z) = k2y323'
Thus, we apply Theorem 2 for
4(z — D) x — k)2
9(2k + 1)%(x +2)%

Ea,ﬂ(x) - fk,oo(x) =

Since
(= 1)*x — k)*[(2k+1)*(z +2)* —4(K* + k + 1)(x — 1)?]
(2k + 1)%(z + 2)? ’

f6<x7 17 1) - Afk,oo(x) =

the condition (a) of Theorem 2 is satisfied if
2k + 12z 42?2 >4k +k+1)(z — 1)
for 0 < x < 4. This is true because
2k + 1 >k +k+1, (z+2)2 > 4(x—1)2

In order to prove the conditions (b) and (c) of Theorem 2, consider two cases: 0 < k <1
and k£ < —1.

Case 1: 0 < k < 1. Apply Theorem 2 for

1]

Fyalo) = us(o) = o+ 02
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We have s
N z
gO,ﬁ(ya Z) = Y 5
(y+2)
~ 9(/{}2 —+ k -+ 1)523/424 g(kQ + k + 1)52y323
A = <
90,5(y7 Z) (y i 2)2 < 1 :
5 9(k? + k +1)8?
f6(07y7 Z) - AgO,5(y7 Z) > f(k)y3237 f(k) =k - ( 4 ) .
Choosing
—2k
6 - )
3(k+1)
we have B g B
f(/f):kQ— (k*+k+1) _ -
(k+1)? (k+1)2

therefore the condition (c) of Theorem 2 is satisfied.

The condition (b) of Theorem 2 is satisfied if fs(z,1,1) > Agos(x) for x > 4. We have

(2x+1)2]2
T+ 2
2%k (2 +1)% 7
=9k +1)° { 3(k+ )(x+2)]
[ 2k(2z + 1)? }
T+ 2
[ 3 —5k)z? + (6 — 2k)x — 2k|?
(x+2)2
_ [B=5k)a? + (6 — 2k)z — 24]?
< v :

Agos(z) < 9(k + 1) {x +6

91(z)g2()
Jo(w,1,1) — Agos(z) > BT a—

where

g1(z) = 6(z — 1)(x — k) — (3 — 5k)z* — (6 — 2k)z + 2k
= (3 4+ 5k)z* — (12 + 4k)x + 8k
> 4(3 4 5k)x — (124 4k)x + 8k
= 1lkx + 8k > 0,

92() = 6(x — 1)(z — k) + (3 — 5k)x* + (6 — 2k)x — 2k
= (9 — 5k)a* — 8kx + 4k
> 4(9 — 5k)x — 8k + 4k
= (36 — 28k)x + 4k > 0.
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Case 2: k < —1. We apply Theorem 2 for

(z —1)*

FL5(7) = fooo(T) = 9127

The condition (b) of Theorem 2 is satisfied if fs(z,1,1) > Afs () for x > 4. We have

(*+k+1)(xz—1)* < k*(x —1)*

Afooool) = (x+2)? — (x+2)2

therefore

(x — 1)*(x +2)*(x — k)* — k*(z — 1)?]
(v +2) '

Jo(2,1,1) = Afsooo(T) >
It suffices to show that
(+2)(x — k) > (—k)(x —1).

This is true because
r+2>r—1>0, x—k>—k>0.

The condition (c) of Theorem 2 is satisfied if f¢(0,y,z) > Afoo,oo(y, z) for y,z > 0. Since

4.4 3.3
z z
Y !

fO0,00(y7 Z) = 9(y+z>2 — 36 ?

we have

2 K24+ k+1
fﬁ(ovya Z) - Afoo,oo(?/; Z) 2 (kQ - u) y323 Z 0.

36

The equality occurs for x = y = z, for y = z = 0 (or any cyclic permutation), and for
x/k =y = z (or any cyclic permutation) if k£ # 0. If £ = 0, then the equality holds also for
r=0and y=z.

Observation 1. The coefficient (zero) of the product (z — y)?(y — 2)%(z — x)? is the best
possible.

Setting x = 0, the inequality

Y yaa —y)(x = 2)(x = ky) (@ — k2) + a(z —y)*(y — 2)*(z —x)* 2 0

becomes as follows:
K2y 2% 4+ apy® 22 (y — 2)? > 0.
Setting y = 1 and z = 0 in the necessary condition

E*yz + ap(y — 2)* >0,

we get oy > 0.
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Observation 2. Substituting £ — 1 for k£ in P 4.13, and using then the identity
S yle = y)(e = 2o — (k= Dylle — (k— 1)2] =
= ya(z—y)(x—2) (@ —ky+ 2)(x — kz +y) + k(z —y)*(y — 2)*(z — 2)%,
we get the following equivalent statement:

o Let x,y,z be nonnegative real numbers. If k is a real number, then
> ya(z—y)(a - 2) (@ —ky+2)(x — kz +y) + k(z — y)*(y — 2)*(z — 2)* > 0,

with equality for x =y = z, for y = z =0 (or any cyclic permutation), and for x/(k — 1) =
y = z (or any cyclic permutation) if k # 1.
O

P 4.14. If x,y, z are nonnegative real numbers, then
3(r — 2y — 2)2(5 — 2)2
Zl’2(l‘ _ y)(az _ Z) > (CL’ y) (y Z) (Z [E) .
Ty +yz+ 2w
Solution. Write the inequality as fg(z,y,z) > 0, where

folw,y,2) = (xy +yz+22) > a’(w —y)(z — 2) = 3(x — y)*(y — 2)*(z — 2)°.
We have

A= —3(—27) = 8L.

Since

folx,1,1) = (22 + D)a*(z — 1)?,
we apply Corollary 1 for , \

Bopla) = foafa) = T2
Condition (a). We need to show that fs(z,1,1) > Afy _o(z) for x € [0,4]. We have

Afo_o(x) = 2% (x — 1)*,
folx, 1,1) — Afo_o(z) = v+ Da*(z — 1) = 2*(x — 1) = 2*(z — 1)*(4 — ) > 0.
Condition (b). This condition is satisfied if fg(z,1,1) > Ax? for x > 4. We have
Az? = 8147,
fo(x,1,1) — Az® = 2°[(22 + 1)(z — 1)* — 81] > 2*(81 — 81) = 0.

Condition (c). This condition is satisfied if f¢(0,y,2) > 0 for y,z > 0. We have

f6(0,y,2) = yz(y — 2)(y° — 2°) = 3y° 2 (y — 2)* = yz(y — 2)" > 0.

The equality occurs for © = y = z, and for z = 0 and y = 2z (or any cyclic permutation).
O
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P 4.15. If x,y, z are nonnegative real numbers, then

9o — Py — 2z =)

Z(z—y)(m—z)(m—l—Qy)(vaQZ) > T+t 2z

Solution. Write the inequality as fs(z,y,z) > 0, where

fol@,y,2) = (xy + yz + 22) Y (& —y)(@ — 2) (@ + 2y)(x + 22) — 9z — y)*(y — 2)*(z — 2)*.
We have
A= —-9(-27) = 243.

Since
fo(z,1,1) = 2z + 1) (2 — 1)*(z + 2)?,

f6(0,y,2) = yz [44%2° + (y — 2)(y® — 2°) + 2y2(y — 2)°] — 9?2 (y — 2)?
= yz [4y72° + (y — 2)" — 8yz(y — 2)7]
= yz [(y — 2)* — 2z]” = y2(y” + 2> — 4y2)%,

y222(y2 + 22 _ 4yz)2

fl,oo(ya Z) = 81(y—|—2’)2 )

we apply Theorem 2 for
(z — 1)z —2)?
324 ’

Az —1)°
~ 81(z +2)2

Eop(w) = fo, o(z) =

Fw,c?(x) = f100()

Condition (a). We need to show that fg(z,1,1) > Afs_o(z) for x € [0,4]. We have

3(x — D)z —2)?
1 ,

Afz—2(z) =
ol 11) — Afy ofa) = E I,

Since (z +2)? > (z — 2)? and 2z + 1 > (x — 1)?, we have f(z) > 0.

fx) =40z +1)(z +2)* - 3(z — 1)*(z — 2)*

Condition (b). This condition is satisfied if fg(x,1,1) > Afi (x) for x > 4. We have

Afl,oo(x) = %?;T_Q;)’

(x = 1)*f(x)

fﬁ(x, 1, 1) — Afl,oo(aj) = (.T + 2)

Y
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where
flz) =2z +1)(z +2)" —12(z — 1)~

The necessary inequality f(x) > 0 can be obtained by multiplying the inequalities
(x+2)2 > (v — 1)
2r +1>2(x — 1),
(x+2)*>6(z—1).
Condition (c). We need to show that f5(0,y,2) > Afi(y, z). We have

. 3222 (y2 + 22 — dyz)?
Afio0(y,2) =
fl7 (y Z) (y+ 2)2

Y

3yz
(y +2)?

f6(07 Y, Z) - Afl,oo(@/; Z) = yz(y2 + P 4yZ)2 |:1 — 1 > 0.

The equality occurs for x = y = z, and for z = 0 and y/x + z/y = 4 (or any cyclic
permutation).
0

P 4.16. If x,y, z are nonnegative real numbers, then

6(z —y)*(y — 2)°(= — 2)?
xy+yz + zx '

> (z=y)(x = 2)(x = 3y)(z —32) 2
Solution. Write the inequality as fs(z,y,z) > 0, where

folw,y,2) = (y +yz + 22) Y (& —y)(x — 2)(z — 3y)(x — 32) — 6(x — y)*(y — 2)*(z — 2)*.
We have
A=—-6(—-27) = 162.

Since
fo(z,1,1) = (22 + 1)(z — 1)*(x — 3)?,

f6(0,y,2) = yz [9y°2* + (y

2)(y* = 2%) = 3yz(y — 2)°] — 6y°2%(y — 2)°
=yz [y + (y — 2)*

2)* = 6yz(y — 2)°]
=yz[(y—2)*— 392}2 = yz(y® + 2% — byz)?,

2,202 | .2 2
N YRy + 2 - Byz)
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we apply Theorem 2 for

Az — 1)4(x — 3)2
2025 ’

(z — 1)*(2z — 3)?
144(z + 2)2

Condition (a). We need to show that fg(z,1,1) > Afs _o(z) for x € [0,4]. We have

Eo5(x) = f3_o(z) =

Fyo(x) = f3/2,00(2) =

8(x — 1) (x — 3)?
25 ’

(z = 1)*(x = 3)*f (=)
25 ’

Afs—a(z) =

f6(x, 1, 1) — Afg,,g(l’) =

with
flx) =252 +1) = 8(x —1)* > 82z + 1 — (z — 1)’ > 0.

Condition (b). This condition is satisfied if fs(x,1,1) > Afs/s0(x) for x > 4. We have

9(z — 1)*(2z — 3)?

Afzpe0(x) =

8(x +2)? ’
fo(2,1,1) — Afs/noo(r) = %

where
fx) =812z +1)(z —3)*(z +2)* — 9(z — 1)*(2x — 3)*.

Since 8(2x + 1) > 72 > 64, we have f(x) > 0 if
8(x —3)(x +2) > 3(x— 1)(2x — 3).
Indeed,
8(z —3)(x +2) — 3(z — 1) (20 — 3) = 22% + To — 57 > 32 + 28 — 57 > 0.
Condition (c). We need to show that fs(0,y,z) > Afg/zoo(y, z). We have

" 9y 22 (y* + 2% — byz)?
Af3/2,oo(y7 Z) = 8(y + 2)2

Y

9yz

W} =0

1500, 2) — Afyams (1 2) = 4= (0 + 2 — 5y2)? [1 -

The equality occurs for z = y = z, for /3 = y = z (or any cyclic permutation), and for
x=0and y/zr+ x/y =5 (or any cyclic permutation).
[
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P 4.17. Let x,y, 2z be nonnegative real numbers, and let
31—k), k<0
ap = .
3+ k, k>0

Then,

ap(z —y)y — 2)%(z — x)?
o = 9)(o = 2)a — ky)(o — ks) 2 HELW

(Vasile C., 2010)

Solution. Write the inequality as fs(z,y,z) > 0, where

fola,y,2) = (wy +yz +22) Y _(x —y)(w — 2)(z — ky)(z — kz) — an(z — y)*(y — 2)°(z — 2)*.
We have
A=27ay, > 0,
fo(z,1,1) = (22 + 1)(z — 1)*(z — k)?,

f6(0,y,2) = yz [k:2y222 +(y—2)(y® — 2%) — kyz(y — 2)2} — oyt (y — 2)?
=z K22 + (y — 2)* = 2lklyz(y — 2)?] =y [(y — 2)* — |klyz]”
= yz [(y+2)* — (4 + |K])yz]",

222

(y +2)?

Gvys(y, 2) = [y(y + 2)% + 6y=]”.

We will apply Theorem 2 for

4z — 1)}z — k)

Eop(x) = fig),—2(z) = 81(2 + |k[)?

Condition (a). Since

fol,1,1) = Afiga(2) _ 32+ k)22 + 1) (@ — k) — dow(x — 1)2(x — [k])?
(x—1)? 32+ [])? |

the condition (a) of Theorem 2 is satisfied if
32+ |k])*(2x 4+ 1)(z — k) > dayg(x — 1)2(z — |k|)?
for 0 <z < 4. Since (z — k)* > (z — |k|)? and 2z + 1 > (z — 1)?, it suffices to show that
32+ |k|)? > day.

If £ <0, then
3(2 + |k|)? — 4ay = 3k* > 0.
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Also, if £ > 0, then
3(2 4 |k|)? — 4ap = k(3k +8) > 0.

Conditions (b) and (c). To prove the conditions (b) and (c) of Theorem 2, we consider
four cases:

k<0, k>2  0<k<I, 1§k§2—6.

In the first three cases, we choose

(2z +1)27?

Fyole) = grs(@) = |2+ 7(0 + 222 + 1) + 05

Having in view the expression of f5(0,y, z), we need to choose
0 =—(4+ [k|)v,

to have ) g
- _ YYz 2 2
g%(s(yvz) - (y + Z)Q[(Z/ + Z) - (4 + ’kl)yz] :

In addition,

gra(@) = |2+ y(a + 2)(2z + 1) - G @z+ DT

T+ 2
Case 1: k < 0. Choosing
2
LTV
—2(4 — k)
d=—4—-k)y= ——,
U=k =0 =%

we have

A= 27a, = 81(1 — k),
fo(x,1,1) — Ag,s5(z) = 2z + 1)(z — 1)?(z — k)?

9fs(z,1,1) — Agys(2)] = 922 + 1) (z — 1)*(z — k)

LR

_ {27@x+2(l‘+2)(293+1>_2(4_k) T+ 2

The condition (b) is satisfied if fg(x,1,1) > Ag,s(x) for > 4. Since x > 4 involves

92z + 1) > 81,
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this condition is true if

(22 +1)27°

81(x — 1)*(z — k)* — |2TV1 —k 2+ 2(x + 2)(22 + 1) — 2(4 — k) P >

which can be written as

fi(z) fa(z) = 0,

where
_ 2
fl(x):9(x—1)(a:'—k)—27\/1—kx—2(9€+2)(2x+1)+2(4 l;)f;—i—l)
24 —-k)(2 1)
5 — (O 4+ 27T =k + 19)z + 9k — 4 4 2 l;)i;Jr S
_ 2
fol) = 9(z — 1) (& — k) + 2TV —F 24+ 2(z + 2) (20 + 1) — 24 i)f;”“) |
Since f
\/1—/{:§1—§,
k 9k
9k +27V1 —k+19 <9k + 27 1—5 —1—19—46—7
we have
ok 2(4 — k)(22 + 1)?
> 522 — (46 — = —4
fi(z) > bx (6 2>:I:+9k: + 12
r—4
=—[2 1 — > 0.
2<x+2)[:r(5:v+ 6)+ (—k)(Tx+8)] >0

To show that fo(z) > 0 for = > 4, it suffices to prove that

2(4 — k)(2z + 1)?
Iz —1)(z—k) > P :

Since x — k > 4 — k, we only need to show that

2(2z +1)?
-1 > —.
9(I )_ T+ 2
We have o(2 2 A
9 —1) — (2x 4+ 1) :(x— )(x+5)20.
T+ 2 T+ 2

The condition (c) of Theorem 2 is satisfied if f5(0,y, 2) > Ag, 5(y, 2) for y, z > 0. We have

2,22

- Yz

g’Y,5<y7z) = (y + Z)Q[(y + 2)2 - (4 + |k|)’y2]2
_ 4y222

7291 — k) (y + 2)2

[(y+ 2)* = (4 — k)yz]?,
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. B 4ay? 22 2 (4~ Eyusl Yz N2 (4 — kysl?
A 0) = Gy = (4= Rl < gl = (4= R

%mwﬂJ—A%w@J)Z(l )wa+@”—@—kwd220

1
Co/1—Fk

Case 2: k > 2. From the condition g, s(k) = 0, where

(4+ k)y(2z + 1)277

Y

) = 24200 + D20+ 1) -

x4+ 2
we get
B k+2
T @k + Dk +5)
B  —(k+2)(k+4)
0=—(4+k)y= 2k +1)(k+5)
therefore
)= [os B D+ e+ 1) (@4 R+ 2)(2e 1 1]
Gro\T) = | T 2k + 1)(k + 5) (2k + 1)(k 4 5)(z + 2)
gi (@)
2k D2k +5)2(x +2)2
where

g(z) =2k + 1) (k+5)z(z+2)+ (E+2)(x+2)*2x+1) — (k+2)(k +4)(2x + 1)?
= (z — k)[2(k + 2)2* — (5k + 9)x + k + 4].

Since
A =270y, =27(k + 3),

the condition (b), namely fg(z,1,1) > Ag, s5(z) for x > 4, is true if
(2k +1)*(k +5)*(2z + 1)(z — 1)*(z + 2)* > 27(k + 3)[2(k + 2)2® — (5k + 9)z + k + 4]*.
Since 2x + 1 > 9, it suffices to show that
92k + 1)%(k +5)%(x — 1)*(z + 2)* > 27(k + 3)[2(k + 2)2* — (5k + 9)z + k + 4)°.
In addition, because of
20k +2)2? — Gk + Nz +k+4>8k+2)a— BGk+9r+k+4=0Bk+Tz+k+4>0,
the inequality is true if

(2k + 1)(k+5)(x — 1) (2 +2) > v/3(k + 3) [2(k +2)2° — (5k + 9)z + k + 4].
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Having in view that

2k +1)(k+5) > 2k+4)(k+2) > (2k +4)v/3(k + 3),

it suffices to show that
2k +4)(x — 1)(z +2) > 2(k +2)2* — (5k + 9)x + k + 4,

which is equivalent to
7(k+T7)x — bk —12 > 0.

The condition (c) of Theorem 2 is satisfied if f5(0,y, 2) > Ag, s(y, 2) for y, z > 0. We have

Grsly,2) = (”Qﬂmy £t kP

y+2)

B (k + 2)2y22? ) 2

T (2k + 1)2(k + 5)%(y + 2)? [(y+2)" = (4 + k)y2]",
27(k + 3)(k + 2)%y222

2k +1)2(k+5)2(y + 2)?

27(k + 3)(k + 2)%yz ) )

= 402k + 1)2(k + 5)2 [(y +2)° = (4+ k)yz],

Agy sy, z) = ( [(y+2)> = (4 + k)yz)

27(k + 3)(k + 2)*
4(2k 4+ 1)%(k + 5)?

f6(0,y,2) = Agys(y, 2) > |1 - y2l(y + 2)° — (4 + k)yz]*.

It suffices to show that

T(k + 3)(k + 2)? 1
(2k +1)?(k+5)2 —
This is true because
(k +2)? 1
(2k+1)(k +5)
and
7(k+3) <1

(2k+1)(k+5) —
Case 3: 0 < k < 1. Since

f6(0,y,2) = yz[(y + 2)* — (4 + k)yz)’,

bl 2) = L 2 — (4 B,
Agys(y.2) = 27(k(; ?J)QayQZQ ((y+2)* = (4+ k)y=]*

< 27(k + 3)7v%yz

< 7 [(y+ 2)* — (4 + k)yz]?



422 Vasile Cirtoaje

. 27(k + 3)~?
$o0.9,2) = A s0.2) 2 1= I el 4 2 - (o kgl
we choose
B 2
T3 Bk +3)

to have f¢(0,y,2) — Ag,s(y,2) > 0 for y,z > 0. Thus, the condition (c) of Theorem 2 is
satisfied.

The condition (b) of Theorem 2 is satisfied if fs(z,1,1) > Ag,s(x) for x> 4. We have

(4 + k)y(2z + 1)2} 2

Gro(x) = {x—l—y(m—}—Z)(Zx%—l) — o

(4 + k)y(2z + 1)
x4+ 2

Agy5(x) =27(k +3) {:1:‘ +y(x+2)(2z+1) — } = g*().

where

o) = 33T 3) 2+ 2(x + 2)(20 + 1) — 2ETRCz+ DT

x4+ 2
For k € [0, 1], we get
10(2 + 1)?

>9 2 2)(2 1) — —
g(x) > 9z +2(x+2)(2x + 1) P

 Ax® — 1327 + 20 — 2

B x+2

dx?(x — 4 24920 —2
_ At —4) 430" 4+ 22 -
T+ 2

According to the AM-GM inequality
3+ (k+3)>2y/3(k+3),

it follows that g(x) < g1(x), where

3(k+6)x 24+ k)(2z + 1)?
2 r+2 '
Thus it suffices to show that fg(z,1,1) > ¢g?(x), which is equivalent to go(k,x) > 0, where

92(k7x) = f6(m7171)_gl(x)

+2(x+2)2x+1) —

gi(x) =

SRR PO Ny B UL PP C O I et [ b

2 x+2
For k = 0, we have
8(2x + 1)?
920,2) =z(zr — DV2r+1—-92 —2(z+2)2z + 1) + %
x

422 — 5 10
:a:(m—l)\/2x+1—x($ T )

T+ 2
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The inequality g»(0,z) > 0 is equivalent to

422 — 5z + 10
x+2 '

(x—1DV2x+1>

It is true if

(z —1)*(2z + 1)(x + 2)* > (42* — 5z + 10)?,
which is equivalent to (x — 4)gs(x) > 0, where

g3(z) = 2*(2x — 3) + x(24z — 20) + 24 > 0.
Having in view (*), to show that go(k, ) > 0, it suffices to prove that

@F*Mﬁi;m+4m_3%;®$—2@+®@x+n+

2
24+ k) 2z +1) _
T+ 2 -

This inequality reduces to
k(52* + 20z — 16) > 0,

which is true.

Case 4: 1 < k < 3. We choose

Az — 1)z —9)?
9(1 + 2v)%(x + 2)%

Eys(x) = freola) =
Having in view the expression of f5(0,y, z), we will choose
= B}

to have
: Py +2) = (4 k)yz]?
fk/2,oo(y?z) - 9(1 + k)2(y + 2)2 )
3(k +3)y*2*[(y + 2)* — (4 + k)yz]
(1+k)2(y +2)? ’

Afk/Q,oo(ya Z) =

therefore,

3(k +3)yz
(14+ k)% (y+ 2)

£5(0,9,2) — Afijoce(y,z) = |1 — Slyz [(y+2)?7— 4+ k)yz}2 > 0.

Thus, the condition (c) of Theorem 2 is satisfied. With regard to the condition (b), we have

(z — 1)4(2z — k)?
91+ k)2(z + 2)2

Jrj2.00(2) =

3(k + 3)(x — 1)"(2z — k)?

Afee®) = == par 2
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ol 1,1) — Afyjooo(z) = (1(i ;)2; —f-xZ))27

fx)=1+k)?Qx+1)(z+2)>*x —k)* —3(k+3)(x —1)*(2z — k)*.

Since
2z +1)(z+2)* = 12(z + 1)* > 6(22 + 1)(z + 2) — 12(x + 1)* = 62 > 0,

we get
flz) > 121 +k)* (x 4+ 1)* (@ — k)® = 3(k + 3)(z — 1)*(2x — k)2

Therefore, it suffices to show that
20+ k) (z+1)(x—k) > VEk+3 (z—1)(2x — k).

In addition, since

44 (k+3) > 4vVk + 3,

it suffices to show that

81+ k) (z+1)(z—Fk)>(k+7)(x—1)2x — k).
This inequality can be written as

6(k — 1)2* + (22 + 9k — Tk*)z — 7 — 9k — 8k* > 0.

Since
6(k — 1)z? > 24(k — 1),

it suffices to show that

24(k — 1)x + (22 + 9k — Tk*)x — 7 — 9k — 8k* > 0,

which is
(=24 33k — Tk*)x — 7 — 9k — 8k* > 0.
Since
—2 433k — Tk* > =9+ 30k — 9k* = 3(3 — k)(3k — 1) > 0,
we have

(=2 + 33k — Tk*)x — 7 — 9k — 8k* > 4(—2 + 33k — Tk*) — 7 — 9k — 8k?
= —15+ 123k — 36k* > —27 + 117k — 36k* = 9(3 — k)(4k — 1) > 0.

The equality holds for + = y = z, for x = 0 and y/z + z/y = 2 + |k| (or any cyclic
permutation), and for z/k =y = 2z (or any cyclic permutation) if & > 0

Observation. The coefficient ay, of the product (x —y)*(y — 2)?(z — x)? is the best possible.
Setting x = 0, the inequality turns into

(¥ + 222 — (1 + b+ ap)yz(y? + 22) + (k* + 2k — 2+ 204.)y%2% > 0.
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For k > 0, choosing y and z such that y* + 2% = (2 + k)yz, we get
k(ap — k — 3)y*2* <0,

which involves o < k + 3.

For k < 0, choosing y? + 2? = (2 — k)yz, we get

(—k)(ag + 3k — 3)y*2* <0,

which provides ay, < 3(1 — k).

For k = 0, we get

(y—2)°[ly —2)" + (3 — aw)yz] > 0,

which yields oy < 3.

P 4.18. If x,y, z are nonnegative real numbers, then

2 Az —y)°(y — 2)°(z — 2)?
>ty + )@ —y)a—2) = T

(Vasile C., 2010)
Solution. Write the inequality as fs(z,y,z) > 0, where

fo@,y,2) = (@+y+2)> 2’y +2)(x—y)(z—2) — 4z —y)’(y —2)°(z — 2)*.
We have
A = —4(-27) = 108.
Since
fo(z,1,1) = 22°(x 4+ 2)(z — 1),
we apply Corollary 1 for , ,
Bopla) = foalr) = “EZIL

e 202( 1222 + 14~ 1)
zo(xr — T+ —x
fo(@,1,1) — Afo2(z) = 3 >0
for 0 < x < 4, the condition (a) in Corollary 1 is satisfied.

The condition (b) in Corollary 1 is satisfied if fs(x,1,1) > Az? for x > 4. This is true
since

fo(z,1,1) — Az® = 2® [2(x + 2) (2 — 1)* — 108] > 2(2-6-9 — 108) = 0.
The condition (c) in Corollary 1 is also satisfied because
f6(0,y,2) = y2(y + 2)(y — 2)(y° — 2°) — 42 (y — 2)* = yz(y — 2)* > 0.

The equality occurs for x = y = z, for = 0 and y = z (or any cyclic permutation), and
for y = 2z = 0 (or any cyclic permutation).
O



426 Vasile Cirtoaje

P 4.19. Let x,y, 2z be nonnegative real numbers. If k is a real numbers, then

S+ 2)(e — ) = Do — ko — ke) > EEIEENWEEZ0)

(Vasile C., 2010)

Solution. Write the inequality as fs(z,y,z) > 0, where

folaw,y,2) =(@ +y+2) Y _(y+2)(x —y)(x —2)(x — ky) (& — kz)
— 2+ k) —y)*(y = 2)*(z —2)”.
We have
A =272+ |k|)* >0,
fo(z,1,1) = 2(z +2)(z — 1)*(z — k),

J6(0,y,2) = (y + 2) [F*y*22(y + 2) + yz(y — 2)(y° — 2)] — 2+ [k])*y*2°(y — 2)°
= By (y + 2)” +y2(y — 2)? [(y + 2)° — (2 + [k])?y2]
= Y222 (y + 2)” +yz [(y + 2)° — dyz] [(y + 2)° — 2+ |k])*y?]
=yz(y + 2)" — 42+ [k))y*22(y + 2)* + 42 + |k])%y*2°
=z [(y+2)* =22+ |kl)y2]”,

y222

(y + 2)?

Grs(y, 2) = [V(y + 2)* + yz] 2

We will apply Theorem 2 for

Az = 1) (z — [k])?
S1(2+ k)2

Eqp5(r) = f|k\,—2(95) =

Condition (a). Since

A ato) = M

folr,1,1) = Afiga(2) _ 3(x+2)(x = k)* = 2(x — 1)*(x — |K])”

(x—1)2 3 ’

the condition (a) of Theorem 2, namely fs(x,1,1) — Afj,—2(x) > 0 for 0 < x < 4, is satisfied
if

3(x+2)(x — k) >2(x — 1)z — |k])*
This is true since 3(x +2) > 2(x — 1)? and (z — k)? > (z — |k|)?. Indeed,

3(r+2) -2 —1)*=(4—2)(1+22) >0,

(z = k)* = (= — [k])* = 2(/k| — k)z > 0.
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Conditions (b) and (c). To prove the conditions (b) and (c) of Theorem 2, we consider

two cases:
k| > 1,

Case 1: |k| > 1. We choose

Fs(x) = fr00(x) =

k] < 1.

Az — D —)°

9(1+27)2(z + 2)2°

Having in view the expression of f5(0,y, z), we will choose

v = k|
e by - V2P =202 el
9(1 + 2|k])%(y + 2)?
Afrn(y,2) = 32+ kD)2 [y + 2)° — 202 + [K])y2]*
’ (1+2[k[)?(y + 2)?
therefore,

f6(0,y,2) — Aﬁk|7oo(y, 2= [1- 3(2+ |k|)?yz

(1+2[k[)?(y + 2)

Thus, the condition (c) of Theorem 2 is satisfied if

(14 2k (y + 2)* > 3(2 + |k])*yz.

Since (y + 2)? > 4yz, it suffices to show that

2(1 + 2|k|) > V3(2 + |K]).

Indeed,

201+ 2|k|) — V32 + k) = (4 — V3)|k| +2(1 —V3) > (4 — V3) +2(1 - V3) > 0.

With regard to the condition (b), we have

4(x — 1)} x —

[k)*

fiil,00 (@)

12(2 + [k|)2(x — 1

91 4 2|k|)2(z +2)2

)'(x — [K])*

Afweol®) = = SR T 2
_ (z—1)*f(=)
fo(2,1,1) — Afjppo(2) = (1 +2[k])2(z + 2)2

fla) = (1+2k)* (2 +2)*(x — k)* = 6(2 + |k)*(z — 1)*(z — [k])*.

w2 [y +2)° = 2+ k)]
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Since (z — k)? > (z — |k|)?, it suffices to show that
(1+2[k))*(z +2)° > 6(2 + |k])*(z — 1)*.
Since x + 2 > 6, this is true if
(1+2[k)*(z +2)* = (2 + [k)*(@ — 1),

which is equivalent to
(14 2/k))(x+2) > (2 + |k|)(z - 1).
This is true for > 4 and |k| > 1 because 1 +2|k| > 2+ |k| and 2 +2 >z — 1.

Case 2: |k| < 1. We choose

2z 4+ 1)2]°
F.s5(x) =g,5(x) = [z +y(x+2)2x+ 1) + (5M .
T+ 2
Having in view the expression of f5(0,y, z), we need to set
to have ) 9 s
N Yz 2 2
Gv6(y,2) = m[(’y +2)" —2(2 + [k])y=]".
In addition, by choosing
1
RECER))
we have
N y222 2 2(92 k 2
) = + - + )
g"/75(y Z) 9(2+ \k\)Z(erz)?[(y Z) ( ‘ Dyz]
3y2z2
Ag = 2202+ |k|)yz)?
9’775(y72) <y 4 Z)Q[(Z/ + Z) ( + | |>y"7’] )
. 3yz 2 2, 12
f6(0,y,2) = Agys(y, 2) = |1 - s 2|V [(y+2)* =22+ |k|)?yz]” > 0.

Thus, the condition (c) of Theorem 2 is satisfied.
With regard to the condition (b), we have

(r+2)(2z+1) 22z +1)2]
%”@):{x+ 32+ k) mx+2)]
_ [(x+2)(2x+ 1) 5.:1:2+2.7:+2r
3(2 + |k]) 3(x+2) ’
(2+|k|)(5x2+2x+2)r
T+ 2 ’

Agys(x) =3 |(x+2)2x +1) —

1
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fo(z,1,1) = 2(z +2)(z — 1)*(z — k)? > 12(z — 1)*(z — |k|)?,
Jo(x,1,1) — Agy () > 12(x — 1)*(x — |k[)? — Agys(2) = 3g1(x)ga(x),
where

(2 + |k|)(5x? + 22 + 2)
T+ 2

gz)=2(x—1)(x—|k]) = (x+2)2z+ 1)+

2 2 _
_ 3[(A A [k[)a® — 4z + 2k]] S 3(z* — 4x) >0,
T+ 2 - x+2 T

(24 |k])(5a? + 22 + 2)

g@)=2@x--k+(@+2)2x+1)—

x4+ 2
3(52? + 2x + 2)
> 9z — 1)(z — 1 2) (22 + 1) —
> 2c — 1)z~ 1)+ (2 +2)(2w +1) - 02
522 + 20 + 2
22@-1)%(%2)(2%1)-%
24 9042 249
P TP +2I+ :3(‘75; )

The equality occurs for x = y = z, for z/k = y = z (or any cyclic permutation) if k& # 0,
for y = z = 0 (or any cyclic permutation), and for x = 0 and y/z + z/y = 2 + 2|k| (or any
cyclic permutation).

Observation. The coefficient of the product (z — y)*(y — 2)?(z — z)? is the best possible.
Setting x = 0, the inequality

Y w+2) @ -y —2)(x—ky)(z — kz) > wle - yi ELyy_JrZ)z o

becomes
yz [(v° + 2%)% = (oo — K*)yz(y® + 2°) + 2(ap + K — 2)y°2%] > 0.

For y? + 22 = 2(1 + |k|)yz, this inequality leads to
[llow — (2 + [K])*]y*2* < 0,

which implies the necessary condition ay, < (2 + |k|)?.

P 4.20. If x,y, z are nonnegative real numbers, then

2 2,2 _ 2 12(z — y)*(y — 2)* (2 — 2)°
Zm(az —y9)(x® —2%) > PR :

(Vasile C., 2010)
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Solution. Write the inequality as fs(z,y, z) > 0, where

fe(z,y,2) = (x+y+ 2) Zx(x2 —?)(2® — 2%) — 12(z — 9)*(y — 2)*(z — 2)?

has the highest coefficient
A= —12(—27) = 324.

Since
fo(z,1,1) = z(z + 2)(2* — 1),

we apply Corollary 1 for

4o (x — Dz +1)2

Eop(z) = fo(z) =

225(x + 2)?
Since ( 1)2( " 1)2f( )
x(r — T T
folo, 1LY = Afo@) = =5y
where

f(z) = 225(z + 2)° — 1296z (z — 1)* > 216[(x + 2)* — 6x(x — 1),

the condition (a) in Corollary 1 is satisfied if (z + 2)* > 6x(z — 1)? for 0 < x < 4. This is
true since
2(x +2) > 3u, (x+2)*>4(x —1)%

The condition (b) in Corollary 1 is satisfied if fq(z,1,1) > Az? for z > 4. This is true if
(z +2)(2* — 1)* > 324x.

It suffices to show that
2(z +2)(2* — 1)® > 6757,

which follows by multiplying the inequalities
2(z + 2)(x — 1) > 9z, (x — 1)(z+1)> > 75.
Indeed, we have
2 +2)(z—1) =92 =(x—4)(2x + 1) > 0, (x—1)(z+1)*—75>3-25—75=0.
The condition (c) in Corollary 1 is also satisfied because
fo(0.y.2) = (y + 2)(y* = 2°)(y° = 2°) = 124%2°(y — 2)* = (y — 2)"(y° + 2° + 5yz) > 0.
The equality occurs for z = y = z, for —x = y = z (or any cyclic permutation), and for

x =0 and y = z (or any cyclic permutation).
]
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P 4.21. Let x,y, 2z be nonnegative real numbers, and let
4(k—-2), k<6

Y B2t

Then,

ar(r —y)*(y — 2)*(z — )’
Zx(x—y)(m—z)(z—kﬁy)(x—kz)+ Tyt z > 0.

(Vasile C., 2010)
Solution. Write the inequality as fs(z,y, z) > 0, where

fo(z,y,2) =(x+y+2) Zx(a: —y)(x — 2) (2 — ky) (v — k2) + an(z — y)*(y — 2)*(z — )2

Since the product (z —y)?(y — 2)?(z — x)? has the highest coefficient equal to —27, fe(z,y, 2)
has the highest coefficient
A= —27ozk.

Also, we have
fo(z,1,1) = z(z + 2)(z — 1)*(z — k)%,

f6(0,y,2) = (y — 2)*[(y + 2)* = (k+2)yz(y + 2)* + ary®2?].
There are three cases to consider.

Case 1: k > 6. Since

Oék:(k+2)2,
—27(k + 2)?

the desired inequality is true if fg(x,1,1) > 0 and fs(0,y,2) > 0 for z,y,z > 0 (Theorem 1).
The first condition is clearly true and

k+ 2)2
Fo0..2) = (= 2w+ 2)* — (k4 Daly + 22+ Ot 2y
k 2
=(y—2)7°|(y+2)7°— yz| >0.
Case 2: 2 < k < 6. Since
. = 4(k? - 2),

A= —2Tay = —108(k — 2) < 0,
the desired inequality is true if fg(x,1,1) > 0 and fs(0,y,2) > 0 for z,y,z > 0 (Theorem 1).
The first condition is true and
f6(0,9,2) = (y = 2)*[(y + 2)" = (k +2)yz(y + 2)* + 4(k — 2)y*2’]
=(y—2) [y +2)° = (k=2)y2] > (y — 2)° > 0.
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Case 3: k < 2. We have
A = 4(]{3 - 2),

A= =270y, = 108(2 — k) > 0.
We will apply Corollary 1 for

_ AP (- 1)z = k)
Eop(x) = fro(z) = 04— k)2(z + 22

The condition (a) in Corollary 1 is satisfied if fg(x,1,1) > Afio(x) for x € [0,4]. We have
48(2 — k) (x — 1)} (x — k)?
(4—Fk)?(x+2)? ’
z(r —1)%(x — k)*[(4 — k)?(x + 2)3 — 48(2 — k)z(z — 1)?]
(4 —Fk)*(x+2)? '

Afk,o(l') =

fﬁ(‘ma 17 1) - Afk,O(x) =

The condition (a) is true if
(4— k)2 (z+2)° >48(2 — k)z(z — 1)
for 0 < x < 4. This inequality follows by multiplying the inequalities
(4—Fk)?>8(2—k)
and
(x+2)* > 6x(x — 1)%

which are equivalent to k% > 0 and (4 — x)(2 + 2z + 52%) > 0, respectively.

The condition (b) in Corollary 1 is satisfied if fs(x,1,1) > Ax? for x > 4. Tt suffices to
show that
(z+2)(x — 1)*(x — k)* > 108(2 — k).

This inequality follows from
4(x —1)* > 9z

and
(z+2)(x — k)* > 48(2 — k).

Indeed, we have
4(r—1)> =92 = (z —4)(4x — 1) > 0,

(x+2) (v —k)* —48(2 — k) > 6(4 — k)* — 48(2 — k) = 6k* > 0.
The condition (c) in Corollary 1 is satisfied if f5(0,y,2) > 0 for y,z > 0. Indeed,
60,9, 2) = (y — 2)*[(y + 2)* + (2 = k)yz] > 0.

The equality occurs for x = y = z, for z = 0 and y = z (or any cyclic permutation), and
for x/k = y = z (or any cyclic permutation) if k£ # 0, and for x = 0 and y/z+z/y = (k—2)/2
(or any cyclic permutation) if k£ > 6
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Observation. The coefficient ay, of the product (z —y)%(y — 2)%(z — x)? is the best possible.
Setting x = 0, the inequality becomes

(y = 2)?[(y* + 2°)° = (b = 2)yz(y* + 2°) + (o — 2k)y*2"] > 0.
For y = z = 1, the necessary condition
(y* +2°)* = (k = 2)y2(y* + 2°) + (. — 2k)y*2* > 0

involves ay > 4(k — 2).
Also, for

the necessary condition
(2 + 252 — (k — 2)yz(y® + 2%) + (ap — 2k)y*2* > 0

becomes
[day — (k+2)°]y*2* > 0,

which involves oy, > (k + 2)?/4.

P 4.22. If x,y, z are nonnegative real numbers, then

5z —y)*(y — 2)*(2 — 2)?
xy +yz + zx '

D (@) —y)(z—2) =

(Vasile C., 2010)

Solution. Write the inequality as fs(z,y,z) > 0, where

folw,y,2) = (xy+yz +22) Y (2" +y2)(z —y) (& — 2) = 5(x — y)*(y — 2)*(z — 2)".

We have
A = —5(-27) = 135,
fo(z,1,1) = 2z + 1)(2® + 1)(z — 1)?,

fﬁ(oa Y, Z)
Yz

=2 + (y — 2)*(y* + 2> + yz) — Syz2(y — 2)°

=y + (v + 2% — 2yz) [v° + 2° — dy2]
= (y* 4+ 2% = 6(y* + 2*)yz + 9y°2°
= (y2 + 22 - 3yz)27
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y222<y2 + 22 _ 3yz)2
36(y + 2)?

f1/2,w(y7 Z) =

Thus, we apply Theorem 2 for

Ea,ﬁ(x) - F’y,é = f1/2,oo(x)-

The conditions (a) and (b) in Theorem 2 are satisfied if fg(z,1,1) > Afi /2 00(x) for z > 0.

Since
15(z — 1)*(2x — 1)

Az +2)2

fﬁ(mv L, 1) - Af1/27oo(l’) = %’

Afl/Q,OO(m) =

where
f(x) =4(x +2)*(2x + 1) (2% + 1) — 15(x — 1)*(22 — 1)?,

we need to show that f(z) > 0 for > 0. This is true if
(z+2)2(2x + 1)(2* + 1) > 4(x — 1)*(2z — 1)
Since x? + 1 > (z — 1)%, we only need to prove that
(z+2)2(27 + 1) > 427 — 1)?,

that is
z(22% — Tz 4 28) > 0.

The condition (c) in Theorem 2 is also satisfied because

" 159222 (y* + 2% — 3y2)?
A oo\Y) =
fl/?, (y Z) 4(y_|_ 2)2

Y

15y2 }

f6(07y7 Z) - Afl/Q,oo(ya Z) = yZ(y2 + 22 - 3y2)2 |:1 a 4(y + 2)2

15
> yz(y? + 22 — 3yz)? (1 — 1_6) > 0.

The equality occurs for x = y = z, and for x = 0 and y/z + z/y = 3 (or any cyclic
permutation).
O

P 4.23. If x,y, z are nonnegative real numbers, then

16(z — y)*(y — 2)*(z — 2)*
Ty +yz + 2T '

> (da? +y)(r —y) (e —2) =

(Vasile C., 2010)
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Solution. Write the inequality as fs(z,y, z) > 0, where

folw,y,2) = (wy +yz + 20) Yy (40” + y2)(x — y)(z — 2) — 16(z — y)*(y — 2)*(z — 2)*.
We have
A= —16(—27) = 432,
fo(z,1,1) = (22 + 1)(42® + 1)(z — 1)?,

0
f6(0,y,2) = 222 + Ay — 2)2(y? + 2% + y2) — 16yz(y — 2)?
Yz

=22 +4(y* + 2% — 2y2) [y + 2° — 3yz]
= A(y* +2%)° = 20(y” + 2*)yz + 254727
= (21 + 22% — 5y2)*
Apply Theorem 2 for
4(z — )42z —1)?
2025 ’

Eop(x) = fij2,—2(z) =

Condition (a). Since

Af1/2,—2($) =

fg(&?, 1, 1) — Afl/g,_g(z) =

where
f(z) = 7522 + 1)(42® + 1) — 64(x — 1)*(2x — 1),

the condition (a) of Theorem 2 is satisfied if f(x) > 0 for 0 < z < 4. It suffices to show that
(22 4+ 1)(42* + 1) > (x — 1)*(2z — 1)
This is true because
20+ 1> (v —1)%
4° +1 > (20 — 1)

Indeed,
20+ 1— (v —1)*=2(4 — )

4 +1 -2z -1 =42 >0

v

0,

Conditions (b) and (c¢). Having in view the expression of f5(0,y, z), we will apply Theorem
2 for 9
v
Foale) = grae), 6=,
which leads to

g’yﬁ(ya Z) =
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Since ) 9o
. 108y7y"2" . 5 2 2
Agys(y, ) = W@y +22° — 5yz)”,
f6(0,y,2) — Agys(y, 2) = y2(2y* + 22° — 5yz)?g(y, 2),
where )
108v*yz 9
,z2)=1-— >1—27%,
9(y, 2) PESE y
we choose )
N

to have ¢(y,z) > 0. Thus, the condition (c) in Theorem 2 is satisfied.
The condition (b) is satisfied if fs(x,1,1) > Ag, s(x) for x > 4, where

97y(2z + 1)2]2_

Gy () = {az +y(z+2)2z+1) — 2@ 1)

Since

2
27v/3v(2x + 1)?

Agys(x) =4 [6\/§$ +6V3y(z+2)(2r + 1) — p — 4f2(z),
flx) = 63z + 2 +2)(2z+1) — 9(25—_:_21)27

we need to show that
(27 + 1)(42* + 1) (x — 1)* > 4f%(x)

for x > 4. Since

9(2z + 1)?

f(z) >9r+2(x+2)2x+1) — p—

(40 — 9 -1
_ (4w —9) + 6z -0,
T+2

it suffices to show that
(22 + 1)(42? + 1) (x — 1)® > 4f%(x),

where
filz) =11z +2(x+2)(2x + 1) — % > f(x).
Since
(22 4+ 1)(42* + 1)(z — 1) > (20 + 1)(42?)(z — 1)
and

423 — 72?2 + 10z — 1 z(42? — Tz + 10)

— < ,
hi@) T+ 2 T+ 2
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it suffices to show that
2z 4+ 1)(z — 1)*(z + 2)* > (42 — Tz + 10)?,
which can be rewritten as
(27 4+ 1)*(x — 1)*(x +2)* > (27 + 1)(42? — Tz + 10)°.

Since

2 +1< (z +5)°
—_ 9 )

it suffices to show that
92z + 1)*(x — 1)*(z + 2)* > (z + 5)*(42® — Tz + 10)?,
which is equivalent to
32z + 1)(z — 1)(z 4+ 2) > (z + 5)(42® — Tz + 10),
3 — 22?4+ 8z — 28 > 0,
(z — 4)(2® + 2z + 16) + 36 > 0.

The equality occurs for z = y = z, and for x = 0 and y/z + z/y = 5/2 (or any cyclic
permutation).

[]

P 4.24. Let x,y, z be nonnegative real numbers. If k > 0, then

(B +2vVF )z —yPy =2 —2)*
Ty +yz+ zx

S @ + kyz)(a - y)(@ - 2) >

(Vasile C., 2010)

Solution. Write the inequality as fs(z,y,2) > 0, where

folw,y,2) = ¢ (@ + ky2)(w —y)(z — 2) — B+ 2VE)(w —y)*(y — 2)°(z — 2)*.
We have
A =273+ 2Vk),
fo(z,1,1) = (22 + 1)(z* + k)(z — 1)?,
f6(0,y, 2)
Yz

= ky22? + (y — 2)2(y* + 22 + y2) — B+ 2VE)yz(y — 2)?
= ky*2® + (y* + 2* — 2y2) [yz + 22 =21+ Vk)yz

= (1" +2°) =22+ VR + 2)yz + 2+ VE) Y2

= [y2 + 22— (24 \/E)yzr,



438 Vasile Cirtoaje

We will apply Theorem 2 for

2

4(9(;—1)4(56—\/E)
81(2+\/E)2 |

Eap(r) = fyg (7)) =

Condition (a). Since

4(3+2¢E>(w—1)4<x—\/ﬁ>2
3(2+\/E)2

Af\/E,—z(x) =

)

fa(l’, L, 1) - Af\/E,—2<x) = (35 - 1)2f(33),

where

1(3+2vk )
T, N2
3(2+ vk )
the condition (a) of Theorem 2 is satisfied if f(z) > 0 for 0 < 2 < 4. This is true because
1(3+2vk )
12—,
3(2+ Vi)

2

f@) = (20 +1)(2® + k) - (212 (a-VE)

20 +1> (v —1)%
2
224+ k> <x—\/%> )

Indeed,
2v+1—(r—1)*=a(4—1z) >0,

2
k(o= VE) =2Vka >0
With regard to the conditions (b) and (c), we consider two cases: 0 < k <1 and k > 1.

Case 1: k > 1. Having in view the expression of f5(0,y, z), we will apply Theorem 2 for

2

(x—1)4<2x—\/E>
9<1+\/E>2($+2)27

Es(x) = f\/E/2,oo($) =

%22 [gf +22—(2+ \/E)yz} ’
91 +VE 2(y + 2)2

f\/E/Q,oo(y7 Z) =
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The condition (c) is satisfied because

N 2
f6(0,4,2) = Af i jone W, 2) = yz |y* + 2° — (24 VE)@/Z] [y, 2),
where

3B+ 2vE yz

fo,z) =1 (1+VE )2(y + 2)2
_3(3+2\/E)_4k+2\/E—5>0

A1+vE)? A0+ vE)2 T

The condition (b) is satisfied if fo(z,1,1) > Af 5 o, (2) for x > 4. Since

3(3 4+ 2Vk )(z — 1) (23:—\/E)2
(1+\/E>2(;c+2)2

Y

Af\/E/2,oo (z) =

we need to show that

3(3+2Vk )(z — 1) (233 —Vk )2
2z + 1)(2® + k) > .

<1+\/E>2(x+2)2
Since 303 + 2@) ,
(14 vE)
and

2
<2x—\/E> < 4z* + k,
it suffices to show that

4(x —1)*(42* + k)

2z +1) (2% + k) > CEDIE

Since
B +k P41 3(k —1)x? -0
4+ k 4a2+1 (o2 +k)(4a241) T

we only need to prove that

4(x —1)*(42? + 1)
(z +2)?

2z +1)(z*+1) >

This is true because 2 + 1 > (z — 1)? and

(22 + 1) (x + 2)% > 4(42* + 1).
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The last inequality is equivalent to

r(20* — Tr +12) > 0.

Case 2: 0 < k < 1. Having in view the expression of f5(0,y, z), we will apply Theorem 2 for

Ey5(2) = gys(x),  0=—(A+Vk),

which leads to

2.2.2 9
- _ Yz 2, .2
Gl ) = o v+ - 2+ VR ]
Since y:
A 2B+ 2VE R [, L 2
Ag%(;(y,Z) - (y+Z)2 [y +z _<2+\/E)yzi| )
2
J5(0,9,2) = Agyaly, 2) =yz [° + 22 = 2+ VE )| g(y,2),
where
2 2V k )2 2 2V k)2
Gy =1 7(3+2vVk )y y221_ 7(3 + 2vVk)y |
(y+2)? 4
we choose

2

o 3¢/3(3 4+ 2Vk )

to have g¢(y,z) > 0. Thus, the condition (c) in Theorem 2 is satisfied.
The condition (b) is satisfied if fg(z,1,1) > Ag, s(x) for > 4, where

272
Grs(2) = {x +v(x+2)2z+1)— 4+ Vk )7%} )
Since A
Agys(x) = ﬁgw,a(fl?) = f*(x),
2
fla) = 27”“" 2+ 2) (20 +1) — 204 + \/E)%,
we need to show that
2z + 1) (2* + k) (z — 1)* > ().
Since 2/vy>9 and 4+ Vk < 5, we have
2
flz) > 92 +2(x+2)(2x+1) — %

2040 — 1 20 — 1
::I;(x 3) + 2(x >>O.
T+ 2
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On the other hand, by the AM-GM inequality,

%:3 33+ 2VE) < g[3+(3+2¢%)] =33+ Vk).
Therefore,
fla) <3G+ Vh)r+2( +2)(20+1) - 2(4 + m%

z(42? — 5z + 10) — Vk(52? + 2 + 2)
B T+ 2
- r(42? — 5x + 10)
- T+ 2

In addition,
2z + 1) (2* +k)(z —1)*> 2z + Da*(z — 12

Thus, it suffices to prove that
(22 + 1)(z — 1)*(x + 2)* > (42® — 5z + 10)?,
which may be rewritten as
(27 4+ 1)*(x — 1)*(x + 2)* > (27 + 1)(42? — 5z + 10)°.

According to

2
e 1< ® +9 o)
it suffices to show that
1
2z +1)(x —1)(z +2) > g(m + 5)(42* — 5z + 10).

This is equivalent to the obvious inequality

(x—4)(2*+2+7) > 0.

The equality occurs for 2 = y = z, and for = 0 and y/z + z/y = 2 + vk (or any cyclic

permutation).

Observation. The coefficient of the product (z — y)?(y — 2)?(z — z)? is the best possible.

Setting x = 0, the inequality

2

S ke e D= e

reduces to

2
Yz [y2 + 22— 24 VE)yz| + B+ 2VE—ap)y?P(y —2)2 > 0.
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In addition, for
2+ 22 = 2+ VE)yz,

we get the necessary condition
(3 + 2V — ak> y? 22 (y — 2)* >0,

which involves oy, < 3 + 2vk.

P 4.25. If x,y, z are nonnegative real numbers, then

D @ =y —y)e—2) 2 4V2+ D)z — )Py — 2)°(z — 2)
(Vasile C., 2014)

Solution. Denote

C=4(V2+1)
and write the inequality as fg(x,y, 2) > 0, where

folw,y,2) = (0% —y2)’ (& —y) (@ — 2) = Clz —y)*(y — 2)°(z — ).

Since (x —y)(z — 2z) = 2? +2yz — q, the sum (2% — yz)*(z — y)(x — 2) has the same highest
coeflicient A; as
Pi(x,y,2) = Y (2" —y2)*(a” + 2y2)°,

that is Ay = Py(1,1,1) = 0. Therefore, fs(x,y,2) has the highest coefficient
A=A —C(—27) = 108(vV2 + 1).
We have
fo(z,1,1) = (z + 1)2(33 — 1)4,
f6(0,y,2) = y*2° + (y — 2)(y° — 2°) — Cy*22(y — 2)°
=92+ (y—2)" [y + 2y’ + 2% + (1 - Oy
=222+ (P 4 2% — 2y2) [(y2 + 22?2+ (P 4 22)yz — (1 + C’)szz]
— (y2 + 22)3 . (y2 + 22)2yz o (3 + C)(yZ 4 22)y222 4 (3 + 2C)y3,23
= (" + 2" = (¥ + 2°)yz — (W2 + 1)y + 22)y°2" + (8V2 + 11)y°2°

— |+ 2+ (2V2 + l)yZ} [?f +22 = (V2 + 1)yzr'

In addition, for
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we have

. B y2z2[y2 + 22 _ (\/§+ 1)yz]2
froo(y,2) = 18(y + 2)? .

We apply Theorem 2 for

Eop(w) = fopz—a,  Fr5(1) = f00(2)-
Condition (a). We need to show that fg(x,1,1) > Afs/s _o(z) for 0 <z < 4. We have

(x — 1)} 3z — 2)?
1296 ’

(V2 +1)(z — 1)*(3z — 2)?
12 ’

f6(33, 1, 1) - Af2/3,72(95) = w,

flz) =12(z + 1) = (V2 +1)(3z — 2)*

f2/3,oo($) =

Afaszo0() =

Since

3 5
2+l<o41=2
V2 + 5+ >

we have

2
2

fz) > 12(x + 1)

> 10(z + 1)
_ 25x(4 — ) >0
— 5 2
V2 -1

Condition (b). We need to show that fs(x,1,1) > Af, (z) for v = 5

Since

and z > 4.

Ao -z —9)?  (@-1)'Qr—V2+1)
Ahm@g:6@6+lx$&2§§n—¢§+m,

ﬁxw,Ll)——Aj%axx)::Sﬁé%%;%;fl

froo(®) =

Y

where

f@)=(x+1D*(x+2)?-6(vV2+1)(2z - V2+1)%
we need to show that f(z) > 0 for x > 4. Since

6(v2+1) < 15,
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it suffices to show that

(z+1)(z+2) > V15022 — V2 + 1),

which is equivalent to g(z) > 0, where

g(z) = 2% — (2V15 — 3)z + 2 + /30 — V15.

We will show that
g(x) > g(4) > 0.
We have
9(x) — g(4) = (2 — 4)(z +7— 2v15) = (x — 4)(11 — 2V/I5) > 0,

9(4) = V15(v/60 + V2 — 9) > 0.

Condition (c). We need to show that f5(0,y, 2) > Afy(y, 2) for y, z > 0. This condition
is satisfied because

6(v2+ Dy [y + 2% — (V2 + Dyz]?

AJEV,OO(%Z) = (y + 2)2

f5(0,y,2) — Afy ooy, 2) = |y* + 22 — (V2 + 1)y2] : fo(y, 2),

where

6(v2 + 1)y2?
(y + 2)?
3(vV2 + 1)yz _ (V2 +3)yz -
2 2 -

foly,2) = y* + 22 + (2\/5—1— Dyz —

0.

> 2z + (2V2 4 1)yz —

The equality occurs for = y = z, and for x = 0 and y/z + z/y = v/2 4+ 1 (or any cyclic
permutation).
[

P 4.26. If x,y, z are nonnegative real numbers, then

1 9
Z4x2+y2+2’2 = d(22 4+ y? + 22) + 2(zy + yz + 2x)
(Vasile C., 2011)
Solution. Write the inequality as fs(z,y,z) > 0, where
fe(z,y,2) =P Z(4y2 + 22+ 2?42+ 22+ %) -9 1_[(4x2 + 9 + 2%),

P =4(2* + y* + 2°) + 2(xy + yz + 22).
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The highest coefficient A of fs(z,y, 2) is equal with the highest coefficient of the product
—9T](42* + y* + 2%). Since

4z 4+ % + 2% = 32% + p* — 2,

we have
A= -9(3)° = —243.
By Theorem 1, we only need to prove the original inequality for y = z = 1 and for x = 0.

Case 1: y =z = 1. We need to show that

1 2 9
>
4x2+2+x2—|—5_4x2+4x+10’

which is equivalent to
z(z—1)* > 0.
Case 2: x = 0. We need to show that
1 n 1 n 1 S 9
Y2422 Ady? 422 422+ T AP+ 22%) + 2927

which is equivalent to

1 5(y* + 27) 9
v 422 Ayt + 2t + 1Ty222 T Ay + 22) + 292

For yz = 0, the inequality is an equality. For yz # 0, using the substitution

2 2
=T s
yz

we may write the inequality as follows:

Yz 5yz(y? + 22 S 9yz
Y2422 A2+ 22)2 4+ 99222 T A(yP 4 2?) + 2y2]

1+ 5t - 9
t o A2 4+9 T 4t 4+ 27
(t—2)(2t—1) >0,

The equality holds for x = y = z, for x = 0 and y = z (or any cyclic permutation), and
for y = z = 0 (or any cyclic permutation).

Observation 1. Similarly, we can prove the following generalization:

e Let x,y,z be nonnegative real numbers. If k > 4, then

Z 1 - 9(2k + 1)
ka2 +y?+ 22 7 9k(a? + 42+ 22) + 2(k — 1)%(zy + yz + 22)
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with equality for x =y = z, and for y = z = 0 (or any cyclic permutation). If k = 4, then
the equality holds also for x =0 and y = z (or any cyclic permutation).

For
folw,y,2) = PY (ky” + 2% + 2°) (k2 + 2” + %) — 92k + 1) [ [ (ka® + 4* + 2°),

P = 9k(z® +y* + 2%) + 2(k — 1)*(zy + yz + 22),

we have

A=-9(2k+ 1)(k — 1)°.

Since A < 0, it suffices to show that the original inequality holds for y = z = 1 and for
x = 0. In these cases, the inequality respectively reduces to

(k—12*z - 1?[2k+1D)ax+k—4] >0
and f(t) > 0, where
f) =202k + 1) —9(k + )t +2(k —1)*,  t>2.

We have
ft) > f(2)>0

because
fO)—f2)=0t—-2)22k+ 1)t —k—=5] > (t—2)[4(2k+1)—k—5] >0,
f(2)=2(k—4)(k+1)>0.

Observation 2. Also, the following generalization is valid:

o Let x,y, 2z be nonnegative real numbers. If 1 < k < 4, then

Z 1 - 9(k +5)
ka4 92+ 22 = (84 11k — k2)(a? +y2 + 22) + 2(k — 1)} (xy + yz + 22)

with equality for x =y = z, and for x =0 and y = z (or any cyclic permutation). If k = 4,
then the equality holds also for y =z =0 (or any cyclic permutation).

For
folw,y,2) = PY (ky” + 2% + 2) (k2 + 2” + %) — 9(k + 5) [ [ (k2 + v* + 2%),

P = (8+ 11k — k*)(2® + y* + 2°) + 2(k — 1)*(2y + y2 + 22),

we have

A= -9k +5)(k—1)>
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Since A < 0, it suffices to show that the original inequality holds for y = z = 1 and for
x = 0. In these cases, the inequality respectively reduces to

(k —1)2x(z — 1)?*[(4 — k)x + 2k +10] > 0

and
(k—1)2(t—2)[2(4 — k)t* + 18t — (k — 1)}] > 0,

where t > 2.

P 4.27. If x,y, z are nonnegative real numbers, no two of which are zero, then

2 L 2 n 2 S 45
2492 2422 22422 T A4+ 22 oy tyz+oza

(Vasile C., 2011)

Solution. Write the inequality as fs(z,y,z) > 0, where
folw,y,2) = 2P (&% +¢°) (" +2°) =45 [ [(* + 2°),

P=4(z* +y* + 25 + oy +yz + 2.

The highest coefficient A of fs(z,y, 2) is equal with the highest coefficient of the product
—451(y* + 2%). Since

y2+z2:_x2+p2_2q’

we have
A= —45(—1)% = 45.

In addition,

fo(x,1,1) = 2(42® + 2z + 9)[(2* + 1)* + 4(2® + 1)] — 90(z® + 1)?
= 4x(2® +1)(22° + 2* — 8 +5) = da(2® + 1)(x — 1)*(2x +5) > 0

and
f6(07 Y, Z) Z 0.

The last inequality is true if the original inequality holds for x = 0. Thus, we need to show

that
2 2 2 45

— >
y2+22+y2—|—22 T4y + 22) yz

which can be written as

2(y* + 2?) N 2 - 45
Y222 Y2+ 22 7 Ay +22) +y2




448 Vasile Cirtoaje

2(y? + 2%) N 29z 452
yz YR 22 T Ay 22ty

Using the notation

2.2
t - y + : ) t Z 27
yz
the inequality becomes
2t + 2 > 15
t—4t+ 1

(t—2)(8t + 18t — 1) > 0.

First Solution. Since the inequality is an equality for + = y = 2 = 1 and for x = 0 and
y = z, we apply Corollary 1 for

Eop(w) = fo,2(z) = Jj(xg—zl)

Since
z(z —1)*f(2)

Jo(z,1,1) = Afo _o(x) = 5 ;

where

f(z) =36(2* +1)(22 +5) — 5z (z — 1)?
> 36(z — 1)*(2z + 5) — ba(x — 1)°
= (z — 1)*(67x + 180) > 0.

the condition (a) in Corollary 1 is satisfied.

The condition (b) in Corollary 1 is satisfied if fg(z,1,1) > 4522 for x > 4. This is true if
4(x* + 1) (z — 1)*(2z + 5) > 45z.
Since 2% + 1 > 2z, it suffices to show that
8(z — 1)*(2x + 5) > 45.
which is clearly true for x > 4.
The condition (c) in Corollary 1 is satisfied because f5(0,y,z) > 0 for y,z > 0.
The equality holds for z = y = z, and for x = 0 and y = z (or any cyclic permutation).

Second Solution. Apply Theorem 3. Since the conditions (a) and (c) are satisfied, we
only need to show that

4Ax(x —1)3
fﬁ(l’al?l)z%
for x > 1. We have
AAx(z — 1) dz(z — 12 f(x

27 3 ’
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where
f(x) =3(@*+1)(2z+5) —5(x — 1) > 6(2x 4+ 5) —5(z — 1) = T(z + 5) > 0.
Observation 1. Similarly, we can prove the following generalization:

o Let x,y, 2z be nonnegative real numbers. If 0 < k < 1, then

Z 1 - 9(k +5)
ka2 492+ 22 = (84 11k — k2)(a? +y2 + 22) + 2(k — 1)} (2xy + yz + 22)

with equality for v =y = z, and for t =0 and y = z (or any cyclic permutation).
As shown in Observation 2 from the preceding P 4.26, for
folw,y,2) = Pla,y,2) Sk + 22 4+ 22) (k2 + 22+ o) — 9k + 5) [ (ka + 4 + 22),

P(x,y,2) = 8+ 11k — k*)(2® + y* + 2%) + 2(k — 1)*(2y + yz + 22),

we have
A=9(k+5)(1—k)*>0,
P(x,1,1) = (8 + 11k — k*)a* + 4(k — 1)%x + 18(k + 1),
fo(z, 1, 1) 2 2 2 2
—— = P(x, 1,1 1+2 2)| — 1 2
Pkl (z, 1, D[z + &+ 1+ 2(ka* +2)] = 9(k +5)(z° + k + 1)(kz” 4 2)
=2(1 — k)*x(z — 1)*[(4 — k)z + 2k + 10] > 0,
and
f6(07y7z) > 0.
Since the conditions (a) and (c¢) in Theorem 3 are satisfied, it suffices to show that
4Ax(x —1)3
1,1)> ————
fG(aj7 7 ) — 27

for x > 1. We have
4Az(x —1)°  2(1 —k)*z(z — 1)*f(x)

f6<x7171) - 97 3 ’
where
flx)=3E@*+k+1)[(4—k)x+2k+10] — 2(k +5)(1 — k)(x — 1)
>3(k+2)[(4—k)x+2k+10] —2(k+5)(1 —k)(x —1)

= (14 + 14k — k*)x + 70 + 34k + 4k*
> (14 + 14k — k%) + 70 + 34k + 4k°
3(28 + 16k + k%) > 0.

Observation 2. Having in view Observation 1 above and Observation 2 from the preceding
P 4.26, it follows that the concerned inequality holds for 0 < k£ < 4.
O
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P 4.28. If x,y, z are nonnegative real numbers, no two of which are zero, then

1 18
E > .
202 +yz 4222 7 B(a? +y? + 22 + 2y + yz + 2x)
(Vasile C., 2009)

Solution. Write the inequality as fs(z,y,z) > 0, where
fo(z,y,2) = 5P(x,vy,2) 2(2:1:2 + 2y + 2y°)(22% + 22 + 22°) — 18 1_[(2y2 + yz + 22%),

P(x,y,2) = 2* +y* + 2° + 2y + yz + 27.

Since
2y +yz +22% = 227 +yz +2(p* — 2q),

fe(z,y, z) has the same highest coefficient A as

PS('Tuy?Z) = _18H(_2‘T2 + yZ),

that is
A=P(1,1,1) = -18(-2+1)* = 18.
We have
P(z,1,1) = 2* + 2z + 3,
fﬁ(xv 171) 2 2 2
= 5z(22° 4+ 52 — 162 + 9) = bx(z — 1)*(22 + 9),
fo(z,1,1) = 5x(x — 1)*(22* + z + 2)(2x +9) > 0.

Also,

f6(07 Y, Z) 2 0.
This inequality is true if the original inequality holds for x = 0. Thus, we need to show that

1 1 1 18

I :
202 +yz 4+ 222 2y 222 7 5(y? + 22+ y2)

which can be rewritten as

Yz n y? + 22 S 18yz
200 +2%) +yz 29z T 5(yP 422 +yz)

Using the substitution
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the inequality becomes
1 18

t
%11 27 5(+1)
10t® + 15t — 57t — 26 > 0,

>

(t —2)(10#* 4 35t + 13) > 0.

First Solution. We apply Corollary 1 for

)42
Fas(e) = foale) = E
Condition (a). Since
)42
Afo_s(z) = w’
fo(x,1,1) — Afoo(x) = 33(93%)2]((3:), f(z) = 4522 + 2 +2)(27 +9) — 2z(x — 1)%,

we need to show that f(z) > 0 for = € [0,4]. This follows immediately from
202 + 1+ 2> 2(x — 1)%
4520 + 7 +2) > .
Condition (b). Since

fo(z,1,1) — Az? = wg(x),  g(z) =5(x — 1)*(22° + x + 2)(2x + 9) — 18z,

we need to show that g(z) > 0 for x > 4, which is trivial.
Condition (c). This condition is satisfied because fs(0,y,2) > 0 for y, z > 0.

The equality holds for z = y = z, and for x = 0 and y = z (or any cyclic permutation).

Second Solution. Apply Theorem 3. Since the conditions (a) and (c) are satisfied, we
only need to show that the condition (b) is satisfied. Thus, we need to prove that

4Az(z —1)3

1,1) >
fG(x’ ) )— 27

for x > 1. We have
4Az(xz —1)°  a(x—1)*f(x)
27 B 3 ’

f6(1'7 1, ].) —

where
flx) =152 + 2 +2)(2r +9) —8(x — 1) > 7522 +9) — 8(z — 1) = 7(z +5) > 0.

Observation. Similarly, we can prove the following generalization:
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e Let x,y,z be nonnegative real numbers, no two of which are zero. If —1 < k < 2,

then
Z k+2 9(2k + 5)

>
v +kyz+22 7 22— k) (22 + 92+ 22) + 4k + 1) (zy + yz + 2x)’

with equality for x =y = z, and for x =0 and y = z (or any cyclic permutation,).

For
fe(z,y,2) = P(x,y, 2) Z(xz + kzy + v*)(2® + kxz + 2%) — 9(2k + 5) H(y2 + kyz + 2%),

P
POYE) oo — Ky 442+ 22) + 4k + D)oy 2 + 20),

we have
A=-9(2k+5)(k—1)%
P(z,1,1)
k+ 2
fo(z,1,1) = 2(k + 2)(2* + ko + Da(z — D?[(2 — k)z + (K + 1)(5 — k)]

2(2 — k)x? 4+ 2(4k + 1)x 4 9,

Case 1: —1 <k < 1. Since A > 0, we apply Corollary 1 for

(x — 1)4x2.

Fu(2) = foale) =

Condition (a). We have

(2k +5)(1 — k)3(z — 1)*2?
9 ;

fila 1) = Afy afa) = LEZ DI,

flx) =18(k +2)(a® + kx + 1)[(2 — k)2 + (k + 1)(5 — k)] — 2k +5)(1 — k)’z(x — 1),

Since

Afo,—2(z) =

2—-kz+(k+1)(5b—-k)>(2—k)x,
it suffices to show that = > 4 involves
18(k +2)(2 — k) (2* + kx +1) > (2k +5)(1 — k)3 (z — 1)2
This is true because
P kr+1>2"—x+1> (v —1)3
3(k+2) >2k+5,
4> (1—k)?

and

3(2—k)>2(1—k).
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Condition (b). Since
fo(x,1,1) — Az? > 2%g(x),

g(x) =2(k +2)(2 — k)(a® + kx + 1)(z — 1)* — 9(2k + 5)(1 — k)*,
we need to show that g(z) > 0 for x > 4. It suffices to show that g(4) > 0, which is true.

Condition (c). For z = 0, the original inequality becomes

&4_(]{4_2) — 4+ = > 9(2k+5>

y? + kyz + 22 y*  22) T 22— k)(y? +2%) + (dk + Dyz
k+2 9(2k + 5)
——+ (k+2)t >
t+k+< +2) T 22—k)t+4k+ 1

(t —2)h(t) = 0,
where
h(t) = 2(4 — K*)t* + (k + 2)(9 + 4k — 2K*)t + TK* + 18k — 1,
h(t) > h(2) = 67 + 52k — k* — 4k* > 0.
Case 2: 1 < k < 2. Since A < 0, according to Theorem 1, we only need to show that

fe(x,1,1) > 0 and f4(0,y,2) > 0 for x,y,z > 0, which are true.
L]

P 4.29. If x,y, z are nonnegative real numbers, no two of which are zero, then

Zx—(2+\/§)§y—i—z)+ 9(3 + 2v/2)

W+ 2) > 0.

dr+y+z)

(Vasile C., 2014)

Solution. Write the inequality as fs(z,y,z) > 0, where

folz,y.2) = Az +y+2)f(z,y.2) + 9B+ 2v2) [ [y + 2)*,

fy2) =Y o= @+ V2)(y+2)| (e + 9 a+2)"

Since
(y+2)*=(p—2)° =2" - 2pz +p*,
the product [[(y + 2)? has the same highest coefficient A; as x?y*2?, that is

A =1.
Therefore, fs(x,y,2) has the highest coefficient

A=9(3+2V2) =9(1 +v2)%.
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We have
’foi;) = (z—4-2V) (e +1) =8 [(2+ V2)z + 1+ 2]
= 2% = 2(1+v2)2? — (23 + 12V2)z — 12 — 10V/2,
fo(x,1,1) = 4(z + 2) f(2,1,1) + 36(3 + 2v/2)(z + 1)*
= 4(x +1)%g(2),
g(z) =(z +2) [x3 —2(1+V2)2? — (23 + 12V2)z — 12 — 10\/5]
+9(3 4+ 2v2)(x + 1)
=2t — V223 + 2v227 — 2(2 — V2)z + 3 — 2V2
=(z— 1)}z —V2+1)%
therefore

fo(z,1,1) = 4(z + 1) (z — 1)*(x — V2 + 1)%.
Thus, we apply Theorem 2 for
4z — 1)z — V2 +1)?
81(1 4 v/2)? '

The conditions (a) and (b) in Theorem 2 are satisfied if fs(x,1,1) > Af 5, ,(z) for
x > 0. We have

Eop(z) = F, s(x) = f\/§71,72(17) =

Ao = Di(e — V3417
9 Y
Jo@ 1,1) = Af sy (z) = 16(z — 1)*(z — ﬁ;r 1)2(z + 2)(2¢ + 1)

The condition (c) in Theorem 2 is satisfied if fs(0,y,2) > Afﬁ_17_2(y,z) for y,z > 0.
We have

F0.9.2) = =@+ V2)(y + 2 + (y+ 27 |y + 2 = 2+ V2)yaly + 7))

f(0,y,2)
Y+ 2z

Af\/§—1,—2($) =

> 0.

=~ (24 VR (4 2 4 22) [ 2 - (3 V)]
= (1 + 27— (1+V2)(y* + 2P)yz — (8 + 3V2)y*22%,
fo(0,y,2) = 4(y + 2) (0,5, 2) + 9(3 + 2v2)y* 22 (y + 2),

f6(0,y, 2)
(y +2)?

=4 [P+ 222 = (1L V)P + 2z — (8 + 3V2)y??

+9(3 4 2v2)y?2?
=A(y® + 2%)? — A(1 + V2)(y* + 2)yz + (6vV2 — 5)y?2?
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and Fo )= (y<+-z)2[2(y2-+-z2)2-_(3<+.Vﬂj)yz}2’
’ 81(1 + v/2)2
Af sz oy, 2) = (y+2)? [2(y* + 22)2 —(3+ \/5)3/2}2'
Therefore,
[60,9,2) = Afya 1 sy, 2) = 8y + 22)29(34, Z)j
where

9(y,z) =4 + 2°)° — B+ 4V2)yz(y® + 2°) + (6V2 — 7)y*2*
= (y* + 22 — 2yz) [4(y* + 2%) — (4V2 = B)yz| + (3 — 2V2)y*2* > 0.

=y = z (or any cyclic permutation).

]

The equality occurs for x = y = z, and for

o
V2 -1

P 4.30. If x,y, z are nonnegative real numbers, no two of which are zero, then

br—y—2z ©O6y—z—ax OGz—xz—y 18
+ + > .
y2_|_22 ZQ—f-ZL‘Q $2+y2 ZE+y+Z

(Vasile C., 2014)

Solution. Write the inequality as fs(z,y,z) > 0, where

fG(xayaz) = (LL' +y+ Z)f(l‘,y,Z) - 18H(y2 + ZQ);

fla,y,2) =) (6x —y—2)(a” +y*) (2 + 2°).

Since
y2+z2:—x2+p2—2q,

the product [[(y? + 2?) has the highest coefficient A; as (—z?)(—y?)(—z?), that is
A =—1.
Therefore, fs(x,y,z) has the highest coefficient
A= —184, = 18.
We have

flz,1,1)

71 =203 —1)(2* +1)+4(5 —2) =2(32° —2* + 2 +9),
X
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fo(x,1,1) = (x +2) f(x,1,1) — 36(2 + 1)?

(
=2(2*+1) [(z +2)(32° — 2> + z + 9) — 18(2” + 1)]
= 2(2* + 1)z(32® + 52 — 192 + 11)
= 2z(z® + 1)(z — 1)*(3z + 11) > 0.

Also, we have
f6<07 Y, Z) 2 0

for y, 2 > 0. This is true if the original inequality holds for z = 0. Thus, we need to show
that

—y—2z Ob6y—z 62— 18
Qy 5+ y2 + zyz )
Y+ z Z Y Y+ z

which is equivalent to

—y—z 6(y3+z3)—y2(y+2)> 18

Y2 + 22 Y222 “ Ytz
—1 6(y? + 2%) — Tyz S 18
y2 +22 y222 — <y+z)2’
—yz 6(y? + 2%) — Tyz - 18yz
y? + 22 yz T (y+2)?
Using the substitution
2 .2
)
Yz
the inequality can be written as follows:
-1 18
— 46t —-7T>——
i Tt42

6t3 4+ 5t — 33t — 2 > 0,
(t —2)(6t* + 17t +1) > 0.

First Solution. We apply Theorem 3. The conditions (a) and (c) are clearly satisfied. The
condition (b) is satisfied if
4Az(z —1)3
1,1) > ———
f6 (:E, ) ) —_ 27
for x > 1. We have

4Ax(x —1)3 _ 2z(z— 1)%f(x)
27 3 ’

f6<x7 17 1) -
where

f@)=3@* +1)Br +11) —4(x — 1) > 6(3z +11) —4(x — 1) = 14(x +5) > 0.
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The equality occurs for = y = z, and for z = 0 and y = 2z (or any cyclic permutation).

Second Solution. We apply Corollary 1 for

(x — 1)4952‘

Eop(w) = fo,2(z) = 31

The condition (a) in Corollary 1 are satisfied if fg(z,1,1) > Afy_o(x) for z € [0,4]. We

have 2 1)4 )
z— 1)z
Afo_o(r) = ———

f6($7 17 1) - AfO,—Q(x) -

where
g(x) =9(2® + 1)(3z + 11) — a(x — 1)

Since 22 + 1 > (z — 1)?, it suffices to show that
93x + 11) > =,

which is clearly true.
The condition (b) in Corollary 1 is satisfied if fs(x,1,1) > Az? for z > 4. We have

fo(z,1,1) — Az? = 2xg(x),
where
g(z) = (2° + 1)(z — 1)*(3z + 11) — 92 > z[2(x — 1)*(3z + 11) — 9] > 0.
The condition (c) in Corollary 1, namely f5(0,y,2) > 0 for y, z > 0, is satisfied.

Observation 1. Similarly, we can prove the following generalization:

e Let x,y,z be nonnegative real numbers, no two of which are zero. If

3
—9 <2
<k< 5
then
3 (6 —dk)o+ 4k —D(y+2) _ 36(k + 1)
y? + kyz + 22 T (k+2)(xty+z)
with equality for v =y = z, and for t =0 and y = z (or any cyclic permutation).
For
folx,y,2) = (k+2)(x +y + 2) f(2,y,2) — 36(k + 1) [[(v* + kyz + 22),
where

flx,y,2) = Z[(fi —dk)x + (4k — 1) (y + 2)](2® + kay + v°) (2® + kaz + 2°),
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we get

A=36(k+1)(1—k)
We have

f(z,1,1)

22+ kr +1) (3 = 2k)z + 4k — 1](2” + ko + 1) + (k + 2)[(4k — 1)z + 5]

= (3—2k)2® — (2k® — Tk + 1)z + (8k*> + 4k + 1)x + 9k + 9,

fo(z,1,1) = (k+2)(z +2)f(z,1,1) = 36(k + 1)(k + 2)(z* + kx + 1)?
= 2(k + 2)x(2* + kz + 1)g(x),

g(x) = (3 —2k)a® — (2k* — 3k — 5)2” + (4k* — 19)x + 11 — k — 2k°
= (z —1)*[(3 — 2k)z + 11 — k — 2k?],

therefore
fo(z,1,1) = 2(k + 2)z(2® + kx + 1)(z — 1)?[(3 — 2k)x + 11 — k — 2k?].

Since 3 — 2k > 0 and 11 — k — 2k* > 0 for —2 < k < 3/2, we have fg¢(x,1,1) > 0 for all
x > 0. Also, we have

f6<0ayvz> Z 0

for y,z > 0. To show this, we only need to prove the original inequality for z = 0. Using
the substitution ) )
=L s
yz

the original inequality can be written as

(t — 2)(Byt* + Bat + B3) > 0,
where
By = (k+2)(6 —4k), By = (k+2)(17 — 2k — 4k?),  Bs =2+ 25k + 5k* — 8K°.
Since By > 0 and
Bs > 2+ 25k — 4k* — 8k = (k + 2)(1 + 12k — 8k?),
we have

Bit? + Byt + By > (2B + By)t + Bs = (k +2)(29 — 10k — 4k*)t + Bs
> 2(k +2)(29 — 10k — 4k?) + (k + 2)(1 + 12k — 8k?)
= (k+2)(59 — 8k — 16k*) > 8(k +2)(6 — k — 2k?)
=8(k +2)%*(3 — 2k) > 0.

Case 1: k € (—=2,—-1] U[1,3/2]. Since A < 0, fs(z,1,1) > 0 and f5(0,y,z) > 0 for all
x,1y,z > 0, the conclusion follows by Theorem 1.
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Case 2: k € [-1,1]. Since A > 0, we apply Corollary 1 for
x —1)*a?
Eop(z) = fo-2(z) = %
The condition (a) in Corollary 1, namely fs(z,1,1) > Afy _o(x) for x € [0,4], is satisfied
if
9k +2)(2* + kx + 1)[(3 — 2k)x + 11 — k — 2k*] > 2(k + 1)(1 — k)’z(x — 1)*.

Since
9>8>2(1—k)?

kE+2>k+1,
rkr+1>22—z+1> (w—1)2,
(3—=2k)r + 11—k —2k* > (3 —2k)x > (1 — k)x,
the conclusion follows.
The condition (b) in Corollary 1, namely fg(z,1,1) > Az? for x > 4, is satisfied if
(k+2)(2? + kx + 1)(x — 1)%[(3 — 2k)z + 11 — k — 2k%] > 18(k + 1)(1 — k)*z.
Since
k+2>k+1,
P+kr+1>22—x+1> 7,
(x —1)?[(3 — 2k)z + 11 — k — 2k%] > 9[4(3 — 2k) + 11 — k — 2k*] = 9(23 — 9k — 2k?),
it suffices to show that
23 — 9k — 2k* > 2(1 — k)®.
Indeed,
23 — 9k — 2k* — 2(1 — k)* > 23 — 9k — 2k* = 8(1 — k) = 15 — k — 2k* > 0.
The condition (c) in Corollary 1 is satisfied because f5(0,y,z) > 0 for y,z > 0.

Observation 2. For k = —1, k =0, k = 1/4, k = 1 and k = 3/2, we get the following
particular inequalities from the inequality in Observation 1:

ZMZQ
y? —yz + 22
ZGx—y—zZ 18 ,
y*+ 22 r+y+z
T 1
> = 7
dy?+yz+22 " xt+y+z

V4yz+22 T rt+y+z2’

Z y+z > 18
202 +3yz+222 ~ T(x+y+2)
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P 4.31. If x,y, z are nonnegative real numbers, no two of which are zero, then

Y 4+dyz+22 x+y+z

(Vasile C., 2014)

Solution. Write the inequality as fs(z,y,z) > 0, where
folw,y,2) = (@ +y+2)f(2,y,2) + 6 [ [(0* + dyz + 2%),

flz,y,2) = 2(233 — 3y — 32)(2% + day + ) (2 + 4oz + 27).
Since
v +dyz + 22 =dyz — 2t + p? — 2,
the product [[(y* + 4yz + 2°?) has the same highest coefficient as

Pg(.I, Y, Z) - H(4y2 - 5132>,
that is
A= Py(1,1,1) = 27.
Therefore, fs(x,y,z) has the highest coefficient

A=6A; =162.

We have

1,1
SO o a4 1) - 1260 4 1) =2 40— 200 - 9),

fo(z,1,1) = (. +2) f(x,1,1) + 36(2® + 42 + 1)?
=2(2* + 4z +1) [(z +2)(2® + 2° — 292 — 9) + 18(2* + 4z + 1)]
=2(2* + 42 + 1)x(2® + 32> — 92 + 5)
=2z(r — 1)*(z +5)(z* + 4z + 1) > 0.

Also, we have
f6<07 Y, Z) 2 0

for y, z > 0. This is true if the original inequality holds for = 0. Thus, we need to show

that
—3(y + 2) 2y—3z+22—3y 6

Y2+ 4dyz + 22 22 y? +y+z_

which is equivalent to

Blyt+z) | 20+ =3yly+z) 6
2 2 4 2,2 + -
Y-+ 2+ 4yz Yoz y+z

Y
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— 2 2 _
3 N (y+2)? —9yz N 6 >0,
(y +2)% + 2y2 y*2? (y + 2)?
-3 2 2-9
yz Wtz =9z, Gyz
(y+2)* + 29z yz (y +2)?
Using the substitution
2
) . t>4,
yz
the inequality can be written as follows:
-3 6
—— +2t—94+-2>0
t+2 * =Y
2t> — 5t — 15t + 12 > 0,
(t —4)(2t> + 3t — 3) > 0.
First Solution. We apply Theorem 3. The conditions (a) and (c) are satisfied. The

condition (b) is satisfied if

4Az(z —1)3
> )
fﬁ(xa]w]-) - 27
for x > 1. We have ,
fe(z,1,1) — w =2x(x — 1)*f (),

27

where

f(@)=(x+5)(a* +4x+1)—12(x — 1) > 6(2* + 4o+ 1) — 12(x — 1) = 6(2® + 22 + 3) > 0.

The equality occurs for = y = z, and for z = 0 and y = 2z (or any cyclic permutation).

Second Solution. We apply Corollary 1 for

(z — 1)4932‘

Fap(@) = foa(r) =

The condition (a) in Corollary 1 are satisfied if fg(x,1,1) > Afy _o(x) for z € [0,4]. We

have s
Afyala) = 20
fo(x,1,1) — Afo_o(x) = 2z(x — 1)%g(x),
where
g(x) = (2* + 4z + 1)(z +5) —z(z — 1)
Since #? + 4z + 1 > (x — 1)? and x + 5 > =, it follows that g(z) > 0.
The condition (b) in Corollary 1 is satisfied if fg(z,1,1) > Ax? for x > 4. We have

fo(z,1,1) — Az? = 2zg(x),
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where
g(x) = (2* + 4z + 1)(z — 1)*(z + 5) — 81z > z[x(z — 1)*(z + 5) — 81]
>x(4-9-9—-81) > 0.
The condition (c) in Corollary 1 is satisfied since f5(0,y,2) > 0 for y,z > 0.
Observation. Similarly, we can prove the following generalization:

e Let x,y,2z be nonnegative real numbers, no two of which are zero. If

k> V89 —1 ~ 2.1085,
4
then
3 (4k — 6)x + (1 — 4k)(y + 2) 36(k + 1)
y? + kyz + 22 (k+2)(x+y+z) —

with equality for v =y = z, and for t =0 and y = z (or any cyclic permutation).
Write the inequality as fs(z,y,2) > 0, where
fol,y,2) = (k+2)(x +y+ 2) f(2,9,2) +36(k + 1) [ (2 + kyz + 2%),

fle,y,2) = Z[(élk —6)x + (1 — 4k)(y + 2)](2* + kay + y?)(2® + kaz + 22).

Since fg(x,y, z) is the opposite of fg(z,y, z) in Observation 1 from the preceding P 4.30, we
have
A=36(k+1)(k—1)%
fo(x,1,1) = 2(k + 2)z(2® + kax + 1)(z — 1)?[(2k — 3)x + 2k* + k — 11].
Since A > 0, we apply Corollary 1 for
-1 4,.2
Boplt) = foala) = T
The condition (a) in Corollary 1, namely fg(z,1,1) > Afy _o(z) for x € [0, 4], is satisfied
if
9k +2)(z® + kx + 1)[(2k — 3)x + 2k* + k — 11] > 2(k + 1)(k — 1)*z(z — 1)*.

Since
9 > (33 - 1)27

kE+2>k+1,
2?4+ kx + 1> kz,
(2k — 3)x +2k* + k — 11 > 4(2k — 3) + 2k* + k — 11 = 2k* + 9k — 23,

it suffices to show that
k(2k? + 9k —23) > 2(k — 1)3.
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Indeed,
k(2% 4+ 9k — 23) — 2(k — 1)* = 15k% — 29k + 2 > 15k — 30k = 15k(k — 2) > 0.
The condition (b) in Corollary 1, namely fg(z,1,1) > Az? for x > 4, is satisfied if
(k+2)(z* + kx + 1) (2 — 1)*[(2k — 3)z + 2k* + k — 11] > 18(k + 1)(k — 1)*z.

Since
kE+2>k+1,

22 4+ kx + 1> kz,
(x —1)%[(2k — 3)2 4 2k* + k — 11] > 9[4(3 — 2k) + 11 — k — 2&*] = 9(2k? + 9k — 23),

it suffices to show that
k(2% 4+ 9k — 23) > 2(k — 1)°.

Indeed,
k(2k* 4+ 9k — 23) — 2(k — 1)® = 15k% — 29k + 2 > 15k — 30k = 15k(k — 2) > 0.

The condition (c) in Corollary 1, namely fs(0,y,z) > 0 for y,z > 0, is satisfied if the
original inequality holds for z = 0. Thus, we need to show that

(t — 2)(Byt* + Bat + B3) > 0,

where

yz
By = (k+2)(4k —6), By = (k+2)(4k* +2k —17), By = 8k® — 5k* — 25k — 2.

Since t > 2, By > 0 and By > 0, we have

Bit? + Bot + By > 4B + Bs = (8k* — 50) + k(11k — 17) > 0.

P 4.32. If x,y, 2z are nonnegative real numbers, no two of which are zero, then

Z7x+4y+4z> 27
dr2+yz T rxHy+z

(Vasile C., 2014)
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Solution. Write the inequality as fs(z,y, z) > 0, where
folw9,2) = (@ +y+ 2) (0, 2) + 27 [[ (4% + 2),

Fla,y,2) = (Ta + 4y + 42) (42 + 22) (42° + ).
The product
Py(z,y,2) = H(4x2 +y2)

has the highest coefficient
Ay = P3(1,1,1) = 125.

Therefore, fs(x,y,2) has the highest coefficient
A=-27TA, <0.

Since A < 0, we only need to show that fs(z,1,1) > 0 and f5(0,y,2) > 0 for z,y,z > 0.
The first inequality is true if the original inequality holds for y = z = 1. So, we need to show

that
Tr+8  2(4x+11) S 27

4x2 + 1 r+4 T x+2

which is equivalent to
x(322% + 512% — 1982 + 115) > 0,

x(z — 1)%(32z + 115) > 0.

The second inequality is true if the original inequality holds for x = 0. We need to show

that 4 7 4 7 4 27
(y+z)Jr Y+ z+ z+ Y

Yz 4yy? 422 T y+2’

which can be rewritten as follows:

4(y + z) N A4y° 4+ 2%) + Tyz(y + 2) .27

Yz 4y222 Ty+z
2,2
i+4(y +z)—|—3yz> 27 |
Yz 49222 ~ (y+2)?
Ay 4(y + 2)* — byz > 27y z '
dyz (y +2)
Substituting
2
p=wt?) S t>4,
Yz
the inequality becomes
A+ 4t — 5 S 27
4 — t’

(t—4)(4t+27) > 0.

The equality occurs for z =y = z, and for x = 0 and y = 2 (or any cyclic permutation).

O
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P 4.33. If x,y, z are nonnegative real numbers, then

ZQw—Qy—2z< 3
Te2+8yz ~—x+y+z

(Vasile C., 2014)

Solution. Write the inequality as fg(x,y,z) > 0, where

fo(z,y,2) = 3] [(72® +8y2) — (& + y + 2) f(2.y, 2),

flz,y,2) = 2(93: — 2y — 22)(Ty* + 82x)(72* + 8xy).
The product
Psy(z,y,2) = H(7x2 + 8yz)

has the highest coefficient
Ay = Py(1,1,1) = 15°.

Therefore, fs(z,y, z) has the highest coefficient
A=34,=3-15"
We have

f(z,1,1)

8r + 7 = (92 — 4)(8x +7) +2(2x — 7)(7z* + 8)

= —(282% — 1702% + 2 — 84),

fo(z,1,1) = 3(72* + 8)(8x + 7)* — (x + 2) f(x,1,1)
= 8z +7) [3(7T2® + 8)(8z + 7) + (x + 2)(282® — 1702” + z — 84)]
= 2x(8x 4 7)(142® 4 272% — 962 + 55)
= 2x(z — 1)*(8x + 7)(14x + 55) > 0.

Also, we have
f6<0a Y, Z) Z 0

for y,z > 0. This is true if the original inequality holds for z = 0. Thus, we need to show
that

+z 22-9 2y — 9z 3
Y + Y + Y + >0,
dyz Ty? 722 y+z
which is equivalent to

2013 + 23) — 9 3
ytz (y° + 2°) yZ(erZ)Jr >0,
dyz Ty?2? Y+ 2

1 202+ 22) —
N (y* + 2°) — 11yz 3 >0
dyz Ty? 22 (y+ 2)?

?
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1 2(y+2)*—15y2 N 3yz

- >0
4 + Tyz (y+2)2 =7
Using the substitution
2
p- Wt2) . t>4,
Yz
the inequality can be written as follows:
1 2t—15 n 3 _
4 7 t =7

8t2 — 53t + 84 > 0,
(t —4)(8t —21) > 0.

First Solution. We apply Theorem 3. The conditions (a) and (c) are satisfied. The
condition (b) is satisfied if

4Ax(x —1)3
i S
fﬁ(xalal) - 27
for x > 1. We have ,
folw,1,1) = AT@ DT 12 f @),

27

where

f(z) = (8z + 7)(14x + 55) — 750(x — 1) = 1122* — 2122 + 1135
> 1062 — 212z + 106 = 106(z — 1)* > 0.

The equality occurs for = y = z, and for z = 0 and y = 2z (or any cyclic permutation).
Second Solution. We apply Corollary 1 for

(x — 1)41’2‘

Fap(@) = foa(r) =

The condition (a) in Corollary 1 are satisfied if fg(z,1,1) > Afo_o(x) for z € [0,4]. We
have
Af()’,Q(.Z') = 125(.1' — 1)4$2,

fo(r,1,1) — Afo_o(z) = x(z — 1)*g(x),

where
g(x) = 2(8x + 7)(14x + 55) — 125z (z — 1)?
> 2(8z + 7)(14x 4 55) — 500(x — 1)?
> 2(8x + 6)(15x + 50) — 500(z — 1)?

[N \ORE \CREN NG (V]
—~
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The condition (b) in Corollary 1 is satisfied if fg(z,1,1) > Az? for z > 4. We have

fo(z,1,1) — Az? = 2g(x),

where
g(x) =28z + 7)(x — 1)*(14x + 55) — 3 - 15%x.
Since
2(8z + 7)(x — 1)* > 15z(z — 1)* > 135,
we get
g(z) > 135x(14x + 55) — 3 - 15z = 1352 (14x + 55 — 75) > 0.
The condition (c) in Corollary 1 is satisfied because f5(0,y,2) > 0 for y,z > 0. O

P 4.34. If x,y, z are nonnegative real numbers, then

Z Y+ z > 2
T2+ 2+ 22 Tyt 2z
(Vasile C., 2014)

Solution. Write the inequality as fs(z,y,z) > 0, where

folz,y,2) = (xr+y+2) Z(y + 2)(Ty* + 22 + 2°) (7% + 2° + 9°) — 2 1_[(7x2 + 1y + 2%).

Since
722 4+ 4% 4+ 22 = 62% + p® — 2,

the product [](2? + 4y? + 42?) has the same highest coefficient A; as (6x2)(6y?)(622), that
is Ay = 216. Therefore, fg(x,y, z) has the highest coefficient

A= 24, = —432.

According to Theorem 1, we only need to show that fg(z,1,1) > 0 and f4(0,y,2) > 0 for
x,y,2z > 0. The first condition is true if the original inequality holds for y = z = 1. Thus,
we need to show that
2 2(x+1) 2
+ > ,
Tx?+2 24+8 T x+2

which is equivalent to
(z —1)* (112 +2) > 0.

The second condition is true if the original inequality holds for x = 0. Thus, we need to

show that
Y+ z z Y 2

+ + > :
Y422 Ty T2 4y T y+z




468 Vasile Cirtoaje

which is equivalent to

vtz TP+ tyaly+z) 2
y? + 22 T(y* + 2%) +50y%22 — y+ 2’

1 7(y* + 2%) — 6y= S 2
v 22 T(yt+ 24 + 509222 T (y+2)?
For yz = 0, the inequality is an equality. For yz # 0, we write the inequality as

Yz Tyz(y? + 2°%) — 6y?22 S 2z
y2 + 22 7(y2 + 22)2 + 36y222 — y2 + 22 + QyZ
Substituting
2, .2
=T s
Yz

the inequality becomes as follows:

1+ n-6 _ 2
t o T2+36 T t+42

112 — 24t + 36 > 0.

We have
11#% — 24t + 36 > 6t — 24t +24 = 6(t — 2)* > 0.

The equality occurs for z =y = 2.

P 4.35. If x,y, z are nonnegative real numbers, then

Z Te — 2y — 2z S 3
22442 +422 " oty+z
(Vasile C., 2014)

Solution. Write the inequality as fg(z,y,z) > 0, where
folw,y,2) = (@ +y+2)f(2,y,2) — 3] [(a® + 4y + 42%),

flz,y,2) = Z(?x — 2y — 22)(y? + 42% 4 42?) (2% + 42” + 4%).

Since
o? 4+ dy? 422 = =327 + 4(p* — 29),

the product [](z? + 4y? + 42?%) has the same highest coefficient A; as (—32%)(—3y?)(—32?),
that is Ay = —27. Therefore, fq(x,y, z) has the highest coefficient

A=—34, =3l
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We have
f(iL', 17 1) 2 2

= 3(82% — 22% + x + 20),

fo(x,1,1) = (x 4+ 2) f(x,1,1) — 3(z* 4 8) (42 + 5)?
=342 +5) [(z + 2)(82” — 227 + x4 20) — (2* + 8)(42” + 5)]
= 6x(42® + 5)(22° + T2* — 200 + 11)
= 6x(42® + 5)(x — 1)*(2x + 11) > 0.

Also, we have
fG(Oa Y, Z) Z 0

for y,z > 0. This is true if the original inequality holds for z = 0. Thus, we need to show

that
—(y+2z2)  Ty—2z 72—2y> 3

2(y2 + 22) Y2 4422 2244y Tyt 2

which is equivalent to

—(y+2) 2607 +2") —yy+z) 3
2(y% + 22) Ayt + 24 + 1Ty?22 T y+ 2’

-1 26(y* + 2?%) — 27yz .3
20/ +2°) AP+ 2P+ 9727 T (y+2)*
If yz = 0, then the inequality is an equality. For yz # 0, write the inequality as

—yz 26yz(y? + 22) — 27Ty?2> S 3yz
2(y? + 22) 4(y? 4+ 22)2 + 9y?22 T yP+ 224 2yz

Using the substitution

the inequality becomes
-1 26t —27 S 3

o T M2 19 Tt 2
8t3 4+ 14t — 57t — 6 > 0,

(t —2)(8* + 30t + 3) > 0.

First Solution. We apply Theorem 3. The conditions (a) and (c) are satisfied.

condition (b) is satisfied if
4Ax(x —1)3

1,1) >
fﬁ(xa y )— 27

The
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for x > 1. We have
f6<x7 17 1) -
where

f(z) = (42% +5) (22 + 11) — 2(z — 1)
> 9(2z 4 11) — 2(z — 1) = 16z + 101 > 0.

The equality occurs for = y = z, and for z = 0 and y = 2z (or any cyclic permutation).
Second Solution. We apply Corollary 1 for

(z —1)%a?

Fap(@) = foa(r) =

The condition (a) in Corollary 1 are satisfied if fg(z,1,1) > Afo_o(x) for z € [0,4]. We
have

Afy2(2) = (2 — 1)
fo(x,1,1) — Afo_o(z) = x(z — 1)%g(x),
where
g(x) = 6(42* +5)(2z + 11) — x(z — 1)

We have g(z) > 0 since 422 + 5 > (z — 1)? and 2z + 11 > z.
The condition (b) in Corollary 1 is satisfied if fg(z,1,1) > Az? for x > 4. We have

fo(x,1,1) — Az? = 3zg(x),

where
g(x) = 2(42* +5)(z — 1)*(2z + 11) — 272 > 0.

The condition (c) in Corollary 1, namely f5(0,y,2) > 0 for y, z > 0, is satisfied.

P 4.36. If x,y, z are nonnegative real numbers, no two of which are zero, then

v 422 T2 22?2+ y2)(y2 + 22) (22 + 2?)’

Z2x2+yz S 9  3l(z—y)*(y — 2)%(z — v)?

(Vasile C., 2014)

Solution. Write the inequality as fs(z,y, z) > 0, where

fo(z,y,2) —22 (222 4 y2) (2% + y*) (2* + 2%) 9Hy + 22 —31H —2)

Since
2

y? + 2% = —2? + p? — 2,
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fe(z,y, z) has the same highest coefficient A as
2 (22% +yz)(—2%)(—y?) — 9(—2®)(—y*)(=2°) = BlL(z — y)*(y — 2)*(z — x)°,
that is
A=2(6+3)+9—31(—27) = 3227,
Also,

fo(x,1,1) =2[(22% + 1)(2® + 1)? + 4(2 + 2)(z* + 1)] — 18(2* + 1)?
=dx(z®* +1)(z° — 32+ 2) = dw(z® + 1)(z — 1)*(z + 2).

Thus, we apply Corollary 1 for

(z — 1)41’2‘

Eop(w) = fo,2(z) = 31

The condition (a) in Corollary 1 are satisfied if fg(z,1,1) > Afo_o(x) for z € [0,4]. We

have
32(x — 1)*a?

3 ,
dz(x — 1)*g(z)
3 ,

Afo—2(x) =

fﬁ(ﬂf, 1, 1) — Af07_2($) =

where
g(x) = 3(z* + 1)(x +2) — 8x(z — 1)

For 0 < x <1, we have x 4+ 2 > 3x, hence
g(x) > 9r(2* + 1) — 8x(x — 1)* > 8x(2* + 1) — 8z(x — 1)* = 162> > 0.
For 1 < x <4, we have
3(z% 4+ 1) (2 +2) = 32% + 62 + 3z + 6 > 32° + 627,

hence
g(x) > x[32% + 62 — 8(x — 1)?] = 2(52 — 2)(4 — x) > 0.

The condition (b) in Corollary 1 is satisfied if fq(z,1,1) > Az? for z > 4. We have
fo(z,1,1) — Az? = dag(x),

where
g(x) = (2* + 1)(z — 1)*(z + 2) — 2162.

Since 2(x + 2) > 3z, we have
2g(z) > 3x(x?* +1)(z — 1)% — 4322
= 3a[(2® + 1)(x — 1)* — 144]
> 3z(17 -9 — 144] = 27z > 0.
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The condition (c) in Corollary 1 is satisfied if the original inequality holds for z = 0. Thus,

we need to show that
z 2 2 9 3l(y— z)?
Y +2(y +—2>2—+M
Y 2

y? + 22 22 2(y2 + 22)°
Using the substitution
2, .2
=T s
Yz

we may write the inequality as follows:

1 9 31(t—2)

—42tP—2) >4

s ( )2 ST

(t—2)*(t+4) >0.

The equality occurs for z = y = z, and for x = 0 and y = z (or any cyclic permutation).
O

P 4.37. If x,y, z are nonnegative real numbers, no two of which are zero, then
22° — yz I —y)’y — 2)*(z — 2)?

E 77 >34 .

Y2 — yz + 22 (22 —zy +y2) (Y2 — yz + 22) (22 — 22 + 2?)

(Vasile C., 2014)

Solution. Write the inequality as fs(z,y,z) > 0, where

fo(z,y,2) = 2(21:2 —yz)(2® —zy +y°) (2 — 2z + 2%) — 3H(y2 —yz+2°%) — 9H(y —2)%

Since
Yy —yz+ 2t =2 —yz+p°— 2,

fe(z,y, z) has the same highest coefficient A as
Py(z,y,2) = 3Py(z,y,2) — 9z — y)*(y — 2)*(z — 2)’,
where
Paw,y2) = 3202 — y2) (=22 — ay) (—yF —w2),  Py(w,y2) = [[(—a® — y2),
that is
A= Py(1,1,1) —=3P5(1,1,1) — 9(—27) =3(2 — 1)(—=1 — 1)* = 3(—1 — 1)* — 9(—27) = 279.
Also,

fo(z,1,1) =[(22* = 1)(2®* =2+ 1)* + 22 — 2)(2® — 2 + 1)] = 3(2® —x + 1)?
=2r(x? —z+D)(2® -2 —2+1) =220 -2+ 1)(z— 1)*(z +1).
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Thus, we apply Corollary 1 for

(x — 1)4x2'

Eop(w) = fo2(z) = 31

The condition (a) in Corollary 1 are satisfied if fg(z,1,1) > Afo_o(x) for z € [0,4]. We

have
31(z — 1)%a?

5 ,
v(z —1)%g(x)
5 ,

Afo—2(z) =

fﬁ(xa 17 1) - Af()’,g(l') =

where
g(z) =18(z* — 2+ 1)(x + 1) — 3lz(z — 1)

For 0 < x <1, we have x + 1 > 2z, hence
g(x) > 36z(2® —z+1) = 3lz(z — 1) > 3lz(2® — 2z + 1) — 3lz(z — 1)® = 312 > 0.
For 1 < x <4, we have
18(z* —x + 1)(z 4+ 1) = 182° 4+ 18 > 182,
hence
g(x) > x[182* — 31(x — 1)%] > z[182% — 32(x — 1)*] = 22(7x — 4)(4 — 1) > 0.
The condition (b) in Corollary 1 is satisfied if fg(z,1,1) > Az? for z > 4. We have

fo(z,1,1) — Az? = 2g(2),

where

g(z) =2(2* —z + 1)(x — 1)*(z + 1) — 279x.
Since

4(* —24+1) - 13z = (z — 4)(4x — 1) > 0,
we have

2g(z) > 13x(z — 1)*(z + 1) — 558z
=z [13(z — 1)*(z 4+ 1) — 558]
> 2(13-9-5—558) = 272 > 0.

The condition (¢) in Corollary 1 is satisfied if the original inequality holds for x = 0. Thus,

we need to show that
2 2 2
—yz T Ny — 2)
S+ ) >3
y? —yz+ 2 (22 y2) Bl
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Using the substitution

we may write the inequality as

-1 9(t —2)
— +2(2—2) >
t—1+( )23+ t—1"

(t—2)%(t+3) >0.
The equality occurs for z = y = z, and for z = 0 and y = z (or any cyclic permutation).

Observation 1. Similarly, we can prove the following generalization:

e Let x,y,z be nonnegative real numbers, no two of which are zero. If

—2< k<2,
then

Z 222 + (2k + 1)yz - 3(2k +3)  (8k* + 30k +31)(z — y)*(y — 2)*(z — z)?
v+kyz+22 T k+2 (k+2)T1(y? + kyz + 2?) '

with equality for x =y = z, and for x =0 and y = z (or any cyclic permutation,).
For

fo(x,y,2) = (k+2) 2[2562 + (2k + 1)yz](2® + kzy + v*) (2* + kxz + 2°)

=3(2k + 3) [ [(v* + kyz + 2%) — (8K + 30k + 31) (2 — y)*(y — 2)°(z — )’

we have
A =9(k + 2)(2k* + 19k + 48),

fo(x,1,1) = 2(k + 2)z(2* + kx + 1)(z — 1)*(z + k + 2).
Observation 2. For £ = 0 and k£ = —1, the inequality in Observation 1 leads to the

particular inequalities in P 4.36 and P 4.37. For k& = —1/2 and k = 1, we get to the
particular inequalities

3 a? > 14 24(z — y)*(y — 2)*(z — 2)°
22 —yz + 222 12y — yz +222)

Z 22°% + 3yz S 54 23(z —y)?(y — 2)%(z — z)?
v +yz+ 22 T [I(? +yz + 22) '
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P 4.38. If x,y, z are nonnegative real numbers, no two of which are zero, then

Z vy —yr oz §+ 5(x —y)*(y — 2)%(z — x)?
R A ) (R Rk

(Vasile C., 2014)

Solution. Write the inequality as fg(z,y,z) > 0, where

fo(z,y,2) —22 ry — yz + 2z) (2 + ) (2 + 27) 3Hy + 2%) H(y—z)Q.

Since

2

Yy —yz + zx = —2yz + q, y2+z :—x2—|—p2—2q,

fe(z,y, z) has the same highest coefficient A as
2 (=2y2)(=2")(=y%) = 3(=2*)(=y*)(=2%) = 5(z — 9)*(y — 2)°(z — 2)*,
that is
A= —12+3 — 5(—27) = 126.
Also,

fo(x,1,1) =2[(22 — 1)(2® + 1)* + 4(2* + 1)] — 6(2? + 1)?
= dx(z® +1)(z — 1)%

Thus, we may apply Corollary 1 (for E, g = fo_2) or Theorem 3. Since the last method is
more simple, we will apply it.

The condition (a) in Theorem 3, namely fs(x,1,1) > 0 for 0 < x < 1, is clearly satisfied.

The condition (b) in Theorem 3 is satisfied if fg(z,1,1) > %7_1)3 for x > 1. We
have
4Ax(x —1)*  56x(x—1)°3
27 B 3
3 2
fo(w,1,1) — 4Ax(§7 1) _ 4a(x 31) f(x)7
where

2
2
f(x):3(332""1)_14(33_1):3$2—14m+17:3<1’—g) +§>0.

The condition (c) in Theorem 3 is satisfied if the original inequality holds for = 0. Thus,
we need to show that
5(y — 2)°

2(y2 + 22)°

—yz y2 + 22
y? + 22 yz

>34
2
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Using the substitution

we may write the inequality as follows:

—1+t>3+5(t—2)
t -2 ot

(t—2)*>>0.

The equality occurs for z = y = z, and for x = 0 and y = z (or any cyclic permutation).
O

P 4.39. If x,y, z are nonnegative real numbers, no two of which are zero, then

2

Z Ty —2yz+zw 3(x—y) iy — 2)*(z — x)
Y —yz+22 T (2?2 —ay+y?) (Y2 —yz + 22)(22 — 2o+ 2?)

(Vasile C., 2014)

Solution. Write the inequality as fs(z,y,z) > 0, where

folw,y,2) = S (wy — 2z + 202)(2® — vy + )2 — w2+ 22) — 3] [(y — 22
Since
ry — 2yz + zxz = —3yz + q, xQ—xy+y2:—22—my+p2—2q,
fe(z,y, z) has the same highest coefficient A as

D (=3y2)(=2 — ay)(—y® — 22) = Bz — y)*(y — 2)*(z — x)°,

that is
A=3(-3)(—-1—-1)*—3(—27) = 45.

Also,

fo(z,1,1) =[(2z — 2)(2* =2+ 1)* + 2(1 — 2)(2® — z + 1)]
=2z(2* — x4+ 1)(x — 1)

Thus, we apply Corollary 1 for

(x — 1)4372.

Fu() = foale) =

The condition (a) in Corollary 1 are satisfied if fg(z,1,1) > Afo_o(x) for z € [0,4]. We

have
5(x — 1)1z?

Afo,—Q(x) = 9 )
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(x — 1)*g(z)

fﬁ(fﬂ,l,l) —Afo,fz(»f) = 9 )

where
g(x) =18(2* — 2 + 1) — 5z(x — 1)%

For 0 <z <1, we have 18(z* —x + 1) > 18(1 — x) > 5(1 — z), hence
g(x) >5(1 —z) —52(1 —x) =5(1 — x)* > 0.
For 1 <z <4, we have 18(z* —x + 1) > 18z(x — 1) > 15x(x — 1), hence
g(x) > 152(x — 1) — 5w(z — 1)* = 5w(z — 1)(4 — x) > 0.
The condition (b) in Corollary 1 is satisfied if fg(z,1,1) > Az? for x > 4. We have

fG(x> 17 1) - ACL‘2 = l‘g(l'),

where
g(x) =2(z* — 2+ 1)(z — 1)* — 45z.
We have
g(x) > 2(2* — ) (2 — 1)* — 452 = z[2(x — 1)* — 45]
> 2(54 — 45) > 0.

The condition (c) in Corollary 1 is satisfied if the original inequality holds for z = 0. Thus,
we need to show that
—2yz N y? 4 22 - 3(y — 2)? .
Y2 —yz + 22 yz y?—yz+ 2?2

Using the substitution

we may write the inequality as

(t—2)*>0.
The equality occurs for = y = z, and for x = 0 and y = z (or any cyclic permutation).

Observation 1. Similarly, we can prove the following generalization:

e Let x,y,z be nonnegative real numbers, no two of which are zero. If

—2< k<2,
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then

Z z(y+2)+ (kE—1)yz S 3(k+1) (K*+3k+5)(r—y)*(y—2)*(z — x)*
v +kyz+22 T k+2 (k+2) [1(y? + kyz + 2?)

with equality for x =y = z, and for x =0 and y = z (or any cyclic permutation).
For
fe(z,y,2) =(k +2) Z[:v(y +2) + (b — Dyz](2® + kay + 3?) (2® + kaz + 22)
=3(k+ 1) [J0° + kyz + 2°) — (B + 3k + 5)(z — 9)°(y — 2)°(z — 2)°,

we have
A=9k+2)(2k+7),
fo(z,1,1) = 2(k + 2)z(z* + ka + 1)(z — 1)%
Observation 2. For £ = 0 and k£ = —1, the inequality in Observation 1 leads to the

particular inequalities in P 4.38 and P 4.39. For £k =1 and k = 2, we get to the particular
inequalities

Z z(y + z) S 94 3(x —y)*(y — 2)*(z — 2)°

Y24+ yz+ 22 T (22 + 2y + yv?)(y? + yz + 22) (22 + 22 + 22)’

1 9 15 (fx—y 2 Yy—z *lr -1\’
>Z 4 = .
e ozt (3) (5) (5)

P 4.40. If x,y, z are nonnegative real numbers, no two of which are zero, then

x4+ 3y + 3z T(r+y+=2)
> z |
(y+22)2y +2) — 3(xy +yz + 21)

(Vasile C., 2014)
Solution. Write the inequality as f7(z,y,z) > 0, where
fr(z,y,2) =3(zy + yz + 22) Z(:c + 3y + 32)(22° + By + 2y%) (22* + Sxz + 227)
—Tx+y+=2) 1_[(2?;2 + 5yz + 227).

Since
2u% + Byz + 222 = byz — 22° + 2(p* — 2¢),

the product [[(2y* + 5yz + 22?) has the same highest coefficient A; as

Pi(z,y,2) = H(5yz — 22%),
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that is
Ay = P3(1,1,1) = 27.

Therefore, f7(x,y,z) > 0 has the highest polynomial
Alp,q) = =T(x+y+2)(27) = —189p < 0.

According to Corollary 2, we only need to show that

fa(z,1,1) >0

and
f?(oa Y, Z) Z 0

for x,y,z > 0. The first inequality is true if the original inequality holds for y = z = 1. So,

we need to show that
r+6 2(3z +4) S T(x +2)

9 (x+2)2x+1) ~ 32z +1)

which is equivalent to
x(x — 1)2 > 0.

The second inequality is true if the original inequality holds for z = 0. Thus, we need to

prove that
3(y+ 2) +y—|r3z 3y+z>7(y—|—z)

(y +22)(2y + 2) 222 2> T 3yz

which is equivalent to

Y

3(y +2) (y+2)°_ T(y+2)
(y +22)(2y + 2) 20222 T 3yz
3 (y + 2)? o7
(y+22)(2y + 2) 29222 3yz’
2, 2y
3 +3(y + 2%) 8yz207
2(y% + 22) + by=z 61222

6(y” + 2%)* — (y° + 2%)yz — 22y%2% > 0,
(y — 2)°[6(y* + 2°) + 11yz] > 0.

The equality occurs for z = y = z, and for z = 0 and y = z (or any cyclic permutation).

[]

P 4.41. If x,y, z are nonnegative real numbers, no two of which are zero, then

Z 9z — 5y — 5z 3x+y+2) _
202 —3yz+222  zy+yzr+zx

(Vasile C., 2014)
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Solution. Write the inequality as f7(z,y, z) > 0, where

fr(z,y, 2) =3(zy + yz + 2x) Z(Qm — By — 52)(22% — 3wy + 2y*)(22% — 3wz + 227)
+3(x+y+2) H(2y2 — 3yz +22%).
Since
2y — 3yz + 22° = —3yz — 2% + 2(p* — 20),
the product [[(2y? — 3yz + 22?) has the same highest coefficient A; as

Py(z,y,2) = H(—3yz — 227),

that is
Ay =P3(1,1,1) = —125.

Therefore, f;(z,y,z) > 0 has the highest polynomial
Alp,q) = 3(z 4y + 2)(—125) = —375p < 0.

According to Corollary 2, we only need to prove the original inequality for y = z = 1 and
for x = 0.

Case 1: y =z = 1. We need to show that

24-50)  Bw+2)

9z — 10
v T2 30292 9541 ©

Y

which is equivalent to
x(x—1)*>0.

Case 2: £ = 0. We need to show that

—5(y + 2) +9y—5z+9z—5y+3(y—|—z)

>0
2y? — 3yz + 222 222 2y? yz

Y

which is equivalent to

—5(y + 2) N (y + 2)(9y* 4+ 92% — 14yz) N 3(y + 2)

>0
22 — 3yz + 222 29222 yz

-5 9y + 922 — 14 3

AR E LS sy,
2y? — 3yz + 222 29222 Yz
5 92 + 22) — 8
R k.
2(y? + 22) — 3yz 29222

18(y% + %)% — 43(y* + 22) + 149%2% > 0,
(y — 2)*(18y* + 182% — Tyz) > 0.
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The equality occurs for = y = z, and for z = 0 and y = 2z (or any cyclic permutation).

Observation 1. Similarly, we can prove the following generalization:

e Let x,y,z be nonnegative real numbers, no two of which are zero. If

1—+/17 1 17
k€ la,—1 U[L,b], a_T\/_z—l.56155, b_%_zzbﬁm,
then
Z(3—l~:;):c+(l~c—1)(y+z)>3(k+1)_ r+y+z
Y2 + kyz + 22 — k+2  aytyz+ oz’

with equality for x =y = z, and for x =0 and y = z (or any cyclic permutation).
For
fr(@,y, 2) = (k+2)(zy + yz + 22) f(2,9,2) = 3(k + V(@ +y + 2) [ [ + kyz + 22),
where
fla,y,2) =Y (B =ka+ (k—1)(y+2))(2” + kxy + ) (2” + kxz + 2°),

we have
A=-3k+1)(k—-1)> <0,
fr(@,1,1) = 2(k + 2)z(x — 1)*(2* + kx + D)[(3 — k) — k* + k + 4] > 0,
f2(0,y,2) =yz(y +2)(y — 2)*[(k+2)(3 —k)(y — 2)* + (13 4+ Tk — k* — k*)yz] > 0.

Observation 2. For £ = 2, the inequality from Observation 1 turns into the well-known
[ran inequality:

1 9
> .
Z (y+2)? ~ 4oy +yz+ 2o)

P 4.42. If x,y, z are nonnegative real numbers, no two of which are zero, then

ZSx—y—z - 3(z+y+2)
v 422 T 2yt yz+z2x)

(Vasile C., 2014)

Solution. Write the inequality as f7(x,y,z) > 0, where
fr(w,y,2) = 2(zy +yz + 22) f(z,y,2) = 3w +y + 2) [ [ + 2°),

fla,y,2) =) (B —y—2)(@” +¢*) (2" + 2°).
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Since
422 = —a? 4+ p? — 2,

the product [[(y? + 2?) has the same highest coefficient A; as (—z?)(—y?)(—2?%), that is
A; = —1. Therefore, f7(x,y,z) > 0 has the highest polynomial

A(p,q) = —3pA; =3p >0, Alx 4+ 2,2+ 1) =3(z + 2).
We have

fr(2,1,1) =222 4+ 1) [(8z — 2)(2* + 1)* + 42 — z)(2* + 1)] — 6(z + 2)(z* + 1)°
=da(z — 1)*(z* + 1)(3x + 4).

On the other hand, for z = 0, the original inequality becomes

—y—z+3y—z+32—y>3(y+z)

y? 4 22 22 v T 2yz
_ 2 2y _
Yz +3(y + 2%) — dyz >§.
Y2+ 22 Yz — 2
Using the substitution
2, .2
=T s
Yz
the inequality becomes
1 3
——+3t—-4> -
t + -2

(t—2)(6t+1) > 0.

First Solution. Apply Theorem 6. The conditions (a) and (c) are satisfied. In what
concerns the condition (b), we have

4A(x + 2,22+ Dz(z —1)*  4(z+2)x(x —1)°

27 9 ’

Folz, 1,1) 4A(z + 2, 2x2—i7— Da(r —1)3 _ dx(x —91)Qg(x)7

where
g(z) =9(2* + 1)(3x +4) — (z +2)(x — 1).

For x > 1, we get

g(x) > (2*+1)Bx+4) — (z +2)(x — 1)
>7@*+1)— (z+2)(z—1) =62 —x+3 > 0.

The equality occurs for = y = z, and for z = 0 and y = 2z (or any cyclic permutation).
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Second Solution. Apply Corollary 3 for

2 (z — 1)4.

Eop(w) = fo,2(z) = 31

Condition (a). It suffices to show that f7(x,1,1) > A(x+2,2x+1) fy _2(z) for 0 <z < 4.

We have
22(x — 1)z +2)

27 ’
vz —1)°f(z)
27 ’
f(z) =108(2* + 1)(3z + 4) — z(x — 1)*(x + 2).
Since 22 +1 > (z — 1) and 3z + 4 > 3z, we get

Alx + 2,204+ 1) fo—o(x) =

fr(z,1,1) — A(z 4+ 2,22 + 1) fo—a(x) =

f(z) > 108(z — 1)*(3x) — z(z — 1)*(z + 2)
= 2(x — 1)%(322 — 2) > 0.

Condition (b). Tt suffices to show that fr(z,1,1) > A(z + 2,2z + 1)2? for x > 4. Since
fr(z,1,1) > da(x — 1)*(2® + 1)(3z),
we get

fr(z,1,1) — A(x + 2,22 + 1)2® > da(x — 1)*(2® + 1)(3z) — 3(x + 2)2?
=32%[4(xr — 1)*(2* +1) — 2 —2] > 0.

Condition (c). This condition is satisfied because the original inequality holds for x = 0.
O

P 4.43. Let x,y, z be nonnegative real numbers, no two of which are zero. If

1—/17 1+ V17

k b = ~ —1.56155 b=
€ |a, b], a 5 , 5

~ 2.56155 ,

then

Z(S—k)x+(k—1)(y+z)>3(k—|—1). T+y+z
y? + kyz + 22 ~ k+2 axy+tyztozz
(Vasile C., 2014)

Solution. Write the inequality as f7(z,y,z) > 0, where
Fr(,2) = (b 2)(ay + y2 + 20) (5,9, 2) = 30+ (a +y + ) [0 + kyz + 2,

fla,y,2) =Y [B=ka+ (k—1)(y+ 2)|(=° + kay + ) (2° + kzz + 2°).
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Since
y2+kyz+22: —:1:2+kyz+p2—2q,

the product [[(y? + kyz + 2?) has the same highest coefficient A; as

Pyfa,y,2) = [[(~a® + ky2),

that is
Ay = Py(21,1,1) = (k — 1)°.

Therefore, f7(x,y,z) has the highest polynomial
A(p,q) = =3(k + 1)pAy = 3(1 + k)(1 — k)°p.
We have

fx,1,1)

Pl = [B=k)ax+2k—2(®+ ks + 1)+ 2k +2)[(k — )z + 2]

= (3—k)2® — (k* — 5k + 2)2° + (2k* — 3k + 3)x + 2k — 2,
fr(x, 1,1) = (k+2)2z + 1) f(z,1,1) = 3(k + 1) (k + 2)(z + 2)(z* + ka + 1)?
= (k +2)(z* + kx + 1)g(z),

g(x) = (22 + 1)#221 —3(k+1)(x +2)(2* + kz + 1)

=2z [(3 —k)2® — (K — 3k + 2)2” + (2k* — 3k — 5)z — k* + k + 4]
=2z(x—1)*[B—k)z -k +k+4],
fr(z,1,1) =2(k + 2)z(z — 1)*(2® + ka + 1) [B— k)z — k* + k+ 4] > 0.

and

J0,y,2) = (k=1)(y + 2)y°2" + (> + kyz +2%) [B—k)(y° + 2°) + (k — D)yz(y + 2)]

% =(k—1)y"2" + (v + 22+ kyz) [(3— k) (v° + 2%) + (2k — 4)yz]

= (3 —k)(y*+ 22 — (K* — 5k + 4)(y* + 2°)yz + (2k* — 3k — 1)y*2?
f7(07ya Z) _ f(ovya Z) . P 2 22 >
e _(k+2)—ij 3(k+ Dyz(y” + 2° + kyz)

(k+2)(3 = k) (y* + 2%)? — (k+2)(k* — 5k + 4)(y* + 2*)y=

+ (k +2)(2k* — 3k — 1)y?2* — 3(k + Vyz(y* + 2* + kyz)
=(k+2)(3 — k) (> + 25 — (k* = 3k* = 3k + 11) (v + 2%y

+ 2(k* — k* — 5k — 1)y*2?

(0 + 2 —292) [(k+ 23— B +22) — (K — K — 5k — 1)52?]
=(y—2)* [(k+2)3—k)(y—2)*+ (13+ Tk — k* — k*)yz] > 0.
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Case 1: k € [a,—1] U [1,b]. Since A(p,q) < 0, it suffices to show that f7(z,1,1) > 0 and
f7(0,y,2) > 0 for x,y,z > 0 (see Corollary 2). These condition are satisfied.

Case 2: k € [—1,1]. Since A(p,q) > 0, we apply Corollary 3 for

2% (x — 1)4.

Eo5(7) = foa(z) = 31

Condition (a). It suffices to show that f7(x,1,1) > A(x+2,2x+1) fo _2(z) for 0 <z < 4,
where
Al +2,20+1) =3(1 + k)(1 — k)*(z + 2).
We have
1+ k) (1 —k)32?(x — )Yz +2)
27 ’
vz —1)°f(z)
27 ’
f(x) =54k +2)(2* +kz+ DB —k)r -k +k+4 — (1+k)(1 — k)’z(x — 1)*(x + 2).

Since

Alx +2,22 4+ 1) fo_o(z) =

fr(z,1,1) — A(z + 2,22 + 1) fo —a(z) =

kE+2>k+1,
o+ kr+1> (v —1)2
B—k)z—k*+k+4> (3- k),
6> x+ 2,

it suffices to show that
9> (1-k)°.

Actually, we have 8 > (1 — k)3, which is equivalent to 2 > 1 — k.
Condition (b). Tt suffices to show that fr(z,1,1) > A(z + 2,2z + 1)z? for x > 4. Since
Alr 42,20+ 1)2® =3(1+ k) (1 — k)*(z + 2)2?,
we need to prove that
2k +2)(2* +kr + 1) (x—1)*[B—k)x — k> +Ek+4] > 314+ k)1 — k)*(z + 2)z.

Since

k+2>k+1,

4+ kr+1>2+2,
(xr—1)*>09,
B—k)z—k*+k+4> (3- k),

it suffices to show that
6(3—Fk) > (1—k)>
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Indeed, we have
6(3—k)>6(3—-1)=12>8>(1—k)*

Condition (c). This condition is satisfied because f7(0,y,z) > 0 for all y,z > 0.

The equality occurs for z = y = z, and for x = 0 and y = z (or any cyclic permutation).
O

P 4.44. If x,y, z are nonnegative real numbers, no two of which are zero, then

Zx+13y+132 - 27(x+y+ 2)
Y2 +4dyz + 22 7 2(xy +yz + z2x)

(Vasile C., 2014)

Solution. Write the inequality as f7(z,y,2z) > 0, where
Frlw,y, 2) = 2oy + yz + 20) f@, 1y, 2) — 27w + g+ 2) [ + 4z + #2),

f@y,2) = (v 413y + 132)(2? + day + y*) (2 + 4wz + 22).

Since
y2+4yz+22 = —:U2+4yz—|—p2 — 2q,

the product [[(y? + 4yz + 2?) has the same highest coefficient A; as
PB(xv Y, Z) - H(—ZL‘2 + 4y2),

that is
Ay = P3(1,1,1) = 27.

Therefore, f7(x,y,z) has the highest polynomial
Alp,q) = —27TpA, = —729p.

Since A(p, q) < 0, according to Corollary 2, we only need to show that the original inequality
holds for y = z = 1, and for x = 0. For y = z = 1, the original inequality becomes

r+26  2(13z+ 14) - 27(x +2)
6 22+4r+1 7 22z + 1)

2t —102° 4 332° — 40z + 16 > 0,
(x —1)*(z —4)* > 0.
Also, for x = 0, the original inequality becomes

13(y + 2) y—|—13z+z—|—13y>27(y+z)
Y2+ dyz + 22 22 y: T 2uz

Y
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13(y + 2) 3+ 23+ 13y2(y + 2) - 27(y + 2)

Y2 + dyz + 22 Y222 - 2yz
13yz y? 4+ 22+ 1292 S 27
Y2 + 22 + 4yz Yz -2’
13 27
—+t4+12 > —
t+4 FrrE=a
2t + 5t 4+ 14 > 0,
where
2 22
t= .
Yz

The equality occurs for = y = z, and for /4 = y = z (or any cyclic permutation).
O

P 4.45. If x,y, z are nonnegative real numbers, no two of which are zero, then

Z—m+y+z N TH+y+=z
202 +yz T oay+yz+ 2z

(Vasile C., 2014)

Solution. Write the inequality as f7(z,y,z) > 0, where

frlwy,2) = q Y (—x+y+2)(2y° +22)(22° + 2y) — (z +y + 2) [[(22° + y2).

Since
Pg(x,y,Z) = H(2£L'2 + yZ)

has the highest coefficient
Ay = P3(1,1,1) = 27,

fz(z,y, z) has the highest polynomial
Alp,q) = —Ai(z +y+2)=—-2Tp<0.

According to Corollary 2, we only need to show that f;(z,1,1) > 0 and f7(0,y,2) > 0 for
x,y,z > 0. The first condition is true if the original inequality holds for y = z = 1. Thus,

we need to show that
—x+2 2 T+ 2

>
2x2+1+a:—|—2_2:v—|—1’

which is equivalent to
z(z+1)(z —1)%) > 0.

The second condition is true if the original inequality holds for x = 0. Thus, we need to

show that n n
Y z_l_z y oy z>y 27

Yz 2y? 222 T yz
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which is equivalent to
(y+2)(y—2)*>0.

The equality occurs for z = y = z, and for x = 0 and y = z (or any cyclic permutation).
Observation. Similarly, we can prove the following generalization:
e Let x,y,z be nonnegative real numbers, no two of which are zero. If k > 1, then

Z(k2—4k:+1)x+(2k:—l)(y+z) 3k - t+y+2)
kx? + yz - xy+yz+zx

bl

with equality for x =y = z, and for t =0 and y = z (or any cyclic permutation).

For k = 1, the following particular inequality holds:

20 —y—2z 2y—z—x 2z2—x—1Y
x2 +yz Y2+ zw 22+ xy

<0

P 4.46. If x,y, z are nonnegative real numbers, no two of which are zero, then

lex—?)y—?)z < 3x+y+2)
202 +3yz T wy+yz+ 2z

(Vasile C., 2014)

Solution. Write the inequality as f7(z,y,z) > 0, where
frla,y,2) = 3(x +y + 2) [ [(22% + 3y2) — (2y + vz + 22) f (2,9, 2),

flz,y,2) = Z(llx — 3y — 32)(2y* + 322) (22 + 32v).
The product
Py(z,y,2) = H(2x2 + 3yz)

has the highest coefficient
Ay = P3(1,1,1) = 125.

Therefore, fs(x,y, z) has the highest polynomial
A(p,q) = 3A:(z +y + z) = 375p, A(x + 2,22 4+ 1) = 375(x + 2).
We have

flz,1,1)

sp g~ Mz —6)3r+2) +2(8 = 30)(22° +3)

= —(122° — 6527 + 142 — 36),
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fr(z,1,1) = 3(z + 2)(22° + 3)(3x + 2)* — 2z + 1) f(x, 1, 1)
= (3z +2) [3(z + 2)(22° + 3)(3z + 2) + (2z + 1)(122° — 652° + 14z — 36)]
= 142(32 + 2)(32® — 522 + z + 1)
= 142(3z + 2)(z — 1)*(3z + 1).

For x = 0, the original inequality becomes

—y—z 1ly—3z 11z-3 3y + z
y—z Uy N Y o (y X
yz 212 222 yz

which is equivalent to

Ay +2) | 3(y*+2°) — 1lyz(y + 2)
+
Yz 29222

207

(y+2)(y—2) >0
First Solution. Apply Theorem 6. The conditions (a) and (c) are satisfied. In what
concerns the condition (b), we have

4A(x + 2,2z + Da(z — 1) 500(z 4 2)z(x — 1)
27 a 9 ’

fo(w,1,1) — HAE+2 2%; Da(r —1)° 2 —91>2g<x>’

where
g(x) = 63(3x +2)(3z + 1) — 250(z + 2)(z — 1).

For x > 1, we get
g(z) > 5003z +2)(3z 4+ 1) — 250(x + 2)(z — 1)
= 50(42” + 4z + 12) > 0.
The equality occurs for z = y = z, and for z = 0 and y = z (or any cyclic permutation).

Second Solution. Apply Corollary 3 for

(z — 1)4562‘

Eop(w) = fo2(z) = 31

The condition (a) in Corollary 3 are satisfied if f7(x,1,1) > A(z + 2,22 + 1) fo —a2(x) for
x € [0,4]. We have

125(z + 2)x*(x — 1)?
27

Alx+2,20 4+ 1) fy—o(x) = < 5(x 4 2)2%(x — 1)%,
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fr(z,1,1) — A(z + 2,22 4+ 1) fo—2(z) < x(z — 1)2g(z),

where
g(r) =143z +2)(3x + 1) — 5z(z + 2)(x — 1)
Since
(3x +2)(3x + 1) > bx(r + 2),
we get

g(x) > 70z(x +2) — 5z(z + 2)(z — 1)* = 5x(z + 2)[14 — (v — 1)?]
> bx(r +2)[9 — (z — 1)?] = 5x(x +2)*(4 —2) > 0.

The condition (b) in Corollary 3 is satisfied if f7(z,1,1) > A(x + 2,2z + 1)z? for x > 4.
We have
folw,1,1) = Az + 2,22 + 1)2* = 2g(2),

where
g(x) = 14(3z + 2)(z — 1)*(3x + 1) — 375z (z + 2).
Since
3r+2>x+2, 3z + 1> 3z,
we get

g(z) > 3z(x +2) [14(z — 1)* — 125] > 3z(z +2)(14 -9 — 125) > 0.

The condition (c) in Corollary 3 is satisfied if f7(0,y,2) > 0 for y,z > 0. This is true
because the original inequality holds for z = 0.

Observation 1. Similarly, we can prove the following generalization:

1
e Let x,y,z be nonnegative real numbers, no two of which are zero. If 5 < k<1, then

Z(k2—4k;+1)x+(2k—1)(y+z) - 3k—=1)(z+y+2)
kx? + yz T axy+tyz+zw

with equality for x =y = z, and for x =0 and y = z (or any cyclic permutation,).

For k = 1/2, the following particular inequality holds (see P 1.101 in Volume 2):

T Y z < rT+y+z
x2+2yz+y2+22x+22+2xy_xy—l—yz+z:p'

Observation 2. Having in view Observation 1 above and Observation from the preceding
1
P 4.45, it follows that the concerned inequality holds for & > 3
[
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P 4.47. If x,y, z are nonnegative real numbers, no two of which are zero, then

1 1 1 1 2
2 + 2 + 2 Z + 2 2 2°
202 +yz 2yt +zx 224wy T axy+yz+zzx rr+yt+z

Solution. Write the inequality as fs(z,y,z) > 0, where

fa(w,y,2) = a(p® = 29) Y (2% + 22)(22° + wy) — p* | [ (227 + y2).
The polynomial of degree eight fs(z, vy, z) has the highest polynomial

A(pu q) = _A1p27

where A; is the highest coefficient of the polynomial of degree six

P3<‘T7y7 Z) = H<2Jf2 + yZ)

Since

Ay = P3(1,1,1) = 27,
we have

A(p,q) = =27p* < 0.
According to Corollary 2, we only need to prove the original inequality for y = z = 1 and
for = 0. For y = z = 1, the original inequality becomes

1 n 2 S 1 n 2
202 +1 x+2  22+1 2242

which is equivalent to
2x(z — 1) S 2x(x — 1)

(x+2)(22+2) — 2z +1)(222+ 1)’
(x> + 2+ 1)(x—1)* > 0.

For x = 0, the original inequality becomes
1 . 1 S 2
2@/2 2,2 — yz _|_Z2’

which is equivalent to
(y* =2 = 0.

The equality occurs for z = y = z, and for x = 0 and y = z (or any cyclic permutation).

Observation 1. Similarly, we can prove the following generalization:

o Let x,y,z be nonnegative real numbers, no two of which are zero.

(a) Ifk > 2, then

1 A(k + 1) 5k — 4
k(k+1 > :
(k+ )Zx2+kyz_xy+yz+z:v+x2+y2+z2’
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1
(b) ]fé < k <2, then

1 4k* — 3k +2  2(—2k* + 6k — 1)
k(k+1 >
(k+ >212+kyz_xy—l—yz+zx+ x?+y?+ 22

Observation 2. From the inequalities in Observation 1, we get the following particular
inequalities:

2 T3 + > + ,
224+ 8yz  y2+8zx 2248y — ay+yz+zx a2+ y?+ 22
! + ! + L > 2 + 1
22 4+2yz Y 42z 22420y T aytyz+zr x?+y?+ 2%
2 2 2 3 6
- + > + :
224yz Y 4zx 224ay T wy+yz4zz a2 +y? 4 22
1 1 1 1 9
- + > + :
202 +yz P4 zx 2224wy ay+yzr+zr x4y 4+ 22
5 5 5 6 3

2 + 2 + 2 Z + 2 2 2°
Aot 4+yz Ay +zx 4z +aoy T axy+tyztzze 2+ yt+ 2

P 4.48. If x,y, z are nonnegative real numbers, no two of which are zero, then

rly+2)  ylz+x) z(x—l—y)<:v2~|—y2—|—z2
2 +5yz  y?+5zx  22+bxy T ay+yz+ oz

(Vasile C., 2012)
Solution. Write the inequality as fs(z,y, z) > 0, where
fs(x,y,2) = (2% + y° + 2%) H(x2 + 5yz) — (xy + yz + 2x) Zx(y + 2)(y* + 522)(2* + Bay).
Since x(y+2z) = —yz+q, the polynomial of degree eight fs(x,y, z) has the highest polynomial
A(p,q) = Ai(p* — 2q) + Asg,
where A; and As are the highest coefficients of the polynomials of degree six
Psy(x,y,2) = H(l‘Q + 5yz)

and
Py(x,y,2) = > _yz(y’ + 5zx)(2” + bay),
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respectively. Therefore, we have
Alp,q) = P3(1, 1, 1)(p" — 29) + Po(1, 1, 1)g = 6°(p* — 29) + 3 6*q = 108(2p” — 3q).
On the other hand,

fs(z,1,1) =(2* + 2)(2* + 5)(5x + 1)?
— 2z 4+ D)[2z(5z + 1)* + 2(z + 1)(2* + 5)(5x + 1))
=z(5x + 1)(5z* — 32° + 92 — 29z + 18)
=z(5x + 1)(x — 1)*(52% 4 Tz + 18).

Since A(p,q) > 0, we apply Corollary 3 for

2% (x — 1)4.

Eop(x) = fo,—2(v) = 31

Condition (a). It suffices to show that fs(x,1,1)(z) > A(z+2,22+41) fo_o(x) for 0 < z < 4,
where
Az + 2,22 + 1) = 108(22% + 22 + 5).

We have 2 o
Al +2,20 4 1) fo ofa) = I EL2ED)
fs(z, 1, 1) (2) — A(z + 2,22 4+ 1) fo_o(x) = W%W(?U)’
where

f(z) = 3(5x + 1)(52® + Tz + 18) — 42(22* + 22 + 5)(z — 1)
Since 5z + 1 > 5z and 2(52? + Tz + 18) > 5(22% + 2x + 5), we get

2f(x) > 75x(20* + 2z + 5) — 8x(22% + 27 + 5)(z — 1)
= 2(22% + 22 + 5)[75 — 8(z — 1)?] > x(22® 4+ 22 + 5)(75 — 72) > 0.

Condition (b). It suffices to show that fs(z,1,1)(z) > A(x + 2,22 + 1)2? for z > 4. The
inequality is equivalent to

(52 + 1)(x — 1)2(52% 4 T2 + 18) > 108(22% + 2z + 5)a,
which can be obtained by multiplying the inequalities

5r + 1 > bz,

5
502 + 7w + 18 > 5(2332 + 22 + 5),

25(z — 1)* > 216.
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Condition (c). It suffices to show that fs(0,y,2z) > 0 for y,z > 0. This is true if the
original inequality holds for = 0. Thus, we need to show that
y _yi+4 27

z
_+_§ 9
y =z Yz

which is an identity.
The equality occurs for z = y = z, and also for x = 0 (or any cyclic permutation).

Observation 1. Similarly, we can prove the following generalization:
1
e Let x,y,z be nonnegative real numbers, no two of which are zero. If 1 < k <5, then

z(y+2)  ylz+x) z(x+y)<5—k: 22+ + 22
2+ kyz oy +kzae 224kry T 14+k  ay+yz+zr

Observation 2. From the inequalities in Observation 1, we get the following particular
inequalities:
20(y+2) 2y(z+x)  2z2(x+y) <34 22+ y? + 22

202 +yz 22+ 222+ ay T xy +yz + 21’

z(y + 2) +y(z—ir:l:) N 2(z +y) < (z+y+2)?

24+yz Yy 4z 224wy T ay+yz+zx
tlytz)  ylzre) ety . 2Hy 4
224+ 2yz  y?+2zx 224 2xy xy +yz + 2’
a(y+z)  yeta) ety 1 a?Hyt+ 2R
22 +4yz 2 +4dzx 22+44ry T 5 wy+yz+z2x

rly+z)  ylztaz) ety 2t +yt+ 2

22 +5yz Y2 +5zx  22+bxy T ay+yz+ 2z

IN

+

P 4.49. If x,y, z are nonnegative real numbers, no two of which are zero, then

z(y + 2 z+x z(x + 15(xy + yz + 22
(y )+y( )Jr ( y)+2Z (zy +y )
224+yz Y 4z 224wy (x+y+2)?

(Vasile C., 2012)
Solution. Write the inequality as fs(z,y,2) > 0, where
falw,y,2) =p* Y xly +2) (" + 22)(2* + wy) — (15¢ — 2p°) | [ (+* + 2).
Consider further the nontrivial case

15q — 2p* > 0.
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Since z(y+2) = —yz+q, the polynomial of degree eight fs(z,y, z) has the highest polynomial
A(p,q) = —Aip® = Ay(15¢ — 2p°),

where A; and As are the highest coefficients of the polynomials of degree six

Py(w,y,2) = > y2(y* + 22)(2* + 2y)

and
Pg(ﬂf,y, Z) = H($2 + yZ),

respectively. Therefore, we have
A(p,q) = —Po(1,1,1)p” — Py(1,1,1)(15¢ — 2p*) = —12p° — 8(15¢ — 2p°) < 0.

According to Theorem 4, it suffices to prove the original inequality for y = z = 1 and for
rz=0.
Case 1: y =z =1. We need to show that

2z S 15(22 4+ 1)
2 +1 — (x+2)2 7

which is equivalent to
(z—1)2Q2x—1)2>0.

Case 2: £ = 0. We need to show that

Sidyo>
y oz (y+z)?

which is equivalent to
(y +2)" > 159222,

(y + 2)* — 16y%22 + y*2% > 0,

(y — 2)%[(y + 2)* + 4y2] + y*2* > 0.

x
The equality occurs for x = y = 2, and for 5 =Yy=* (or any cyclic permutation).

P 4.50. If x,y, z are nonnegative real numbers, no two of which are zero, then

r(ly+2z)  ylz+x) z(a:+y)>1+xy—|—yz—|—za:
224+ 2yz Y+ 2zx 22422y 22+ y? 422
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Solution. Write the inequality as fs(z,y, z) > 0, where

falw,y,2) = (@ + 2+ 20D wly + 2) (07 + 222) (2 + 22y) — (0 — @) [ [(=° + 202).
Since x(y+2z) = —yz+q, the polynomial of degree eight fs(x,y, z) has the highest polynomial

Alp,q) = —Ai(p* — 2q9) — A (p” — q),

where A; and A, are the highest coefficients of the polynomials of degree six

Pyl ,2) = 3 yaly? + 220) (2% + 2a)
and
Pg(l',y, Z) = 1_[(1‘2 + 2?/2)’
respectively. Therefore, we have

A(p.q) = —P(1,1,1)(p* — 2q) — P3(1,1,1)(p* — q)
= —27(p* —2¢) — 27(p* — q) < 0.

According to Theorem 4, we only need to prove the original inequality for y = z = 1 and for
rz=0.
Case 1: y =z = 1. We need to show that

2 2(1‘—}-1)>1 2z +1
x2 42 2cr+1 — 2 +2’

which is equivalent to
(x—1)>>0.

Case 2: x = 0. We need to show that

Yz

+ ;
y2+22

> 1+

y
z

< |

which is equivalent to
(v + 2" —y2)* +yzly — 2)> > 0.

The equality occurs for z =y = 2.

Observation 1. Similarly, we can prove the following generalization:
e Let x,y,z be nonnegative real numbers, no two of which are zero.

(a) If0 <k <2, then

Z (y + 2) 2k—1 Ty +yz+zr
x2+kyz_k+1 2 4y + 227
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(b) If k> 2, then

ﬁz x(y + 2) 21+2k—1.xy+yz+zx.
2 2?2 + kyz E+1 a2+ y?+ 22

Observation 2. From the inequalities in Observation 1, we get the following particular
inequalities:

(y+z2) ylz+z) z(x+y)
2?2 +4yz  y?H44dzx 22 4 4day

7T xy+yz+zx
10 22 +y2 4227

>1+
=9

zly+2)  ylz+x) z(x+y)>1 Ty +yz + 2z
24+ 2yz Y24+ 2zx 224 2ry 22 +y2 + 22’
a:(y+z)+y(z—l—x)+z(:v+y)>(x+y+z)2
24+yz Yy 4z 224xy T a4y 422
rly+2)  yleta) 2rty) 2wy +yz+zr)
202 +yz 2P +zx 2224wy T x4 yP+2?

P 4.51. If x,y, z are nonnegative real numbers such that xy + yz + zx = 3, then

1 1 1
18 5(2° +y* + 2%) > 42.
(m2+y2+y2+22+22+x2>+ (" +y +27) >

(Vasile C., 2012)
Solution. Write the inequality in the homogeneous form
1 1 1 5(z% + y* + 22)
+ +
24y P+ 22 224 a? xY + yz + zw

2(zy + yz + zx) ( > 14.

which is equivalent to fs(x,y,z) > 0, where
fs(w,y,2) = 2¢° Y (2® +y°) (2% + 2%) + (5p” — 249) (2" + *) (v + 2°) (2 + 27).

Since y? + 22 = —2% +p? — 2¢, the polynomial of degree eight fg(z,y, z) has the same highest
polynomial A(p,q) as

(5p° — 249)(—2*)(=2*)(—y?),
that is

A(p,q) = —5p° + 24q.
We have
fs(z,1,1) =222 + 1)?[(2? + 1)* + 4(2® + 1)] + 2(52* — 28z — 4)(z* + 1)?

= 2(2? + 1)(92* — 242% 4 2227 — 8x + 1)
2(z% + 1)(z — 1)*(3z — 1)?,
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fs(0,y,2) = 20722 (22" + (Y7 + 2%)°] + B(y° + 2°) — Ldyz]y* 22 (y* + 27)
=Ty 2 (y° + %)y — 2)° + 2920

Case 1: —5p? + 24q < 0. Since A(p,q) < 0, it suffices to show that fg(z,1,1) > 0 and
fs(0,y,2) > 0 for z,y,z > 0 (see Corollary 2). These conditions are clearly satisfied.

Case 2: —5p* +24q > 0. Since A(p,q) > 0, we apply Corollary 3 for

Az — 1)%(3z — 1)?2

Fasl®) = fisa@) = =

The condition (a) in Corollary 3 are satisfied if fs(x,1,1) > A(x + 2,22 + 1) fi/3,—2(x) for
x € [0, 4], where
Alx + 2,20 +1) = —52° + 28z + 4.
We have
2z — 123z — 12g(x)

fg(x, 1, 1) — A(I + 2, Z.T + 1).]01/37_2(1') = 3969 s

where

g(x) = 3969(2* + 1) — 2(—52% + 287 + 4)(x — 1)?
> 3969(x — 1) — 2(—52? + 282 + 4)(x — 1)?
> 98(x — 1)? — 2(=52% + 301 + 4)(x — 1)?
=10(z — 1)*(x — 3)* > 0.

The condition (b) in Corollary 3 is satisfied if fg(x,1,1) > A(z + 2,2z + 1)2? for z > 4.
The inequality is equivalent to

2(x* + 1) (x — 1)*(3z — 1)* > (=5a? + 28z + 4)2”.

For the nontrivial case —5z% + 28x + 4 > 0, since 22 + 1 > z? and 2(z — 1)? > 1, it suffices
to show that
(3z — 1)? > —5x® + 28z + 4.

Indeed,
(3x —1)* — (=52® + 28z +4) = 142* — 342 — 3 > 567 — 34w — 3 = 222 — 3 > 0.

The condition (c) in Corollary 3 is satisfied because y,z) >0 fory,z>0.

The equality occurs for x =y = z = 1, and for x = and y = z = —= (or any cyclic

f8 (07
1
V5 V5
permutation).
[l
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P 4.52. If x,y, z are nonnegative real numbers, then

2x 2yz 2zx 30(xy +yz + zx
2 y2+ 2y 2+ 2 24>7Z (y 4 2 )
»2+y? Yy 422 P4 (x+y+2)

(Vasile C., 2012)
Solution. Write the inequality as fs(z,y,z) > 0, where
fa(w,y,2) =297 y(a® +y°) (2% + 2%) + (7p% = 309) (2" + ) (v + 2°) (2% + 27).

Since y2 + 22 = —2% +p? — 2¢, the polynomial of degree eight fs(z,y, z) has the same highest
polynomial A(p, q) as

2p° ) yz(—z ) + (7p° = 30q)(—2%)(—2?)(—?),
that is
A(p,q) = 6p° — (Tp* — 30q) = 30q — p.
We have
fs(z,1,1) = 2(x + 2)2[@2 +1)% +do(2® + 1)] +2(72% — 322 — 2)(2® + 1)?

2
4(x* + 1) (4a* — 122° + 132° — 62 + 1)
(2 + 1) (x — 1)*(2z — 1),

fs(0,y,2) = 2(y + 2)°y°2° + [7(y° + 2°) — 16y2]y*2* (y* + 2°)
= T2 () + ) (y — 2)% 4 4yt

Case 1: 30q — p*> < 0. Since A(p,q) < 0, it suffices to show that fg(z,1,1) > 0 and
fs(0,y,2) >0 for x,y,z > 0 (see Corollary 2). These conditions are satisfied.

Case 2: 30q — p? > 0. Since A(p,q) > 0, we apply Corollary 3 for

- 1422 — 1)2
Fopl) = fyaale) = L2021

The condition (a) in Corollary 3 are satisfied if fs(x,1,1) > A(x + 2,22 + 1) f1/2,—2(x) for
x € [0, 4], where

Al + 2,22 + 1) = —2* + 567 + 26.
We have
A(x — 1)*(2z — 1)%g(x)

fg(l', 1, 1) — A(.Z' + 2, 2.1' + 1)f1/27,2<.’13') = 2025 s

where
g(x) = 2025(z + 1) — (=2 + 56 + 26)(x — 1)?
> 2025(z — 1)* — (—2* + 562 + 26)(z — 1)
> 234(x — 1)* — (—2% + 56z + 26)(z — 1)
= (r—1)*(4 —2)(52 — ) > 0.
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The condition (b) in Corollary 3 is satisfied if fg(z,1,1) > A(z + 2,2z + 1)z? for x > 4.
The inequality is equivalent to

42 + 1)z — 1)%(22 — 1)* > (—2® + 562 + 26)2°.

For the nontrivial case —z% + 56z + 26 > 0, since 2 +1 > 22 and (z — 1)? > 2, it suffices to
show that

8(2z — 1)? > —2” + 562 + 26.
Indeed,

8(2z — 1)* — (=2 + 562 + 26) = 332 — 88z — 18 > 32z — 88z — 24
=8(x —3)(4z+1) > 0.

The condition (c) in Corollary 3 is satisfied because f5(0,y,z) > 0 for y,z > 0.
The equality occurs for z = y = z, and for 2x = y = z (or any cyclic permutation).
Observation. Similarly, we can prove the following generalization:

o Let x,y,z be nonnegative real numbers. If —2 < k <1, then

(4—k2)(k+2)z Ty 3 1_3(a:y—|—yz—|—za;)>0
8(5 — 2k) 2?2 +kry+y? k42 (x+y+2)2 — 7

: . (4—k)x . ‘
with equality for x =y = z, and also for oo — V=7 (or any cyclic permutation).

For k = —1 and k = 1, we get the inequalities:

Ty 47 S 56(zy + yz + 2x)
Z 2 _ 2+§— 2
2—xy+y (x4+y+2)
Z Ty LT 8(zxy + yz + zx)
2?2+ xy + 12 (z+y+2)?

P 4.53. If x,y, z are nonnegative real numbers, then

2y 29z 2zx N 2+ y* + 22

5
+ + > —.
(x+y)? (W+2)? (42?2 xyt+yz+zz 2

(Vasile C., 2012)
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Solution. Write the inequality as fs(z,y, z) > 0, where
falw,y,2) =4 yz(z +y)*(z +2)* + (20" = 99) (& + y)*(y + 2)*(z + 2)*.

Since (y + 2)? = (p — 2)? = 2% + p(p — 2x), the polynomial of degree eight fs(x,vy, 2) has the
same highest polynomial A(p,q) as

49 " yz(2) () + (20° — 99)(2*) (2*) ("),

that is
Alp,q) = 12q — (2p* — 9q) = 21q — 2p°.
We have

fs(2,1,1) = 42z + 1) [(z + 1)* + 8z(z + 1)°] + 4(22° — 102 — 1)(z + 1)*
= 8z% (v + 1)*(x — 1)?,

fs(0,y,2) = 4y*2" + [2(y + 2)° — 9yz] y?27 (y* + 2%)
=22 (y — 2)*(2y° + 227 + 3y2).

Case 1: 21q — 2p* < 0. Since A(p,q) < 0, it suffices to show that fg(z,1,1) > 0 and
fs(0,y,2) >0 for x,y,z > 0 (see Corollary 2). These conditions are clearly satisfied.

Case 2: 21q — 2p? > 0. Since A(p,q) > 0, we may apply Corollary 3 for

(z — 1)4932‘

Eap(x) = fo—2(x) = 31

The condition (a) in Corollary 3 are satisfied if fg(z,1,1) > A(z + 2,2z + 1) fy —2(z) for
x € [0,4], where
Az +2,20 +1) = =222 + 34z + 13.

We have
(z —1)%2%g(x)

fs(x,1,1) — A(x + 2,2z + 1) fo_2(z) = < ,

where
g(x) = 648(x 4+ 1)* — (=222 + 34z + 13)(x — 1)?
> 648(x — 1)* — (—22° + 34w + 13)(z — 1)
> 117(x — 1) — (=22% + 34z + 13)(z — 1)?
=2(z - 1)*(4—2)(13 —2) > 0.

The condition (b) in Corollary 3 is satisfied if fs(z,1,1) > A(x + 2,2z + 1)z? for x > 4.
The inequality is true if

8(z +1)%(x — 1)% > —222 + 34z + 13.



502 Vasile Cirtoaje

For the nontrivial case —2x? 4 34z + 13 > 0, since (z — 1)? > 1, it suffices to show that
8(x +1)* > —22% 4 342 + 13.
Indeed,

8(x +1)? — (=22 + 342 + 13) = 102> — 187 — 5 > 40x — 18z — 5
=22z — 5> 0.

The condition (c) in Corollary 3 is satisfied since fs(0,y,z) > 0 for all y,z > 0.

The equality occurs for = y = z, and for z = 0 andy = z (or any cyclic permutation).

Observation 1. In the case 2, we can give a more simple solution based on Theorem
6. The conditions (a) and (c) are satisfied. Thus, it suffices to show that fs(x,1,1) >

2 1)3
Az + 2,2z + 1)M

o for x > 1. We have

z(x —1)° z(x — 1)%g(x
il 1,1) — Al 2,20 4 1) 0D A2 =),

where

g(x) = 5dx(x + 1)* — (—22° + 34z + 13)(z — 1)
> 13(z — 1)(z + 1)? — (—22% + 342 4+ 13)(x — 1)
=z(x — 1)(15z — 8) > 0.

Observation 2. Similarly, we can prove the following generalization:

o Let x,y,z be nonnegative real numbers. If —2 < k < 2, then

(k+2)(k—1+m>z< it ; )+4(M_1>20,

22+ kry+y2 k42 xy +yz + zx
2z

Vb —2k—1

Fork=—-1,k=0,k=1/2, k=1 and k = 2, we get the inequalities:

ANVT+2) (22 + 42 + 22
L A (f+)(:c+y+z _1)20;

22 —zy+y? 3 xy +yz + zx

with equality for x =y = z, and also for =y =z (or any cyclic permutation).

2 2 2 2
S T IO e P

x? 4+ y? xy +yz + 2x

5 8 2 2 2
PN o i )
222 + xy + 29 3\zry+yz+ zx
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4 2,2 .2
Z?w_y_3+_(m_1> > 0.
22 + 2y + 32 V3 \ay +yz+ 2z

4 2 .2 .2
Zi—?ﬁ-Z M_l > 0.
(z +y)? Ty +yz+zw

P 4.54. If x,y, z are nonnegative real numbers, no two of which are zero, then

2 + 2 + 2 S 8 + 1
?24y? P42 24?24y 422 aytyz+oax

(Vasile C., 2012)

Solution. Write the inequality as fs(z,y,z) > 0, where

fela,y,2) = 2q(p° = 29) > (2 +y*) (2 + 2°) — (p” + 6) [ [ (=* + ).

Since 22 +1? = —2%+p? — 2¢, the polynomial of degree eight fs(z,y, z) has the same highest
polynomial A(p,q) as

—(p”* + 69)(=2")(—=2*) (—y*),
that is
Alp,q) =p* +6q,  Alx+2,2z+1) = 2> + 162 + 10.

We have

fe(z,1,1) = 22z 4+ 1)2® + 2) [(2® + 1)* + 4(2® + 1)] — 2(2® + 162 + 10)(2® + 1)?
=4a(x® +1)(2* — 2* — 22+ 2)
=dx(z® +1)(z — 1)*(2* + 27 + 2).
On the other hand, for x = 0, the desired inequality becomes
2 2 2 8 1

— 4+ — 4+ > 4+ —
y2 22 y2+22 - y2+22 Yz

Y

which is equivalent to
(y — 2)*(2y* + 22% + 3yz) > 0.

First Solution. Apply Theorem 6. The conditions (a) and (c) are satisfied. In what
concerns the condition (b), we have

4A(x + 2,20 4+ Dz(z — 1) 4(2® + 162 + 10)z(z — 1)3

27 27 ’

fr(x,1,1) — 44z +2, 293;; Da(r —1)° _ dz(x —2;)29(95)7
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where
g(x) = 27(2* + 1) (2 + 22 + 2) — (2 + 162 + 10)(x — 1).

For x > 1, we get
g(x) > 27(x — 1)(2® + 22 + 2) — (2° + 162 + 10)(z — 1)
> 6(z — 1)(z* + 22+ 2) — (2> + 162 + 10)(x — 1)
= (z —1)(52% — 4z +2) > 0.

The equality occurs for = y = z, and for z = 0 and y = 2z (or any cyclic permutation).
Second Solution. Apply Corollary 3 for

o) = fos(x) = %

The condition (a) in Corollary 3 is satisfied if fs(z,1,1) > A(x + 2,2z + 1) fo_o(x) for
x € [0,4]. We have

z(x —1)%g(x)

fs(x,1,1) — A(x + 2,2z + 1) fo_2(2z) = 51 ,

where
g(x) = 324(2* + 1)(2* + 20 + 2) — z(2® + 162 + 10)(z — 1)?
> 324(x — 1)*(2® + 22 + 2) — 4(2® + 162 + 10)(x — 1)?
= 4(x — 1)?*[81(x* + 22 + 2) — (2* + 162 + 10)]
> 4(x — 1)*[6(z® + 22 + 2) — (2% + 16z + 10)]
= 4(x = 1)*Bz* + 2(x = 1)*] 2 0.

The condition (b) in Corollary 3 is satisfied if fs(z,1,1) > A(x + 2,2z + 1)2? for x > 4.
This is true if
4(2* + 1)(z — D*(2* + 22 + 2) > z(2® + 162 + 10).

Since 4 > z and (2% + 1)(x — 1) > 5, it suffices to show that
5(2® + 2z +2) > 2 + 162 + 10,

which is equivalent to
20(2x —3) > 0.

The condition (c) in Corollary 3 is satisfied since the original inequality holds for z = 0.

Observation. Similarly, we can prove the following generalization:

o Let x,y,z be nonnegative real numbers. If

1 V1
1_\/§§k§w,
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then

k+2 8 — 4k 4k + 1
g > + )
224+ kry+y? T 24y 422 xy+yz+zx

with equality for x =y = z, and also for x =0 and y = z (or any cyclic permutation).

For k= —1/4, k=0, k =1 and k = 2, we get the inequalities:

1 9
>
Z4x2—xy—}—4y2 T2+ y? +22)

2 8 1
> -+ ,
Z{E2+y2_l’2+y2+22 xy—i—yz—i-zx

3 4 )
Z 2 2Z 2 2 2+ )
e+ xy +y Tttty +z Ty +yz+zx

Y e e
(x+y)?2 ~ ay+yz+zz

P 4.55. If x,y, z are nonnegative real numbers, then

2x 2z 2zx dlzy +yz + zx
y o E 1> (zy +y )
x2+y2 y2 +Z2 ZQ+.Z'2 1'2 +y2 +Z2

(Vasile C., 2014)

Solution. Write the inequality as fs(z,y,z) > 0, where

falw,y,2) = 200" = 29) Y ya(a® + 7)) (&% + 2%) + (0" — 69)(2” + v*) (y° + 2°) (2% + 2°).

Since
Y} + 22 = -2’ 4 p? — 2,

the polynomial of degree eight fs(x,y, z) has the same highest polynomial A(p, q) as

2(p° = 29) Y _yz(=2") (=) + (0 — 6¢)(—2°)(—2°)(—1),
that is
A(p,q) = 6(p* — 2q) — (p* — 6q) = 5p° — 6q = 2(p” — 3¢) + 3p° > 0,
A(x 42,20 + 1) = 5z + 8x + 14 > 0.

For z = 0, the original inequality becomes

2
Yz 1> dyz ’
y? + 2?2 y? + 22




506 Vasile Cirtoaje

which is equivalent to
(y —2)* > 0.

Also, we have

fe(z,1,1) = 2(2* + 2) [(2® + 1)* + da(2® + 1)] + 2(2* — 8z — 2)(2* 4+ 1)?
= 42*(2* + 1)(x — 1)%

First Solution. Apply Theorem 6. The conditions (a) and (c) are satisfied. In what
concerns the condition (b), we have
4A(x + 2,2z + Da(z — 1)°  4x(z — 1)°(52% 4 8z + 14)

27 27 ’

Folw,1,1) — 4A(z + 2, 2952“7‘ Da(z —1)° _ dx(x —91)29(:1:)’

where
g(x) = 27z(2* + 1) — (z — 1)(52® + 8z + 14).

For x > 1, we get
g(x) > 27(x — 1)(2* + 1) — (z — 1)(52® + 8z + 14)
= (z —1)(272° — 8x + 13) > 0.
The equality holds for = y = z, and also for x = 0 and y = z (or any cyclic permutation).
Second Solution. Apply Corollary 3 for
22 (x —1)*
81 '

Condition (a). It suffices to show that fs(x,1,1) > A(x+2,2x+ 1) fo —2(z) for 0 < z < 4.
We have

Eop(r) = fo2(z) =

2?(x — 1)*(5z% + 8z + 14)
81 ’
fg(l’, 1, 1) — A<$ + 2, 2z + 1).](.0’,2(33) = :L‘Z(x _8:;-)2.]((‘%)7
f(z) =324(2* + 1) — (x — 1)*(52% + 8z + 14).
Since 22 + 1 > (z — 1)?, we get
f(z) > 324(x — 1)* — (z — 1)*(52* + 8z + 14)
= (v — 1)*(310 — 52 — 8x) > 0.

Alr + 2,22+ 1) fo—2(x) =

Condition (b). It suffices to show that fg(x,1,1) > A(z + 2,2z + 1)z? for z > 4. We have
fs(z,1,1) — A(x 4+ 2,22 + 1)2® = 2*[4(2* + 1) (2 — 1)® — 52 — 8z — 14]
> 2°[36(2* + 1) — 52 — 8x — 14]
= 2?(312% — 8z +22) > 0.
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Condition (c). This condition is satisfied because the original inequality holds for z = 0.

Observation. Similarly, we can prove the following generalization:

o Letx,y,z be real numbers. If =2 < k <0, then

Z (k+2)yz 34 8 1_xy+yz+zx -0
y? + kyz + 22 3—V2k2+1 24y +22) 7
kx

=y = z (or any cyclic permutation).

]

with equality for x =y = z, and also for

1 —V2k2+4+1
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Chapter 5

On Popoviciu’s Inequality

5.1 Theoretical Basis

In 1965, the Romanian mathematician T. Popoviciu proved the following inequality:
a+b+c a+b b+c c+a
F+ 10+ 50 +37 () zap (U0 war (M5) var (5.

where f is a convex function on a real interval I, and a, b, c € L.

In 2002, we gave the following proof for the variant below of Popoviciu’s inequality for
n variables:

Theorem 1. If f is a convex function on a real interval I and aq,as, ..., a, €1, then
flar) + flaz) + -+ + f(an) + n(n = 2)f(a) = (n = D[f(br) + f(b2) + -+ + f(bn)],
12 1
where a = — a; and by = —— ) a; for all 1.
n j=1 J n — 1 ]Z;ﬁz J f

Proof. Assume that n > 3 and a; < as < --- < a,. There exists an integer m, 1 <m < n—1,
such that
a1 < Sy A< Ay <000 <y,

by> > by >a> by > > by,

We can get the desired inequality by summing the inequalities
fla) -+ flam) +n(n —m =1)f(a) = (n = D[f (brsa) + -+ + f(ba)],

flamia) + -+ flan) +n(m = 1) f(a) = (n = D[ (br) + -+ f(bw)]-

Let
b_a1+---+am+(n—m—1)a C_am+1+-~-—|—an—|—(m—1)a
B n—1 ’ B '

n—1
Using Jensen’s inequalities

flar) +-- 4 flam) + (0 —m = 1) f(a) = (n— 1) f(b),

509
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fam) +---+ flap) + (m = 1) f(a) = (n — 1) f(c),
it suffices to show that

(n—m—1)f(a) + f(0) = f(bmt1) + -+ f(bn), (*)
fle) +(m—=1)f(a) > f(br) + -+ f(bw)- (**)
Since
0> bpys > > by (n—m—1)atb=bysr 4+ by,
it follows that the decreasingly ordered sequence A,,_,, = (a,- - ,a,b) majorizes the decreas-
ingly ordered sequence B,,_,, = (byi1,bmi2 -+ ,by). Similarly, since
by > - > by > a, c+(m—1a=>b+ -+ by,
the decreasingly ordered sequence C,, = (c,a,---,a) majorizes the decreasingly ordered
sequence D, = (by,bs -+ ,by,). Therefore, the inequalities (x) and (x*) are consequences of

Karamata’s inequality.

Another variant of Popoviciu’s inequality for n variables is the following:

Theorem 2. If f is a convex function on a real interval 1 and aq,as, ..., a, €1, then
ap+ax+---+ay a; + a;
<“—@U®ﬂ+fWﬁ+~v+ﬂ%ﬂ+nf<l e ) > 2 3 f(_?i)'
1<i<j<n

Proof. We use the induction method. For n = 2, the equality occurs. Suppose that the
inequality holds for n — 1 numbers, n > 3, and show that it also holds for n numbers. Let

a_CL1+CL2+"‘+CLn b_CL1+CL2+“‘+CLn71

n n—1

By the induction hypothesis,

(= 3)fla) + fla) + -+ Flan)] + (0= DfE) 2 2 Y f(—%;%).

1<i<j<n—1

Thus, it suffices to show that

f(a1)+f(a2)+"'+f(an—1)+<n_2)f(an>+nf(a)Z(n—l)f(b) + 22,]0(&1—;&”)

Since
flar) + flaz) + -+ flan-1) = (n = 1) f(b)
(by Jensen’s inequality), it suffices to show that

(n=2)fa) + @) 223 £ (5 %)) (%)
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Since
a; + an

n—1
(n—2) an+na—2z

=1

we will apply Karamata’s inequality.

Case 1: a1 <ay <---<a,, 2a<a;+a, Since

a1+ a, az+ay, Ap—1+ ap ap—1 + ap
> max , AU
2 2 2 2

and

a < min

ay + an az +a, Qp—1 + Gy ay + ap
2 72 7 2 2

***)

the inequality ( follows from Karamata’s inequality.

Case 2: a1 > ay > -+ > a,, 2a>a,+ a,. Since

ay + ap a2+ a, Qp—1 + Qp ay + ap
a > max =

2 72 2 2

a1+ Gy Gz + ay -1 +an} o1 tay

< mi ce
an _mln{ 2 ) 2 Y ) 2 2 Y

*>I<>I<)

the inequality ( follows from Karamata’s inequality.

For n = 4, the inequality in Theorem 2 has the elegant form

F@)+ 1)+ 1) + g+ 26 (TG 2 3 (U

sym

Actually, the following generalization holds:

Popoviciu’s Theorem. If f is a convex function on a real interval 1, ay,as, ..., a, €I and
2<k<n-—1, then

n k
1/n—2 1 1
TR IT=0 BRI > o2 | B NI (5]
=1 1<i1 < <ip<n j=1
Note. We can rewrite Popoviciu’s inequality in Theorem 1 as
E.(ai,as,...,a,) >n—1,

where

flar) + fla2) +--- + f(an) —nf(a)
f(br) + f(b2) + -+ f(bn) —nf(a)
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For some convex functions, the minimum (greatest lower bound) of FE,, is just n — 1, but it
is greater for other functions. Thus, for f(z) = 2%, we have

a%+a%+---+ai—na2
b3 + b3+ - + b2 — na?

= (n - 1)27

1
— > a; for all 4. Also, for f(z) =23 >0, if ar,as,...,a,
A
are nonnegative numbers, then

1
where a = — ) a; and b; =
le:1

ai+as+--+a>—na® _ (2n—1)(n—1)3
BB+b3+--+02—na® = 3n2—5n+1

Y

with equality for a; = 0 and as = a3 = -+ = a, (or any cyclic permutation). On the
assumption that a; + as + - - - + a, = n, this inequality can be rewritten as

(n—1)(a} +a5+---+a2)+n*>(2n—1)(a] + a5+ - +a2).
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5.2 Applications

5.1. If a1, a9, ...,a, are positive real numbers such that

a1as - - a, =1,

then . | .
al ' tay 4+ a +n(n—2) > (n— 1) (—+—+---+—>.
aq Qo Qp
5.2. If a1, ao, ..., a, are positive real numbers such that
a0z ap = 1,
then

n—1 n—1 n—1 n—1 1 1
a7 +ay A+ 4ar +nn—-2)> ——atatta,+—+—+---

5.3. If ay,as,...,a, are positive real numbers such that
ajaz---a, =1,

then
(n—1)(a?+ai+ --+a2)+n> (a1 +ay+---+ay)

5.4. If a, b, ¢, d are positive real numbers such that

ab+ bc+ cd + da = 4,

then ) J
<1+9) 1+ - <1+5> 1+ =) >(a+b+c+d)?
b c d a
5.5. If a1, as,...,a, are positive real numbers such that
ap+a+---+a,=n,
then

1— 1— 1—a,
<1+ a11><1+ a12)~~<1+ a)zne/alag-.-an.

n — n — n—1
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5.6. If ay, aq,...,a, (n > 3) are positive real numbers such that

a1+az2+"'+an:17

then
1 1 1 1 "
a+—=2laa+—-2) - |a,+——=2|=>(n+—-——2| .
ai ag Qp, n
5.7. If a1, ao, ..., a, are positive real numbers, then
b b b, _ a a n
— e > S 2
a;  a a, — b by by,
where ]
bl:n—lzaj
J#i
for all .
5.8. If aj,as,...,a, (n > 3) are positive real numbers such that
1 1 1
artagt+-ta,=—+— -+ —,
aq (05} Qp,
then
(a) R
a DY —_—_—m ;
I+ (n—1)a 14+ (n—1)ay 1+ (n—1a, —
1 1 1
b e —————— < 1.
(b) 71—1—|—c11+n—1—l—otg+ +n—l—i—an_
5.9. If a1, as,...,a, are positive real numbers such that
1 1 1
a1+a2+...+an:—+_+...+—:n87
aq a9 Qp,
then
1 1 1 1 1 1
P Z _i_..._i_—'
apr+n—1 ay+n-—1 an,+n—1 l4+ns—a; 14+ns—a 1+ns—a,

5.10. If a, b, ¢ are nonnegative real numbers such that a + b+ ¢ = 3, then

4<\/6+\/5+ﬁ)+15§9<\/a;b+\/bgc+\/C;a).
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5.11. If a,b, ¢, d, e are positive real numbers such that abcde = 1, then

1 1 1 1 1
+ + + + <1
24+vA+5a 2+VA+5b 2+vA+5c 2+4+A+5d  2+A+5e

5.12. Let aq,as,...,a, (n > 3) be positive real numbers such that ajas---a, = 1. If
2n — 1
0<p<

then

1 1 1 n

+ + < :
Vi+pas J1+pas 1+pa, ~ J/1+p
5.13. Let f be a convex function on a real interval I. If ay,as,...,a, € I, then
- a; — a;
2f(a1) +2f(az) + - +2f(an) + n(n —2)f(a) 2 an <a+ TH) ;
i=1
where
1
a= ﬁ(a1+a2+---+an).
5.14. If a1, as,...,a, (n > 3) are positive real numbers such that
aias -+ a, = 1,
then
a a ay,
2(a} +af + -+ +al) +n(n—2) Zn(—1+—2+ +—>
az as ay
5.15. If a1, as,...,a, (n > 3) are positive real numbers such that
a;+as+--+a, =n,

then

AN

(1+a1_a2) <1+a2_a3)---<1+an_al) > (a1as -~ an)*.
n n n
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5.16. If aj, as,...,a, (n > 3) are positive real numbers such that

ap+a+---+a,=n,

then
2 (1 + ! + + ! + 2> ! + L + + !
p— — — ... — n [— ... _—
n \ a as A, _1+6L1—CL2 1+6L2—G3 1+an_a1
n n n
5.17. Let f be a convex function on (0,00). If ay, as, ..., a, are positive real numbers, then

2f<a1+ail>+f(a2+ai2>++f((ln+al)
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5.3 Solutions

P 5.1. If ay,as, ..., a, are positive real numbers such that
ajag - - ap =1,
then

11 1
al ' tay 4+ a Hn(n —2) > (n— 1) (—+—+---+—>.
aq (05} Qp

Solution. Let x1, x4, ..., x, be real numbers such that
r1+ax+---+x, =0.
Applying Popoviciu’s inequality from Theorem 1 to the convex function
flx)=¢", z€R,
we get
et te? 4 4e™+n(n—2)>(n—1) (e%ﬁ+e% +---+e%>.
Using the substitution
r1=Mm—1)Ina;, 9= n—-1)lnay, ..., z,=(n—1)Ina,,
gives the desired inequality. For n > 3, the equality holds if and only if
a1 =ag =+ =a, = 1.
Remark. For n = 3, using the substitution
ar=2°, ay =19, az=2°
we get the known homogeneous inequality
28 4 % 4 20+ 302227 > 2(2y® 4+ PR + PP,

which holds for any real numbers z, v, z.

P 5.2. If ay,as,...,a, are positive real numbers such that
aias -+ a, = 1,

then

n—1 n—1 n—1 n 1 1 1 1
At 4ay o 4an +n(n—2) > —— atazt - tant — At — )
1 2 n

(Bin Zhao, 2005)
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Solution. We can get this inequality by adding the inequality in P 5.1 and the inequality
At ray o+ ad  rn(n—2) > (n—1)(ay Fag -+ ay).
This inequality follows by adding the AM-GM inequalities
a4 n—2>(n-1)a, 1=1,2,...,n.

For n > 3, the equality holds if and only if ay = as =--- =a, = 1.

P 5.3. If ay,as, ..., a, are positive real numbers such that
araz - ap =1,

then
(n—1)(al+a3+ - +a2)+n> (a1 +ay+ - +ay)’

(F. Shleifer, 1979)

Solution. Let x1,2,,...,x, be real numbers such that
$1+l’2+"'+$n:0.

Applying the inequality from Theorem 2 to the convex function f(x) = e”, we get

Tt
(n—2)(6x1+6x2+"'+€xn)+n22 Z e 2J.
1<i<j<n
Using the substitution
r1=2Ina;, xo=2Inay, ..., z,=2Ina,,

this inequality becomes
(n—2)(a3+a5+---+a2)+n>2 Z a;a;.
1<i<j<n

Since
2 ) awj=(mta+--+a) —(af+a3+-+ay),

1<i<j<n

the conclusion follows. For n > 3, the equality holds if and only if

alzagz---:anzl.
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P 5.4. If a,b,c,d are positive real numbers such that
ab+ bc + cd + da = 4,

then ) J

(1+9) (1+_> (1+9) (H_) > (a+btc+d).

b c d a
Solution. Applying the inequality from Theorem 2 to the convex function
flz)=—=Inz, x>0,
we get
(a+b)(b+c)(c+d)(d+a)(a+c)(b+d) > 4abed(a+ b+ ¢+ d)>.
Since
(a+c)(b+d) =ab+ bc+ cd + da = 4,
the inequality is equivalent to
(a+b)(b+c)(c+d)(d+a) > dabed(a + b+ c+ d)?,

( ( > ( —)2(a+b+c+d)2.

The equality holds fora =b=c=d =
O

P 5.5. Ifay,as, ..., a, are positive real numbers such that

a;+ag+--+a, =n,

1- 1- 1-a,
(1+ a1><1+ a2)~~~<1+ G)Z”m.

n—1 n—1 n—1

then

Solution. Applying Popoviciu’s inequality from Theorem 1 to the convex function

f(x)=—Inz, x>0,

gives
(n—l)(an__all—i—lnT;__af ,.._|_lnr;__ )>lna1—|—lna2—|— + Ina,,
n—a; n — asg n—ap >"—1a1a2---an,
n—1 n—1 n—1/)
1+n—1 1+n—1 l—l—n_l > "Vaas---a,.
For n > 3, the equality holds if and only if ay =as =--- =a, = 1.
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P 5.6. Ifay,as,...,a, (n > 3) are positive real numbers such that

o +ag+-Fa, =1,

1 1 1 1 "
(a1+——2)(a2+——2>---(an+——2)2(n—i———Z) .
ax az anp n

Solution. Write the inequality as
(1 — a1)2(1 — a2)2 tee (1 — an)2 S (n — 1)2n
a1a9 -+ * Gy B nm

(1—a1)(1—a2)---(1—an)2mn_n—/1>n ajag - ay, .

then

9

Applying Popoviciu’s inequality from Theorem 1 to the convex function

flz)=—Inz, x>0,

gives
n(n—2)
(ble-__bn)n—l Z (alag"'an) <a1+a2+ +an) ’
n
where )
b, = n_lzaj, i=1,2,...,n.
J#i
Under the hypothesis a; 4+ as + - - - + a,, = 1, this inequality becomes
_ B 3 n—1 n(n—1)
(1 _ al)n 1(1 _ a2)n 1, .. (1 _ an)n 1 Z %ala2. C Gy,
n—1)"
l-a)(l—-a) - (1—ay) = (nn(TlQ))”‘lalag---an .

Thus, it suffices to show that

n(n—3)
"—\1/a1a2 S G Z n, 2(n—1) \/alaz Qg

which is equivalent to

1 n—3
) 2 (araz -~ a,)" "

This inequality is valid if
1

ﬁzalaz---an,

which is just the AM-GM inequality

(a1+a2+~~—|—an)n
> a1G - - Ay
n

1
The equality holds if and only if a4 = ay =--- =a, = —.
n
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P 5.7. If ay,as, ..., a, are positive real numbers, then
b b b, _ a a an,
aq (05} Qp, bl b2 bn
where ]
bz = n—1 Z CLj
JFi
for all i.

Solution. Let
a=a;+azx+- -+ a,.

Since )
i a a; a :
(n )a//l/ az Y bz bz n _'_ ) ? Y ) Y n?
the inequality becomes
1+1+ +1+n—2>< 1)1~|—1+ +1
—_— —_— DY —_— n —_— —_— —_— ... —_— s
a;  as ap a by by by,

which is just Popoviciu’s inequality from Theorem 1 applied to the convex function

1
= — >0
f@=1, =
For n > 3, the equality holds if and only if a1 = ay =--- = a,.

Remark. We can also prove this inequality using the Cauchy-Schwarz inequality

n—1 1 1
< ~. e {1,2,... n).
Zaj_n—lgaj { }
J# ’
Setting
1 1 1 1
a=ay+ay+-+a, —F=—+—+ "t —,
A a1 ao an,

we can write this inequalities as

Therefore,
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P 5.8. Ifay,as,...,a, (n > 3) are positive real numbers such that
1 1 1
a1+a2+...+an:——f—_+...+_7
aq a9 Qp,
then
1 1 1
R
(a) 1+(n—1)a1+1+(n—1)a2+ +1—|—(n—l)an_ ’
1 1 1

(b)

n—1+a1+n—1+a2+”.+n—1+an_
(Vasile C., 1996)

Solution. (a) We use the contradiction method. For the sake of contradiction, assume that

1 1 1
i —— < L
1+(n—1)a1+1+(n—1)agjL +1—|—(n—1)an
Using the substitution
I —ux .
a;=———, 1=12...,n,
(n—1)x;

we get
T+ T+, <1

which is equivalent to

where

Therefore, we have
- — y;
i o=

Taking account of the inequality from the preceding P 5.7, we get

n

xT
a1+a2+---+an>2—.

In addition, since
T; (n—1) xz 1 1 1
E . E — + P _|_ e + —,
1 Yi 1 1z Z; ap Qs a,

we have
1 1 1
ar+as+-ta, > —+— -+ —,
a1 a2 Ay,
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which contradicts the hypothesis

1 1 1
a+a+---4+a,=—+—4+--- 4+ —.
a1 a2 G,

For n > 3, the equality holds if and only if ay =as =--- =a, = 1.

(b) Replacing ay, as, . . ., a, respectively with 1/ay,1/as,...,1/a,, the inequality in (a)
becomes

aq a Qp
- oo —— >,
n—14+a; n—14as n—14+a,
which is equivalent to the desired inequality.
m

P 5.9. Ifay,as,...,a, are positive real numbers such that

1 1 1

ap+a+---+a,=—+—+---+—=mns,

ap a2 Qn

then
1 1 1 1 1 1

a1+n—1+a2—|—n—1+.”+an+n—1 - 1+ns—a1+1—|—ns—a2+”.+1+ns—an'
(Gabriel Dospinescu, 2004)

Solution. By the Cauchy-Schwarz inequality, we have
1 1 1 9
(a1 +as+--+a,) | —+—+--+— | >n
aq a9 Qp

which leads to
s> 1.

Applying Popoviciu’s inequality from Theorem 1 to the convex function

1
f(l’):m, x>0,

we get

3

1 N n(n — 2) >(n_1)z 1

l+(n—1a 14+ (n—1)s —

=1

Thus, it suffices to show that

n

1 n 1 n(n—2)
0D D s S D | P ey g v

i=1 =1
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which is equivalent to
n

Z 1 > 1

i=1 (ai+n—1)<ali+n_1> 14+ (n—1)s

Write this inequality as

where

1 1
Ai=(a;+n—1) (—+n—1):(n—1) (ai+f)+n2—2n+2,

Q;
By the AM-HM inequality, we have
1 1 1 n? n

4> - .
A1+A2+ +An_A1—|—A2+---+An 2(n—1)s+n?—2n+2

Consequently, it is enough to prove the inequality

n 1
>
2n—1)s+n>=2n+2 ~ 14+ (n—1)s’

which reduces to s > 1. For n > 3, the equality holds if and only if a; = -+ =a, = 1.

P 5.10. If a,b,c are nonnegative real numbers such that a + b+ c =3, then
b b
4(¢5+\/5+ﬁ>+15§9<\/a; +\/ ;C+\/C;a )

Solution. Applying Popoviciu’s inequality from Theorem 1 to the convex function

f(a:):—\/i, z 20,

we get the inequality

Va+vVb+ e +3§2(\/“;b+\/b;c+,/cg&),

which is weaker that the desired inequality. To prove the desired inequality, consider the
nontrivial case where at least two of a, b, ¢ are positive, and write it in the homogeneous form

10 [V w570 - Vi VB - V] <93 [VEaTH - va - V]
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or, equivalently,
IS
3a+b+c)+va+Vb+ /e - V2(a+b) +va+ Vb

This is true if

10 <

9
V3a+b+c)+va+Vo+e T 2a+b)+va+ Vb

which is equivalent to

(9\/2— 10) V2(a+b) > Va+ Vb

This inequality is true because

9\/2—10>1, V2(a+b) > a+ Vb

The equality holds for a =b=c=1.

Remark. We can rewrite the inequality as

9 b [b
\/EJF\/EJF\E—?)gZ<\/OL;r +\/ ;FCJF\/CJ;G—S).

As shown in P 1.47 from Volume 4, the best inequality of the form

\/5+\/5+ﬁ—3§k<\/a;rb+\/b;CJr\/C;a—?)), k>0,

is for

k=(V3—1)(V3+Vv2) =~ 2.303.

P 5.11. Ifa,b,c,d, e are positive real numbers such that abcde = 1, then

1 1 1 1 1
+ + + + <1
24+ VA+5a 24+ VA+5b 24+V4A+5c 2+V4+5d  2+V4+5e
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Solution. Use the contradiction method. Assume that
L + ! + L + L -+ ! > 1
24+V4A+5a 24+VA+50 2+VA+5c 24+V4+5d 2+VA+5e

and show that

abcde < 1.
Using the substitution
1 _b—u 1 _d—y 1 5=z
2++v4+5a 30 7 244450 30 24 V4+B5c 30
1 dD—1u 1 55—

2+vitsd 30 0 2++A15e 30

which involves

16z b 16y . 162 d— 16w o 16v
G-z~ G-y 6G-2 0 (5-uw? (5w

a =

and
O<x<) 0O0<y<d 0<z<d 0O<u<d 0<v<)h,

we need to show that
r+y+zt+tut+v<d

cvon < (28 25 —y\2 (5=2\*(5—u\’[/5—v)"
Y 4 4 4 4 1 )
It is easy to see that if x increases, then the left side of this inequality increases, while the
right side decreases. Therefore, it suffices to show that

implies

r+y+z+tut+v=>5

() () (o) () (57 2o

Popoviciu’s inequality from Theorem 1 applied to the convex function

implies

flz)=—=Inz, x>0,

gives
5—z\" 55—y Y5\ 5—u\"[(5—v 4> r+y+z+tu+v 1
4 4 4 4 g ) = 5 ’
5—a\' /5—y\' /5—2\"/5—u\'/5—0\"
4 4 4 4 g ) = TR
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Thus, it suffices to show that xyzuv < 1. By the AM-GM inequality, we have

x+y+z+u+v)5_1
- =1.

Tyzuv < <
The equality holds fora=b=c=d=e=1.
Remark. In the same manner, we can prove the following generalization:

e Ifay,ay,...,a, (n>3) are positive real numbers such that
ayas---ap =1,

then
1

;n—1+\/(n—1)2+4nai

1
<_a
-2

with equality for ay =ay=---=a, = 1.

P 5.12. Let ay,aq,...,a, (n > 3) be positive real numbers such that ajas - - a, = 1. If

then

+ + < -
Vi+par J1+pas 1+pa, ~ J/1+p

(Vasile Cirtoaje and Gabriel Dospinescu, 2006)

Solution. We will apply the contradiction method. Assume that the reverse inequality

holds, namely
1 1 1 n

+ + > :
V1i+pa  14+pas  V1+pa, 1+p

and show that
aias - a, < 1.

Using the substitution

JIFp
Jidpa =Y TP g ol i=12....m,
Z;

we need to show that xy + xo + -+ + x, > n yields
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It suffices to prove that

involves

Denoting

we need to show that

(2= R —aD) o (= 22) < (@ = )"y )

for all x; € (0, q) satisfying x; + 23 + - - - + x, = n. Applying Popoviciu’s inequality to the
convex function

f(x):—ln( nl—x>, 0<z<l,

n —
we get

(@122 2)" " 2 [n = (n = Dwy]ln — (n = Dao] -+ [n = (n — D)a]. (**)

On the other hand, Jensen’s inequality applied to the convex function

B nn—(n—l)x
o) ==L
yields
n—(n—1xi][n—(n— D] - [n—(n—1)z,] S 1
(¢ —a1)(q = x2) -~ (g — n) “(g-Dm

Multiplying this inequality and (**) gives

(q—1)(q—22) - (q — )
(q—1)™

Therefore, in order to prove (*), we still have to show that

(129 - 1,)" "t >

(122 22)" (g + 1) (g +22) - (g + 2) < (¢ + )™

This is true because, by the AM-GM inequality, we have

BiTo @y < (m1+$2+”'+m") —1
n

and

x1+$2++xn n "
> =(¢g+1)".

(q+x1)(q+x2)---(q+wn)§(q+ -

The equality occurs for a; =as =---=a, = 1.
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2n — 1
Remark. For p = (n—1>2, we get the following inequality

n —

Z <1
< /(n—1)2+ (2n — 1)a;
which holds for all positive numbers ay, as, . .., a, (n > 3) satisfying ajas - - - a, = 1.
]

P 5.13. Let f be a convex function on a real interval 1. If ai,as, ..., a, €1, then

2f(ay) + 2f(ag) + -+ 2f(an) + n(n —2)f >n2f<a—|— az+1)
where
1
a=—(a1+ag+---+ay)
n
(Darij Grinberg and Vasile Cirtoaje, 2006)

Solution. Let

By Jensen’s inequality, we have

; (H w) _y (ai - 1)%) < = fla)+ (1 - 1) [ (i),
n n n

hence

Therefore, it suffices to show that
2f(a1) +2f(az) + -+ + 2f (an) + n(n — 2)f(a) > Zf a;) + (n—1)Y_ f(b),
which is just Popoviciu’s inequality from Theorem 1:

fla) + flag) + -+ flan) +n(n —2)f(a) = (n — 1)Zf(bz)
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P 5.14. If ay,as,...,a, (n > 3) are positive real numbers such that

ajag - - a, =1,

then
a a ,
2(at + a5 + - +ay)+n(n—2) Zn(—1+—2+---+—>.
5] as ay
Solution. Let x1,x-,...,x, be real numbers such that

T+ T4+ x, =0.
Applying the inequality in the preceding P 5.13 to the convex function
flz)=¢€",  z€R,

we get

26" + 26" 4 - 4+ 2" +n(n—2) >n (611;@ fem 4 ez"?”) .
Using the substitution
r1=nlnay, 9 =nlnas, ..., x,=nlna,,
we get the desired inequality. The equality occurs if and only if

a1:a2:--~:an:1.

P 5.15. If ay,as,...,a, (n > 3) are positive real numbers such that

ap +az + -+ ap =,

(1+a1_a2) <1+a2_a3)~--<1+an_al> > (araz -+ - an)n.
n n n

Solution. Applying the inequality in P 5.13 to the convex function

then

S

flz)=—Inz, x>0,

n{ln(1+a1_a2)+1n(1+a2_a3>+---+1n(1+a"_a1)} >
n n n

2 2(111@1 +1HCL2 + .- +lnan)7

we get

which is equivalent to the desired inequality. The equality occurs if and only if a; = ay =
-=a, = 1.

O
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P 5.16. If ay,as,...,a, (n > 3) are positive real numbers such that

a1+ ay+ - +a, =n,

+ + o
ay — a2 Az — asg 1+an_a1

Solution. Apply the inequality in P 5.13 to the convex function

f(x):l, x> 0.

X

The equality occurs if and only if ay =as =---=a, = 1.

P 5.17. Let f be a convex function on (0,00). If ay,as,...,a, are positive real numbers,
then
1 1 1
f(a1+—)+f<a2+—) ( +—>Z
a9 ) aq
1 1 1
zflat— )+ flat )+t flat ]
ay a an

Solution. For n = 2, the inequality is

f(a1+i>+f<a2+i)>f(a1+ 1)+f<a2—|— 1)
a9 ai az

Assume that a; > aq. Since
1 1 1 1
a+—)+laat+—)=lag+— )+ |a+—
as ai ai asz

1 { 1 1}
ap +— > max<qa; +—, az+ — ¢,
(05} aq (05}

(Vasile C., 2009)

and

the inequality for n = 2 follows from Lemma below (which is a consequence of Karamata’s
inequality). To prove the original inequality, consider that

apy1 < min{ay, ag, ..., a,},
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and use the induction method. Based on the induction hypothesis, we only need to show

that
1 1 1 1
flan+ i+ —)=2flant— )+ [+ -
Gp41 a1 a1 Anp41

This inequality follows also by Lemma below, since

1 1 1 1
Qn41 51 ay An41

and
1 1 1
a, + > max - G, + —, Apy1 + .
Ap1 451 An+1
The equality occurs for a; = as = - = a,.

Lemma. Let f be a convex function on a real interval 1. If a,b,c,d € T such that
a+b=c+d, a > max{c, d},

then
fla) + f(b) = f(c) + f(d).
Proof. Without loss of generality, assume that ¢ > d; then,

a>c>d>b.
If a = ¢, then b = d, and the inequality is an equality. Consider now that a > ¢, when
a>c>d>b.
First proof. The desired inequality follows by adding the following Jensen’s inequalities
(c=0)f(a) + (a—c)f(b) = (a =b)[f(c),
(@ —c)f(a) + (c=b)f(b) = (a —b)f(d).

Second Proof. Since c¢,d € (b, a), there are p,q € (0,1) such that
c=pa+ (1 —p)b, d=qga+ (1-q)b.
From a + b = c+ d, we get
a+b=(p+qa+(2—p—qh,
(a=b)(p+q—1)=0,
ptqg=1

Using Jensen’s inequalities
fle) <pfla)+ (1 —p)fb),
(1—q)f(b),

—
—
SH
IN
)
=
Q
S~—
+

we get
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1. AM-GM (ARITHMETIC MEAN-GEOMETRIC MEAN) INEQUALITY

If aq,as,...,a, are nonnegative real numbers, then
ar+as+ -+ a, >nYaias - ap,
with equality if and only if a1 = ay =--- = a,,.

2. WEIGHTED AM-GM INEQUALITY
Let p1,po, ..., p, be positive real numbers satisfying
prtpet--+pn=1
If ay,as,...,a, are nonnegative real numbers, then
p1 P2

p1a1 + Pado + - - 4 ppay, > aytay’ - abr,

with equality if and only if a; = ay = -+ = a,,.

3. AM-HM (ARITHMETIC MEAN-HARMONIC MEAN) INEQUALITY

If ay,as,...,a, are positive real numbers, then
1 1 1 9
(ar+ag+---+a,) | —+—+--+— ) >n7,
aq a9 Ay

with equality if and only if ay = ay = --- = a,,.

533
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4. POWER MEAN INEQUALITY

The power mean of order k of positive real numbers ay, as, ..., a,,

1

albtak++ak \ ®
( 1 2n n , k 7é O

Mk: )
Yajag - Gy, k=0

is an increasing function with respect to k& € R. For instant, My > M; > My > M_; is
equivalent to

2 2 ... 2
aq a9 Ay,
5. BERNOULLI’S INEQUALITY
For any real number z > —1, we have
a) (14+x)">1+rzforr>1andr <0
b) (1+z) <1l+4rxfor0<r<1.
If ai,as,...,a, are real numbers such that either ay,as,...,a, >0 or

-1 Salaa2a"'7an§07

then
(1+a1)(1+a2)"'<1+@n)21+CL1+CL2—|—---—|—CLH'

6. SCHUR’S INEQUALITY
For any nonnegative real numbers a, b, ¢ and any positive number k, the inequality holds
a*(a —b)(a —c) +b*(b—c)(b—a) + F(c —a)(c—b) >0,

with equality for a = b = ¢, and for a = 0 and b = ¢ (or any cyclic permutation).
For k =1, we get the third degree Schur’s inequality, which can be rewritten as follows

a® +b* + ¢ + 3abe > ab(a + b) + be(b + ¢) + ca(c + a),

(a+b+c)* + 9abe > 4(a + b+ c)(ab + be + ca),
9abc
at+btc
(b—c)?(b+c—a)+ (c—a)*(c+a—"0b)+ (a—b)*(a+b—c) > 0.

a® + b+ + > 2(ab + be + ca),
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For k = 2, we get the fourth degree Schur’s inequality, which holds for any real numbers
a, b, c, and can be rewritten as follows

at + 0"+ +abe(a + b+ c) > ab(a® + b*) + be(b* + ¢2) + ca(c + a?),
a' + b + ¢t — a*V? — v*c® — *a® > (ab + be + ca)(a® + b® + ¢ — ab — be — ca),
(b—c)*(b+c—a)+(c—a)*(c+a—b)?+(a—b)*a+b—c) >0,
6abcp > (p* —q)(4qg — p*), p=a+b+ec, q=ab+bc+ ca.

A generalization of the fourth degree Schur’s inequality, which holds for any real numbers
a, b, ¢ and any real number m, is the following (Vasile Cirtoaje, 2004)

Z(a —mb)(a —mc)(a—b)(a—c) >0,

with equality for @ = b = ¢, and also for a/m = b = ¢ (or any cyclic permutation). This
inequality is equivalent to

Za4 +m(m+ 2) Za2b2 +(1- mZ)acha > (m+1) Zab(a2 + b%),

> (b—c)’(b+c—a—ma)’ > 0.
A more general result is given by the following theorem (( Vasile Cirtoaje, 2008)).

Theorem. Let

fa(a,b,c) = Za4 + az a’b® + Babcz a— vz ab(a® + b%),
where o, B,y are real constants such that 1+ a4+ B = 2vy. Then,
(a)  fila,b,¢) >0 for all a,b,c € R if and only if
1+a> 7%
(b)  fala,b,¢) >0 for all a,b,c > 0 if and only if

a> (y—1)max{2,v+ 1}.

7. CAUCHY-SCHWARZ INEQUALITY

If ai,as,...,a, and by, b, ..., b, are real numbers, then
(af + a3+ +ap)(b] + 05+ -+ b7) = (arby + agby + -+ + anby)?,

with equality for
ap Gz an

b b by
Notice that the equality conditions are also valid for a; = b; = 0, where 1 <17 < n.
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8. HOLDER’S INEQUALITY

If 2; (i=1,2,---,m;j=1,2,---n) are nonnegative real numbers, then
()= (2
i=1 \j=1 j=1
9. CHEBYSHEV’S INEQUALITY
Let a; > ay > -+ > a,, be real numbers.
a) Ifbl Z bg Z bn; then
>z (3a) (300
=1 =1 =1
b) If by < by <--- < b, then
s (3a) (300).
i=1 i=1 i=1
10. REARRANGEMENT INEQUALITY
(1) If ay,as,...,a, and by, by, ..., b, are two increasing (or decreasing) real sequences,
and (41,19, - ,4,) is an arbitrary permutation of (1,2,--- ,n), then

a1b1 + a2b2 + -+ anbn Z albil + (lgbi2 + 4 anbin.
(2) If ay, as, ..., a, is decreasing and by, bs, ..., b, is increasing, then

a1by + agby + - - - + anb, < arb;, + asby, + -+ ayb;,.

11. SQUARE PRODUCT INEQUALITY
Let a, b, ¢ be real numbers, and let

p=a+b+c, q=ab+bc+ca, r=abc,

s=/p?*—3¢=Va?+ b+ —ab— bc— ca.
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From the identity
(@ =0)*(b—c)*(c —a)* = =271 + 2(9pq — 2p°)r + p°¢* — 4¢°,
it follows that

—2p® + 9pq — 2(p* — 3q)\/p?* — 3¢ —2p® + 9pq + 2(p* — 3¢)/p* — 3¢

<r< ,
27 - = 27
which is equivalent to
3_ 9.2 93 3 9.2 3
p° — 3ps 2s <T<p 3ps“ + 2s .
27 - 27
Therefore, for constant p and ¢, the product 7 is minimum and maximum when two of a, b, ¢

are equal.
On the other hand, the identity

27(a = b)*(b — ¢)*(c — a)* = 4(p* — 3¢)° — (2p” — Ipg + 27r)?,
leads to the inequality
27(a = b)*(b — ¢)*(c — a)* < 4(p* — 3¢)°,

with equality for 2p® — 9pq + 27r = 0.

12. KARAMATA’S MAJORIZATION INEQUALITY

Let f be a convex function on a real interval I. If a decreasingly ordered sequence
A= (ay,a9,...,a,), a; €1,
majorizes a decreasingly ordered sequence

B:(bl,bz,...,bn), biE]I,

then
flar) + flaz) + -+ flan) = f(br) + f(b2) + -+ f(bn).
We say that a sequence A = (ay,as,...,a,) with a3 > ay > --- > a, majorizes a
sequence B = (by, ba, ..., b,) with by > by > --- > b,, and write it as
A- B,
if
a; > by,

a1+a22b1+b2,

a1+a2+"’+an_1Zb1+b2+"'+bn_1,
6L1+(12+"'+6Ln:b1+b2+"'+bn.
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13. CONVEX FUNCTIONS

A function f defined on a real interval I is said to be convex if

flaz + By) < af(z) + Bf(y)

for all x, y € T and any «, § > 0 with a« + 8 = 1. If the inequality is reversed, then f is said
to be concave.

If f is differentiable on I, then f is (strictly) convex if and only if the derivative f’ is (strictly)
increasing. If f” > 0 on I, then f is convex on I.

Let I be a real interval, s an interior point of I and

I, = {ulu € L,u > s}, Iy = {uju e Lu < s}.

A function f : T — R is half convex if there exists an interior point s € I such that f is
convex on [« or I>.

A function f : T — R is right partially convex related to an interior point s € I if there exists
an interior point so € I, 59 > s, such that f is convex on [s, so]. Also, a function f: 1 — R is
left partially conver related to an interior point s € I if there exists an interior point sy € I,
sp < s, such that f is convex on [sg, s].

Jensen’s inequality. Let py,ps,...,p, be positive real numbers. If f is a convexr function
on a real interval I, then for any aq, as, ..., a, € I, the inequality holds

prf(ar) + paf(az) + - + puf(ay) > f (plal + poao + - - +pnan)
PPt +Dn - pL+Dp2t -+ Dn '

For p1 = py = - -+ = p,, Jensen’s inequality becomes

f(a1)—|—f(a2)+...+f(an)an(m—i-az—i-..._'_an)'

n

Right Half Convex Function Theorem ( Vasile Cirtoaje, 2004). Let f be a real function
defined on an interval I and convex on s, where s € int(I). The inequality

f(a1)+f(a2)+...+f(an>an(a1+a2+...+&n)

n
holds for all ay,as,...,a, €I satisfying
a;+ag+---+a, =ns

if and only if
f@)+(n=1)f(y) = nf(s)

for all z,y € I such that t < s <y and x + (n — 1)y = ns.
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Left Half Convex Function Theorem (Vasile Cirtoaje, 2004). Let f be a real function
defined on an interval I and conver on l<g, where s € int(L). The inequality

ay +as+ -+ ay
n

Flan) + fas) + -+ flan) > nf (

holds for all ay,as,...,a, €I satisfying
ap+ag+ -+ ap =ns

if and only if
@)+ (n=1)f(y) =2 nf(s)
for all x,y € I such that x > s >y and x + (n — 1)y = ns.
Right Partially Convex Function Theorem (Vasile Cirtoaje, 2012). Let f be a real

function defined on an interval 1 and convex on [s, so], where s,s0 € I, s < s9. In addition,
[ is decreasing on l<s, and f(u) > f(so) for u € 1. The inequality

f(a1)+f(a2)+"'+f(an)an(a1+a2+"'+an>

n

holds for all ay,as, ..., a, €1 satisfying
ay +ag + - +a, =ns

if and only if
f@)+(n=1)f(y) = nf(s)
for all x,y € T such that x < s <y and z+ (n — 1)y = ns.
Left Partially Convex Function Theorem (Vasile Cirtoaje, 2012). Let f be a real

function defined on an interval 1 and convex on [sg, s], where sg,s € I, sg < s. In addition,
f is increasing on Iss, and f(u) > f(so) for u € 1. The inequality

f(a1)+f(a2)++f(an)2nf(a1+a2++&n)

n

holds for all ai,as,...,a, €1 satisfying
a+ag+---+a, =ns

if and only iof
f@)+(n=1)f(y) = nf(s)
for all x,y € I such that x > s >y and x + (n — 1)y = ns.

Equal Variables Theorem for Nonnegative Variables (Vasile Cirtoaje, 2005). Let
ai, as,...,a, (n>3) be fived nonnegative real numbers, and let

0<z <29 <--- <1y
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such that
Ty b Tyt b, =afag e ta,, b dtab 4ol =drab 4o+
where k is a real number (k # 1); for k =0, assume that

T1To Ty = A109 -+ - A,

Let f be a real-valued function, continuous on [0,00) and differentiable on (0,00), such that
the associated function

g(z) =1 (wﬁ)
is strictly convex on (0,00). Then, the sum

Sp = f(w1) + fze) + -+ f(zn)

18 maximum for

Ty =Ty ="+ =Tp1 < Tp,
and is minimum for
O<1 <ax9=23="+--=20,
or
Oza:l:“':xjng+1ij+2:"':xn7 jE{l,Z,,n—l}

Equal Variables Theorem for Real Variables (Vasile Cirtoaje, 2010). Let aq,as, ..., a,
(n > 3) be fized real numbers, and let

O0<z <2<+~ <y

such that
— k k k_ k| _k k
T+ T+, =a1+az+ -+ ap, Ty +xy Ty =ay Fay o+,

where k is an even positive integer. If f is a differentiable function on R such that the
associated function g : R — R defined by

15 strictly convex on R, then the sum

Sn = f(@1) + flaz) + -+ f(zn)

18 manimum for xo = T3 = -+ = Xy, and 1S maximum for x1 = Tg = -+ = Tp_q.

Best Upper Bound of Jensen’s Difference Theorem (Vasile Cirtoaje, 1990). Let
P1,D2, - Dn (> 3) be fized positive real numbers, and let f be a convexr function on
I=la,b]l. If ai,as,...,a, €1, then Jensen’s difference

pifla) +paflaz) + - +paflan) <p1a1 + paag + - - +pnan>
DP1+p2+ -+ Py pP1+Dp2+-+ Py
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is mazimum when all a; € {a,b}.

14. ARITHMETIC MEAN METHOD
Arithmetic Mean Theorem. Let

F(ai,as,...,a,): A = R A eR",

be a symmetric continuous function satisfying

F(a17a27""an—1,an)ZF(a1+a” a1+an>

92 y A2, - vy Ap—1, 9

for all ay,as,...,a, € A such that a; < ay < ---<a, ora; > ay > --- > a,. Then, for all
ai, as, ..., a, € A, the following inequality holds:
ap +as+ -+ ay

- .

F(ai,as,...,a,) > Fl(a,a,...,a), a=

Arithmetic Mean Corollary (Vasile Cirtoage, 2005). Let

F(ay,ag,...,a,) : A = R, A e R",

be a symmetric continuous function satisfying

F(ay,ag,...,a5-2,04,_1,0,) > F (%,ag, ey Op_o, %,an)
for all ay,as,...,a, € A such that a; < ay < --- < a, (oray > ay >--->a,). Then, for
all ay,as,...,a, € A such that a; < ay < --- < a, (ora; > ay > -+ > a,), the following
inequality holds:
ar+as+ -+ a1
n—1 '

F(&l,ag,...,an,l,an)ZF(t,t,...,t,an), t=

15. ARITHMETIC COMPENSATION METHOD

Arithmetic Compensation Theorem (Vasile Cirtoage, 2005). Let s > 0 and let F' be a
symmetric continuous function on the compact set in R™

S={(a,a9,...,a,) a1 +as+---+a,=s, a; >0, i=1,2,...,n}.

If
F(al7a/27a37"'7an> Z
zmin{F (al—;_@,al;az,ag,...,an) ,F<07a1+a27a37...7an>} (*)

for all (ay,as,...,a,) €S, then

F(ay,..., 0y, Gpn_ji1,---,0,) > min F(O,...,O,%,...,%)

T 1<k<n
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for all (ay,aq,...,a,) €S.

Arithmetic Compensation Corollary (Vasile Cirtoaje, 2005). Let s > 0 and let F' be a
symmetric continuous function on the compact set in R"

S={(a,a9,...,a,) a1 +as+---+a,=s, a; >0, i=1,2,...,n}.

If
F(ai,as,a3,...,a,) > F(0,a1 + ag,as, ..., a,)
for all (a1, as,...,a,) € S satisfying

a1 +ag a;+ as
2 2

F(a'17a27a37"'7an)<F< 70’37"'7an)7 al#aﬂa

then F(ay,aq, ..., a,) is minimum when n—k of the variables ay,as, ..., a, are zero and the

other k variables are equal to %, where k € {1,2,...,n}.

16. pqr METHOD
Theorem 1. Ifa > b > c are real numbers such that
a+b+c=p, ab+ bc+ ca = q,

where p and q are fived real numbers satisfying p*> > 3q, then the product r = abc is minimal
only when a = b, and mazximal only when b = c.

Theorem 2. Ifa,b,c are real numbers such that
a+b+c=np, abc =,

where p and r are fixed real numbers, then the sum q = ab + bc + ca is mazximal only when
two of a,b,c are equal.

Theorem 3. Ifa > b > c are real numbers such that
ab+ bc+ ca = q, abc =1 # 0,

where q and r are fized real numbers, then the product p; = abc(a 4+ b+ ¢) is maximal only
when two of a, b, c are equal.

Theorem 4. Ifa > b > c> 0 are nonnegative real numbers such that
a+b+c=p, ab+ bc+ ca = q,

where p and q are fived nonnegative real numbers satisfying p* > 3q, then the product r = abc
1s manimal only when a = b or ¢ = 0, and maximal only when b = c.
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Theorem 5. Ifa >b2>c >0 are positive real numbers such that
a+b+c=p, abc =,

where p and r are fized positive real numbers satisfying p> > 27r, then q¢ = ab + bc + ca is
manimal only when b = ¢, and maximal only when a = b.

Theorem 6. Ifa > b > c> 0 are positive real numbers such that
ab+ bc+ ca = q, abc =r,

where ¢ and r are fized positive real numbers satisfying p* > 27r, then the sum p =a+b+c
1s manimal only when a = b, and maximal only when b = c.

pqr Theorem. Let a,b,c be real numbers and
p=a+b+ec, q = ab + bc + ca, r = abc.

For any real 3, the following inequality holds

27Br +[(a = 0)(b — ¢)(c — a)| < 9Bpq — 28p° + 24/ 2—17 + 82 (p?—3¢)",

with equality for
1
28(p* = 39" = \/ 5= + B2 (20" = 9pg + 27r) .

17. SYMMETRIC INEQUALITIES OF DEGREE THREE, FOUR, FIVE
AND SIX

Theorem 1. Let f,(a,b,c) be a symmetric homogeneous polynomial of degree n.

(a) The inequality f4(a,b,c) > 0 holds for all real numbers a, b, ¢ if and only if fy(a,1,1) >
0 for all real a;

(b) Forn € {3,4,5}, the inequality f,(a,b,c) > 0 holds for all a,b,c > 0 if and only if
fula,1,1) >0 and f,(0,b,¢) > 0 for all a,b,c > 0.

A symmetric and homogeneous polynomial of degree six can be written in the form

fola,b,¢) = Ar® + g1(p, @)1 + 92(p, q),

where
p=a+b+c, q = ab + bc + ca, r = abc,

A is the highest coefficient of fs(a,b,c), and g1(p,q) and g2(p, q) are polynomial functions.

Theorem 2 (Vasile Cirtoage, 2008). Let fg(a,b,c) be a symmetric homogeneous polynomial
of degree six which has the highest coefficient A < 0. The inequality fe(a,b,c) > 0 holds
for all real numbers a,b,c if and only if

fﬁ(a, 1, 1) Z 0
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for all real a.

Theorem 3 ( Vasile Cirtoaje, 2008). Let fs(a,b,c) be a sixth degree symmetric homogeneous
polynomial having the highest coefficient A < 0. The inequality fs(a,b,c) > 0 holds for
all nonnegative real numbers a,b,c if and only if fe(a,1,1) >0 and fs(0,b,¢) >0 for
all nonnegative real numbers a,b,c.

* kK k ok
Consider the inequality
f6(a7 ba C) Z 07

where a, b, ¢ are real numbers and fg(a, b, ) is a symmetric homogeneous polynomial of degree
six with the highest coefficient A > 0. The highest coefficient cancellation method for proving
such an inequality uses the above Theorem 2 and the following three ideas:

1) finding a nonnegative symmetric homogeneous function fs(a, b, ¢) of the form
2

2
f_6(a7b7 C) = (T+A1PQ+A2P3 +A3%) ) (A1>

where Aq, Ay, Az are real numbers chosen such that
f6<a7 b7 C) Z Af_ﬁ(a, b, C) Z 0

for all real numbers a, b, c;

2) seeing that the difference fg(a,b,c) — Afs(a,b,c) has the highest coefficient equal to
zero, therefore the inequality

fo(a,b,c) > Afs(a,b,c)
holds if and only if it holds for b = ¢ =1 (see Theorem 2);

3) choosing a suitable real number
6 € (—OO, 0) U (37 OO)

and treating successively the cases p? < £q and p* > &q.

Xk ok ok ok

Consider the inequality
f6<a7 ba C) 2 07

where a, b, ¢ are nonnegative numbers and fg(a, b, ¢) is a symmetric homogeneous polynomial
of degree six with the highest coefficient A > 0. The highest coefficient cancellation method
for proving such an inequality uses the above Theorem 3 and the following three ideas:

1) finding a nonnegative symmetric homogeneous function fs(a, b, ¢) of the form

2

2
f(;(a, b, C) = (T’ + Alpq + Ang -+ Ag%) s (AZ)



Glosar 545

where Aq, Ay, Az are real numbers chosen such that
fe(a,b,¢) > Afs(a,b,c) >0

for all nonnegative real numbers a, b, ¢;

2) seeing that the the difference fs(a, b, c) — Afs(a, b, c) has the highest coefficient equal
to zero, therefore the inequality

fo(a,b,c) > Afg(a,b,c)

holds for all nonnegative real numbers a, b, ¢ if and only if it holds for b = ¢ = 1 and for
a =0 (see Theorem 3);

3) treating successively the cases p* < 4¢ and p? > 4q.

18. POPOVICIU’S INEQUALITY

If f is a convex function on a real interval I and a4, as, ..., a, € I, then

>
n

Fla)) + fla) + -+ flan) +n(n—2)f <a1+a2+...+an>

> (n = D[f(br) + f(b2) + -+ f(bn)],

1 .
bi:n—lzaj’ 221,2,"',71.
J#i

In the same conditions, the following similar inequality holds:

where

f(a1)+f(a2)+...+f(an)+ni2f(a1+a2j;..._|_an> .

2 a; + a;
n—2 Z f( 2 ])'

1<i<j<n

>

19. VASC’S POWER EXPONENTIAL INEQUALITY
Theorem. Let 0 < k <e.
(a) Ifa,b>0, then (Vasile Cirtoage, 2006)
k4 B > gk e,
(b) Ifa,be (0,1], then (Vasile Cirtoaje, 2010)
2V akapkt > gt 4 phe,
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20. MINKOWSKTI'S INEQUALITY

For any real number £ > 1 and any positive real numbers aq, as,...,a, and by,bs,...,b,,
the following inequalities hold:

=

S (e ) > (iai)k+ (iby ;

i=1 i=1

El

Sttt = | (S (] (0]
i=1 i=1 i=1 i=1
21. MACLAURIN’S INEQUALITY and NEWTON’S INEQUALITY
If aq, as, ..., a, are nonnegative real numbers, then
S >8Sy>---> 5, (Maclaurin)

and
S,% > Sk 15k41, (Newton)

where

E ailaiQ PN aik

el 1S < < <n

(+)

Sk =
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